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EXTENSIONS OF RINGS OVER 2-PRIMAL RINGS

E. HASHEMI - KH. KHALILNEZHAD - A. ALHEVAZ

For a set of endomorphisms X := {oy,...,0,} and derivations A :=
{61,...,0,}, we first introduce X-compatible ideals which are a general-
ization of X-rigid ideals and study the connections of the prime radical
and the upper nil radical of R with the prime radical and the upper nil
radical of the skew PBW extension. Let A =R (x1,...,x,;X,A) be a bijec-
tive skew PBW extension of an (X,A)-compatible ring R. (i) It is shown
that if R is a (semi)prime ring, then A is a (semi)prime ring. (ii) If R is
a completely (semi)prime ring, then A is a completely (semi)prime ring.
(iii) If R is a strongly (semi)prime ring, then A is a strongly (semi)prime
ring. Also, we prove that R is 2-primal if and only if the skew PBW ex-
tension A is 2-primal if and only if nil(R) = nil,(R;X U A) if and only
if nil(R) (x1,...,X%:;2,A) = nil,(A) if and only if every minimal (X,A)-
prime ideal of R is completely prime.

1. Introduction

Let R denote an associative ring with identity. We use nil,(R), nil*(R) and
nil(R), to denote the lower nil radical (i.e., the intersection of all prime ideals),
the upper nil radical (i.e. the sum of all nil ideals) and the set of all nilpotent
elements of R, respectively.
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A ring R is called 2-primal if nil,(R) = nil(R) (see [4]). Every reduced
ring is obviously 2-primal. Moreover, 2-primal rings have been extended to the
class of rings which satisfy nil*(R) = nil(R), but the converse does not hold
[5, Example 3.3]. Observe that R is a 2-primal ring if and only if nil,(R) =
nil*(R) = nil(R), if and only if nil,(R) is a completely semiprime ideal (i.e.,
a* € nil,(R) implies that a € nil, (R) for a € R) of R. We refer to [4, 5, 11, 12,
14, 30, 31] for more details on 2-primal rings. Recall that a ring R is called
strongly prime if R is prime with no nonzero nil ideals. An ideal P of R is
strongly prime if R/P is a strongly prime ring. All (strongly) prime ideals are
taken to be proper. We say an ideal P of a ring R is minimal (strongly) prime if
P is minimal among (strongly) prime ideals of R. Note that (see [29])

nil*(R) = N{P | P is a minimal strongly prime ideal of R}.

Recall that an ideal P of R is completely prime if ab € P impliesa € P or b € P
for a,b € R. Every completely prime ideal of R is strongly prime and every
strongly prime ideal is prime.

Let o be an endomorphism of R and & a o-derivation of R (so 0 is an
additive map satisfying 6(ab) = 6(a)b+ o(a)d(b)). The general (left) Ore
extension R[x;0,0] is the ring of polynomials over R in the variable x, with
coefficients written on the left of x and with termwise addition, subject to the
skew-multiplication rule xr = o(r)x+ &(r) for r € R. If & is an injective en-
domorphism of R, then we say R[x; 0, 0] is an Ore extension of injective type.
If o is an identity map on R or 6 = 0, then we denote R[x; 0, 0] by R[x; 5] and
R[x; 0], respectively.

An endomorphism o of R is called a rigid endomorphism if ac(a) = 0 im-
plies a = 0 for a € R. A ring R is said to be o-rigid if there exists a rigid
endomorphism ¢ of R (for more details see [15]). According to Hong et al.
[13], an o-ideal I is called a o-rigid ideal if ac(a) € I implies a € [ fora € R.
Hong et al. in [13] studied some connections between the o-rigid ideals of R
and the related ideals of Ore extensions. They also studied the relationship
of nil,(R) (resp., nil*(R)) and nil.(R[x;0,d8]) (resp., nil*(R[x;0,d])), where
nil,(R) (resp., nil*(R)) is a o-rigid ideal of R. They proved that if nil, (R) (resp.,
nil*(R)) is a o-rigid 8-ideal of R, then nil,(R[x; 0, 0]) C nil.(R)[x; o, 0] (resp.,
nil*(Rx;0,6]) C nil*(R)[x; 0, 6)).

Following [10], we say that R is o-compatible if for each a,b € R, ab =0
if and only if ac(b) = 0. Note that if R is o-compatible, then & is injective.
Moreover, R is said to be d-compatible if for each a,b € R, ab = 0 implies that
ad(b) =0. If R is both o-compatible and §-compatible, we say that R is (o, 6)-
compatible. Note that (o, 0)-compatible rings are a generalization of o-rigid
ring to the more general case where R is not assumed to be reduced. According
to [8], anideal I of R is called a 6-compatible ideal of R if for each a,b € R, ab €



EXTENSIONS OF RINGS OVER 2-PRIMAL RINGS 143

I'if and only if ac(b) € I. Moreover, I is called a 6-compatible ideal if for each
a,b € R, ab € I implies ad(b) € I. If I is both o-compatible and d-compatible,
we say that [ is an (0, 8)-compatible ideal. In [8], the connections between
nil,(R) (resp., nil*(R)) and that of nil,.(R[x;0,0d]) (resp., nil*(R[x;0,8])) are
studied, where nil,(R) (resp., nil*(R)) is an (0, 0 )-compatible ideal of R.

In [21], the author continued the study of the radicals of Ore extensions
in case R is (0, 8)-compatible. He proved that if R is (o, §)-compatible, then
R[x;0,6] is 2-primal if and only if R is 2-primal if and only if nil.(R,0,8) =
nil(R) if and only if nil(R)[x; 0, 6] = nil.(R[x; 0, d)).

Other ring-theoretic extensions of a ring R are the Poincaré-Birkhoff-Witt
(PBW for short) which were defined by Bell and Goodearl [3]. The skew
Poincaré-Birkhoff-Witt (skew PBW for short) extensions introduced by Gallego
and Lezema [6] are a generalization of PBW extensions, which are more general
than Ore extensions of injective type. These extensions include several algebras
which can not be expressed as Ore extensions (universal enveloping algebras of
finite Lie algebras, diffusion algebras, etc.). More exactly, it has been shown
that skew PBW extensions contain various well-known groups of algebras such
as some types of Auslander-Gorenstein rings, some skew Calabi-Yau algebras,
quantum polynomials, some quantum universal enveloping algebras, etc. (see
[6, 22]).

