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A NOTE ON THE SPECTRUM OF DIAGONAL
PERTURBATION OF WEIGHTED SHIFT OPERATOR

M. L. SAHARI - A. K. TAHA - L. RANDRIAMIHAMISON

This note provides a complete description of the spectrum of diago-
nal perturbation of weighted shift operator acting on a separable Hilbert
space.

1. Introduction

When working with infinite-dimensional linear dynamical systems, the spectral
theory is often helpful in determining of the asymptotic properties, as a stability,
cyclicity, hypercyclicity, chaoticity... (see [3, 4, 8, 10, 16-18, 23, 24]). On the
other hand the shift operator and his perturbation are a natural and appropriate
setting for testing those concepts (see [9, 11, 13, 22]).

Throughout this paper X will denote a separable complex Hilbert space with
an orthonormal basis {¢;}; C X.

Let #(X) denote the algebra of all bounded linear operators acting on X.
The norm induced by the inner product on X and the associated operator norm
on #(X) are both denoted by ||-||. On the other hand, for T € A(X), we de-
note by o(T), p(T) and r(T) the spectrum, the resolvent and the spectral ra-
dius of T respectively. Recall that o(7) is a non-empty compact subset of
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w-\—

C, r(T) <|IT|| and r(T) = hmHTka = mf} k||¥. If T is invertible, the in-

verse is denoted by 7~! and we have (T { Aeo(T } Moreover,

r(]}lzzinf{|l\: A €o(T)} (see [6,7, 12, 14, 15, 19, 20]).

A bounded linear operator S on X is called a weighted shift operator with
weight sequence {w;}; C C, if

Se,‘ = Wi€j41- (1)

If the index i runs over the set N of non-negative integers, then S is called a uni-
lateral weighted shift and it is called a bilateral weighted shift when i runs over
the set Z of all integers. Such operators have been studied by many authors in re-
lation to various applications (theory of dynamical systems, integro-functional,
differential-functional, functional and difference equations, nonlocal boundary
value problems, nonclassical boundary value problems for certain partial differ-
ential equations, the general theory of operator theory, etc. see [1, 2, 12, 20? ]).
In [5, 6, 25], it is shown that if S is bounded, then there exists 0 < ¥~ < r such
that the spectrum & (S) of S is given by

:{AG(C:F_SM\SI’JF}.

In this work, we propose to extend this type of result to the case of the perturbed
operator S+ D, where D is a diagonal operator.

2. The spectrum of perturbed weighted shift

Through the following results, we provide a complete description of the spec-
trum of diagonal perturbation of unilateral and bilateral weighted shift operators.

2.1. The spectrum of perturbed unilateral weighted shift

Let T € A(X) be a diagonal perturbation of a unilateral weighted shift S on X.
That is
T:=S+D, )

where D is a diagonal operator on X with diagonal entries (d;);.; i.e. De; :=
die; for alli € N.

Theorem 2.1. Let T € HB(X) be the operator given by (2) and set

k—1 k
H Witm
Rr(A) = I}im sup km:O— ,(LeC). 3)
= | ieZ
H (di+m - A)

m=0
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Then

o(T)={A€C:Ry(A)>1}. @
Proof. Let A ¢ o(T) then T — A1 be invertible. For i € N, set x; = ¥ jendle; =
(T — A1)~ e; we have

w,',la;:_] + (di — l)ai =1,

&)
wj_lai.fl—i—dja;:(), lf]#l
and . '
wia ™+ (di— Mal = 1,
(6)
w,-az?rl +diaj. =0, if jF#£i.
The first equation of (5) implies that
al: . 1— ai-flw,‘,l (7)

odi—A
for all i € N. Since dy # A (otherwise T — AI would be non-invertible) and
w_1 =0, then

1
0
pr— 8
aO d() — A, ) ( )
The first equation of (6) implies that
. 1— dl‘_ -1 (11:71
ai',l _ ( 1 ) i—1 ) (9)
Wi-1

for all i € N. From (7)-(9), we have
did; = 1, forevery i € N.

