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SPECTRAL ANALYSIS FOR A DISCONTINUOUS
SECOND ORDER ELLIPTIC OPERATOR

PAOLO MANSELLI - FRANCESCO RAGNEDDA

The spectrum of a second order elliptic operator S, with ellipticity
constant « discontinuous in a point, is studied in L? spaces. It turns out
that, for (o, p) in a set +4, classical results for the spectrum of smooth elliptic
operators (see e.g. [3]) remain true for §; in particular, it is proved that S is
the infinitesimal generator of an holomorphic semigroup . If (&, p) & A, then
the spectrum of S is the whole complex plane.

Let S = S, be the second order uniformly elliptic operator, in two
dimensions, defined as:

xhxk d 0 )
(x1)? + (x2)2 9xh 9xk’

2
(1) Si=aA+(1-20) )

h,k=1

a € (0, %) is the (lower) ellipticity constant, 1 — « is the (upper) ellipticity
constant (if @ = 1, then: S = IA). The operator above, discontinuous at
the origin, has been mainly used to construct counterexamples (see e.g. [5],
[7], [11]). The existence and uniqueness theorem for the Dirichlet problem in
Sobolev spaces has been proved in [8].

In the present work the spectrum of S is studied in L? spaces (in a disk,
with Dirichlet boundary conditions). It turn out that there exists # C R? with
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the property that, if (o, p) € 4, then S behaves as the Laplace operator: (i) it has
a pure point spectrum, with eigenvalues and eigenvectors explicitly constructed
using Bessel functions; (ii) the resolvent is a compact operator and its norm goes
to zero as O(JA|~") when A — 400 in a sector around the positive real axis,
with opening larger than 7. On the other hand, if («, p) ¢ -, then the spectrum
of the operator coincides with the complex plane.

The classical techniques, used to get (i) and (ii) above for the Laplacian
and for elliptic equations, cannot be used in the present case, due to the
discontinuity of the coefficients; we had to construct ad hoc a priori bounds. The
asymptotic behavior of the resolvent will enables us, in a forthcoming paper, to
study the Cauchy problem for the parabolic operator, discontinuous on an axis:
= Su,ul|,— = ugp.

In section 1, notations, preliminary facts on Bessel functions and separation
of variables techniques for S are considered. In section 2 the closed operator §,
acting in L?, defined by S with homogeneous Dirichlet boundary conditions in
a disk, is considered; the spectrum of § and §* is studied. In section 3 several
a priori bounds are proved and the asymptotic behavior of (§ — A)~! is studied,
when A — oo in a sector |argA| < 5 +€,€ > 0.

The authors thank the referee for his usefull suggestions.

1. Notations and preliminary results.

Let us introduce several constants and functions used later: let o € (0, %),
o =1—a,pe(l,+x), p = % Let {l,, v € Z} be the sequence, defined
as:

o

1 1
2) lp:=0, [,=01@:=1-— —i—\/(l— 2+ —v2 veZ)\ {0}
20 20 o’

Notice that: I, = 1, [, e (1, |v]) if ve Z \ {—1,0, 1}; for fixed v, [, is an
increasing function of « € (0, %).
Let us also introduce the sequence:

1
20

3) hy = hy(a) :=1,(@) = (1 = 5=).

Let us notice that: hg = —1 + ﬁ € (—%, 0), and &, (v € Z \ {0}) is positive.

From now on, the spaces R? and C will be identified, by writing: z =
(x,y) = pe'?, where: x = Nz = pcosh, y = Iz = psinf.
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Let z € C; in what follows /z will always be the principal value of the
square root.

Bessel functions of first kind J. (z), linearly independent solutions to the
Bessel equation:

“4) Fw. +zw. + (& —hHw = 0

will be considered ( &, not an integer ). If &, is an integer, then linearly
independent solutions to (4) are J, (z) and Y (z) := ()~} [%Ju(z) —

R VAETWANES)

Modified Bessel functions of firstkind /1,,(z) = eFh3i Jin,(iz), of index
+h,, v e Z will also be used.

Let us list some of the properties of the functions above, for later use (for
them, see e.g. Watson’s book [13]).

(i)
_ (%4, ! iy
5) Jin,(2) = (2) e oF (1 £ hy, (2) )
_Eyen,_ L 20,
(6) L, (2) = (2) Y oFi(1xh,, (2) );

here o F; is the entire generalized hypergeometric function, defined as :

00 m

Z
Fi(a,z) =1 .
oFila 2 +ﬂ;a(a+1)---(a+m—1)m!

The functions Y} (z) (h, integer) can also be written as:

hy—1

M %@ =20y +log i@ — Y

m=0

(hv —m — 1)' Z 2m—nh,
m! (2)

(here y is Euler’s constant).

(i) Let 0 < wy < 7; as a consequence of the asymptotic expansion of 7, ,
we have:

(8) lim I, (z) e 2mz = 1

z—>00, |argz|<wo
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(see e.g. [13]).

(iii) For any integer v, the functions: 7= Jy,(z) are entire even functions
with real simple zeros only; let:

9 0 < ju1 < o2 < -+ < jon < -+ neN

be the increasing sequence of the positive zeros of z=" J;, (z); then:

(10) In(2) = _&" ﬁ (1- i)
v r(+h) 3 J2

_ G =2
(11 I () = mg(l + jin).

