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INFINITELY MANY SOLUTIONS TO THE
NEUMAN PROBLEM FOR QUASILINEAR
ELLIPTIC SYSTEMS

ANTONIO GIUSEPPE DI FALCO

In this paper we deal with the existence of weak solutions for the
following Neumann problem

—Apu + A ulP~2u = a(x) f(u, v) in
—Agv+ w420 = a(x)g(u, v) in Q

g—“=00n89
0
v

< <

2 =00nd2.

where v is the outward unit normal to the boundary 92 of the bounded open
set @ C RY The existence of solutions is proved by applying a critical point
theorem obtained by B. Ricceri as consequence of a more general variational
principle.

1. Introduction.

Here and in the sequel:

Q C RY is a bounded open set with boundary of class C!;
N>1;p>N;q>N;

A, u € L*(£2), such that essinfg A > 0, essinfg i > 0;
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o € C°(Q) nonnegative;
f, g € C°(IR?) such that the differential form f(u, v)du + g(u, v)dv be exact.
In this paper we are interested in the following problem:

—Apu + 2O u|P~2u = a(x) f(u, v) in Q
—Agv+ w42 = a(x)g(u, v) in

ou

(P) — =0onadf
Jv
ov
— =0onad2.
Jv

where v is the outward unit normal to d€2. More precisely we are interested in
the existence of infinitely many weak solutions to such a problem.

Whereas many results are available in the case of Dirichlet boundary
conditions when p = ¢ (see e.g. [5] and [4]), it seems that nothing is known in
the case of Neumann boundary conditions.

The existence of solutions to Problem (P) is proved by applying the
following critical point theorem ([2] and [3]) obtained by B. Ricceri as a
consequence of a more general variational principle.

Theorem 1. Let X be a reflexive real Banach space, and let ®, ¥V : X —
R be two sequentially weakly lower semicontinuous and Gateaux differen-
tiable functionals. Assume also that WV is strongly continuous and satisfies
limjy - 0o W(x) = +00. For each p > infx V¥, put

Px)—i O

’

T

p(p) = inf
xeW=1(]—c0, p[) p—Y(x)

where (W—1(] — 0o, pl)),, is the closure of W~'(]—o0, p|) in the weak topology.
Furthermore, set

y = liminfp(p)
p—>00

and
6 = liminf ¢@(p).
p—(infy W)+
Then, the following conclusions hold:

(a) For each p > infxWV and each B > ¢(p), the functional ® + BV has a
critical point which lies in W~1(] — 0o, p[).

(b) If y < 400, then, for each B > y the following alternative holds: either
® + BY has a global minimum, or there exists a sequence {x,} of critical
points of ® + B such that lim,,_, o, ¥(x,) = +00.
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(c) If 8 < 400, then, for each B > & the following alternative holds:
either there exists a global minimum of V which is a local minimum of
® + B, or there exists a sequence {x,} of pairwise distinct critical points
of ® + BV, with lim,_, o, V(x,) = infy W, which weakly converges to a
global minimum of V.

Let G : R? — R be the differentiable function such that G,(u, v) =
fu,v), Gy,(u,v) = g(u,v), G0,0) = 0 and let F(x, u,v) = a(x)G(u, v),
then F : @ x R x R — R is a differentiable function with respect to u and
v and F,(x,u,v) = a(x)f(u,v), F,(x, u, v) = a(x)g(u, v). Then (P) can be
written in the form

—Apu + A)|ulP2u = F,(x, u,v) in Q
—A4v+ w9 2v = Fy(x, u, v) in Q

ou
— =0ond
Jv
v
— =0onadR
Jv

and also in the form

—Apu = 5 (@()G U, v) = SAD)|ul? — cp()|v]?)
—Agv = 55 ()G, v) = SA)ul? = Zp0)v])
ou

— =0onadR

gv

i =0ond2

Jv

and therefore it is a gradient system [1]. Following [3] we first consider the
space W'P(Q) with the norm

