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PARABOLIC PROBLEMS IN NON-STANDARD SOBOLEV
SPACES OF INFINITE ORDER

MOUSSA CHRIF - SAID EL MANOUNI - HASSANE HJIAJ

This paper is devoted to the study of the existence of solutions for the
strongly nonlinear parabolic equation

∂u
∂ t

+Au+g(x, t,u) = f (x, t),

where A is a Leray-Lions operator acted from V ∞,p(.)(aα ,QT ) into its
dual. The nonlinear term g satisfies growth and sign conditions and the
datum f is assumed to be in the dual space V−∞,p′(·)(aα ,QT ) .

1. Introduction

Let Ω be a bounded open subset of RN (N ≥ 2) with a Lipschitz boundary ∂Ω.
Fixing the final time T > 0, we denote by QT the cylinder Ω× (0,T ), and by
ST the lateral surface ∂Ω× (0,T ).

Our aim is to study, in the framework of variable exponent Sobolev Spaces
of infinite order, the following strongly nonlinear parabolic problem of Dirichlet
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type 
∂u
∂ t

+Au+g(x, t,u) = f (x, t) in QT ,

u(x,0) = 0 on ST ,
Dwu|ST = 0 for any |w|= 0,1, ....

(1)

Here A is a nonlinear parabolic operator of infinite order defined by

Au =
∞

∑
|α|=0

(−1)|α|Dα(Aα(x, t,∇γu)), |γ| ≤ |α|

where Aα : Ω× [0,T ]×Rλα → R is a real function and λα is the number of
multi-indices γ such that |γ| ≤ |α|. In addition, Aα(x, t,ξγ) are Carathéodory
functions that have polynomial growth in ξα for any multi-indice α, and g is a
nonlinear term satisfying some growth and sign conditions.

In the stationary case of such problems of infinite order, Dubinskii (see [19])
has studied the Cauchy-Dirichlet problem L(u) =

∞

∑
|α|=0

(−1)|α|DαAα(x,∇γu) = f in Ω,

Dωu|∂Ω = 0 |ω|= 0,1, . . . ,
(2)

in the infinite order Sobolev space

W ∞
0 (aα , pα) =

{
u(x) ∈C∞

0 (Ω) : ρ(u) =
∞

∑
|α|=0

aα‖Dαu‖pα

pα
< ∞

}
,

where aα ≥ 0 and pα ≥ 1 are numerical sequences (with α is a multi-index). He
has proved the existence of solutions for the Dirichlet problem associated with
the equation L(u)= f in the Sobolev spaces of infinite order W ∞

0 (aα , pα), under
some growth and monotonicity conditions with constant exponents (pα)α .

Note that the study of some elliptic and parabolic equations involving p-
Laplace operators, is based on the theory of standard Sobolev spaces. In the
case of p(·)−Laplace equations, the natural setting for this approach is the use
of the variable exponent Lebesgue and Sobolev spaces. Several studies have
been devoted to the investigation of related problems in the framework of stan-
dard variable exponent Sobolev spaces and a lot of papers have appeared in this
direction. Since we are interested in the parabolic case, here we mention the
work of Bendahmane, Wittbold and Zimmermann [8], where the authors have
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studied, the following nonlinear parabolic equation with g(x, t,s) = 0,
∂u
∂ t
−div (|∇u|p(x)−2

∇u) = f in QT ,

u = 0 on ST ,
u(·,0) = u0(·) in Ω,

(3)

with f ∈ L1(QT ),u0 ∈ L1(Ω) and p : Ω 7→ (1,+∞) is a continuous function.
They proved the existence and uniqueness of renormalized solutions.

Let us mention that the elliptic case for infinite order equations with vari-
able exponents, has been studied by Abdou et al. [1], and the case of constant
exponents of the problem (1) has been also investigated by Abdou et al., [2]. As
for the case of nonlinear anisotropic parabolic problems of constant exponents
(finite order), we refer the reader to the work of Abdou et al. [3].

Variable Sobolev spaces have been used in the last decades to model var-
ious phenomena. A major application which uses non-homogeneous opera-
tors is related to the modelling of electrorheological fluids, due in the first to
Willis Winslow in 1949. For a general account of the underlying physics consult
Halsey [24] and for some technical applications Pfeiffer et al. [29]. Electrorhe-
ological fluids have been used in robotics and space technology, mainly in the
USA, for instance in NASA laboratories. For more information on properties,
modelling and the application of variable exponent spaces to these fluids, we re-
fer to Acerbi and Mingione [4], Alves and Souto [6], Chabrowski and Fu [13],
and Diening [16].

The paper is organized as follows. In section 2 we recall some basic nota-
tions and properties of Sobolev spaces with variable exponents in both finite and
infinite order. We introduce in section 3 some assumptions on Aα(x, t,ξγ) and
g(x, t,s) essential to assure the existence of weak solutions. The second part will
contain some important lemmas which will be useful to prove our main results.
The last part of section 3 is devoted to prove the existence of weak solutions for
our nonlinear parabolic problem in the framework of Sobolev space of variable
exponents with infinite order.

2. Preliminaries

2.1. Variables exponent Lebesgue and Sobolev spaces.

We say that a real-valued continuous function p(.) is log-Hölder continuous in
Ω if

|p(x)− p(y)| ≤ C
|log|x− y||

∀x,y ∈Ω such that |x− y|< 1
2
,
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with possible different constant C. We denote

C+(Ω) = {log-Hölder continuous functions p(·) : Ω→ R
such that 1 < p− ≤ p+ < N},

where

p− = min{p(x)/ x ∈Ω} and p+ = max{p(x)/ x ∈Ω}.

We define the variable exponent Lebesgue space for p(·) ∈C+(Ω) by

Lp(·)(Ω) = {u : Ω−→ IR measurable /
∫

Ω

|u(x)|p(x) dx < ∞}.

The space Lp(·)(Ω) under the norm

‖u‖p(·) = inf

{
λ > 0,

∫
Ω

∣∣∣∣u(x)λ

∣∣∣∣p(x) dx≤ 1

}

is a uniformly convex Banach space, then reflexive. We denote by Lp′(·)(Ω) the
conjugate space of Lp(·)(Ω) where 1

p(x) +
1

p′(x) = 1 (see [22], [30]).

Proposition 2.1. (cf. [22], [30]) (Generalized Hölder inequality)
(i) For any u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω), we have∣∣∣∣∫

Ω

u v dx
∣∣∣∣≤ ( 1

p−
+

1
p′−

)
‖u‖p(·) ‖v‖p′(·) .

(ii) For all p1(·), p2(·) ∈C+(Ω) such that p1(x)≤ p2(x) in Ω, we have

Lp2(·)(Ω) ↪→ Lp1(·)(Ω)

and the embedding is continuous.

