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THREE WEAK SOLUTIONS TO
A DEGENERATE QUASILINEAR ELLIPTIC SYSTEM

J.R. GRAEEF - S. HEIDARKHANI - L. KONG - A. SALARI

Sufficient conditions are established to guarantee the existence of at
least three weak solutions to a degenerate quasilinear elliptic system with
three parameters and Dirichlet boundary conditions. An application of the
main theorem to a scalar elliptic problem is also presented. The proofs
in the paper mainly make use of a variational argument and an abstract
critical point theorem due to Ricceri.

1. Introduction

In this paper, we study the existence of multiple weak solutions to the degenerate
quasilinear elliptic system

-V (mi(x)|Vu,-|pi_2Vu,~)
= €F, (x,u1,...,up) —AGy(x,u1,...,up) — VH, (X, u1,. .. uy), x€Q,

ui’aQZO, iZl,...,l’l,

(1.1)
where Q is a bounded and connected subset of RN (N >2), p; > 1 are constants
and m; are nonnegative weight functionson Q,i=1,...,n, €, A, and v are non-

Submission received : 9 February 2019

AMS 2010 Subject Classification: 35192, 35J75, 34B10, 58E05
Keywords: Degenerate quasilinear elliptic systems, singular, three solutions, critical point theory.



192 J.R. GRAEEF - S. HEIDARKHANI - L. KONG - A. SALARI

negative parameters, F, G, H € C'(Q x R",R), and Vu = (uy, ..., u,,) denotes
the gradient of u with respect to (¢,...,ty) € RV,

The degeneracy of system (1.1) is considered in the case that the weight
functions m;, i = 1,...,n, are allowed to be unbounded and/or not separated
from zero. Degenerate phenomena frequently occur in many areas such as in
phenomena related to the equilibrium of anisotropic continuous media [6] and
in the study of population dynamics [3, 4]. Scalar degenerated quasilinear ellip-
tic equations with p-Laplacians have been extensively studied in the 1990s and
the reader may refer to the the monograph [7] for some related results. In re-
cent years, there has been renewed and increasing interest in degenerate elliptic
problems. Below, we only briefly mention several works on degenerate quasi-
linear elliptic systems. In 2008, Zographopoulos [19] studied the properties of
the positive principal eigenvalues of the degenerate quasilinear elliptic system

—V(vi(x)|Vul|P~2Vu) = Aa(x)|u|P2u+ Ab(x)|u|*|v/Py, x€Q,
—V(v2(x)|VV[P72Vv) = Ad (x)|v|7" 2 + Ab(x)|u|*|v]Pu, x€Q, (1.2)

ulgo =v|sa =0,

and proved that this eigenvalue is simple, unique up to positive eigenfunctions,
and isolated. In 2014, An, Lu, and Suo [1] applied the properties of the principle
eigenvalues of system (1.2) to obtain the existence and multiplicity of weak
solutions to the degenerate quasilinear elliptic system

—V(vi(x)|Vul|P72Vu) = Aa(x)|u|P~2u+ Ab(x)|u|*|v|Pv +F,(x,u,v), x € Q,
—V(va(x)|Vv|P72Vv) = Ad (x)|v|9 2 + Ab(x)[u|*|v[Pu+F, (x,u,v), x € Q,

ulgo = vlso =0.

Recently, using a variational approach and some recent theory on weighted
Lebesgue and Sobolev spaces with variable exponents, Kong [5] studied the
existence of at least two nontrivial weak solutions of the elliptic system with
degenerate p;(x)-Laplacian operators

—V(w;(x)| V[P 2Vu) = A fi(x,uy,. .. uy) inQ,i=1,....n,
;=0 ondQ,i=1,...,n.