In this paper, for a set of endomorphisms X := {oy,...,0,} and derivations
A:={di,...,8,}, we first introduce X-compatible ideals which are a general-
ization of X-rigid ideals and study the connections of the prime radical and the
upper nil radical of R with the prime radical and the upper nil radical of the skew
PBW extension. Let A = R (xy,...,x,;X,A) be a bijective skew PBW extension
of an (X,A)-compatible ring R. (i) It is shown that if R is a (semi)prime ring,
then A is a (semi)prime ring. (ii) If R is a completely (semi)prime ring, then A
is a completely (semi)prime ring. (iii) If R is a strongly (semi)prime ring, then
A is a strongly (semi)prime ring. Also, we prove that R is 2-primal if and only
if the skew PBW extension A is 2-primal if and only if nil(R) = nil, (R;XUA) if
and only if nil (R) (x1,...,xs;X,A) = nil.(A) if and only if every minimal (X,A)-
prime ideal of R is completely prime.

2. Definitions and basic properties of skew PBW extensions

We start by recalling the definition of (skew) PBW extensions and present some
essential properties of these rings.

Let R and A be rings. According to Bell and Goodearl [3], we say that A is a
Poincaré-Birkhoff-Witt extension (also called a PBW extension) of R, denoted
by A := R (x1,...,x,), if the following conditions hold:
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1. RCA;

2. There exist elements xq,...,x, € A such that A is a left free R-module,
with basis the basic elements Mon(A) := {x* =x{*---x% | o = (e, .. .,
o) € Ni s

3. x;r—rxje RforeachreRand 1 <i<un;
4. xixj—x;x; € R+Rxy +---+Rx,, forany 1 <i,j<n.

Definition 2.1. [6, Definition 1] Let R and A be rings. We say that A is a skew
PBW extension of R (also called a 6-PBW extension) if the following conditions
hold:

1. RCA;

2. There exist elements x,...,x, € A such that A is a left free R-module,
with basis the basic elements Mon(A) := {x* =x{" - -x% | o = (ouy,.. .,
a,) € Ni}s

3. For each 1 <i<n and any r € R\ {0}, there exists an element ¢;, €
R\ {0} such that x;r — ¢; ,x; € R;

4. For each 1 <i,j < n there exists ¢; ; € R\ {0} such that xx; — ¢; jx;x; €
R+ Rx; + -+ Rx,,.

Under these conditions we will write A := & (R) (x1,...,X,).

Proposition 2.2. [6, Proposition 3] Let A = o(R) (x1,...,x,) be a skew PBW
extension of R. For each 1 <i < n, there exists an injective endomorphism
0; : R — R and a o;-derivation §; : R — R such that x;r = o;(r)x; + 6;(r), for
eachr € R.

Let A be a skew PBW extension of a ring R. By using Proposition 2.2, we
denote A by R (xy,...,x,;X,A). We recall the following definition (cf. [6]).

Definition 2.3. Let A = R (x1,...,x,; X, A) be the skew PBW extension of a ring
R.

1. A is called quasi-commutative if the conditions (3) and (4) in Definition
2.1 are replaced by (3'): foreach 1 <i<mnandall r € R\ {0} there exists
¢ir € R\ {0} such that x;r = ¢; ,x;; (4'): for any 1 <, j < n there exists
Ci,j € R \ {O} such that XjXj = Cj jXiX;

2. Ais called bijective if 0; is bijective for each 1 <i<n, and ¢; ; is invertible
forany 1 <i<j<n.
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Clearly any PBW extension is a skew PBW extension. Many important class
of rings and algebras are skew PBW extensions, for example:

Example 2.4. 1. Any skew polynomial ring R[x; 0, 8], with o injective, is
a skew PBW extension; in this case, we have R[x;0,6] = o(R) (x). If
additionally 6 = 0, then R[x; 0] is quasi-commutative. Any iterated skew
polynomial ring R[x;; 0y, 1] [xn; Oy, O, is a skew-PBW extension if it
satisfies the following conditions:

e for 1 <i <n, o; is injective;
e forevery r € Rand 1 <i<n, 6;(r),0i(r) €R;
o for i < j, 0j(x;) = cx;+d, with ¢,d € R and c has a left inverse;

o fori < j, 6j(x;) € R+Rx;+---+Rx,.
then, R[x;;01, 81| - R[x,; 0y, 0] is a skew PBW extension. Under these
assumptions, we have

R[X1;01,51] . --R[xn;Gn,En] = G(R) (xl,. . .,x,,).

In particular, any Ore extension R[x1; 01, 01] - - [xn; O, O] is a skew PBW
extension, when for 1 <i <n, g; is injective. Note that in Ore extensions
foreveryr € Rand 1 <i<n, 0;(r),;(r) €R,and fori < j, 6;(x;) = x; and
0j(x;) = 0. An important subclass of Ore extension are the Ore algebras,
i.e., R=Kk[ty,...,t,Jandm > 1. Thus, we have

k[tl,...,tm][xl;cl,él]---[xn;G,,,Sn] gG(k[l‘l,...,l‘m])<)61,...,)Cn>.

2. Let k be a ring and g € k a central unit. Then the quantum n-space
is the ring O, (k"), generated by k together with n additional elements
X1,...,X, which commute with all elements of k, and such that x;x; =
gx;x; for all i < j . Clearly O,(k*) = k[y][x; 0], where k[y] is a poly-
nomial ring and o is the monomorphism of k[y] such that 6 = 1 on
k and o(y) = qy; we have also O, (k") = k[x][x2; 02][x3;03] ... [x,5 Cn),
where k[x] is an ordinary polynomial ring and o; is a monomorphism of
k[xi][x2; 02][x3; 03] . .. [xi—1;0i-1], for 2 < i < m.

3. Let k be aring and ¢ € k a central unit. Then the ' quantized Weyl alge-
bra over k is the ring A, (k,q) generated by k together with 2n additional
elements xy,...,Xx,,V1,...,Y, Wwhich commute with all elements of k, and
such that x;y; — qyix; = 1 for 1 <i<n, and x;x; = x;x;, y;y; = Y;i, Xiyj =
yjxi for all i, j, i # j. Clearly A (k,q) = k[yi][x1;0,0], where k[y|] is a
polynomial ring and ¢ is the monomorphism of k[y;| such that c = 1 on k
and o (y;) = qy1, and § is the g-difference operator [7, page 371]. The n'"
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quantized Weyl algebra, A, (k,q) over k, can also be viewed as an iterated
skew polynomial ring.