Proposition 2.2. (cf. [22], [30])
If we denote

ρ(u) =
∫

Ω

|u|p(x) dx ∀u ∈ Lp(·)(Ω),

then, the following assertions holds
(i) ‖u‖p(·) < 1 (resp,= 1,> 1) ⇔ ρ(u)< 1 (resp, = 1,> 1),
(ii) ‖u‖p(·) > 1 ⇒ ‖u‖p−

p(·) ≤ ρ(u)≤ ‖u‖p+
p(·) and ‖u‖p(·) < 1 ⇒ ‖u‖p+

p(·) ≤
ρ(u)≤ ‖u‖p−

p(·),

(iii) ‖u‖p(·)→ 0 ⇔ ρ(u)→ 0 and ‖u‖p(·)→ ∞ ⇔ ρ(u)→ ∞.



PARABOLIC PROBLEMS OF INFINITE ORDER 345

Definition 2.3. (cf. [17]) The function u ∈ Lp(·)(Ω) belongs to the space
W k,p(·)(Ω) where k ∈ IN∗, if its weak partial derivatives Dαu exist and be-
long to Lp(·)(Ω) for all |α| ≤ k. We define a modular function on W k,p(·)(Ω)
by

ρk,p(·)(u) =
k

∑
|α|=0

∫
Ω

|Dαu|p(x) dx with Dαu =
∂ |α|u

(∂x1)α1 . . .(∂xN)αN
,

which induces a norm by

‖u‖k,p(·) := inf{λ > 0 : ρk,p(·)(
u
λ
)≤ 1}.

For k ∈ IN , the space W k,p(·)(Ω) is called Sobolev space and its elements are
called Sobolev functions. Clearly W 0,p(·)(Ω) = Lp(·)(Ω).

Definition 2.4. (cf. [17]) Let p(·) ∈ C+(Ω) and k ∈ IN∗. The Sobolev space
W k,p(·)

0 (Ω) is the closure of C∞
0 (Ω) in the space W k,p(·)(Ω), where C∞

0 (Ω) is
the space of all continuous functions with compact support in Ω, that have con-
tinuous derivatives for any order.

Theorem 2.5. (cf. [17]) Let p(·) ∈C+(Ω) and k ∈ IN. The spaces W k,p(·)(Ω)

and W k,p(·)
0 (Ω) are separable and reflexive Banach spaces.

Proposition 2.6. (cf. [22]) In the case of k = 1, if q(·) ∈ C+(Ω̄) and q(x) <
p∗(x) = N p(x)

N−p(x) for any x ∈Ω, then the embedding W 1,p(·)
0 (Ω) ↪→↪→ Lq(·)(Ω) is

continuous and compact.

Remark 2.7. We denote the dual of the Sobolev space W k,p(·)
0 (Ω) by

W−k,p′(·)(Ω).

It is well known (see [17]) that for each F ∈W−k,p′(·)(Ω) there exists ( fα)α ⊂

Lp′(·)(Ω) with |α|= 0, . . . ,k, such that F =
k

∑
|α|=0

(−1)|α|Dα fα . Moreover, for

any u ∈W k,p(x)
0 (Ω) we have

〈F,u〉=
k

∑
|α|=0

∫
Ω

fα Dαu dx,

and we define a norm on the dual space by

‖F‖−k,p′(·) = inf
{ k

∑
|α|=0
‖ fα‖p′(·) / F =

k

∑
|α|=0

(−1)|α|Dα fα

with fα ⊂ Lp′(·)(Ω) for |α|= 0, . . . ,k
}
.
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Now, let aα ≥ 0 be real numbers for multi-indices α . The variable exponent
Sobolev space of infinite order is the functional space defined by

W ∞(aα , p(x))(Ω) =

{
u ∈C∞(Ω) : σp(·)(u) =

∞

∑
|α|=0

aα ||Dαu||p
+

p(x) < ∞

}
.

Since we shall deal with the Dirichlet problem in this paper, we will use the
functional space W ∞

0 (aα , p(·))(Ω) defined by

W ∞
0 (aα , p(·))(Ω) =

{
u ∈C∞

0 (Ω) : σp(·)(u) =
∞

∑
|α|=0

aα ||Dαu||p
+

p(x) < ∞

}
.

In contrast with the finite order Sobolev space, the very first question, which
arises in the study of the spaces W ∞

0 (aα , p(·))(Ω), is the question of their non-
triviality (or nonemptiness), i.e. the question of the existence of a function u
such that σp(·)(u)< ∞.

Definition 2.8. (Dubinskii [18]) The space W ∞
0 (aα , p(x))(Ω) is called a non-

trivial space if it contains at least one function which not identically equal to
zero, i.e. there is a function u ∈C∞

0 (Ω) such that σp(·)(u)< ∞.

It turns out that the answer of this question depends not only on the given
parameters aα , pα of the spaces W ∞(aα , p(x))(Ω), but also on the domain Ω.
The dual space of W ∞

0 (aα , p(x))(Ω) is defined as follows

W−∞(aα , p′(·))(Ω) =

{
h : h =

∞

∑
|α|=0

(−1)|α|aαDαhα ,

σ
′

p′(·)(h) =
∞

∑
|α|=0

aα ||hα ||p
′+

p′(·) < ∞

}
,

where hα ∈ Lp′(·)(Ω) and p′(·) is the conjugate of p(·), i.e., p′(·) = p(·)
p(·)−1 .

Note that the duality of the space W−∞(aα , p′(·))(Ω) and W ∞
0 (aα , p(x))(Ω) is

given by the relation

〈h,v〉=
∞

∑
|α|=0

aα

∫
Ω

hα(x)Dαv(x)dx,

In the particular case when p(x) = p for any multi-indices α , the Sobolev
space of infinite order is defined as

W ∞
0 (aα , p)(Ω) =

{
u ∈C∞

0 (Ω) : σ(u) =
∞

∑
|α|=0

aα ||Dαu||pp < ∞

}
,

where aα ≥ 0, p > 1 are real numbers for all multi-indices α and ‖ · ‖p is the
usual norm in the Lebesgue space Lp(Ω), (see [18], [19]).
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2.2. Non-Standard Sobolev spaces of infinite order involving space
and time.

Let QT = Ω× (0,T ) with 0 < T < ∞. Extending the definition of variable
exponent p(·) : Ω 7−→]1,∞) to QT by setting p(x, t) := p(x) for all (x, t)∈QT ,
we define

C+(QT ) = {p(·) : QT 7−→ IR such that p(x, t) = p(x) ∈C+(Ω)},

and we consider for p(·) ∈C+(QT ) the generalized Lebesgue space

Lp(·)(QT ) :=
{

u : QT 7−→ IR, measurable, such that
∫

QT

|u(x, t)|p(x)dxdt <∞

}
,

endowed with the norm

‖u‖Lp(·)(QT )
:= inf

λ>0

{∫
QT

∣∣∣∣u(x, t)λ

∣∣∣∣p(x) dx dt ≤ 1
}
,

which, of course shares the same properties as Lp(·)(Ω).