Consequently, for all i € N and k > 0, we have
k—1
) Howi—l-m
o= (T =) er, i) = (— D "0
H (di-i-m - l)
m=0

with the assumption that H;IZO witm = 1. Cauchy-Schwarz inequality provides
the inequality

k—1
H Witm

R R H(T —an!
[1 (dism—A)

m=0

), for every i € Nand k£ > 0.
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By passing to the supremum over i € N, we get

k=1

H Witm
sup km:O— < H(T—?LI)f1 , for every k > 0. (10)
ent I:IO(di-&-m_l)

Taking the kth root and letting k — oo in (10), we get Ry (A) < 1. But the
equality is excluded by the spectrum compactness. So we have

Rr(A) < 1. (11)
So,A ¢ {A €C : Rr(A) > 1} and then
{AeC:Rr(A)>1} Co(T).
Conversely, in order to show that
o(T)c{A€C:Rp(A)>1},

we take A € C, such that (11) is verified and we show that A ¢ &(T). Suppose
that R7(A) < 1 and let F be a linear operator on X, defined by

F:=Y F, (12)
k=0

such as, for all k € N, Fj is an operator on X given by

Feei=d\ eirr, i=0,1,2,... (13)
and
k—1
) HOWH-m
dig=(-1)"——"—, (14)
H (di-‘rm - l)
m=0

i

with the assumption that [T,,! ywi\.m = 1. Since [|F|| = sup;cy |al, ;| then the in-
equality (11), implies that the operator F is well defined, || F|| < e and limy_, . aﬁi

limk%ma’#k = 0. From (12)-(14), and for all i € N, we have (F o (T — A1I))e; =

1

((T—AI)oF)e; = e;, then A ¢ o(T). The proof of theorem is now com-
plete. O

I_
L=
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2.2. The spectrum of perturbed bilateral weighted shift

Let T € #(X) be a diagonal perturbation of bilateral weighted shift S on X.
That is
T:=S+D, (15)

where D is a diagonal operator with diagonals entries (di)ieZ; i.e., De; := d;e;
forall i € Z.

Lemma 2.2. IfT is invertible, then at least one of the following two inequalities
holds 1

k=1 3

H Witm

R} = lim |sup|=2—|| <1 (16)
—eo | ez |
H di+m
m=0

or

Ry = lim |sup <1. (17)

k—eo | ez ﬁ

Proof. Let T be invertible and set x; =} jc7, ai-e = T~ 'e; . Thus, we have

i l_ . ..
wj_id;_+dja; =1, 1f j=1i,

(18)
wj_la;_l + dja; =0, otherwise.
and _ ‘
widi ™+ diali =1, if j=i,
(19)
w,a}+l + dl-a; =0, otherwise.
The first equation of (18) and of (19) implies that
afd,- = agd(), (20)

for all i € Z. From (18), we get, foralli € Z and k > 0,

L k—1
(1 —dl-a;) Hld,'_m
m=

aﬁ,k = <T_1e,~, e,-_k> = (—l)kJrl

)

k
H Wi—m
m=1
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assuming that H%: 1 di—m = 1. Cauchy-Schwarz inequality gives us

(1—doal) T1 di
=<

k
H Wi—m
m=1

, forevery i € Zand k > 0. 21

Consequently, for all i € Z and k > 0, we have

Ck—1
dia; H Witm
k =
t+k <T €, el+k> km 5
H di+m
m=0

Cauchy-Schwarz inequality provides the inequality

k=1
H Witm
doa)) OL <||T7"||, forevery i € Zand k > 0. (22)

H di+m
m=0

From the first equation of (18), for all i € Z, either w;_ja’_, or d;a! is not zero.
Thus, we can distinguish two cases:
1% case: d;al # 0, from (20) and by taking the supremum over i in (21), we

get
k=1

H Witm
sup mioi < oo, for every k > 0. (23)

i€Z
H di+rn
m=0

2™ case: w,-_1a§71 # 0, from (20) and by taking the supremum over i in
(22) , we get

H di—m
sup < oo, forevery k > 0. (24)

i€Z Ilj
We conclude, by taking the kth root and letting kK — oo in (23) and (24). 0

In the folow, we give a converse of the previous lemma.

Lemma 2.3. If R} <1 orR; <1thenT is invertible.
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Proof. Note that for all k > 0
k - k k
H difm H Wi—m H Witm
sup | =2 =inf|” < sup |™=2 , (25)
iez | £ icz| K i€’
H Wi—m H d,,m H dLer
m=0 m= m=
then only one of inequality R} < 1 or Ry < 1 can be satisfied.
Let F be a linear operator on X to X, defined by
F:=Y F, (26)
k=0
such as, for all k € N, Fj is an operator given by
Feei=d\ ieir, i=0,£1,42 ... (27)
and
k=1
) HOWH—m
= (1) (28)
H di+m
m=0

with the assumptions that [, 1: oWitm = 1. If RJTr < 1 then the operator F is well
defined, ||F|| < e and lim; _c.a !

i = limg e a§+k = 0. From (26)-(28), and
forall i € Z, we have(FoT)e; = (T o F)e; = e;, which lead to

ToF=FoT =1,

where I denotes the identity operator.