4. Quantum plane O,(k?). Let g € k*. The quantized coordinate ring of k*
is a k-algebra, denoted by (’)q(kz), presented by two generators x,y and
the relation xy = gyx. We have O, (k*) = o (k) (x,y).

5. The algebra of q-differential operators D, p[x,y]. Let g,h € k,q # 0;
consider k[y|[x; 0, 8], where o(y) := gy and 8(y) := h. By definition of
skew polynomial ring we have xy = ¢(y)x+ d(y) = qyx+ h, and hence
xy — qyx = h. Therefore, D, 4[x,y] = o (k) (x,y).

6. Algebra of linear partial differential operators. The n-th Weyl algebra
An(K) over k coincides with the k-algebra of linear partial differential
operators with polynomial coefficients K|y, ...,,]. As we have seen, the
generators of A, (k) satisfy the following relations:

Litj =1;t, 8,-8j:8j8,~, 1 <i<j<n,
8jt,~:t,-8j+6,~j, 1<i,j<n,

where §;; is the Kronecker symbol. Therefore o (k) (t1,...,t,;01,...,0,).

A detailed list of examples of skew PBW extensions is presented in [17, 18,
22,23, 25, 26].

Now, we give some examples of skew PBW extensions which can not be
expressed as Ore extensions (a more complete list can be found in [17, 22]).

Example 2.5.

1. Let k be a commutative ring and g a finite dimensional Lie algebra over
k with basis {xi,...,x,}; the universal enveloping algebra of g, denoted
by U(g), is a PBW extension of k (see [17]). In this case, x;r — rx; = 0 and
XiXj—XjX; = [x;,X;] € g =k+kx;+---+kx,, forany r € kand 1 <i, j <n.

2. Let k,g,{x1,...,x,} and U(g) be as in the previous example; let R be a
k-algebra containing k. The frensor product A :== R®@;U(g) is a PBW
extension of R, and it is a particular case of a more general construction,
the crossed product R +U(g) of R by U(g), that is also a PBW extension
of R (see [20]).

3. The twisted or smash product differential operator ring k#sU(g), where
g is a finite-dimensional Lie algebra acting on k by derivations, and ¢ is
Lie 2-cocycle with values in k.
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Definition 2.6. [6, Definition 6] Let A be a skew PBW extension of R with
endomorphisms o;, 1 < i < n and o;-derivations 6; as in Proposition 2.2.

1. For a = (oy,...,0,) € N}, 6% := o/ ...0%,8% := 8" ...6%, || :=
o +-+o,. IfB=(P,....,0) € N}; then .+ := (o1 + Bi,..., 0, +
Bu)-

2. For X = x* € Mon(A),exp(X) := a and deg(X) := |a|. The symbol =

will denote a total order defined on Mon(A) (a total order on Nfj). For an
element x* € Mon(A),exp(x*) := & € N2, If x* = xP but x* # xP, we
write x* > xP.
Every element f € A can be expressed uniquely as f =ag+a1 X1 +---+
amXm, with a; € R\ {0}, and X,,, > --- = X;. With this notation, we define
Im(f) := Xy, the leading monomial of f;lc(f) := a, the leading coef-
ficient of f; lt(f) := amXy, the leading term of f; exp(f) := exp(Xp),
the order of f; and E(f) := {exp(X;) | 1 <i <t}. Note that deg(f) :=
max{deg(X;)}!_,. Finally, if f =0, then /m(0) :=0,/c(0) :=0,1t(0) :=0.
We also consider X > 0 for any X € Mon(A).

Remark 2.7. [6, Remark 2]

1. Since that Mon(A) is a R-basis for A, the elements ¢;, and ¢;; in the
Definition 2.1 are unique.

2. If r =0, then ¢; o = 0. Moreover, in Definition 2.1(4), ¢;; = 1.

3. Leti < j, there exist ¢j;,c; j € R such that x;x; —cjxjx; € R+Rx; +---+
Rx, and x;x; — ¢; jx;xj € R+Rx; + - - -+ Rx,, but since Mon(A) is a R-basis
then 1 =c;;c; j,i.e., forevery 1 <i< j<n,c;;hasaleftinverse and c;;
has a right inverse.

4. Each element f € A — {0} has a unique representation in the form f =
i Xi+---+cX, withe; € R— {0} and X; € Mon(A), 1 <i<rt.

Skew PBW extensions can be characterized in the following way.

Theorem 2.8. [6, Theorem 7] Let A be a polynomial ring over R with respect
to {x1,...,xn}. Then A is a skew PBW extension of R if and only if the following
conditions are satisfied:

1. For each x* € Mon(A) and every 0 # r € R, there exist unique elements
ro :=0%r) € R\{0}, pa,r €A, such that x*r = rgx*+ pgo », where po =
0 or deg(pea,r) < |¢t| if par # 0. If r is left invertible, so is r.
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2. Foreachx®,xP € Mon(A) there exist unique elements Cqp ERandpy g €
A such that x*xP = cmﬁxo“”l3 +Pa.p, Where cq g is left invertible, py, g =0
Ordeg(PaJﬁ < !O‘Jrﬁ\ ifpoc,ﬁ # 0.

We remember also the following facts [6, Remark 8].

Remark 2.9.

1. A left inverse of ¢, g will be denoted by cla‘ B We observe that if & =0

or B =0, then ¢, g = 1 and hence C/Otﬁ =1.

2. We observe if A is a skew PBW extension quasi-commutative, then from
Theorem 2.8, we conclude that py , =0

and py g =0, for every 0 # r € R and every a, B € Nj.

3. From Theorem 2.8, we get also that if A is a bijective skew PBW exten-
sion, then ¢, g is invertible for any a, B € N.

In the next proposition, we will look more closely at the form of the poly-
nomials po » and pg g which appear in Theorem 2.8.