Lemma 2.9. (cf. [31]) We have the following continuous dense embedding

Lp+(0,T ;Lp(·)(Ω)) ↪→ Lp(·)(QT ) ↪→ Lp−(0,T ;Lp(·)(Ω)).

We introduce, for any k ∈ IN, the Lebesgue space with variable exponent
involving time Lp−(0,T ;W k,p(·)(Ω)) by

Lp−(0,T ;W k,p(·)(Ω)) =

{
u measurable function /

k

∑
|α|=0

∫ T

0
‖Dαu‖p−

p(·) dt < ∞

}
,

and we define

V k,p(·)(QT ) =

{
u ∈ Lp−(0,T ;W k,p(·)(Ω))/

∫
QT

|Dαu|p(x) dx dt < ∞

for |α|= 0, . . . ,k
}
,

equipped with the norm

‖u‖V k,p(·)(QT )
:=

k

∑
|α|=0
‖Dαu‖Lp(·)(QT )

.
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It is clear that for any u ∈V k,p(·)(QT ), we have

‖u‖p−
V k,p(·)(QT )

=

( k

∑
|α|=0
‖Dαu‖Lp(·)(QT )

)p−

≤C
k

∑
|α|=0
‖Dαu‖p−

Lp(·)(QT )

≤C
k

∑
|α|=0

(
∫

QT

|Dαu|p(x) dx dt +1).

(4)

We introduce the functional space V k,p(·)
0 (QT ), defined by

V k,p(·)
0 (QT ) =

{
u ∈ Lp−(0,T ;W k,p(·)

0 (Ω))/∫
QT

|Dαu|p(x) dx dt < ∞ for |α|= 0, . . . ,k
}
,

The spaces V k,p(·)(QT ) and V k,p(·)
0 (QT ) are separable and reflexive Banach

spaces.
The dual space of V k,p(·)

0 (QT ) is defined as follows

V−k,p′(·)(QT ) =

{
F =

k

∑
|α|=0

(−1)|α|Dα fα , with fα ∈ Lp′(·)(QT )

for |α|= 0, . . . ,k
}
,

endowed with the norm

‖F‖V−k,p′(·)(QT )
= inf

{ k

∑
|α|=0
‖ fα‖Lp′(·)(QT )

/ F =
k

∑
|α|=0

(−1)|α|Dα fα

with fα ∈ Lp′(·)(QT ) for |α|= 0, . . . ,k
}
.

The duality pairing of the space V k,p(·)
0 (QT ) with its dual is given by the relation

〈F,v〉=
k

∑
|α|=0

∫
QT

fα(x)Dαv(x)dx

for all v ∈V k,p(·)
0 (QT ).

Now, we define the functional space related to our problem called the Non-
Standard Sobolev space of infinite order involving space and time.
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Let (aα)α be a sequence of nonnegative bounded real numbers for all multi-

index α such that (aα)α > 0 and
∞

∑
|α|=0

aα < ∞.

The space Lp−(0,T ;W ∞(aα , p(·))(Ω)) is defined by

Lp−(0,T ;W ∞(aα , p(·))(Ω)) =

{
u(·, t) ∈C∞(Ω)/

∞

∑
|α|=0

aα

∫ T

0
‖Dαu‖p−

p(·) dt < ∞

}
,

and we define

V ∞,p(·)(aα ,QT ) =

{
u ∈ Lp−(0,T ;W ∞(aα , p(·))(Ω))/

∞

∑
|α|=0

aα

∫
QT

|Dαu|p(x) dx dt < ∞

}
,

endowed with the norm

‖u‖V ∞,p(·)(aα ,QT )
:=

∞

∑
|α|=0

aα‖Dαu‖Lp(·)(QT )
.

We have for any u ∈V ∞,p(·)(aα ,QT )

1
C
‖u‖p−

V ∞,p(·)(aα ,QT )
−

∞

∑
|α|=0

aα ≤
∞

∑
|α|=0

aα

∫
QT

|Dαu|p(x) dx dt. (5)

We introduce the functional space V ∞,p(·)
0 (aα ,QT ), defined by

V ∞,p(·)
0 (aα ,QT ) =

{
u ∈ Lp−(0,T ;W ∞

0 (aα , p(·))(Ω))/

∞

∑
|α|=0

aα

∫
QT

|Dαu|p(x) dx dt < ∞

}
.

The spaces V ∞,p(·)(aα ,QT ) and V ∞,p(·)
0 (aα ,QT ) are separable and reflexive

Banach spaces.
The dual space of V ∞,p(·)

0 (aα ,QT ) is defined as

V−∞,p′(·)(aα ,QT ) =

{
F =

∞

∑
|α|=0

(−1)|α|aα Dα fα , with fα ∈ Lp′(·)(QT )

for |α|= 0, . . . ,k
}
,
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and endowed with the norm

‖F‖V−∞,p′(·)(aα ,QT )
= inf

{ ∞

∑
|α|=0

aα‖ fα‖Lp′(·)(QT )
/ F =

∞

∑
|α|=0

(−1)|α|Dα fα

with fα ⊂ Lp′(·)(QT ) for |α|= 0,1, . . .
}
.

The duality pairing of the space V ∞,p(·)
0 (aα ,QT ) with its dual is given by the

relation

〈F,v〉=
∞

∑
|α|=0

aα

∫
QT

fα(x)Dαv(x)dx dt,

for all v ∈V ∞,p(·)
0 (aα ,QT ).

3. Main result.

3.1. Essential Assumptions.

Let QT = Ω× (0,T ) with 0 < T < ∞. and p(·) ∈C+(Ω). The nonlinear op-
erator A acted from V ∞,p(·)

0 (aα ,QT ) into its dual V−∞,p′(·)(aα ,QT ) is defined
by

Au =
∞

∑
|α|=0

(−1)|α|Dα Aα(x, t,∇γu), |γ| ≤ |α|

where Aα : Ω× [0,T ]×Rλα →R is a real function and λα is the number of multi-
indices γ such that |γ| ≤ |α|, and that Aα(x, t,ξγ) are Carathéodory’s functions
satisfying∣∣Aα(x, t,ξγ)ηα

∣∣≤ c0 aα |ξα |p(x)−1|ηα | for all |α|= 0,1, . . . , (6)

Aα(x, t,ξγ)ξα ≥ c1 aα |ξα |p(x) for all |α|= 0,1, . . . , (7)

(Aα(x, t,ξγ)−Aα(x, t,ξ ′γ))(ξα −ξ
′
α)> 0, for all |α|= 0,1, . . . , (8)

for a.e. (x, t) ∈ QT , and all ξα ,ξ
′
α ,ξγ ,ξ

′
γ with ξα 6= ξ ′α and ξγ 6= ξ ′γ .