If R; < 1, let F' be an operator on X to X, defined by

F:=YF,, (29)
k=1
and for all k > 0, F’, is an operator given by
Flrei=d ey, i=0,£1,42,... (30)
and
k=1
H di—m
dl_y =~ (31)
T wim
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with assumptions that [>_, d;_,, = 1. Note that, the condition R; < 1 implies
that the operator F’ is well defined, ||F'|| < e and limy_.a! , = 0. From
(29)-(31) and for all i € Z, we have (T o F')e; = (F' o T) e; = e;, which leads to

ToF =F'oT =1,
then the claim is proved. 0

Theorem 2.4. Let T € S (X) be the operator given by (15) and for any A € C,
R} (M), Ry (L) are given by

ol

k—1

H Witm
R} (A) = lim |sup |22 (32)
koo | ez, | K
H (dier - )L)
m=0
and 1
k=1 3
I1 (difm - l)
R;(A) = lim |sup |"=2 (33)
k—eo | ez, k
H Wi—m
m=0
(i) If S is an invertible operator, then
o(T)={Ae€C:R;(A)>1and Ry (1) >1}; (34)
(ii) if S is a non-invertible operator, then
o(T)={Ae€C:R}(A)>1}, (35)

Proof. Let A € p(T) = {l eC:(T-A)""e %’(X)} If we replace d; by

dj— A in the Lemma 2.2, then we get either R} (A1) < 1 or R; (1) < 1. But the
equality is excluded by spectrum compactness. So we have at least

Ri(A) <1 (36)

or
Ry(A) < 1. 37)

If S is invertible, then from (25), only one of inequality (36) and (37) can be
satisfied. Thus,

{AeC:R}{(A)>1 and R;(A) > 1} C o(T).
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k—1

111 (di—m - )L)

Therefore, if S is non invertible, sup,., is not bounded and we

Wi—m
1

et

have only R} () < 1. So,
{AeC:Rf(A)>1}Co(T).
Conversely, in order to show that
o(T)C{AeC:Rf(A)>1andR;(A)>1},

we take A € C, such that
RE(A) <1 (38)

or
Rr(A) <1 (39)

and we show that A ¢ o(T). From Lemma 2.3, T — A/ is invertible and there
will exist an operator (T — AI)~! € %(X) such that

I=(T—AD"NT—=AI)= (T —M)(T —AI)~". (40)
Therefore, A ¢ o(T). Similarly one can show that if S is not invertible, then
o(T)C{AeC:Rf(A)>1}.
The proof of theorem is now complete. O

Remark 2.5. In the previous theorem, if we take d; = O for all i € Z, then we
obtain a result already shown in [5, 6, 21, 25] about the spectrum of the operator
S. That is

o(S) = {A €C: q(5) <Al < H($)}.

where ¢(S) = 0 if S is not invertible and ¢(S) = if S is invertible.

rST)

3. Remark about the spectrum of perturbed bilateral weighted r-shift

For a strictly positive integer n, we define the bilateral weighted n-shift operator
in X by

Spei =wleiry, i=0,£1,£2, ...
The sequence {w}},., C C represents the weights of the operator S,,. It is clear

that the weighted 1-shift coincide with weighted shift (in the usual sense, see
[26]).
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Remark 3.1. Let 7, € #(X) be a diagonal perturbation of bilateral weighted
n-shift S,, on X. That is
T,:=8,+D, 41)

where D is a diagonal operator defined in (15). For every j €{0,..,n—1}

and i € Z, let that e! := ejjn, W] := Wi, and Shel =wlel, ;. Where SJ s

the restriction of S,, on X, the S,—invariant closed linear subspace spanned by
{e{ Tie Z}. Note that
X=X00X1 D - ©Xyp—1

and
S.=Sloslo-- o5t

Also, since each S{; is a weighted 1-shift, then the spectra of S, is the union of
the spectra of all S, j =0, ..., n— 1 (see [14]). In particular,

o(S,) =o(SHuo(SHu---ua(s ).
Moreover, if we denote by D/ the restriction of D to X J, then
T,=(Sy+D%) & (Sy+D") & @ (i '+D" 1)
and thus
o(T,) =o(S0+DYuc(St+DU---uc(sr ! +D 1)
Furthermore, for j € {0, ...,n—1}, R;’(?L) and R; (1) are given by

1
k—1 k

. mHOWJ (i)
R}(?L) = lim |sup (42)
ko | ez | K
Uo(dj-‘r(i—i-m)n - )‘)
and ]
k—1 3
H (dj+(i—m)n - A‘)
_ . m=0
R;(A) = lim |sup - . (43)
k—reo | ez, 1w
=0 J+(i—m)n

By Theorem 2.4, if Si; is invertible operator, then we have
o(Si+D/) = {x €C:RY(A)>1and R (A) > 1},
and if S{; is non-invertible operator then

o(S/+ D) = {)L €C:RI(A) > 1}.
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