Motivated by the above mentioned work, in this paper, we investigate the
existence of weak solutions to the degenerate quasilinear system (1.1). In par-
ticular, we obtain the existence of at least three weak solutions to system (1.1)
by applying a variational approach and a recent abstract critical point theorem
proved by Ricceri in [12], which can be seen in Lemma 2.1 in Section 2. Lemma
2.1 below has been successfully employed in [11, 18] to obtain the existence of
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three weak solutions for other problems, and the reader may refer to the papers
[12-15] and the monograph [10] for more related results. We also consider the
application of our results to a scalar degenerate elliptic problem. To prove our
results, many new ideas have been developed throughout the paper. Our results
extend and complement some existing results in the literature on degenerate
quasilinear systems, such as those in [1, 12, 19].

The rest of this paper is organized as follows. Section 2 contains some
preliminary results, Section 3 contains the main theorem and its proof, and the
application of the main theorem to a scalar problem is given in Section 4.

2. Preliminary results

In this section, we present some preliminaries. To this end, let E be a non-
empty set and I,¥,® : E — R be three given functionals. For gt > 0 and r €
(infg @, supg D), let

T(u) W (1) — infg 1o (1] +P
Bl Wd )= sip P () +W(u) —info1 (o) (W +F)
UEeD1((re0)) r—®(u)

If ¥ + &® is bounded from below, for each r € (infg ®, supg ®) such that

inf  I(u) < inf I(u),
D1 ((—e0r]) ) @1(r) ()

we set

W(y) —
we(1,¥,®,r) = inf{w tu€eE ®u)<nl(u) < nr} ,
Ny —1(u)
where
y=inf(¥(u) +P(u)) and n,= inf I(u).
E ued=1(r)
We now present an abstract critical point theorem due to Ricceri. Here, recall
that the derivative I’ : X — X* of a C'-functional [ is said to admit a continuous
inverse on X* provided that there exists a continuous operator /2 : X* — X such
that A(I'(u)) = u for every u € X.

Lemma 2.1. (12, Theorem 3]) Let (E,||.||) be a reflexive Banach space; I :
E — R be a sequentially weakly lower semicontinuous, coercive, bounded on
each bounded subset of E, C'-functional whose derivative admits a continuous
inverse on the topological dual E*; ®, ¥ : E — R be two C!-functionals with
compact derivatives. Assume also that the functional ¥ + A D is bounded below

forall A > 0 and
¥
liminf ) _

lul| oo 1 (u2)
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Then, for each r > supg®, where S is the set of all global minima of I, for
each u > max{0, u*(I,¥,®,r)}, and each compact interval [a,b] C (0,8 (ul +
Y. D, r)), there exists a number p > 0 with the following property: for every
A € [a,b] and every C'-functional T : E — R with a compact derivative, there
exists 6 > 0 such that for each v € [0, 6], the equation

wl' (u) +¥' (u) + A® () + vI' () = 0
has at least three solutions in E whose norms are less than p.

Remark 2.2. In Lemma 2.1, we implicitly use the fact that B (u/+¥,®,r) >0,
which is guaranteed by [12, Theorem 2].

In the sequel, we let the function space (N), be the set consisting of all
the functions m : @ C RY — R such that m € L'(Q), m 71 eL! (Q)andm™ €
LY(Q) for some p > 1 and s > max{%, ﬁ} satisfying ps < N(s+1). Through-
out this paper, we assume that the weight functions my,...,m, appearing in sys-
tem (1.1) satisfy the following hypothesis:

N 1
(N) Fori=1,...,n, there exist constants s,, with s,, > max { —, I } and
Pi Di—
functions r; € (N),,, such that

r,-gx) < mi(x) < Liri(x) 2.1)
i
a.e. in Q for some constants /; > landi=1,...,n.