Lemmal. LetveZ, |w| < % ;0>0,0>0,0<r <p.The bound:

1-55 .
r I, (roe'®) r
P Iy, (poe')

= (=)

0

(12)

holds.
Proof. By (11),

1_% . 00 (VD’ im)2
r\ ¥ hGoe?)| (r )l., [T (1 + /é—”)
o Iy, (poei®) o e, (1+ (p‘j+>2) '
As:
roei®)? .
(1 4+ [ '3”) ) |(}"O’€lw)2 + -]vz,nl
(13) (1 (paei“’)Z |( io\2 %) — ’
+ Lo poeoy + j2,]
the thesis follows. O

Lemma 2. Let v € Z; there exists K(a, v), depending on o, v only, such that if
0>00<r<p,0>0,|w <Z, the bound:

(14) r T I, (roe)
P Iy, (poe'®)

holds.

< K(a,v) ez’
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Proof. Let ¢ be the left hand side of (14) and let ¥ be any constant (not
necessarily the same) depending on «, v only.
From (8), there exists oy depending on «, v only, with the property that, if

lz| > % ,and |arg z| < 7, then:

(15) kilzl 7€ < |, )| < kolzl7?

(k = 2V2m)7", ky =2(v/27)" " willdo) .

Let us write w := poe'®, € 1= L €0, 1]; then:

g =e'"w I, (ew) - (I, w)'].

The condition |w| < Z, implies that w € W = {|w| < 2%w} and
4

lwle™ % < 2e lin W.
Several subcases will be considered.

(A) Let: |w| > o0g, € > z,then lew| > "" , and (15) gives us:

g < K - k2|€w| 2ee)\w [k |w| Ze‘)iw]—

k2 _Ll e—1)s
. € 2e(e DRw

= K —_—
ki

< k- k2 2133
ki

(B) Let: |[w| >0y, 0 <€ < %, lew| < oy; then (6) gives us:
1--L i 00,2
[(ew) = I (ew)| < klew|” oFi(1 + hy, (7) ) < K,
Last inequality, (15) and the fact that w € W, give us:
g < K [kllwl 2+l ‘)\w] 1 <K|w|2e—‘)\w

Rw

<£>' Tmow

IA

< « em(r—/?).
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(C) Let: |w| = 09,0 <€ < 1, |ew| > 0. Asin (A) :

g<k- ky € Tele—Mw
=
then:

1
g <k —1 2|w|]3em7w ¢S v §/ceﬁ5(r_p).
— \€lw]
(D) Let: |w| < 0y. As in the previous lemma:
g < (1)1" < 1 < ¥ AP,
0

From (A), (B), (C), (D), the thesis follows. U

The operator S, defined in (1), is a second order, uniformly elliptic opera-
tor, regular in R’ \ {(0, 0)} and discontinuous at (0, 0). Its formal adjoint is:

d d xhxk

2
S*u=aAu+(1-2a) Y Wﬁ(—(xl)ur(ﬂ)zu);

h,k=1

in polar coordinates:

(16) Su(pe'®) (’82 L Y ) pe®

u e = \0d —]—Uu —Uu —Uu e .

Y 902 b op Py 00 )LO

* i0 1 1 1 -2 i0
A7) S*u(pe’®) = [a(upp—i— i ?u99)+ (,Ou)pp](,oe ).

In polar form, solutions to both S and S* can be constructed by using separation
of variables.

Remark 1.1. Let u be of the form: u(pe'®) = u,(p)e™? ; then:

(18) Su(pe’®) = (syu,(p))e’™®
(19) S*u(pe') = (sju,(p))e"™’
where:
) (,,,+1—a’, Vi )()
Sy, (o = au, u, — —u,)(p
o p?

. ., o, Vi 1 —2a
souy(p) = (omv + —u, — —uy
P P

(puu)”)(p)-
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By using Lommel transformations, the following facts can be proved.

Remark 1.2. Let A€ C, o € (0, %), v € Z. The equation:
(20) syu(p) —Aru(p) =0 in (0, +00)

has the two independent solutions:

A * A
P(l_ﬁ)Jh.,(\/—J p), P(I_ZL’)J—h.,( 7 p)-

(If hy is not an integer, J_;,, = Jy, must be substituted by the Bessel function of
second kind, Y, ).
The two independent solutions (if h, is not an integer) can also been

written as:
A 1 A
p =3, (y/ o p), p 73y, (y/ o p)

21 siu(p) —ru(p) =0 in (0, +00)

The equation:

has the two independent solutions:

A
PE g o) PF T )

(If h, is integer, the Bessel function J_,, = Jy,, in the second solution must be
substituted by the Bessel function of second kind, Y}, ).
The two independent solutions (if h, is not an integer) can also been

written as:
A A
,0(237_1)1;”(\/ o P). ;O(E]/_I)I—hv(\/ . p).

2. Spectral properties of S and S*.

It will always assumed in what follows (except in theorem 4 below) that
the lower ellipticity constant o of S and the exponent p belong to:

1 2
A:{(a,p)€R2:0<a<§, 2a’<p<m}.



74 PAOLO MANSELLI - FRANCESCO RAGNEDDA

The operator S will be studied in the open disk Bg, centered in (0, 0) with radius
R. W?P will be the space of (complex valued) functions in L? with first and
second derivatives in L?; Wfo’p(BR) = {ue W>P(Bg) : u =0 on dBg}.

Let us recall an existence-uniqueness theorem for the Dirichlet problem for
S (see [8]).