The space V ∞,p(·)
0 (aα ,QT ) is nontrivial. (9)

Here (aα)α is a sequence of nonnegative bounded real numbers for all multi-

index α such that aα > 0 and
∞

∑
|α|=0

aα < ∞ and the constants c1, c0 > 0.

The nonlinear term g(x, t,s) is a Carathéeodory function satisfying

|g(x, t,s)| ≤ |s|p(x)−1 +b(x, t), (10)
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g(x, t,s)s≥ 0, (11)

for a.e. (x, t) ∈ QT and any s ∈ R, where the positive function b(x, t) belongs
to Lp′(·)(QT ).

We consider the nonlinear p(x)−parabolic problem
∂u
∂ t

+Au+g(x, t,u) = f in QT ,

u(x, t) = 0 on ST ,
u(x,0) = u0(x)≥ 0 in Ω,

(12)

where u0 ∈ L2(Ω) and f ∈V−∞,p′(·)(aα ,QT ).

3.2. Some technical Lemmas.

Lemma 3.1. (cf. [18]) Let B0, B and B1 be Banach spaces, and let

Y = {u : u ∈ Lp0(0,T ;B0), ut ∈ Lp1(0,T ;B1)}

where p0, p1 > 1 are real numbers.
If the embedding B0 ⊂ B ⊂ B1 is continuous, and the embedding B0 ⊂ B is
compact, then

Y ⊂ Lp0(0,T ;B)

and this embedding is compact.

Lemma 3.2. Let g ∈ Lr(·)(QT ) and gn ∈ Lr(·)(QT ) with ‖gn‖Lr(·)(QT )
≤C for

r(·) ∈C+(Ω).
If gn(x, t)→ g(x, t) a.e. on QT , then gn ⇀ g in Lr(·)(QT ).

Proof. The proof is similar to the proof of Lemma 3.3 in [7], by considering
QT instead of Ω.

Lemma 3.3. Assuming that (6)− (8) hold and let (un)n be a sequence in
V k+1,p(·)

0 (QT ) such that un ⇀ u in V k+1,p(·)
0 (QT ) and

∑
|α|=k+1

aα

∫ T

0

∫
Ω

(|Dαun|p(x)−2Dαun−|Dαu|p(x)−2Dαu)(Dαun−Dαu)dx dt

+
k

∑
|α|=0

∫ T

0

∫
Ω

(Aα(x, t,∇γun)−Aα(x, t,∇γu))(Dαun−Dαu)dx dt −→ 0,

(13)

then un −→ u in V k+1,p(·)
0 (QT ) for a subsequence.
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Proof. Let

Sn(x, t) = ∑
|α|=k+1

aα(|Dα un|p(x)−2Dα un−|Dα u|p(x)−2Dα u)(Dα un−Dα u)

+
k

∑
|α|=0

(Aα(x, t,∇γ un)−Aα(x, t,∇γ u))(Dα un−Dα u).

Thanks to (8) , we have Sn(x, t) is a positive function, and by (13) we have Sn→ 0 in
L1(QT ) as n→ ∞.

Since un ⇀ u in V k+1,p(·)
0 (QT ) and since Sn→ 0 a.e in QT , then, there exists a subset

B⊂Ω with measure zero such that

|Dα u(x)|< ∞ for all |α|= 0, . . . ,k+1 and Sn→ 0,

for all (x, t) ∈ QT\B. We have

Sn(x, t) = ∑
|α|=k+1

aα(|Dα un|p(x)−2Dα un−|Dα u|p(x)−2Dα u)(Dα un−Dα u)

+
k

∑
|α|=0

(Aα(x, t,∇γ un)−Aα(x, t,∇γ u))(Dα un−Dα u)

= ∑
|α|=k+1

aα(|Dα un|p(x)+ |Dα u|p(x)−|Dα un|p(x)−2Dα un Dα u−|Dα u|p(x)−2Dα u Dα un)

+
k

∑
|α|=0

(Aα(x, t,∇γ un)Dα un +Aα(x, t,∇γ u)Dα u−Aα(x, t,∇γ un)Dα u−Aα(x, t,∇γ u)Dα un)

≥ ∑
|α|=k+1

aα(|Dα un|p(x)+ |Dα u|p(x)−|Dα un|p(x)−2Dα un Dα u−|Dα u|p(x)−2Dα u Dα un)

+
k

∑
|α|=0

aα(c1|Dα un|p(x)+ c1|Dα u|p(x)− c0|Dα un|p(x)−1|Dα u|− c0|Dα u|p(x)−1|Dα un|)

≥ c1

k+1

∑
|α|=0

aα |Dα un|p(x)−Cx,t(1+ c0

k+1

∑
|α|=0

aα |Dα un|p(x)−1 + c0

k+1

∑
|α|=0

aα |Dα un|),

with c1 = min(c1,1) , c0 = max(c0,1) and the constant Cx,t depends only on
x and t and does not depend on n. By taking

Rn,p(x) =
k+1

∑
|α|=0

aα |Dαun|p(x), Rn,p(x)−1 =
k+1

∑
|α|=0

aα |Dαun|p(x)−1 and

Rn,1 =
k+1

∑
|α|=0

aα |Dαun|,

we obtain

Sn(x, t)≥ Rn,p(x)

(
c1−

Cx,t

Rn,p(x)
−

Cx,tc0Rn,p(x)−1

Rn,p(x)
−Cx,tc0Rn,1

Rn,p(x)

)
.
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Hence, (Dαun)n is bounded almost everywhere in QT for all |α|= 0, . . . ,k+1.
(Indeed, assuming for some 0≤ |α0| ≤ k+1, that |Dα0un|→∞ in a measurable
subset E ⊂ QT , then

lim
n→∞

∫
QT

Sn(x, t)dx dt

≥ limsup
n→∞

∫
E

Rn,p(x)

(
c1−

Cx,t

Rn,p(x)
−

Cx,tc0Rn,p(x)−1

Rn,p(x)
−Cx,tc0Rn,1

Rn,p(x)

)
dx dt

≥ limsup
n→∞

∫
E
|Dα0un|p(x)

(
c1−

Cx,t

Rn,p(x)
−

Cx,tc0Rn,p(x)−1

Rn,p(x)
−Cx,tc0Rn,1

Rn,p(x)

)
dx dt

= ∞,

which is absurd since Sn→ 0 in L1(QT ) ).
Let ωα be an accumulation point of (Dαun)n for |α| = 0, . . . ,k+ 1, we

have |ωα |< ∞ . Thanks to the continuity of Aα , we have

∑
|α|=k+1

aα(|ωα |p(x)−2
ωα −|Dαu|p(x)−2Dαu)(ωα −Dαu)

+
k

∑
|α|=0

(Aα(x, t,ωγ)−Aα(x, t,∇γu))(ωα −Dαu) = 0.