Let m € (N), be a nonnegative weight function in Q. The weighted Sobolev
space D(l)’p (©,m) is defined as the closure of Cjj(€2) with respect to the norm

1
P
el ogsa = ( [ mo1vuar)”

Then, D(l)’p (Q,m) is a reflexive Banach space. For a discussion of this space, we
refer the reader to [7] and the references therein. Let

Nps
= 2.2
Ps N(s+1)—ps 22)

Lemma 2.3. (7, 19]) Assume that Q is a bounded domain in RN and m € (N)),.
Then, the following embeddings hold:

(i) D(l)’P(Q,m) < LPs (Q) continuously for 1 < p* < N;
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(ii) D(l)’p(Q,m) — L"(Q) compactly for r € [1, p¥).

For simplicity, in the remainder of this paper, we denote by p? the quantities
pjpi, i=1,...,n, where s, is induced by condition (N). Moreover, we use
the symbol || - ||, for the norm || - ||D(‘)”’(Q,m) for any function m € (N),; for any
r > 1, we use the usual notation || - ||, to denote the norm in the space L"(Q),
ie., |lullr = [q |u|"dx.

The space setting for system (1.1) is taken as the product space

X =Dy" (Q,my) x ... x Dy (Q,my)
equipped with the norm
ullx = larllmg + oA ltnllm,, w= (ur, o ua) € X,

Observe that X is a reflexive Banach space and inequalities (2.1) in condition
(N) imply that the functional spaces

Dy (Q,my) X ... x Dy (Q,my,)

and
D(l),Pl (Q’ i‘l) X ... X D(l)vl’n (Q,rn)

are equivalent.
Next, let the functionals S,Jr,Jg,Ju,J : X — R be defined by

S(u):S(ul,...,un):;;/Qmi(x)wuiv’fdx, (2.3)
Je () = Tp(trs ) :/QF(x,ul(x),...,un(x))dx, 2.4)
Jo(u) = Jo(ur, - un) :/QG(x,ul(x),...,un(x))dx, 2.5)
() = Tt - 0y) :/QH(x,ul(x),...,un(x))dx, 2.6)
and -
J) = J(ur, .. ) = Z—./Q|ui|p"dx. @.7)

i=1Pi
We denote by F the class of all continuous functions F : Q x R* — R such

that
|F (x,1)|

o]+ ]

(o ]
)

1%
(x,1)€QxR"

where 1 < g <min{p},...,pi}.t = (t1,...,1,), and |t| = \/t? +...+12. In this
paper, we assume that the functions F, G, H further satisfy the condition
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(C) F,G,H € F.

Now, it is a standard procedure to prove the following properties of the
above functionals. See, for example, the proof of [8, Lemma 2.1].

Lemma 2.4. The functionals S, Jr, Jg, Ju, and J are well defined. Moreover, S,
Jr, Jg, and Jg are continuous and J is compact.

Moreover, it is easy to see that S, Jr, Jg, Jg, and J are continuously Gateaux
differentiable. More precisely, for every u = (uy,...,u,),v= (vi,...,v) € X,
we have

S (u)(v) = i/g’"f(ﬂlwi(x)!”"ZVwdexa
/ZF” x,u(x))vi(x)dx, 2.8)
- /Q X G, (),
- /Q X Ha (5, )i (),

n
= Z/ |ua; P2 uvid
i=17€

Definition 2.5. We say that u = (u,...,u,) € X is a weak solution of sys-
tem (1.1) if and only if (S'(u) — &Jp(u) + AJG(u) + vJy(u))v = 0 for all v =
(vi,...,vn) €X.

and

Remark 2.6. In view of Definition 2.5, u = (uy,...,u,) € X is a weak solution
of system (1.1) if and only if « is a critical point of the functional P defined by

P(u) = S(u) — eJp(u) + Adg(u) + vJu (u). (2.9)
In the following, for convenience, we let
o=max{a;:i=1,....,n}, a=min{e:i=1,...,n},

and
p=max{p;:i=1,...,n}, p=min{p;:i=1,...,n}.