Fact 1. Let (o, p) € A; for every (complex valued) f € LP(Bg) the
Dirichlet problem:
(23) ue W}%(]’”(BR), Su= f ae.in B
has a unique solution, satisfying the a priori bound:

(24) Nullwerpgy =< ko, p, R)|ISullLesr);
the constant k(«, p, R) depends on «, p, R only.

Let (a, p) € 4 ; let us define the operator § = S, , g in L?(Bg) in the
following way: let D(S) = Wfo’p(BR); then, if u € D(S), let us set: Su := Su.
Theorem 1. Let («, p) € A, R > 0. The following properties hold.

(i) Sis closed, densely defined, with range L?(Bp).

(ii) S~ is defined in LP(Bg) and is compact.
(iii) The spectrum %(8) consists of isolated eigenvalues of finite multiplicity.
Proof. Proposition (i) is immediate consequence of Fact 1.

Again by Fact 1, the map:
LP(BR)> f > u€ W:P(Bg)
is continuous; thus, by Rellich-Kondrachev theorem, the map:
LP(Bgr)> f +— ue LP(Bg)

is a compact operator in LP(Bg); (ii) and (iii) are consequence of classical
theorems in the theory of compacts operators (see e. g. [6], III, thm. 6.29).
O

Remark 2.1. Let («, p)e A, R > 0, L € P(S) := C\ Z(8), then, there exists
k(a, p, R, A), such that, for every f € LP(Bg), the problem:

(25) ue Wfbp(BR), Su—Xtu=f ae. inBg
has a unique solution, satisfying:
(26) litlly sy < Kt Py RIS Lrca:

Let C be a compact subset of P(S). Then, there exists k(«, p, R, C), such that,
forevery f € LP(Bg), A €C the solution of (25) satisfies:
@7 1 D?ull Loy + VTA Dl Lose) + 1A el Lrse) <

< k(a, p, R, C) || fllLr(By)-
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Proof. Let A€ P(S) and u = u; := (§ — L)~ f. Clearly u is the unique
solution of (25).

As ||u;||Lr(Bg) 18 @ continuous function of A in P(S), then there exists
k(a, p, R, C), depending on «, p, R, C only, such that, |A] [|ullzr(,y =
k(e, p, R, C) || fllLeg)-

By (24) and interpolation theorems, then (26) and (27) follow.

O

By using remarks 1.1 and 1.2 a more precise analysis of the spectrum of §
can be done. If (o, p) € 4, spectrum and eigenvectors closely look like those of
Laplace operator.

Theorem 2. Let («, p) € A. The spectrum X(S) of S lies on the real negative
axis. More precisely:

(28) 2(8) = {(—a'(jum)*R™*: veNU{0}, m eN}.
Let:

-7 - P
(29) a)v,m(p) =p 2 Jh.,(]v,m E)

If Jy, and J,, ,(v /=V') have no common zeros outside of the origin: (i) the
eigenvalues —oz’j&mR_2 (m € N), have multiplicity one, with eigenfunction
wo.m(p) in C>®(Bg); (ii) the eigenvalues —a’jﬁmR_z (m € N ), have two lin-
early independent eigenfunctions a)l,m(,o)em, a)l,m(,o)e_"@, in C*°(BR); (iii) the
eigenvalues —oz’jimR_z(v € N,v > 2,m € N), have two linearly indepen-
dent eigenfunctions a)v,m(,o)ei”e , a)v,m(,o)e_i”e, in C°°(B_R\ {(0, 0)}), that in
a neighborhood of (0, 0) are of the form: a smooth even function of p times
el plve=? (respectively); if 1 < Il (@) < 2, the second factor is in
Wfo’[’(BR),for every p €2, #)(a)); ifl,(c) > 2 then pe*" isin C?(Bg).
Proof. Let A be an eigenvalue of §, defined as a complex number such that
there exists a nonzero u € D(S) = Wfo‘” (Bp) satisfying:

(30) Su—iu=0 inBR, UjBg =0.

As S is smooth~in R’ \ (0,0), then u € C>®(Bg) \ (0, 0); by Fact 1, for some
p>2,ue Wfo’p (Bg); then u has Holder continuous first derivatives in Bg.
Let us expand u in Fourier series in 6 :

o0

(31) u(pe”) ~ Y uy(p)e™

V=—00
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where:
1 2 ) )
u(p) = — f u(pe®)e " do:
2 0

the functions u, satisfy the conditions: (i) u, € C*°(0, R] with Holder continu-
ous first derivatives in [0, R]; (ii):

SylUy = )"uv in (0, R], MU(R) = 0;

(iii) if v # 0O, then u,(0) = 0; if v = 0, then uj(0) = 0. By remark 1.2, u,
must be of the form:

_ L A e A
(D wp) =l o (= ) + 6P PN (= )

(if &, is a positive integer, then J_; must be substituted with Y}, ).

Let v be nonzero, then, by (5), the first term in (32) is of the form p* times
a smooth even function of p; the second term does not have continuous first
derivative and in almost all the cases is unbounded; then ¢{* must be zero. It is
not difficult to see that u,(p)e™” € Wy:”(Bp).

Let v = 0; by (5), the first term in (32) is a smooth even function of p; the
second term is ,02_5’ times a smooth even function of p, not vanishing at zero;
as 2 — 0% € (0, 1), the second term cannot satisfy the condition uy(0) = 0, so
c(()z) must be zero.