Remark 2.10. [24, Remark 2.10 ]

1. Let x, be a variable and ¢, an element of Ny. Then we have

[ . .
xpr= ol (Nt + Y x' ' 8(el ()t o) =ide (1)
j=1

and so

x% = % (r)x% 4+ x% 718, (r) + x%728,(0,(r))x, +x%738,(c2 (r))x2

4+ +xn5n(6,f‘”*2(r))xf,‘”*2 + SH(G,?”*I(r))x,‘f”*l, G,? = idp.
Note that

Pat.r =X 80(r) + 2772 8,(0u(r) Jxn + 25> 8 (0 (1) )37

n

08 (02 (r) x4 (o (),

n n

where pg,, = 0 or deg(pq,,) < |0y| if pg,, # 0. It is clear that
exp(pa,r) < Oy. Again, using (2.1) in every term of the product x%r
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above, we obtain

o, —1 . . )
xrr = o (r)agr + o (S () 4+ Y xS, (a ! (8u(r)x !
j=1
o, —2 ) ) .
+ Gr?"_zwn(an(’")))xgn_z"‘ Z xr?”_z_j5n(6r{_l(5n(0'n(r))))x{;_1] Xn

j=1

a’173 . . .
S CARCACAGNEAREED Y xr‘i‘"3’5n(07{1(5n(63(r)>))%1] X

=1

o [Ou(Ba (08 2(7) ot Ba(8u( 02 2(r)))] a2
+ 8o (M),

which shows that

le(par) = Z?nzl Gr?rpwn(cr{)il(r)»

In this way, we can see that Ic(pg, ») involves elements obtained evaluat-
ing o, and §, in the element r of R.

2. Letoo = (a,...,0) € N& r € Rand x* = x{" ---x%. Then

o .0 On—1 0., 0 Q, oy 0 Q,
x5 x, g r =0 (- (0, () xg T x
az... O

TPy 0% (- (ot ()2 "~ Xn

(7] o3 O
X Py 6 (0 () "3 K

(A0 %) 064_” (o
TXU X P 6 (0 ()4

coe o az... On—2 O
ot *n—2 Pay,_1,6% (r)*n

o Olp—1
XX, Poyr

Considering the leading coefficients of x‘f“xg‘z ---x%r we can write this
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term as

= 6% (--- (2 (F))x% - x%

n Zl a7 (81(a? (62 (0% (- (6% (1)) | x,

n

(05
x2 ...xn

_Ocz de
+ Zlaf“<o;‘f”<6z<o§*<c;‘3<-~-<c,$‘n<r>>>>>>> a0

n

(x3 CEEAEY
X370,

+ zl o (052 (0% P (Sy(0l " (0 (- (65‘"(r))))))))] X

deg(ﬂayﬁfzt ((a2n (,))))

X3 x§4,,,x£‘n_’_,”
-anfl 1
% Ot - n Oy —
+ o (- (0, (0, P (8u_1(al— (a2 (r)))))) | &0+ xm
L p=1
deg(p ()
xn_] Oy—1,00" (r) xg(n
-
1 " - n— d n
+| X o (- (0 (00" " (8u(of 1(r))>))))] X3 xSt ydeE(Pon )
Lp=1

+ other terms of degree less than deg(p 1,632 (- (0% (,))))

+0 4+ 0
+ other terms of degree less than o + deg(paz‘cgas (-(0 (,))))

+oz+--+ 0y
+ other terms of degree less than o + o + deg(poc3 0% (o (0 (r))))
24 n

oyt

+ other terms of degree less than o + - -+ + 04,2 +deg(py, | son (r))

+ o,
+ other terms of degree less than ¢ + - - - + 0,1 +deg(pq, r)-

Therefore we can see that the polynomials p 1,672 (- (6% (1))

pa2,03a3(-~~(c7,f‘”(r)))’ pa%af;‘(”_(cg,,(r))) s> Doy 1,00 (r)> and pg, , in the ex-
pression above for the term xf” xgz . -x:fi‘ll x%r, involve elements obtained

evaluating ¢’s and s in the element r of R.
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3. Let X; :=x{" - -x%in, Y; ::xlf-“ ---xgj” and a;,bj € R. Then

XY —arc (b a0
alebJYJ =a;0 (bj)x X ',+a’paihcglz(~~(G§f’"(b.,~)))x2 _xn xFi

P 6o 5
a0 Do o o e
T+t aix?“xgiz " .xl%in:;;pai(n—l)uﬁijm (bj)x’?inxﬁj
+ap® xf("'yi"_*]li P o,

As we saw above, the polynomials Poy,6% ((00 (1)) Pa.o® (a2 (1))’
Pay6® (a0 (1)) Pty 1,68 (r): and pq, ,, involve elements of R ob-
tained evaluating ¢; and §; in the element r of R. So, when we compute
every summand of a;X;b;Y; we obtain products of the coefficient a; with
several evaluations of b; in 6’s and &8’s depending of the coordinates of

;.

3. Compatible ideals and radicals of skew PBW extensions

Let A =R (xj,...,x,;X,A) be a bijective skew PBW extension of a ring R with
a set of endomorphisms X := {0y,...,0,} and derivations A := {6y,...,0,}.

According to Reyes [24], X is called a rigid endomorphisms family if
ac®(a) = 0 implies a = 0 for each a € R and a € N}, where 6% is as men-
tioned in the Definition 2.6. A ring R is called X-rigid if there exists a rigid
endomorphisms family X of R.

In [9] (and independently in [27]), the authors defined X-compatible rings,
which are a generalization of X-rigid rings. A ring R is called X-compatible
if for each a,b € R and o € Nj}, ab = 0 < ac®(b) = 0, moreover, R is said
to be A-compatible if for each a,b € R and o € N}, ab = 0 = ad%(b) = 0,
where 0% and 6% are as mentioned in Definition 2.6. If R is both X-compatible
and A-compatible, we say that R is (X,A)-compatible. In this case, clearly the
endomorphism o; is injective for every 1 <i<n. In[9, Lemma 3.3 |, the
authors showed that R is X-rigid if and only if R is X-compatible and reduced.
Thus X-compatible rings are a generalization of X-rigid rings to the more general
case where R is not assumed to be reduced.

In this section, motivated by the above facts, for a set of endomorphisms
Y :={oj,...,0,} of aring R, we first define X-compatible ideals in R which
are a generalization of X-rigid ideals and investigate the relationship of nil.(R)
and nil*(R) with the prime radical and the upper nil radical of the skew PBW
extension of R, respectively. Then, we prove our main result by providing a
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necessary and sufficient condition that a skew PBW extension is (semi)prime,
completely (semi)prime and strongly (semi)prime. For some other related re-
sults, we refer the reader to consult [1].