We now present two more results that are necessary in the proof of our main
theorem.
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Lemma 2.7. Assume that eitherg >20rl<p<2 LetJ:=8:X—X"be
the operator defined by

n
OIOEDY /Q i ()| Vatg (x) P2V ity Vil
i=1
for every u = (uy,...,u,), v= (vi,...,vy) € X. Then J admits a continuous
inverse on X*.
Below, we let C; denote a generic positive constant.

Proof. Letu = (uy,...,u,) € X\{0}. Note that
(T (u),u) = Z/ m;(x)|Vu;(x)|Pidx > [[u;]|}i - foralli=1,...,n,
i=17/8

and
n
lullx = ¥ lll, < nmax{ gl = i=1,....n}.
i=1
Then, we have

(T (u),u) > ul |7, (2.10)

where i(u) € {1,...,n} satisfies H”i(u)”m;(u) = max{||u;||m, : i=1,...,n}. Thus,

(T (), u)

1 p—1
> —||lullxy — oo as||u||x = oe.
HMHX an HX H H

Thus, J is a coercive operator. Moreover, J () is a linear and continuous
functional on X. Now, for any u = (uy,...,u,) € X and v = (v,...,v,) € X, we
have

(TW) =T v),u=v)

= ; /Q mi () (Ve () |72V — [Vvi () [P 29;) (Vg — V),

Then by (2.2) in [16], we see that
Ci Xy Jomi(x)|Vui(x) = Vvi(x)[Pidx,  p =2,

)| Vi Vi(x) 2 _
CZZ lfQ Ivul ] r+ffvv1(x1;|§;c2|pi dx7 1< p< 2.
@2.11)

(T(w) =T (v),u=v) >

If p > 2, as in obtaining (2.10), it follows from (2.11) that

(TW)=Jv),u—v) > e = v,

nptu\
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where i(u,v) € {1,...,n} satisfies |[uj,) = Vi) Iy, = max{||u; —villm, : i=
.,n}. Thus, J is uniformly monotone. By [17, Theorem 26.A (d)], J -1
exists and is continuous on X *.

If 1 <p <2, by Holder’s inequality, we obtain that

/Q i ()| Vi (x) — Vi (x) Pl
m;(x)| Vi (x) = Vvi(x)|? 7

: </Q uv(ui)(’;\ g r)wa)r()z)—'m d")
(L9 193 )

ooy’
(L vueor 19 )

nm;i\x uj\x)— V,')C2 % Plpz
=¢ (fg<\v(u,-)<§r+(\)w,-<vx>\§2)—’wdx> Qe+ )5 212

2-pi

Now, let

; { py ifflullx +[vllx =1,
P = .
P, ifflullx +[v]x <1.

Then, from (2.11) and (2.12), it follows that

2
x)|Vui(x) — Vvi(x) *dx) 7
(lluell +[Pvilx)>=P

(T (W)~ TV),u—v)>C Z (Jomi(x

2

Pi
>
(I |rx+||vux e & </ )| Vi (x) = V()| dx)

1N\ 2
y — VVi(X 2 i
> (lu ”X‘FHVHX )= ot (;( x)|Vui(x) — Vvi(x)| dx> )

Gl
(Tl + vl

(2.13)

Thus, J is strictly monotone. By [17, Theorem 26.A (d)], J ! exists and is
bounded. Given wi,wy € X*, from (2.13), we have

1
177 w1) = T (wa)lx < a(HJ’I(Wl)Hx + 177 w2) )27 wr = wa e
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Thus, J ! is locally Lipschitz continuous and hence continuous. This com-
pletes the proof of the lemma. O

Lemma 2.8. Let the functionals S and J be defined by (2.3) and (2.7), respec-
tively. Assume that condition (N) is satisfied. Denote by L the set

{u:(ul,...,un)EX : J(u)zl}.

Then, the equation S'(u) = AJ'(u) admits a positive principal eigenvalue A
satisfying

A= inf  S(u). (2.14)
(tt1,...,un)EL
Moreover, the associated normalized eigenfunction ¢1 = (@11, ..., 1) belongs

to X and each component is nonnegative.