Thus by (8), we deduce that ωα =Dαu, and the uniqueness of the accumulation
point implies that Dαun→ Dαu a.e in QT .
Now, remark that the operator (Aα(x, t,∇γun))n is bounded in Lp′(·)(QT ) and
Aα(x, t,∇γun)→ Aα(x, t,∇γu) a.e in QT . Using Lemma 3.2, we can establish
that

Aα(x, t,∇γun)⇀ Aα(x, t,∇γu) in Lp′(·)(QT ) for all |α|= 0, . . . ,k,

and, in view of (8) and (13), we obtain∫
QT

|Dαun|p(x) dx dt −→
∫

QT

|Dαu|p(x) dx dt for all |α|= k+1, (14)

and ∫
QT

Aα(x, t,∇γun)Dαun dx dt −→
∫

QT

Aα(x, t,∇γu)Dα u dx dt (15)

for all |α|= 0, . . . ,k. Thanks to the coercivity condition, we have

c1 aα |Dαun|p(x) ≤ Aα(x, t,∇γun)Dαun.
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Hence, in view of Fatou’s Lemma, we get for all 0≤ |α| ≤ k,

2
∫

QT

Aα(x, t,∇γun)Dαun dx dt≤ liminf
n→∞

(∫
QT

Aα(x, t,∇γun)Dαun dx dt

+
∫

QT

Aα(x, t,∇γu)Dαu dx dt

− c1aα

2p+−1

∫
QT

|Dαun−Dαu|p(x) dx dt
)
,

then
0≤− limsup

n→∞

∫
QT

|Dαun−Dαu|p(x) dx dt.

It follows that

0≤ liminf
n→∞

∫
QT

|Dαun−Dαu|p(x) dxdt ≤ limsup
n→∞

∫
QT

|Dαun−Dαu|p(x) dxdt ≤ 0,

which implies that ∫
QT

|Dαun−Dαu|p(x) dx dt −→ 0

as n→ ∞. Thus, we obtain

Dαun −→ Dαu in Lp(·)(QT ) for all |α|= 0, . . . ,k.

Finally, thanks to (14), we have Dαun→ Dαu in Lp(·)(QT ) for |α| = k+ 1.
Consequently, we deduce that

un −→ u in V k+1,p(·)
0 (QT ).

This completes our proof.

3.3. Main result.

Theorem 3.4. Assuming that (6)-(11) hold, then for any f ∈V−∞,p′(·)(aα ,QT ),

there exists u ∈V ∞,p(·)
0 (aα ,QT ) such that

g(x, t,u) ∈ L1(QT ), g(x, t,u)u ∈ L1(QT ), and∫ T

0
〈∂u

∂ t
,v〉dt +

∞

∑
|α|=0

aα

∫ T

0

∫
Ω

Aα(x, t,∇γu)Dαv dx dt

+
∫

QT

g(x, t,u)v dx dt=
∫ T

0
〈 f ,v〉dt,for all v ∈V ∞,p(·)

0 (aα ,QT ).
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Proof of the Theorem 3.4

Step 1: Approximate problems

We consider for all k ≥ 1, the approximate problems
∂uk

∂ t
+A2k+2uk +g(x, t,uk) = fk(x, t) in QT ,

uk = 0 on ST ,
uk(x,0) = u0 in Ω,

where

fk(x, t) =
k+1

∑
|α|=0

(−1)|α|aαDα fα(x, t) for fα ∈ Lp′(·)(Q),

and A2k+2 is the operator acting from V k+1,p(·)
0 (QT ) into V−k−1,p′(·)(QT )

defined by∫ T

0
〈A2k+2u,v〉dt = ∑

|α|=k+1
aα

∫
QT

|Dαu|p(x)−2Dαu Dαv dx dt

+
k

∑
|α|=0

∫
QT

Aα(x, t,∇γu)Dαv dx dt.

Using generalized Hölder’s type inequality, we have for any u,v∈V k+1,p(·)
0 (QT )∣∣∣∣∫ T

0
〈A2k+2u,v〉dt

∣∣∣∣ ≤ ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x)−1 |Dαv|dx dt

+
k

∑
|α|=0

∫
QT

|Aα(x, t,∇γu)| |Dαv|dx dt

≤ ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x)−1 |Dαv|dx dt

+c0

k

∑
|α|=0

aα

∫
QT

|Dαu|p(x)−1 |Dαv|dx dt

≤ c0

k+1

∑
|α|=0

aα

∫
QT

|Dαu|p(x)−1 |Dαv|dx dt

≤ c0 cp

k+1

∑
|α|=0

aα‖ |Dαu|p(x)−1‖Lp′(·)(QT )
‖Dαv‖Lp(·)(QT )

,

with c0 = max(1,c0) and cp =

(
1

p−
+

1
(p′(·))−

)
. Since

‖ |Dαu|p(x)−1‖Lp′(·)(QT )
≤
(∫

QT

|Dαu|p(x)dx dt
) 1

p′−
+1≤ ‖Dαu‖

p+
p′−
Lp(·)(QT )

+2,
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then

∣∣∣∣∫ T

0
〈A2k+2u,v〉dt

∣∣∣∣≤ c0cp

k+1

∑
|α|=0

aα(‖Dαu‖
p+
p′−
Lp(·)(QT )

+2)‖Dαv‖Lp(·)(QT )

≤C(‖v‖
p+
p′−

V k+1,p(·)
0 (QT )

+2)‖v‖
V k+1,p(·)

0 (QT )
. (16)

We define the operator G : V k+1,p(·)
0 (QT ) 7−→V−k−1,p′(·)(QT ), by

∫ T

0
〈Gu,v〉dt =

∫
QT

g(x, t,u)v dx dt ∀v ∈V k+1,p(·)
0 (QT ).

By using Young’s inequality, we have for any u, v ∈V k+1,p(·)
0 (QT )

∣∣∣∣∫QT

g(x, t,u)v dx dt
∣∣∣∣≤ ∫QT

(|u|p(x)−1 +b(x, t))|v|dx dt

≤ cp (‖ |u|p(x)−1‖Lp′(·)(QT )
+‖b(x, t)‖Lp′(·)(QT )

)
∥∥v
∥∥

Lp(·)(QT )

≤ c′‖v‖
V k+1,p(·)

0 (QT )
.