Definition 3.1. Let A = R (xy,...,x,;X,A) be a skew PBW extension of a ring
R, where A:={4i,...,6,} and X := {0y,...,0,}.

1. We say that an ideal I of R is X-ideal if 6*(I) C I; I is A-ideal if §*(I) C 1,
I 'is X-invariant if c~%(I) = I for each a € Nj}, where 6% and 6¢ is as
mentioned in the Definition 2.6. If I is both X and A-ideal, we say that /
is (X,A)-ideal.

2. For an X-ideal I, we say that I is X-rigid if ac®*(a) € I implies a € I for
eacha € R and o € Nj.

3. For an ideal I, we say that [ is X-compatible if for each a,b € R and
o €N}, ab € I < ac®(b) € I. Moreover, [ is said to be A-compatible
ideal if for each a,b € Rand oo € Nj}, ab € = a6%(b) € I, where % and
0% are as mentioned in the Definition 2.6. If I is both X-compatible and
A-compatible, then we say that I is (X, A)-compatible.

Clearly, R is a X-rigid ring if and only if {0} is X-rigid ideal of R. Also, R
is a X-compatible (resp., A-compatible) ring if and only if {0} is X-compatible
(resp., A-compatible) ideal of R.

Let I C R. We denote the set of all elements of A with coefficients in I by
I(x1,...,x,). If A is a skew PBW extension of a ring R and [ is an (X, A)-ideal
of R, then by using Remark 2.10, one can show that I (xy,...,x,) is an ideal of
A and we denote it by I (xy,...,x;; 5, A).

If I is an (X,A)-ideal of R, then for every 1 <i <n, o;:R/I — R/I defined
by Gi(a+1) = o;(a) +1 is an endomorphism and §; : R/I — R/I defined by
Si(a+1) = §;(a) +1 is an G-derivation.

Lemma 3.2. Let I be an X-compatible ideal of a ring R. Then I is X-invariant.

Proof. Tt is sufficient to prove that 6, !(I) = I for every 1 <t <n. Leta €

o, '(I). Then o;(a) € I. Since I is Z-compatible ideal, 10;(a) € I implies a € I.

Thus I is an X-invariant ideal of R. O

Proposition 3.3. Let I be an (X,A)-compatible ideal of R and a,b € R. Then we
have the following:

1. Ifab €1 then ac®(b) € I and 6% (a)b € I for each o € N

2. Ifab €I then 6%(a)8P (b), 8P (a)c*(b) € I for each a, B € N},
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3. Ifac®(b) € I or 6%(a)b €I for some 6 € N¢, then ab € I.

Proof. (1) It is sufficient to prove that if ab € I then ac;(b) € I and o;(a)b € I
for every 1 <t <n. If ab € I, then o,(a)c;(b) € I, since I is an X-ideal. Hence
by X-compatibility of 1, o;(a)b € I for every 1 <t <n.

(2) It is sufficient to prove that & (a)o;(b) € I forevery 1 <t <n.Ifabel,
then by (1) and A-compatibility of 7, o;(a)d(b) € I for every 1 <t < n. Hence
6(a)b = &(ab) — o1(a)é(b) €I for every 1 <t < n. Thus &(a)b € I for every
1 <t < n. Since I is an X-compatible ideal, & (a)o;(b) € I forevery 1 <7 < n.

(3) It is enough to show that ac;(b) € I or o;(a)b € I for every 1 <t <n,
then ab € I. Let o;(a)b € I for every 1 <t < n. Then by X-compatibility of 7,
o;(a)o;(b) € I and so o;(ab) € I for every 1 <t < n. Hence ab € I, since I is
Y-invariant, by Lemma 3.2. U

Theorem 3.4. Let A = R(xy,...,x,;X,A) be a bijective skew PBW extension of
Rand I an (X,A)-compatible semiprime ideal of R. Assume that f = ap+a1X; +
s damXm, 8 =bo+b1Y1+ -+ bY, € A. Then the following are equivalent:

1. fAg CI{x,...,xp;2,A);
2. aiRb; C I for each i, j.

Proof. (1):>(2) Let f=ap+a1 X1+ +anXm, g=bo+b1Y1+---+bY, €
A, where a; €R, 1 <i<m,a,#0, with X; = x% :x‘lx” oo x%in Xy = Xy >

~->=Xj,andb; €R, 1 gjgr,b,%O,witth:x“f:x?jl---x,?j", Y, =Y~
.-« =Y. Assume that fAg C I (xj,...,x,;Z,A). Then

(ag+ar1 X1+ +anXpy)c(bo+b1Y1+---+bY;) € I{x1,....x0; 2, A)  (2)
for each ¢ € R, and hence
“other terms of order less than” + a,,, X,,,cb,Y; € I (x1,...,x,; 2, A) .
By Theorem 2.8, we have

amXmchY; = am[Gam (Cbt)xam + Pocm,cb,]xﬁ’

= GG (Ch )X 4 pi o 2P

O+ B

= an0 " (chy)[cq, p X" + oy, p,] + AmDay, cb X
Q,

= a4,y 6% (cby)cq,, g X% P + 6, 6% (cbr) Py, p, + AmPagy e AP
where pg, cn, = 0 or deg(pa,, cn,) < |Om| if pe,.co, # 0 and Pa,.p =0 or

deg(pg,, ) < |0m + Bi| if py, p # 0. Since A is bijective so by using Remark
2.9, from the equality lc(fAg) = a,n 6% (cby)cq,, g, € I We obtain a,, 6% (cb;) €1
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and hence a,,cb; € I, since [ is an (X£,A)-compatible ideal. Also by Remark
2.10, we can see that the polynomial pg, .5, involve elements obtained evaluat-
ing ¢’s and &’s in the element cb; of R. Thus a,,pg,, cb,, @m0 * (cb:)pa,, g € 1,
by Proposition 3.3. If we replace ¢ by cb,_1daye in Eq. (2), where ¢,d,e € R,
then we get

(a() +a X1+ —}—ame)cbt,ldame(bo +b01Y14+--- "‘tht) € I<x1, . ,xn;E,A> .
Hence by a similar argument as above, we have
Ay O (cbi—1dameb;_1)cq, g, €1,

and a,,0% (cb;_1dayeb,—1) € I. Then a,chb,_1dayeb,—; € I, since I is
Y-compatible. Thus (Ra,Rb, 1)*> C 1. Hence (Ra,Rb, 1) C I, since I is
semiprime. Continuing in this way, we obtain a,,Rb; C I, for k =0,1,...,¢.
Hence by (X,A)-compatibility of I, we get (ap + a1 X; + - + auXm)A(bo +
biYy+---+bY) CI{xy,...,xy;E,A). Then by using induction on |0y, + S/,
we obtain a;Rb; C I for each i, j.