This lemma can be proved by the same argument as contained in the proof
of [19, Theorem 2.4]. For the completeness, we give its proof below.

Proof. In view of Lemma 2.4, we see that the operators S and J are continuously
Fréchet differentiable such that

(i) Sis coercive on X N{J(u) < c}, where c is a constant,
(ii) J is compact and J'(u1,...,u,) = 0 only at (uy,...,u,) = (0,...,0).

Then, from [2, Theorem 6.3.2], the equation S’ (u) = AJ'(u) admits a positive
principal eigenvalue A; satisfying (2.14). Moreover, if (u1,...,u,) is a mini-
mizer of (2.14), then (|u;|,...,|u,|) should be also a minimizer. Hence, cor-
responding to A; there exists an eigenfunction (uy,...,u,) such that u; > 0,
i=1,...,nae. in Q. O

3. Main theorem

Let us first fix some notations that we will adopt in the sequel. For each r > 0
and each pair of functions F, G : Q x R" — R belonging F such that G — F is
bounded from below, let

~ . r—)N/—JF(u) L | . ~
W(F,G,r) = inf { — - Jo(u) < ) —lwillhi < m, o,
ueX | 7y — iy o il i;Pi e

where

7: inf (G(X,é)—F(X,é))

QEeRr
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and
n,= inf Z *HutH
ue 6] r i=
1
Moreover, for each € € (0, W), we let

. 1 "
B(e,F,G,r)=sup ————=| ) —llullly —eJr(u)
uelg (o)) (7= J6 (1) Lyl

|
— inf = g2 — e .
LtGngl(rE—‘x’JD <I_ZI pl”u H € F( ))>

Now, we are in a position to state and prove the main result in this paper.

Theorem 3.1. Assume that the conditions (N) and (C) hold and either p > 2 or
1 <p < 2. Suppose further F, G : Q x R" — R satisfy that

infngF(.x, é)

lim N5) o, 3.1)
gl [P

limsupw < oo, (3.2)
& | oo €]

and .
lim M ~ o
e [0 ’

where & = (&1,...,&,), || = /& +...+ &2 and 1 < 6 < min{p},...,p}}.

Then, for each r > 0, for each € € (0, m), and for each compact

(3.3)

interval |a,b] C (O, B(s, F,G, r)), there exists a number p > 0 with the property:
for every A € [a,b] and every function H € F, there exists § > 0 such that, for
each v € [0, 6], system (1.1) has at least three weak solutions whose norms in X
are less than p.

Proof. Note that, according to the discussion in Section 2, (X, |- ||x) is a re-
flexive Banach space. Let the functionals S, Jr, Jg, Ju, and J be defined by
(2.3)—(2.7), respectively. Then, in view of Lemma 2.7, it is easy to check that S
is a sequentially weakly lower semicontinuous C'-functional whose derivative
admits a continuous inverse on X*, and Jr, Jg, and Jy are C'-functionals with
compact derivatives. Moreover, from (2.3), we have

*ZHM:H”' < S(u
P

Zluiﬂﬁ’; forallu= (ur,...,u)) €X.  (34)
i=1 i=1

\“B\'—‘
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which clearly implies that S is coercive and bounded on each bounded subset of
X.
Next, we prove that

JF(M)

limsup ———- =
Jullx oo L1 ll24il 7

(3.5)

By Lemma 2.8, A, defined by (2.14), is the positive principal eigenvalue of
the equation S’(«) = AJ'(u) and the associated normalized eigenfunction ¢; =

(¢11,--.,01,) belongs to X and each component is nonnegative. Thus, we have
n n )
Y llouillzi =21 Y lloull 7 (3.6)
i=1 i=1

To prove (3.5), it suffices to show that

Jr (ko)

_ = 3.7
8 T Tkon T G7

To this end, fix two positive numbers L; and L, such that L; < %. From (3.1),
there exists 17 > 0 such that

i=1

. . ?/2
ML Y 0wl o ML Y 1007 [ &
F(x,§) > ——== 6P = —; ! L Y &

1 1ol 1 1ol

AL r}_ ; Pi_ n .
>4 2 [[9uillp, Y &7 uniformly for all (x,|&]) € Q x [1],00).

mlleullr, S
(3.8)
For each k € N, set
2
Ak:{er: |91 (x)] 2%}: {er: ¢121(x)+...+¢12n(x)222}.