The condition u#,(R) = 0, implies that:

——R=jim for some v € N U {0}, m € N.
o

Then, the eigenvalues of S are of as in (28) and the eigenvectors of § related to
the eigenvalue —a’'(j; 7)> R~ are of the form:

—12a' . Oy v
(33) Z Cf;l) p(l 12 )th(J\v\,mE)e 0
{VEZ:j\v\,m:jD,r;l}
The thesis follows. O

Let $* be the adjoint operator to §, defined and valued in L”' (Bg); then,

D(S) := {ve LP(Bg): 3 ge L” (Bg) such thatVu € D(S)

/vﬁdxdyz/ gudxdy}.
Br

Bg

The properties of § stated in theorem 1 imply similar properties for §*.



SPECTRAL ANALYSIS FOR A DISCONTINUOUS. .. 77

Remark 2.2. Let (o, p)e A, R > 0.

(i) 8" is closed, densely defined, with range L? (Bg).
(ii) (§*)~!is defined in LP(Bg) and is compact.
(iii) As X(S) is real, then: $* and S have the same eigenvalues with same
multiplicity.

An equivalent definition of D(8*) follows.

Lemma 3. D(S*) is the subset of {v e WL, (Bx \ {(0,0)}) N L” (Bg)}, satis-
fying: (i) $*v e L” (Bg), vlgp, = 0; (ii) v e CO(_BR \ {(0, 0)}) and, for every
r e (0, R), v,(re’2) e L (0, 27); (iii) Yu € C®°(Bg), ulyp, =0:

34) 0 = lim o+ [77{(1 — 2a0)i(re®) v(re®) +

—a'r [y (re')yv(re'?) — v.(re’®) u(re')}do.
Proof. Let v e D(8*); thus there exists g € L”'(Bg), with the property that, for
every complex valued u € Wfo’p (Bg), vanishing in a neighborhood of the origin,

/vﬁdxdy:/ gudxdy.
BR BR

Classical regularity theorems for elliptic equations with smooth coefficients,
imply that v € W,zo’cp/(B_R\ {(0,0)}}), vlap, = 0; and that g = S*v a. e.; then,
(i) follows. (ii) follows from (i) and immersion theorems in Sobolev spaces.

Let us recall (see e. g. [8]) that Vr > 0,Yu € W>P(Bp \ B,), Yv €
W2P(Bg \ B,), satisfying u|s3, = 0, v|3z, = 0, the equality

2w
3 [ [vSu — uS*vldxdy = [{(1—2a)u(re)v(re?)+
(35) Br\B, 0

—a'r [, (re’®) vre’®) — v.(re'?) u@re'®)1}do.

holds.

Let us use (35) in the present case: as » — 0T, the left hand side of last
equation tends to zero; (iii) follows.

On the other hand, if v € Wli’cp /(B_R \ {(0, 0)}}), and satisfies (i) and (34),
then by (35), v € D(§*). O
Remark 2.3. Let v € Wli’cp/(B_R \ {(0,0)}). Sufficient condition for (34) to
hold is: there exist §, K positive, such that the bounds |v(pei9)| < Kp‘s,
v, (pe'®)| < Kp*~!, hold.
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Remark 2.4. Let v e Wz’p’(B_R\ {(0, 0)}). Sufficient condition for (34) to hold

loc
is: there exist a constant ¢ € C and a function w satisfying the conditions of

previous remark, such that: v(pe'®) = C,OaL’_2 + w(pe'?).

By using previous statements, the eigenvectors of §* can be studied, as in
theorem 2.
Theorem 3. Let (o, p) € A. Let us consider the spectrum of $*. If J,, and
Jn, (v /AV') have no common zeros outside of the origin: (i) The eigenvalues:
—a’j&mR_z(m € N), have one eigenfunction of the form: /oﬁ_2 - wo.m(p); (ii)
the eigenvalues: —a’ jf’ 2R72( €N, m € N), have two linearly independent
_ ; 1 _

20, m(p)eM, pT T @, m(p)e .

If (o, p) £ A, the spectrum of § is completely different from the previous
case.

1
eigenfunctions, of the form: p«

Theorem 4. Let («, p) € (0, %) X (1, +00) \ A; then S is a closable operator,
but:
2(Se,p.r) = E(Sz’p’R) =C.

Proof. Let us prove that § is a closable operator. Let u, € D(S), and
u, — 0, Su, — g in LP(Bg). Let 0 < r < R,ve Wy”(Bg),v = 0. in
a neighbourhood of B,. Let us write ( 35 ) with u = u,, and pass to the limit as
n — oo; then: fBR\B, vgdxdy =0;thusg =0a.e. in Bg \ B,. Then, g =0
a. e. in Bp, i.e. §is closable.

Let us study now the spectrum of §.

Several subcases will be considered.

(A)Let: 0 < < 1,1 < p <2(1 — ). Let us show that every + € C, is
an eigenvalue to §.

Let —ﬁR = Jjo.m, (for some m € N); then, as in theorem 2, A is an
eigenvalue for §, with eigenfunction u, (p) = wg ,(p) in C ©(Bg).