(2) = (1). It follows from Proposition 3.3. O

Corollary 3.5. Let A =R (x1,...,x;X,A) be a bijective skew PBW extension of
R and I a (semi)prime (¥,A)-compatible ideal of R. Then I {xy,...,x;;X,A) is a
(semi)prime ideal of A.

Proof. Suppose that [ is a prime (X,A)-compatible ideal of R. Let f = ap+
a Xy + -+ apX,, g =bo+biY1+---+bY, €A such that fAg C
I{x1,....x;2,A), wherea; €R, 1 <i<m,ay#0,withX; =x% =x{"...x%
Xin = Xm—1 > >=Xi,andb; €R, 1 < j<t,b; #0, with Y; = x% :)clj1 ~--x,‘fj",
Y, =Y,y > --- =Y. Then by Theorem 3.4, we have a;Rb; C I for each i, j.
Now let g & I(x1,...,x,;X,A) and hence b; ¢ I for some j. Since [ is prime
we have a; € I for each i =0,1,...,m. Thus f € I (x1,...,x,;X,A). Therefore

I{x1,...,x,;X,A) is a prime ideal of A. O

Corollary 3.6. Let A =R (xy,...,x,;X,A) be a bijective skew PBW extension of
an (X,A)-compatible ring R. If R is a (semi)prime ring, then A is a (semi)prime
ring.

Theorem 3.7. If each minimal prime ideal of R is (X,A)-compatible, then
nil,(R) (x1,...,x;32,A) is (X,A)-compatible ideal of R and nil.(A) C
nil,(R) (x1,..., x5 2, A)

Proof. The result follows from Corollary 3.5. O



EXTENSIONS OF RINGS OVER 2-PRIMAL RINGS 155

Theorem 3.8. Let A = R(xy,...,x,;X,A) be a bijective skew PBW extension of
R and P a completely (semi)prime (X,A)-compatible ideal of R. Then
P{x1,..., X435, A) is a completely (semi)prime ideal of A.

Proof. Assume that P is a completely prime ideal of R. So R/P is domain and
hence it is a reduced ring. Then R/P is a (X, A)-compatible ring and so R/P is
a X-rigid, by [9, Lemma 3.5]. Let f = ag +a;X; + - -+ @nXy, § = bo + boY; +
-+ +boY; € R/P(x1,...,x2;E,A) such that fg = 0. Then by [24, Proposition
3.6], f =0 or g = 0, which implies that R/P <x1,...,xn;f,Z> is domain. It
is easy to see that the mapping ¥ : R(xi,...,x;;X,A) = R/P{x1,...,x,;;Z,A)
defined by y(f) = f is a ring homomorphism. Thus

R(xt,...,x;Z,A) /P (x1,...,x;5,A) 2 R/P(x1,...,x; L, A).
Therefore P (xi,...,x;;X,A) is a completely prime ideal of A. O

Corollary 3.9. Let A =R (xi,...,x,;X,A) be a bijective skew PBW extension of
an (X,A)-compatible ring R. If R is a completely (semi)prime ring, then A is a
completely (semi)prime ring.

Proof. 1t follows from Theorem 3.8. O

Corollary 3.10. Let A =R (xy,...,x,;X,A) be a bijective skew PBW extension of
R and nil,(R) an X-rigid A-ideal of R. Then nil,.(A) C nil,(R) (xi,...,x,; Z,A).

Theorem 3.11. Let A =R (xy,...,x,; X, A) be a bijective skew PBW extension of
R and P a strongly (semi)prime (¥,A)-compatible ideal of R.  Then
P{x1,...,xs35,A) is a strongly (semi)prime ideal of A.

Proof. Notice that by Corollary 3.5, P(xy,...,x,;X,A) is a prime ideal of A and
hence

R(xt,....xp;,A) [P(x1,... . x0;2,A) 2 R/P(x1,...,.x3 %, A)

is a prime ring. Now, we show that {0} is the only nil ideal of
R/P{xi,...,xp;E,A). Let I be a nil ideal of R/P(x,...,x;;X,A) and I be
the set of all leading coefficients of elements of /. First we prove that Iy is
an ideal of R/P. Clearly I is a left ideal of R/P. Leta € Iy and 7 € R/P.
Then there exists f = @y +aiXi + - + @mXm € I with @ = @,,. Hence (f7)" =
(@or+arXi7+ -+ amX,r)™" =0

for some non-negative integer m. By Theorem 2.8 and Remark 2.9, we
have @ 6% (ra)6>% (ra) ... 6" % (7g)6"% (¥) = 0, since it is the leading
coefficient of (f7)™ = 0. Since R/P is -compatible, (ar)" = 0 and hence I is
an ideal of R/P. Also clearly Iy is a nil ideal of R/P. Hence Iy =0 and so I = 0.
Therefore P (xi,...,x,;Z,A) is a strongly (semi)prime (X,A)-compatible ideal
of A. O
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Corollary 3.12. Let A = R(xy,...,x,;X,A) be a bijective skew PBW extension
of an (X,A)-compatible ring R. If R is a strongly (semi)prime ring, then A is a
strongly (semi)prime ring.

Corollary 3.13. If k is a completely (semi)prime and (¥,A)-compatible ring,
then the quantum n-space Oy4(k") is a completely (semi)prime ring.

Corollary 3.14. If R is a strongly (semi)prime and (¥,A)-compatible ring, then
n'" quantized Weyl algebra over R is a strongly (semi)prime ring.

Theorem 3.15. If each minimal strongly prime ideal of R is (¥,A)-compatible
and A =R (x1,...,x,;X,A) is a bijective skew PBW extension of a ring R, then
nil*(A) C nil*(R) (x1,...,xp; X, A).

Proof. The result follows from Theorem 3.11. O

Corollary 3.16. Let A = R(x1,...,x,;X,A) be a bijective skew PBW extension
and nil*(R) a X-rigid A-ideal of R. Then nil*(A) C nil*(R) (x1,..., X535, A).