Note that, for every k € N, we have A; C Ay . Then, the numerical sequence

{,ii/Ak |¢1l-(x)|”dx}

keN

is nondecreasing, i.e.,

y / 1(0)Pdx < Y / |61(x)[Pdx  for every k € N,
i—17Ak im1 Ak



202 J.R. GRAEEF - S. HEIDARKHANI - L. KONG - A. SALARI

Moreover, we have

n n n _
Y [ outlar— Y [ 1gutlar=Y loull, ask e
i=17 A i—17Q i=1
Then, we can fix k € N so that
n - DL n _ ~
Z/ () Pdx > 2L Y (lni|P for any k > k.
=174k Ly H

Since F' € F, there exists a constant ¢ > 0 such that

F(x,E) <c(lg[+]5]7) forall g = (G, ., &) €R".

Thus,

sup  |F(x,8)[ <c(n+nT) < oo,
(xE)eQx[0,n]"

where [0,17]" = [0,n] x ... x [0,1]. Then, for each k € N satisfying

=

- meas(Q)s y . |F(x,
k> max { . (@) up(xf)eﬂ o1 [F(x,8)
Ly Yy | ouillm;

from (3.6), (3.8), and (3.9), it follows that
Jr(kgr)  Ja Fokr(x))dx  fora, F(x k¢ (x))dx

(3.9)

?:1 Hk¢1i|£}nii B ?:lkp[”(bli‘]':lii ?:lkp;|’¢1i‘lf;lii
S Ja, F (o, k@r(x))dx Joua, F (x,k1 (x))dx
—RPXL (9l kP | 9nillm,
n \Pi
Méfhl»'ﬁl?,ﬁ'”" (E21 i Jonito) Pax) Joua, F e,k (x))dx
B M X (9l kP || il
- PLIXE 19ull7 3 meas(Q) sup(, g)cax o) [F (%, 6)|

el 7y kP il
>pLi—Li = (p—1)Li,

which shows (3.7) holds. Thus, by (3.4) and (3.7), we have
—Jr(u)

uflx o S(u)

Now, from (3.2), there exists k¥ > 0 such that

F(x,&) <x(|E|°+1), forevery(x,&)e QxR

(3.10)
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and from (3.3), for each 1 > 0, there exists a constant ¢; > 0 such that
G(x,n) >1|&|° —¢, forevery(x,§) € QxR". (3.11)

By (3.10) and (3.11), we see that, for each A > 0, the functional AJg — JF is
bounded from below in R". In fact, for any fixed A > 0, we can choose 1 > 0
large enough so that A1 > k. Hence, by (3.10) and (3.11), it follows that

(AG—F)(x,8) = M[§|% — Aci — K([€]° +1)
=(A1—x)|&|° — (Ac, + k)
> —(Ac,+x) forany (x,&) € QxR".