Let 1/—ﬁR = fo,m ( for some m € N), where {Dg,,} (m € N ), are
the positive zeros of J_j,,(z) (clearly J,, and J_,, have no common zero
outside of the origin); then, A is an eigenvalue for §, with eigenfunction:

(1=57) A Lo L
u(p) = p = J_ho( - ,0) of the form: p°~ « times a smooth even

function of p; thus: u, € W)%O’p(BR) ifp<2(—a).
Let A € C, satisfying the condition:

A .
~ZR#),
o
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where j is an arbitrary positive zero to Jj,(z) or to J_;,(z). Then, by remarks
(1.1), (1.2), A is an eigenvalue to § with the eigenfunction:

o\ RN\ LR )
wo=(8)  re W T
JhO( o R) J_ho( o R)
P\
u(p) == 1-— <E) A=0;

1
the function u; is of the form: a smooth even function of p minus p>~# times
a smooth even function of p; thus u; € Wfo’p(BR) ifp<2—oa).

(B)Let:0<oc<—, =21 — ).

Let ./ —O%R = ju.m, (for some v € N U {0}, m € N); then, as in theorem 2,
A is an eigenvalue for §.
Let A € C be not an eigenvalue for S. For every € > 0, let us introduce the

functions:
-1 _e+l—=— A
b)\,e(p) =€ 20( P 20( J_ h(]( J p) A #0,

bie(p) =€ 1ptT h =0

Notice that, by (5), b; . is of the form: 6237_1,06“_? f(p?), where f is a
smooth function and f(0) = 1.
It is not difficult to show that:

(36) ling) [(S — A)bkﬁelz‘)‘/dxd y = finite and positive
€e— Bg
(37) lim [ |by.|* dxdy = +oo0.
e—0 Bx
Let —ﬁR = fo,m (for some m € N), where {fo’m} (m € N ), are the positive

zeros of J_j,(z); then b, . € W)%(;Z“/(BR) and (36), (37) imply that a bound of
the form:

(S — Vull 2 gy = K|l L2 (g
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(for every u € D(S)), cannot hold. Thus A is in the spectrum of §.
Let A € C, satisfying the condition:

A :
— RF)

where j is an arbitrary positive zero of Jj,(z) or of J_;,(z). Then: b, (R) 0.
Let us define :

Uy ( )-_e#—l r G JhO(V _0% p) by.«(p)
A€ pP) = R

Jio(\/—% R) bR

o

}A#Q

1 b e(p)
e —ew 11— 2 A =0;
Yo.lp) =€ { Do.o(R)

the functions v;_ € W22*(Bg) and by (36), (37):
s Yo

lin% I(S — Mvy.e|*dxdy = finite and positive
e—
R

B

lim [ |vc*dxdy = +o00

e—0 BR
Therefore, a bound of the form:
(S — )L)MHLM’(BR) > K”M”LM’(BR)

(for every u € D(S)), cannot hold. Thus A is in the spectrum of §.

O Let0 < a <
eigenvalue of §*.

1 2
2° 2=h(@)

< p. Let us show that every A € C, is an

Let —ﬁR = jo.m, ( for some m € N); then (theorem 3), A is an eigen-
value for §*, with eigenfunctions: v; (pe’®) := ,0(_”237).];,2 (,/—ﬁ ,o)eﬂ”’.

Let 1/—ﬁR = fz,m ( for some m € N), where {D,,,} (m € N ), are the
zeros of J_;,(z) (clearly J,, and J_;, have no common zeros); then, A is an

eigenvalue for §*, with eigenfunctions: v (pe’®) := p(_1+237)J_;,2( — 2 p)

e*2%let us notice explicitly that 0, € L? (Bg) if and only if p’ < % i. e. if and

only if p > ﬁ
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Let A € C, satisfying the condition:

A :
— RF)

where j is an arbitrary positive zero of Jj,(z) or of J_j,(z). Then, A is an
eigenvalue to §* with eigenfunctions:

Q\|>a

e e =
K th( - R) J—hz( _c% R)
_ h _
{(2)(12 e _ <£)( 12)]ei2i9 A =0.
R R

D)Let0 < a < %,p:ﬁm).

Let y € C*®(Bp), Y¥lap, =0, ¥ = 1 in a neighbourhood U of (0, 0).
Let:

N

. . s A ;
v(pe’) = Y(pe) - pTI (\[ == p)e” 220,

vo(pe?) = Y(pe?)- phe?’ 1 =0.
Notice that: (i) in U, by (5), vo is of the form: p” f(p*)e*?, where f is a
smooth function and f(0) = 1; (ii) (S — A)vy € C®(Bg) and vy € W}%(;"(BR)

2, —2
(forevery 1 < p < ﬁm)), but vy £ Wy, > (Bg).
Therefore, the problem

(S —Mu = (S — My in Bg, u€ W, P(Bg)

has the unique solution u = vy if 1 < p < ﬁm), and no solution if

p= ﬁm) Thus A is in the spectrum of S*. (]
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3. A priori bounds and asymptotic behaviour of S.

Theorem 5. Let (o, p)er, R > 0,s€[1,00),AeC, L >0, ¢ € L°[0, 27 ],
PO) ~ D02 o pue™.