4. Skew PBW extensions of 2-primal rings

In the theory of rings, it is an important issue to investigate the coincidence of
certain radicals on a given class of rings. There are some papers in the literature
where the property of being 2-primal has been studied for skew PBW exten-
sions. Also, different radicals of these extensions have been characterized (see,
[19, 28]).

Let A =R (xj,...,x,;X,A) be a skew PBW extension of a ring R with a set
of endomorphisms X := {0oj,...,0,} and derivations A := {§i,...,8,}. In this
section, we continue the study of the radicals of skew PBW extensions, in case
R is (X,A)-compatible. Our main results in this section shows that the 2-primal
condition on R is preserved by skew PBW extensions.

Proposition 4.1. Let A =R (xy,...,x,;X,A) be a skew PBW extension of an ¥-
compatible ring R and nil(R) a A-ideal of R.  Then nil(A) C nil(R)
(X1, X3 2, A).

Proof. Let f =a¢p+ a1 X; + -+ a,X,; be a nil element of A, where a; € R,
1 <i<m,ay+#0,with X; = x% :x‘lx” e xin s X = X1 > -+ = Xj. Then there
exists > 0 such that f* = 0. Thus by Remark 2.9, we have a,,6% (a,,)6>% (a,,)
...o=D% (g, ) = 0. Since R is X-compatible, ', = 0 and hence a,, € nil(R).
Now let us write f = g+ a,x* with ¢ € A and deg(q) < |at,|. Then 0 = f* =
q' + h, for some h € A. Note that, when we compute every summand of & we
obtain products of the coefficient a,, in ¢’s and 6’s depending of the coordinates
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of a,,. Since a,, € nil(R) and nil(R) is (X,A)-ideal, h € nil(R) (x1,..., x5 L, A).
Thus ¢’ € nil(R) (x1,...,%:32,A), and s0 dpy—1 6% (ap—1) . .. o=t (am—1)
€ nil(R) and by using [9, Lemma 3.3 ], a,_; € nil(R). By continuing this
process, we get a; € nil(R), for each 1 <i < m, and the proof is complete. [

Corollary 4.2. Keeping all of the notations from the Example 2.4, let R be an X-
compatible ring and nil(R) a A-ideal of R. Then nil(R[x1;01,61]...[Xn; On, 84))
C nil(R)[x1;01,01] - .. [Xu3 On, Ol

Corollary 4.3. [21, Proposition 2.2] Let R be an 6-compatible ring and nil (R)
a 6-ideal of R. Then nil(R[x;0,0]) C nil(R)[x; 0, d].

Let R be a ring, End(R;+) the ring of additive endomorphisms of R and
® a subset of End(R;+). Recall that an ideal 7 of R is ®-ideal if ¢(I) C I for
any ¢ € ®. A P-ideal P # R is a ®-prime ideal if for any P-ideals I and J
such that IJ C P, we have either I C P or J C P. We shall use the notation
I<¢ R (resp., P<‘:1> R) to express the fact that / is a ®-ideal (resp., P is a ®-prime
ideal) of R. We write Py = Spec(R;®) for the set of all ®-prime ideals of R
and rad(R;®) = Npep,, P for the P-prime radical. By definition, R is ®-prime
(resp., ® semiprime) if {0} is P-prime (resp., if rad(R;P) = 0)

A sequence (ag,ay,...,ay,...) of elements of R is called a ®-m-sequence if
for any i € N there exist ¢;, ¢, € ® and r; € R such that a; 1 = @;(a;)ri¢; (a;).
An element a € R is called strongly ®-nilpotent if every ®-m-sequence starting
with a eventually vanishes. If ® = idr we recover the corresponding classical
notions. In the following, we recall the definition of a lower nil radical by
transfinite induction from (for more details see [16]).

[ L() = LQ(R;(D) = {0}

o L =L{(R;®) = Y cn, I where Ny = {I<g R|I is nilpotent }.

(L1 <o R and any ¢ € ® induces an additive endomorphism of R/L)

oLy =Lo(R;®)={r cRlr+Lg(R;®) € Li(R/Lg(R;®@); D)} if ¢ =B+ 1

oLy =Lo(R;®P) = UgoLp(R;®) if & is a limit ordinal.

There exists an ordinal 8 such that Lg(R; ®) = Lg | (R; ®) and we put L(R; P) =
Lg(R;®).

Lemma 4.4. [16, Proposition 1.11] Keeping the above notation, we have:
L(R;®) = rad(R;®) = {a € R|a is strongly ®-nilpotent }.

Lemma 4.5. Let A = R(xy,...,x;;X,A) be a skew PBW extension of a ring R.
Then rad(R;LZUA) (x1,...,x,) C rad(A).

Proof. We follow the ideas presented in [16, Lemma 5.1 ].
The inclusion can be proved by transfinite induction, using the description
of rad(R;XUA) given before Lemma 4.4, as follows:
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Let f € Ly (x1,...,x:3X,A). Then we have f € I (x,...,x,;Z,A) for some
nilpotent (X,A)-ideal. So I (xi,...,x;;X,A) C rad(A), since I (xi,...,x,;X,A)
is itself a nilpotent ideal of R(xy,...,x,;X,A). In particular f € rad(A) and
Ly (x1,...,xp;2,A) C rad(A). Now assume that Ly (x1,...,%;35,A) C rad(A)
for all o < B.

Let B = oo+ 1 for some . Then we have the following chain of isomor-
phisms and inclusions

Lg (x1,... X3 Z,A) /Lo (X1, ..., X0 5,A) 2 Lg /Lo (X1, - .., X3 Z, A)
=L (R/Ly) (x1,...,x0;2,A)

Crad(R/Lg (x1,...,x32UA))

=rad(R(x1,...,xni; EUA)) /Lo (X1, .., X0 2, A) .

Now, by induction hypothesis, it is not hard to see that Lg (x1,...,x,;X,A) C
rad(R (xi,...,x;; ZUA)).

If B is a limit ordinal, Lg = Uy Lg and so, by induction hypothesis, we
have Lg (x1,...,%:;X,A) C rad(R (x1,...,x;; ZUA)). O

Proposition 4.6. Let A = R(xy,...,x;;X,A) be a skew PBW extension of an
Y-compatible ring R.