Thus,
/ (AG(x,u(x)) — F(x,u(x)))dx > —(c; + Ak)meas(Q).
Q
Then, AJg —Jr is bounded from below in X. Now, the conclusion of the theorem
follows directly from Lemma 2.1, where it is taken that E = X, I(u) = S(u),

Y(u) = —Jp(u), ®(u) = Jg(u), and I'(u) = Jgy(u). This completes the proof of
the theorem. O

4. A scalar problem

As an application of Theorem 3.1, in this section, we consider the scalar problem

{—V ()| Vul2Vu) = ef () ~ Ag(u) = vhu), x€Q

“’aQ = 07
where Q is a bounded and connected subset of RN (N >2), p > 1, m € (N),
is a nonnegative weight function, €, A, and v are nonnegative parameters, f, g,
he C(QxR,R), and Vu = (uy,,...,us ) denotes the gradient of u with respect

to (l‘l,. .. ,l‘N) € RN.
We introduce the functions

F(t) = /Otf(é)dé forallf € R,

G(t) = /O "o(E)dE forallr € R,

and
H(t) = /0 "B(E)dE forall 1 € R.
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Now consider the functionals T, J¢, Jg, J,, : X — R defined by

T = [ molvu(o s,

Iyt = || Flu()a
Jow) = [ Gluto)ds,

and

() = /Q H(u(x))dx.

Then, T, J¢, Jg, and J;, are continuously Gateaux differentiable. More precisely,
for every u, v € D(l)’p(Q,m), we have

T (u)(v) = 119 /Q m(x)|Vau(x) P 2VuVdx,

and

We denote by F the class of all continuous functions f : R — R such that

p L0

rer 1+ t|9

for some g € (0, pi — 1), where p? is defined by (2.2).
We introduce the following notations. For each » > 0 and each pair of func-
tions f, g € F such that G — F is bounded from below, let

. =Y —Jr(u) ~
uif,g,r Zplnf{~:l u) < ||ullb,<nre,
( ) uex nr_HuHﬁ g( ) H H
where
Y= inf (G(&)—F(§&)),
7=t (GE) - F ()
and
o= inf ull],

uely ' (r)
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Moreover, for each € € (0 ), define

1

Ble.f.g.r)= sup lell — €T (1) = infi e 1o, (lullin — EPT¢ (1))
3 J 18 uejg"((r,oo)) P(F—Jg(u)) .

The following result is a direct consequence of Theorem 3.1.

Theorem 4.1. Assume that f,g € F| and

) | £(8) 3

e EP2E 7 ISP Eeag = A AT TEfe2E T
“4.2)
and

where 1 < 6 < p;. Then, for each r > 0, for each € € (0, m>,

for each compact interval [a,b] C (0, E(e,f,g7 r)), there exists a number p > 0
with the property: for every A € |a,b| and every function h € F\, there exists
0 > 0 such that, for each v € [0, 8], system (4.1) has at least three weak solutions
whose norms in D(l)’p (Q,m) are less than p.

We now give one example to apply Theorem 4.1.

Exampled.2. LetN =3, p=4,and Q = {(x1,x2,x3) € R? : 23 + x5 +x3 <9} C
R3. Consider the problem

=0 ondQ,
4.3)

{ V(248003 +33+3))|Vul? Vi) = € (u) ~ Ag(u) — Vh(u) inQ,

where

f(t)=(1+r")sgn(r) and g(r)= <1 +t25j> sgn(t).

We observe that m(x) =2+sinx € (N), with s = 1, meas(Q) =367, and p; =6.
Moreover, it is easy to see that f, g € F; and (4.2) holds with ¢ = 26/5. Then,
the conclusion of Theorem 4.1 holds for problem (4.3).

We comment that, for some special functions f and g in (4.1), it is possible
to obtain some estimates for the constants f(f,g,r) and B(e, f,g,r). For in-
stance, let p < k < { < p*, f(¢) = |t|* %, and g(t) = |¢|* 21, where p* = ;32—

2N—p
Then, we have

F()= I, G() =

1 . 1
:EAW@MM mi@@:cém@ﬁm
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As a consequence, ¥ = infgcr (G(E) —F(&)) = % — 1, J7(0) =J,(0) =0, and

HMHEC:/Q\M(X)\Cdx:Cr forany u € J; ' (r) with r > 0. (4.4)

By Lemma 2.3, there exists C > 0 such that
Cllulle < |[ullm forall u € DyP(Q,m). (4.5)

For any r > 0, define a constant K; by
(i)
Ki,=——"—"—F"%. (4.6)

Fix a small positive € so that the set Q; = {x € Q : dist(x,dQ) > 2¢e} # 0.