The problem:
(38) we W2 (Br),  Sw—Aiw=0 ae.in B,
2 )
(39) lim lw(pe®) — ¢(0)°do =0,
p—>R Jo
has a unique solution:
+o0
(40) w(pe’) =Y vuprdy ™,
V=—00
where:
o= ()
(1) o = (%)

The function w satisfies the bounds:

42) (fo2 w(pe®)* d@)% < (/02 PoR d@)%, 0<p<R;

3) Al < ke i Oliglioesy, 0<r <k
here k(a, p, A,r,s) depends on o, p, A, r,s only. If, moreover , ¢, = 0 for

V| < vy, then there exists a constant k(a, vy, s) depending on o, vy, s only,
such that the bounds:

@4 (fozn w(oe™)r d‘g)% = ke, v, 5) (%)lm%h 9@ a6)’

(0<p <R )hold.
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Proof. The condition RA > 0 gives us | arg ai < 7. Bylemma I:
-4 7 ( L)
J% APy J2NA
(43) '(;) —— = ()
I, (R %)

Let us assume for a moment that ¢ is a trigonometric polynomial; one can look
for a solution w to Sw — Aw = 0 a. e. in By, trigonometric polynomial in 6;
by remark 1.2 and (39), it is not difficult to see that w is of the form (40); then,
using standard techniques, one can see that the problem: (38), (39) has such a
function as unique solution in W22(Bg) N C®(Bg \ (0, 0)), for some p > 2;

By using a complex maximum principle (see [2]), we have that S|w| > 0
in B \ {|lw| = 0}. )

In [9] it has been shown that the problem: v € Wli’cp (BR)NC°(Bg), Sv =0
in Bg, vlsp, = |¢| has a unique positive solution, satisfying the inequalities:

2 NS 2
(46) / (v(pele) do < / (lp@)*do 0<p=<R.
0 0

By the maximum principle |w| < v in Bg. Then (42) follows from (46).

The bounds (43) follow with standard arguments using Fact 1, (42) and
classical bounds for smooth elliptic equations.

Let us prove (44). Let ¢, =0 for |v| < ypand 0 < p < R . thus, by (45):

2
i0 Sdg < 27 .
/0 lw(pe)* do < 27 (Z

[v|=vo

(X () o) =2 () (o) (X (3))

[vI=vo [v=>vo

Since: [, > |v],/%;, the last series has a finite sum depending on o, vp.
Moreover, as: |¢,| < const -||@||Ls0.27] » then (44) holds when 0 < p < R

3
If £ < p <R, by (42):

2 1
i K 5 Ly
([ motoeyr do)” < 2 (%)™ gl
0

and (44) follows.

Assume now that ¢ is an arbitrary function in L*[0, 27 ]; the thesis follows
using a sequence of trigonometric polynomials that have limit ¢, (42), (43),
(44) and classical approximation theorems. (]
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Definition 1. Let N € N, R > 0; let us define:

Fn(Br) :={ue L'(Br) : u(pe’”) ~ Y u,(p)e™ pa. e in(0, R)).
[vI<N

Lemma 4. Let (0, p) e A, R > 0, e CHA >0, NeN, feFyBr)N
LP(BgR), of the form: f(re') = ZM<N £,(r)e'"? . Then, the solution u of the
problem:

ue Wfo”’(BR), Su—ru=f

can be written as:

. 1 r LS SN )
47 u(re’®y = —/ o, d,o/ =) Vs, fu(t)dt e
Z o /s Yvrp o (,0) 1,p

[v|<N

Proof. The proof is similar to the proof of lemma 4 in [8]. U

Lemma 5. Let: (a¢,p) e A, R > 0, Ne N, L € C, L > 0, let u €
Wfo’p(BR) N Fy; there exists k(a, p, N, R), depending on «, p, N, R only, for
which the bound:

1D ullLosey + TR DUl + Al o, <

(48) < k(o, p, R, N) |[|Su — Aul|Lr(Bg)-

holds.

Proof. By Fact 1 and interpolation theorems, the left hand side of (48) can be
bound by k(ct, p, R)[IA| [|ullrrse) + [|Su — Aul|rr(Be)]l-
Therefore it is enough to prove:

(49) Al ullerey =< Ko, p, N) |[|Su — Aullresy)-

Let:
ure’?y = Z u,(r)e'?,
v|=N
f = Su— Au and:
f@e?®y = " fir)e™.
v|=N

Let:
Tor 1
Uv(r) ::/ (_)u/ 1Vv,z‘,r fv(t)dt;
0 r
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then u,(r) can be written as:

1 r
() = — f Vorp Vo(0)dp.
R

Notice that for some K(p, N):
R L
lullrgyy < K(p, N) Z (/ |uy(r)|Prdr)7,
0

lv|<N

R 1
S ([ 180Prdn)? < KoM 1

N

thus, the bound (49) will be proved if, for every v € Z, there exists K («, p, v)
such that the bounds:

A

R . R i
(50) |A]2 (/0 |uy(r)|Prdr)? K(a, p,v) (fo lv,()|Prdr)?

and:
1 R 1 R 1
1) w(/ o) Prdr)? 5K<a,p,v>(f o )\Prdr)?
0 0

hold.
In the remaining part of the proof, ¥ will be any constant (not necessarily
the same), depending on «, p, v only.