(17)

Lemma 3.5. Bk = A2k+2 + G is pseudo-monotone operator from V k+1,p(·)
0 (QT )

into V−k−1,p′(·)(QT ). Moreover, Bn is coercive in the following sense

∫ T
0 〈Bkv,v〉dt
‖v‖

V k+1,p(·)
0 (QT )

−→+∞ as ‖v‖
V k+1,p(·)

0 (QT )
−→+∞,

for all v ∈V k+1,p(·)
0 (QT ).
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Proof of Lemma 3.5

In view of inequalities (16) and (17), the operator Bk is bounded. For the
coercivity, thanks to (7) and (10), we have for all u ∈V k+1,p(·)

0 (QT )∫ T

0
〈Bku,u〉dt = ∑

|α|=k+1
aα

∫
QT

|Dαu|p(x) dx dt

+
k

∑
|α|=0

∫
QT

Aα(x, t,∇γu)Dαu dx dt

+
∫

QT

g(x, t,u)u dx dt

≥ c1

k+1

∑
|α|=0

aα

∫
QT

|Dαu|p(x) dx dt

≥
c1 ak+1

C
‖u‖p−

V k+1,p(·)
0 (QT )

− c1

k+1

∑
|α|=0

aα ,

with c1 = min(1,c1) and 0 < ak+1 = min
|α|≤k+1

aα . Then, it follows that

∫ T
0 〈Bku,u〉dt
‖u‖

V k+1,p(·)
0 (QT )

−→+∞ as ‖u‖
V k+1,p(·)

0 (QT )
−→+∞.

Now it remains to show that Bk is pseudo-monotone. Let (uh)h a sequence
in V k+1,p(·)

0 (QT ) such that
uh ⇀ u in V k+1,p(·)

0 (QT ),

Bkuh ⇀ χ in V−k−1,p′(·)(QT ),

limsup
h→∞

∫ T

0
〈Bkuh,uh〉dt ≤

∫ T

0
〈χ,u〉dt.

(18)

We shall prove that

χ = Bku and 〈Bkuh,uh〉 −→ 〈χ,u〉 as h→+∞.

First, since aα > 0 for |α| ≤ 1, then V k+1,p(·)
0 (QT ) ⊂ V 1,p(·)

0 (QT ). Hence
the embedding V k+1,p(·)

0 (QT ) ↪→↪→ Lp(·)(QT ) is compact and there exists a sub-
sequence still denoted by (uh)h such that uh→ u in Lp(·)(QT ).

Since (uh)h is a bounded sequence in V k+1,p(·)
0 (QT ), and in view of (6), it

follows that (Aα(x, t,∇γuh))h is bounded in Lp′(·)(QT ). Therefore, there exists
a function ϕα ∈ Lp′(·)(Ω) such that

Aα(x, t,∇γuh)⇀ ϕα in Lp′(·)(QT ) for |α|= 0, . . . ,k, (19)
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and

|Dαuh|p(x)−2Dαuh ⇀ |Dαu|p(x)−2Dαu in Lp′(·)(QT ) for |α|= k+1. (20)

Since uh→ u in Lp(·)(QT ) then

g(x, t,uh)−→ g(x, t,u) in Lp′(·)(QT ) as h→ ∞. (21)

Thus, for all v ∈V k+1,p(·)
0 (QT ) we have∫ T

0
〈χ,v〉dt = lim

h→∞

∫ T

0
〈Bkuh,u〉dt

= lim
h→∞

∑
|α|=k+1

aα

∫
QT

|Dαuh|p(x)−2Dαuh Dαv dx dt

+ lim
h→∞

k

∑
|α|=0

∫
QT

Aα(x, t,∇γuh)Dαv dx dt

+ lim
h→∞

∫
QT

g(x, t,uh)v dx dt

= ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x)−2Dαu Dαv dx dt

+
k

∑
|α|=0

∫
QT

ϕα Dαv dx dt +
∫

QT

g(x, t,u)v dx dt. (22)

Combining (18) and (22), we obtain

limsup
h→∞

∫ T

0
〈Bkuh,uh〉dt = limsup

h→∞

(
∑

|α|=k+1
aα

∫
QT

|Dαuh|p(x) dx dt

+
k

∑
|α|=0

∫
QT

Aα(x, t,∇γuh)Dαuh dx dt

+
∫

QT

g(x, t,uh)uh dx dt
)

≤ ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x) dx dt

+
k

∑
|α|=0

∫
QT

ϕα Dαu dx dt +
∫

QT

g(x, t,u)u dx dt,

and since ∫
QT

g(x, t,uh)uh dx dt −→
∫

QT

g(x, t,u)u dx dt as h→ ∞, (23)
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then

limsup
h→∞

(
∑

|α|=k+1
aα

∫
QT

|Dαuh|p(x) dx dt +
k

∑
|α|=0

∫
QT

Aα(x, t,∇γuh)Dαuh dx dt
)

≤ ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x) dx dt +
k

∑
|α|=0

∫
QT

ϕα Dαu dx dt. (24)

On the other hand, in view of (8), we get

∑
|α|=k+1

aα

∫
QT

(|Dαuh|p(x)−2Dαuh−|Dαu|p(x)−2Dαu)(Dαuh−Dαu)dx dt

+
k

∑
|α|=0

∫
QT

(Aα(x, t,∇γuh)−Aα(x, t,∇γu))(Dαuh−Dαu)dx dt ≥ 0.

This implies that

∑
|α|=k+1

aα

∫
QT

|Dαuh|p(x) dx dt +
k

∑
|α|=0

∫
QT

Aα(x, t,∇γuh)Dαuh dx dt

≥− ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x) dx dt + ∑
|α|=k+1

aα

∫
QT

|Dαuh|p(x)−2Dαuh Dαu dx dt

+ ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x)−2Dαu Dαuh dx dt + ∑
|α|=k+1

∫
QT

Aα(x, t,∇γuh)Dαu dx dt

+
k

∑
|α|=0

∫
QT

Aα(x, t,∇γu)Dαuh dx dt− ∑
|α|=k+1

∫
QT

Aα(x, t,∇γu)Dαu dx dt.

Using (19) and (20), we deduce that

liminf
h→∞

(
∑

|α|=k+1
aα

∫
QT

|Dαuh|p(x) dx dt +
k

∑
|α|=0

∫
QT

Aα(x, t,∇γuh)Dαuh dx dt
)

≥ ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x) dx dt +
k

∑
|α|=0

∫
QT

ϕα Dαu dx dt. (25)

Hence, in view of (24) and (25), we get

lim
h→∞

(
∑

|α|=k+1
aα

∫
QT

|Dαuh|p(x) dx dt +
k

∑
|α|=0

∫
QT

Aα(x, t,∇γuh)Dαuh dx dt
)

= ∑
|α|=k+1

aα

∫
QT

|Dαu|p(x) dx dt +
k

∑
|α|=0

∫
QT

ϕα Dαu dx dt. (26)
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Thanks to (23), we conclude that

〈Bkuh,uh〉 −→ 〈χ,u〉 as h→+∞.