1/¢
Choose u; € D(l)’p(Q,m) such that 0 < ug(x) <2 (I%\) and

2(&—%)1/5, X € Qq,

0, X € Q,

ug(x) =

where Q = {x € Q : dist(x,dQ) < €} and |S| denotes the Lebesgue measure
of a set S. Then,

1
Jo(ug) > —/ |ug (x)|Sdx > 25 > 1.
¢ Ja,

and
luelly = [ )| Vuel
Q3

where Q3 = {x € Q : € <dist(x,dQ) <2¢&}. Thus, ue € Jg_1 ((r,e°)). For any
u € J;'((—oo,r]), we have Jy(u) = éfg |u(x)|°dx < r. Hence, [, |u(x)|dx <
{r. Recall that k¥ < §. Then, from Holder’s inequality, it follows that

1) = [ ()<

K

1 ¢« ¢ 1 [l
< Hl0fT ([ Weliar) " < c@ntialT
K Q K

which in turn implies that

1 Ko bex
|ul|h —epJr(u) > y:= —E(Cr)i |Q| ¢ forallue Jg_l((—oo,r]).
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Thus, we have
inf )(Hu\lfz—epff(u)) > 7. (4.7)

ucJg H((—oo,r]

Note that k¥ > p and
e |5, — pJ (kite)) = K e |15, — K¥epd(ue) ~ for any k > 0.

Then, we can choose a large k| = ki(&,r,p,{,x) > 1 such that J,(kjue) =
kngg(ug) > rand

[k1uelll, — epJ(kiue) <y — pJg(ue). (4.8)
Define a constant K, , = K »(€,r,p,{, k) > 0 by

1
K2,r =

. 4.9)
K

The following result provides an upper bound for fi(f,g,r) and a lower
bound for (e, f,g,r).

Corollary 4.3. Assume that f(t) = |t|* "%t and g(t) = |t|* 2t in (4.1), where

p<k<{f<p* 3:211\/\,%,7' Then,
I(f.g.r) <K, and B(e,f,gr)> Ko, (4.10)

where K , and K> , are defined by (4.6) and (4.9), respectively.
Proof. From (4.4), (4.5), and the definition of 7,, we see that, for any n € N,

there exists u, € J, !(r) such that

1 - P
T2 funll = CPlun||7, = CP(Er)¢,

ie,
| S 2
41> C”(Cr)g for any n € N.
n
Hence, 1, > CP(§ r)%. Then, in view of the definition of t(f,g,r), we have

() ot
nr T or(ern)t

ﬁ(f’g7r)§ :KIJ'

Thus, the first inequality in (4.10) holds.
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Now, from (4.7), (4.8), and the definition of ﬁ (e,f,g,r), it follows that

B Y — (ke || — epJy(kiue))
87 b 7r 2
B(e, f,g1) FIACTARY
Plelue) 1
P-Ig(kl “e) kf o

Hence, the second inequality in (4.10) also holds. This completes the proof of
the corollary. O

The following corollary is a consequence of Theorem 4.1 and Corollary 4.3.

Corollary 4.4. Assume that p > 1 and m € (N), with s =1in (N),. Let p <

zfvv—fp. Then, for each r > 0, for each € € (0, ﬁ), and

for every compact interval |a,b] C (0,K3 ;) there exists p > O with the property:
for every A € [a,b] and every continuous function h € Fy, there exists & > 0
such that for every v € [0, 8], the problem

K < § < p* with p* =

—V (m(x)|Vu|P~2Vu) = &|u|*2u—A|u|*2u—vh(u) inQ,
u=>0 ondQ,

has at least three weak solutions whose norms in D(l)’p (Q,m) are less than p.
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