Let \/az = 0e'; |w| < Z; then, by (14):

(52) Vorp| < K(at, p,v) e’

1 R \?
¥ = <I)»|7 (/0 qu(r)l”rdr)”)

R
50”/
0

let us make the change of variables: r' = 0 %, p’ = o £; then:
g R P R

RZ o O RG—p) Rp/ , P L,
J < k— e 22 |uy( )Rdp" | r'dr';
0 r

o? o

thus:

p

R
K(@, p.v) / e3P, (p)dp| rdr;
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let us use Holder inequality in the inside integral; then:

L2

RPF2 R ) v
o e ([ )

Jrar

as:
o R(r'—p") R Rr o') 2\/_

(54) /e”d,o—(—) (l—elf)<—
r \/_

(53) becomes:

Rp+2__ R(— p/)
12 e [

let us exchange the last two integrals; then,as p +2 — £ =3 :

p
(55) g < K—/ f S ]

as:

e 22 r'dr’ <,0—

/p/ R('—p)) 2\/_
0
by making the change of variable p’ = (R)'op, (55) becomes:

R2 o Ro’
3 =< K_Z/ |vy
o= Jo

and (50) follows.
Let us prove (51). By (52):

1 R 1 P
F o= <|)»|E (/0 Ivv(p)l”pdp)”)

< Kal’/ |/ S (D)7 fuo)dt]” pdp;

let us make the change of variables: p' = o ﬁ, =0 %; then:

RP+2 o o t 11 RU=D ,
A (=) e v |fv dp;
o 0 0o P

R
p'dp’ = K/ lvy,(0)I” pdp
0
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let us use Holder inequality in the inside integral; then:

~Js

R”Jr2 fo |:f0 )P( _1_])6 2f dt:|

(56) )
’ R(l ) ,
: [fo” e va(’%)ll’t’dt’] dp’;

let us notice that :

s

R( —

/ ’ /L__]
|:fol7(%)[7(a/ )e 2f dr’ SKR

\Iw

: then :
(57)

R”L-r% o o L{UETA) RUN(P 4/ g4/ /
Fr= k5 fo | Jo € IACHIPEdL | dp

let us exchange the integrals:

9 < K—/ |fv(—)|f’[f 5y ]t’dt’;

let us use (54) and let us come back to the original variable t; thus:

R
g, < Kf | fo(0)|Ped;
0

(51) follows. U
Lemma 6. Let (o, p)e A, R >0, 2eC, NA >0, ue WVOP(BR) \F2(Bg).
Then, there exists K (a, p) depending on «, p only, such that the bound:

(58) [~ |_2M||LP(BR) < K(a, p)||Su — Aul|rr(By)

holds. Moreover, for every € € (0, 1), there exists C(a, p, R, €) depending on
o, p, R, € only, such that the bound.:

(59) 111" Dullprsy < €llD*ullLosy + Cle, p, R, €)||Su — ullLosy

holds.

Proof._ It is sufficient to prove the bound (58) forevery N e N, u € (Fy \ F2)N
C*®(Bg), ul|yp, = 0. ' '
Let f := Su — Au; then: f(re'?) = Z3§\v\§N £,()e™"? and by lemma 4:

u(relg) / dp/ dt Z yv rp a_/ 1)/1),1‘,,0 fv(t) eiv9

3<\v\<N
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Let (§, r®)(0) be the solution of problem (38); then:

Z Vv,r,pyv,t,p fv(t) eiv@ = [gr,p : gt,pf(tei(l))](e)

3=|v|=N

and u can also be written as:

; 1 [ p 1_ ;
u(re’y = = /R dp /O [g,,,,(%)a’ '8, f(teON©O)dt

Thus, by (44) and (42):

| r2ure)llroy <

k(a, p) /R ral /” ty1 "
< —)3d _\o € tl() ) ﬂdt
= T2 j (,0) P, (,0) 1161, f(2e"|Lr©.27)

k(a, p) /R I /” Lo "
= —)’d =) te') r0.2m)dt.
< | Ve | ()7 Do

This formula, as in [8] ( lemma 6 ), gives (58).

Let € > 0 and let . be any constant depending on «, p, R, € only.
Let us prove the the bound:

_,0u

(60) (-] %”LP(BR) < €||D*ullprpy + KellSu — AullLopy-

Letk := 2 — 1+ 3 as u(0,0) = u,(0, 0) = 0, the identity:

S 0u -2 i0 [P 3%u i0 -2 i0
p —(pe”) = ko "u(pe”)+p (=) [ (e”) —k(k—1)t " "u(te™)ldt
ap o P 0p
holds; by Hardy inequality in p and L” norm in €, one gets the bound:

_u 02

u -2
o Nrsey < €llz=lLrse) + Kelll - 17 ullLrsy)-

11 o

This inequality and (58) give (60).
Let us prove the the bound:

L, 0u
(61) [ 2ﬁllm(}ek) < €l|D*ullprpy + KellSu— AullLopy-
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Let us fix p € (0, R); the interpolation bound:

9%u

302

u

0 ,
||8—(,0€l MNlzr©,27) < €ll

2 (e Lr©.2m) + ke l[u(pe) | Lr0.27)

holds; the (fOR ™2 () I”,Od,o)'r]’ norm of both members gives:

., ou 2

2 o 0u -2
©2) -] Y: ey < €lll-] @HU(BR)-FKlHW u ||Lr(Bg)-
As |- 7228 = Au— 37 — |- 17" 3%, the bounds (62), (60), (58) give (61).

From (60), (61), then (59) follows. Ul
Let us recall the following result (see e. g. [3]).

Fact2. Let p > 1, R > 0, %A > 0, w € W,,”(Bg). Then, there exists
K(p, R) depending on p, R only, such that the bound:

1D*wlLegpy + T IIDWI|Lrsey + 1] [lwllLrse <

63) < KPR |lAw—Awl|zesy,

holds.