1. Ifnil(R) = nil (R;LUA), then A is 2-primal.
2. If nil(R) (x1,..., %3 2,A) = nil . (A), then A is 2-primal.

Proof. (1) Suppose that R is Z-compatible and nil(R) = nil,(R;XUA). Since
nil,(R;XUA) is (X,A)-ideal, so nil(A) C nil(R) (x1,...,Xs;2,A) = nil,(R;XU
A) (x1,...,x,), by Proposition 4.1. On the other hand, by Lemma 4.5, nil, (R; XU
A)(x1,...,x,) Cnil,(A) and then A is 2-primal.
(2) Suppose that nil(R) (x1,...,x,;X,A) = nil,(A). Hence nil(R) is an ideal
of R. Let a € nil(R). Since A is skew PBW extension of R, we have o;(a)x; +
0i(a) = x;a € nil(R) (x1,...,x5;X,A) for every 1 <i < n, by Proposition 2.2.
Hence 6;(a) € nil(R) for every 1 <i <n, since nil(R) is an Z-ideal of R. This
means that §%(a) € nil(R) and so nil(R) is A-ideal. Therefore by Proposition
4.1, nil(A) Cnil(R) (x1,...,x:3X,A) = nil,(A), which implies that A is 2-primal.
O

Theorem 4.7. Let A=R (xj,...,x,;X,A) be a skew PBW extension of an (X,A)-
compatible ring R. Then A is 2-primal if and only if nil(R) = nil,(R;LUA) if
and only if nil(R) (x1,...,xp; X,A) = nil,(A).

Proof. First we prove that A is 2-primal if and only if nil(R) = nil . (R;X U
A). If nil(R) = nil,(R;LUA) then A is 2-primal, by Proposition 4.6. For the
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backward direction, assume that A is 2-primal. So by Lemma 4.5, nil,(R;XU
A) (x1,...,x,) C nil,(A) = nil(A). Hence nil,(R;LUA) C nil(R). Since A is
2-primal, R is 2-primal because each subring of a 2-primal ring is 2-primal, by
[4]. Now, let a € nil(R) = nil,(R). Thus a is strongly nilpotent and hence each
m-sequence starting with a eventually vanishes. So each {X,A}-m-sequence
starting with a eventually vanishes, by [9, Lemma 3.3]. Thus a is strongly
{X,A}-nilpotent and a € nil,(R;XUA), by Lemma 4.4, as desired. Now, let
nil(R) (x1,...,xn; X, A) = nil,(A). Then by Proposition 4.6, A is 2-primal. Con-
versely, suppose that A is 2-primal. Hence nil(R) = nil,(R;XUA) and so
nil(R) (x1, ..., xn;s X, A) = nil,(R;ZUA) C nil,(A), by Lemma 4.5. On the other
hand, by Proposition 4.1, nil,.(A) = nil(A) C nil(R) (x1,...,x,;Z,A), and the
proof is complete. OJ

Corollary 4.8. Let A=R (xy,...,x,;X,A) be a skew PBW extension of an (X,A)-
compatible ring R. Then A is 2-primal if and only if R is 2-primal and nil(R)
(X1, 3 2,A) = nil (A).

Proof. Let A be a 2-primal ring. Then R is 2-primal and nil(R) (xy,...,x,; X, A)
=nil(A), by Theorem 4.7. For the backward direction, by a similar argument as
used in the proof of Theorem 4.7, we can see that nil(R) C nil,(R;£UA). Thus
by Lemma 4.5, nil(A) = nil(R) (x1,...,xp;2,A) C nil (R;EUA) (x1,...,x,) C
nil,(A), and the proof is complete. O

By a similar proof that is employed in [21, Lemma 2.7], we can prove the
following.

Lemma 4.9. Assume that R is a reduced (X,A)-compatible ring. Let P be a
minimal (X,A)-prime ideal of R. Then P is completely prime.

Theorem 4.10. Let A = R (x1,...,x,;X,A) be a skew PBW extension of an
(X,A)-compatible ring R. Then A is 2-primal if and only if every minimal (E,A)-
prime ideal of R is completely prime.

Proof. Suppose that A is 2-primal. Then R = R/nil,(R;ZUA) is reduced, by
Theorem 4.7. Let P be a minimal (X,A)-prime ideal of R; then P is a minimal
(X,A)-prime ideal of R. So by Lemma 4.9, P is completely prime, since R/P =
R/P. Conversely, let every minimal (X, A)-prime ideal of R is completely prime.
Assume that {P,};c; be the family of all minimal (X,A)-prime ideals of R. So
nil,(R;ZUA) = i/ B and then R/nil,(R;XUA) embeds in [[;;R/P,. Thus
R/nil(R;XUA) is reduced and hence nil(R) C nil,(R;£UA). On the other hand,
since nil, (R, XUA) (x1,...,x,) C nil,(A) C nil(A), then nil, (R;XUA) C nil(R).
Therefore nil (R) = nil.(R; LUA) and the proof is complete by Theorem4.7. [
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Theorem 4.11. Let A = R (x1,...,xs;X,A) be a skew PBW extension of an
(X,A)-compatible ring R. Then A is 2-primal if and only if R is 2-primal.

Proof. Suppose that R is 2-primal and let a € nil(R) = nil,(R). So a is strongly
nilpotent. Since R is (X,A)-compatible, a is strongly (X,A)-nilpotent. Then
by Lemma 4.4, a € nil,(R;XUA) and so nil(R) C nil,(R;XUA). Also clearly
nil,(R;LUA) C nil(R). Therefore, by using Theorem 4.7, the result follows.

O

Corollary 4.12. Let A = R{(xy,...,x,;X,A) be a skew PBW extension of an
(X,A)-compatible ring R. Then the following are equivalent:

1. Ris 2-primal.

2. Ais2-primal.

3. nil(R) = nil,(R;ZUA).

4. nil(R) (x1,...,x;3X,A) = nil,(A).

5. Ris 2-primal and nil (R) (xy,...,x;;X,A) = nil(A).

6. every minimal (¥,A)-prime ideal of R is completely prime.

Corollary 4.13. Ifk is a 2-primal and (X, A)-compatible ring, then the quantum
n-space Oy (k") is 2-primal.

Corollary 4.14. Keeping all of the notations from the Example 2.4, if R is a
2-primal and (X,A)-compatible ring, then the iterated skew polynomial ring
R[x1;01,61]...[xn; On, Oy] is 2-primal.

Corollary 4.15. IfR is a 2-primal and (X, A)-compatible ring, then the n'* quan-
tized Weyl algebra over R is 2-primal.
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