Now, by (26), we obtain

∑
|α|=k+1

aα

∫
QT

(|Dαuh|p(x)−2Dαuh−|Dαu|p(x)−2Dαu)(Dαuh−Dαu)dx dt→ 0

as h→+∞, and

k

∑
|α|=0

∫
QT

(Aα(x, t,∇γuh)−Aα(x, t,∇γu))(Dαuh−Dαu)dx dt→ 0 as h→+∞.

In view of Lemma 3.3, we deduce that

uh −→ u in V k+1,p(·)
0 (QT ).

Then, it follows that

|Dαuh|p(x)−2Dαuh −→ |Dαu|p(x)−2Dαu in Lp′(·)(QT ) for all |α|= k+1,
(27)

and Aα(x, t,∇γuh)→ Aα(x, t,∇γu) a.e in QT , since (Aα(x, t,∇γuh)) is bounded
in Lp′(·)(QT ). Applying Lemma 3.2, we obtain

Aα(x, t,∇γuh)⇀ Aα(x, t,∇γu) in Lp′(·)(QT ) for all |α|= 0, . . . ,k. (28)

Finally, combining (21), (27) and (28) we conclude that χ = Bnu, which com-
pletes the proof of Lemma 3.5.

Therefore, by Lemma 3.5, there exists at least one weak solution uk ∈
V k+1,p(·)

0 (QT ) of quasilinear parabolic problem (16), we refer the reader to
([27], Theorem 2.7, page 180).

Step 2: A priori estimates.

Taking uk(x, t) as a test function in (16), we obtain

∫ T

0
〈∂uk

∂ t
,uk〉dt +

∫ T

0
〈A2k+2uk,uk〉dt +

∫
QT

g(x, t,uk)uk dxdt =
∫ T

0
〈 fk,uk〉dt.

(29)
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We have∫ T

0
〈A2k+2uk,uk〉dt

= ∑
|α|=k+1

aα

∫
QT

|Dαuk|p(x) dx dt +
k

∑
|α|=0

∫
QT

Aα(x, t,∇γuk)Dαuk dx dt

≥ ∑
|α|=k+1

aα

∫
QT

|Dαuk|p(x) dx dt + c1

k

∑
|α|=0

aα

∫
QT

|Dαuk|p(x) dx dt

≥ c1

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x) dx dt, (30)

and ∫ T

0
〈∂uk

∂ t
,uk〉dt =

∫
Ω

|uk(T )|2

2
dx−

∫
Ω

|u0|2

2
dx. (31)

For the term on the right-hand side of (29), by using Young’s inequality we get

∫ T

0
〈 fk,uk〉dt =

k+1

∑
|α|=0

aα

∫
QT

fαDαuk dx dt

≤ c2

k+1

∑
|α|=0

aα

∫
QT

| fα |p
′(·) dx dt

+
c1

2

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x) dx dt. (32)

By combining (29)− (32), we obtain

∫
Ω

|uk(T )|2

2
dx+

c1

2

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x) dx dt +
∫

QT

g(x, t,uk)uk dx dt

≤ c2

k+1

∑
|α|=0

aα

∫
QT

| fα |p
′(·) dx dt +

∫
Ω

|u0|2

2
dx. (33)

Since u0 ∈ L2(QT ) and ‖ fk‖V−k−1,p′(·)(QT )
≤C‖ f‖V−∞,p′(·)(aα ,QT )

, then, there exists
a constant c3 that doesn’t depend on k, such that

∫
Ω

|uk(T )|2

2
dx+

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x) dx dt +
∫

QT

g(x, t,uk)uk dx dt ≤ c3.

(34)



362 MOUSSA CHRIF - SAID EL MANOUNI - HASSANE HJIAJ

Step 3: The sequence
(

∂uk

∂ t

)
k∈IN∗

is bounded in V−∞,p′(·)(aα ,QT ).

Using v ∈V ∞,p(·)
0 (aα ,QT ) as a test function in (16), we get∫ T

0
〈∂uk

∂ t
,v〉dt +

∫ T

0
〈A2k+2uk,v〉dt +

∫
QT

g(x, t,uk)vdxdt =
∫ T

0
〈 fk,v〉dt,

then, we have∣∣∣∣∫ T

0
〈∂uk

∂ t
,v〉dt

∣∣∣∣≤ ∣∣∣∣∫ T

0
〈A2k+2uk,v〉dt

∣∣∣∣+∫QT

|g(x, t,uk)| |v|dx dt

+

∣∣∣∣∫ T

0
〈 fk,v〉dt

∣∣∣∣. (35)

For the first term on the right-hand side of (35), using generalized Hölder’s
type inequality and (6) , we obtain∣∣∣∣∫ T

0
〈A2k+2uk,v〉dt

∣∣∣∣
≤ ∑
|α|=k+1

aα

∫
QT

|Dαuk|p(x)−1|Dαv|dx dt

+
k

∑
|α|=0

∫
QT

|Aα(x, t∇γuk)| |Dαv|dx dt

≤ c0

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x)−1|Dαv|dx dt

≤ cp c0

k+1

∑
|α|=0

aα‖ |Dαuk|p(x)−1‖Lp′(·)(QT )
‖Dαv‖Lp(·)(QT )

≤ cp c0

k+1

∑
|α|=0

aα((
∫

QT

|Dαuk|p(x) dx dt)
1

p′− +1)‖Dαv‖Lp(·)(QT )

≤ c4‖v‖V ∞,p(·)
0 (aα ,QT )

. (36)

Concerning the second term on the right-hand side of (35), thanks to (10) we
get ∫

QT

|g(x, t,uk)| |v|dx dt

≤
∫

QT

|uk|p(x)−1|v|dx dt +
∫

QT

b(x, t)|v|dx dt

≤ cp(‖ |uk|p(x)−1 ‖Lp′(·)(QT )
+‖b(x, t)‖Lp′(·)(QT )

)‖v‖Lp(·)(QT )

≤ c5‖v‖V ∞,p(·)
0 (aα ,QT )

. (37)
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For the last term on the right-hand side of (35), we have∣∣∣∣∫ T

0
〈 fk,v〉dt

∣∣∣∣≤ k+1

∑
|α|=0

aα

∫
QT

| fα | |Dαv|dx dt

≤ cp

k+1

∑
|α|=0

aα‖ fα‖Lp′(·)(QT )
‖Dαv‖Lp(·)(QT )

≤ cpc6‖ f‖V−∞,p′(·)(aα ,QT )
‖v‖

V ∞,p(·)
0 (aα ,QT )

. (38)

By combining (35)− (38), we deduce that∣∣∣∣∫ T

0
〈∂uk

∂ t
,v〉dt

∣∣∣∣≤ c7‖v‖V ∞,p(·)
0 (aα ,QT )

, (39)

with c7 is a constant that does not depend on k. Then it follows that the sequence(
∂uk

∂ t

)
k∈IN∗

is bounded in V−∞,p′(·)(aα ,QT ).