Lemma 7. Let (0, p)eA, R >0,L€C, R >0, ue Wfo’p(BR) \ F>(Bg).
Then, there exists K(«, p, R) depending on a, p, R only, such that the bound.:

1D ullLosey + TR DUl + Al llrs,) <

64

9 < K@p R 1ISu—2ulliom,

holds.

Proof. 1In the proof k, k’, k" will be constants depending on «, p, R only. Let
L, ---, 1, be open sectors in R? with vertex in (0, 0), of the form: I, =

{(pcosB, psind) : p > 0,0 —0;| < §;, with 26; <7 JJa/a'}j=1,---,m,
satisfying: UiL, I; = R\ (0, 0).

Let I, ---, I, be open sectors in R? with vertex in (0, 0) of the form:
ijk = {(pcos@,psind) : p > 0,10 —6;] < 8;.‘, with 28; < 26;.‘ <
waja =1, m.

Let &y, - - -, ®,, be a partition of unity in R? \ (0, 0), satisfying:

(i) ®; € C>®R?\ (0,0)), ® ; homogeneous of degree zero;
(i) 1/2 < ®; < 1lin I;, ®; =0 outside Ij*, j=1,---,m;
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(iii) Y /_, ®; = lin R?\ (0, 0).

Let u € C*°(Bg) \ F2(Bgr), ulyp, = 0_.Then (see e.g. [12]) u is of the
form u(pe'®) = p3v(pe’?), where v € C*®°(Bg).

Su—\u 1 1 0u. .
Sutu (L )Lt hen:

82u+18u+a182u A
—t—— 4t ——— — —u=g.
0pr pdp o prao? o &

Let us define:
u? = ud;,

, ad; du 3%2d;
D o, 4 2 _[p270 01 J
£ =8 f+oup2[ 56 96 " 77 |

j=1,---,m;then, u” € C*(Bg \ {(0, 0)}); moreover u can be extended to a

function € C%(By) ; furthermore:

2 () 5 2 ()
97u 1 du a1 d%u _iung(/)
/

+ +==
2 o 0p o p? 002 o

ap

j=1,---,m.
Let us define: v (pe?) = ud(p @ Ne®y (p > 0,10’ < 27),

j= 1,'-',m.lhen:
v e C*(Bg), vV :=0inx <0 and
. )\, . s . i(0; o
[Av) — O7v</>](peze ) = gD (pe /.
The following relations hold.

k|| U(J)”LP(BR)

IA

[l M(J)”LP(BR)

A

I DU Logey < &1l DV sy

Jul)

2 j i) 2 j —1
|| D*u oy < &Il D20 Loge + 11| y || Lr(Bg)

j=1,---,m.
Now let us prove (64). The properties of u'/), v/ give us:

g = |ID*ullLrsey + VIM Doy + A ullLose <
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[1D*u || Loy + VI DU ||y + 1M D] 105y ]

Ms

1

~.
Il

m
| |
<k > [P Lo, + \/ DV gy + 2 A Lo+
j=1
)
_ u
17 = v )
then, by Fact 2,
m .
8u(/)
Z ||Av<f>——v<f>||u<BR> FU T —— @] <
. .
. oul
-1
<« jZ_lj[||g<f>||u<BR>+|||-| y zren)]
_, Ou
< k[ lgllLrsn + 1111 30 |LrBr)t+
_ 17
172 u v + 1117 == oo -
ap
Thus:
_, Ou
F < w [l Su—rullprsy+I11-1 o et
_, Ou _
I 2@ e + 1172w Lo -

The last three terms on the right hand side can be bound using lemma 6. Then:
g < k|| Su—rullpopy + €llD*ulliesy + Cla, p, R, l|Su — AullLosy)-

By choosing € sufficiently small, the thesis follows. U

Theorem 6. Let (a, p)e A, R >0, A€ CRL>0,ue Wfo’p(BR). There exists
K(a, p) depending on o, p only, such that the bound.:

1D ullLesey + TR DUl + A ullLrs,) <

(65) < K(c, p)||Su — ru||Lr(sy

holds.



92 PAOLO MANSELLI - FRANCESCO RAGNEDDA

Proof. A function u € Wfo’p (Bg) can be decomposed as u = u; + v, where
u € WP (Bg) NF»(Bg) and v € W, "(Bg) \F2(Bp).
Then by lemmas 5 and 7,

||D2u2||LP(BR) + VA Duallresey + 1A Huzllrgg) <
< K(a, p, R)||Suz — Auz||Lr(By)

D>l Loy + VIM DV oy + A V] 0By <
< K(a, p, R)||Sv — Av||Lr(By)-

As:
[[Suz — Ausl|pegyy < K(a, p, R)||Su — Aul|prsy)

and (65) follows, with a constant on the right hand side depending on «, p, R .
A simple scaling technique shows that in (65), the constant on the right
hand side, actually, does not depend on R. ([

Immediate consequence of previous theorem is the asymptotic behaviour
of the resolvent of S. Let us denote by ||| - ||| the operator norm for bounded
operators acting in L”(Bg).

Theorem 7. Let («, p) € A, R > 0; then, there exists n > 0 and M,), such that,
if largh| < 5 +n, then

M
s -0 < =2
Al

Proof. The thesis follows from previous theorem using a classical fact (see e.g.
[3] 1.19, [6] IV 1.1. O
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