In order to apply Lemma 3.1, let us consider

B0 =W k+1,p(·)(Ω), B =W k,p(·)(Ω) and B1 =W−∞(aα , p′(·))(Ω)

with p0 = p− and p1 = p′−, where k ∈ IN∗ is arbitrary. Then, in view of esti-
mates (34) and (39), we deduce that the family (uk)k∈IN∗ of solutions of the
problems (16) is compact in the space V k,p(·)

0 (QT ).

Consequently, by similar argument as in the elliptic case (using the diagonal
process), (see [9] and [18]), one gets that the sequence (uk)k∈IN∗ converges
strongly together with all derivatives (Dωuk)k∈IN∗ in the space Lp(·)(Q) to some
function u ∈V ∞,p(·)

0 (aα ,QT ), i.e

uk −→ u in V ∞,p(·)
0 (aα ,QT ). (40)

Step 4: The equi-integrability of g(x, t,uk).

We shall prove that

g(x, t,uk)−→ g(x, t,u) strongly in L1(QT ).

Indeed, using Vitali’s theorem, it is sufficient to prove that g(x, t,uk) is uni-
formly equi-integrable.
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Let m > 1 and E a be measurable subset of QT , we have

∫
E
|g(x, t,uk)|dx dt

≤
∫

E∩{|uk|≤m}
|g(x, t,uk)|dx dt +

1
m

∫
E∩{|uk|>m}

g(x, t,uk)uk dx dt

≤
∫

E∩{|uk|≤m}
(|Tm(uk)|p(x)−1 +b(x, t))dx dt +

1
m

∫
QT

g(x, t,uk)uk dx dt

≤ |m|p+−1|E|+
∫

E
b(x, t)dx dt +

c3

m
,

where c3 is the constant of (34) which is independent of k. Then, for all ε > 0,

there exists m large enough such that
c3

m
<

ε

2
, and |E| sufficiently small to

obtain |m|p+−1|E|+
∫

E
b(x, t)dx dt <

ε

2
, we get

∫
E
|g(x, t,uk)|dx dt ≤ ε.

Using Vitali’s theorem, and since g(x, t,uk)→ g(x, t,u) a.e. in QT , we deduce
that

g(x, t,uk)−→ g(x, t,u) in L1(QT ). (41)

On the other hand, in view of Fatou’s lemma and (34), we obtain

∫
QT

g(x, t,u)u dx dt ≤ liminf
k→+∞

∫
QT

g(x, t,uk)uk dx dt ≤ c3,

which implies that g(x, t,u)u ∈ L1(QT ).

Step 5: Passage to the limit.

Now, we will prove that

lim
k→+∞

∫ T

0
〈A2k+2(uk),v〉dt =

∫ T

0
〈A(u),v〉dt for all v ∈V ∞,p(·)

0 (aα ,QT ).

(42)
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Indeed, let k > 0 large enough and v ∈V ∞,p(·)
0 (aα ,QT ), we have∫ T

0
〈A(u)−A2k+2(uk),v〉dt

=
k

∑
|α|=0

∫
QT

(Aα(x, t,∇γ u)−Aα(x, t,∇γ uk))Dα v dx dt

− ∑
|α|=k+1

aα

∫
QT

|Dα uk|p(x)−2 Dα uk Dα v dx dt

+
∞

∑
|α|=k+1

∫
QT

Aα(x, t,∇γ u)Dα v dx dt. (43)

On one hand, since (Aα(x, t,ξγ))α are Carathéodory functions and thanks to
(40), we obtain

k

∑
|α|=0

∫
QT

(Aα(x, t,∇γ u)−Aα(x, t,∇γ uk))Dα v dx dt −→ 0 as k→ ∞. (44)

Now since uk ∈V k+1,p(·)
0 (aα ,QT ), then we get

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x) dx dt ≤C for all k > 0,

it follows that

lim
k→∞

k+1

∑
|α|=0

aα

∫
QT

|Dαuk|p(x)dxdt ≤C =⇒ lim
k→∞

∑
|α|=k+1

aα

∫
QT

|Dαuk|p(x)dxdt = 0.

We deduce, using Young’s inequality, that∣∣∣∣ ∑
|α|=k+1

aα

∫
QT

|Dα uk|p(x)−2 Dα uk Dα v dx dt
∣∣∣∣

≤ ∑
|α|=k+1

aα

∫
QT

|Dα uk|p(x)−1 |Dα v|dx dt

≤ 1
p′−

∑
|α|=k+1

aα

∫
QT

|Dα uk|p(x) dx dt +
1

p−
∑

|α|=k+1
aα

∫
QT

|Dα v|p(x) dx dt.

Hence, we conclude that

∑
|α|=k+1

aα

∫
QT

|Dα uk|p(x)−2 Dα uk Dα v dx dt −→ 0 as k→ ∞. (45)
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On the other hand, using Young inequality, we have∣∣∣∣ ∞

∑
|α|=k+1

∫
QT

Aα(x, t,∇γ u)Dα v dx dt
∣∣∣∣

≤ c0

∞

∑
|α|=k+1

aα

∫
QT

|Dα u|p(x)−1 |Dα v|dx dt

≤ c0

p′−

∞

∑
|α|=k+1

aα

∫
QT

|Dα u|p(x) dx dt +
c0

p−

∞

∑
|α|=k+1

aα

∫
QT

|Dα v|p(x) dx dt,

and since u, v ∈V ∞,p(·)
0 (aα ,QT ) then, we have

∞

∑
|α|=0

aα

∫
QT

|Dα u|p(x) dx dt < ∞ and
∞

∑
|α|=0

aα

∫
QT

|Dα v|p(x) dx dt < ∞,

which implies that

∞

∑
|α|=k+1

∫
QT

Aα(x, t,∇γ u)Dα v dx dt −→ 0 as k→ ∞. (46)

Finally, by combining (43)− (46), we conclude that∫ T

0
〈A2k+2(uk),v〉dt −→

∫ T

0
〈A(u),v〉dt for all v ∈V ∞,p(·)

0 (aα ,QT ). (47)

Moreover, it is clear that∫ T

0
〈 fk,v〉dt −→

∫ T

0
〈 f ,v〉dt as k→ ∞. (48)

Consequently, by passing to the limit in (16), we obtain∫ T

0
〈∂u

∂ t
,v〉dt +

∫ T

0
〈A(u),v〉dt +

∫
QT

g(x, t,u)vdx dt =
∫ T

0
〈 f ,v〉dt,

for all v ∈V ∞,p(·)
0 (aα ,QT ), which achieves the proof of Theorem 3.4.
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