1

llalls. = (/ M) u(x)[Pdx +/ IVM(X)I”dX>
Q Q

and the space W!4(Q) with the norm

1

vl = (/ p(x)v(x)|dx +/ |Vv(x)|qu> -
Q Q

Since by hypotheses p > N and ¢ > N, W'P(Q) and W"4(%) are both
compactly embedded in C°(R). So, if we put

su u(x
¢ =c(A) = sup SUPreq MLL)1 (o)l
ueW-P()\{0} fluell
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and
su u(x
cy = C(M) — Sup per | ( )l
ueWha(Q)\{0} lluell .

then both ¢; and ¢, are finite.
Then we take X = W'P(Q) x Wh4(Q) with the norm |(u, v)||x =

[lull} +vl% and ¥ = C°(Q) x C°(Q) with the norm [(u,v)[ly =

2 2 . .
\/ ”””cﬂ@ + ”U||c0(§)' Of course the space X is compactly embedded in Y

and if we put

I, v)lly

w,vex\{0,0) 1, V)|l x

C =
we have ¢ = max{c, ¢;}. In order to apply theorem 1 we set
1 1
_ p
V(u, v) = ;IIMIIA + 5IIUIIZ
and
d(u,v) = —/ F(x,u(x), v(x))dx
Q

for all (u, v) € X. Since X is compactly embedded in Y, not only the constant
c is finite, but also the functionals ® and W are (well defined and) sequentially
weakly lower semicontinuous and Gateaux differentiable in X, the critical
points of ® 4+ W being precisely the weak solutions to Problem (P). Moreover
W is coercive (and strongly continuous as well).

The sets A(r), B(r), r > 0, below specified, play an important role in our
exposition:

2 1 1
A(r) = { (&, n) € R? such that —|§|” + —[n|? <r
PCy qc,

A(x)dx X)dx
B(r) = { (&, n) e R? such thatﬂlélp + Mlnlq <rg.
p q
The following inclusion holds:
B(r) C A@r).
To see this, we observe that by the definition of ¢; we have

||M ||C0(§) =c ||M ||)~
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for every u € W'P(), hence (taking u = 1)

1 < cf/ A(x)dx.
Q

Analogously we have
1< cg/ w(x)dx.
Q

Thus, the inequality

Jo k(px>dx|5|p N

1 1 Jo 1(x)dx
— &7 + —nl? < |y
S qc; q

holds for every (£, n) € R? and therefore the inclusion B(r) € A(r) holds.

2. Results.

Theorem 2. Assume that there are r > 0 and & € R, ng € R such that

1 1
—Iéol”/ A(x)dx + —|770|q/ pux)dx <r
p Q q Q

and
I}Al(%;( G(&,n) = G(o, no)-

Then Problem (P) admits a weak solution (u, v) satisfying W(u, v) <r

Proof. We apply Theorem 1 (part(a)) showing that ¢(r) = 0.
Since W—1(] —o0,r[) = W] — oo,r]) it follows that for all (u,v) €
W] — o0, 7]

O, v) — inf———"-— &

. ’ W=1(]—00,r)),,
0< (p(r) _ inf (W=1(]—o00,r[)) <
(u,v)e¥—1(]—o0,r[) r—Y(u,v)

- O(u, v) — infg=a=Comp; @

r—Y(u,v)
Let ug(x) = &, vo(x) = no for all x € Q. Then Vuy =0, Vyg =0,

1 1
W (ug, v9) = —(/ k(X)ISoI"dX> + —(/ u(x)lnolqu> =
P Q q Q
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1 1
- —|so|"/ AG)dx + —|no|q/ L <r

whence (ug, vg) € ¥~1(] — o0, r[) € W~ 1(] — 00, r[)w. Moreover, for each
x € Q and for each (u, v) € ¥~1(] — oo, r[) since

1 » 1 g 1 » 1 q
— u@)” + —Z ) < —Fllullpo + —Zllvllqo <
pe qc, pC qc,

< : Dllall? + : Hvll? = 1|| 17 1|| 19 <
—c — vl = —lu —vll4 <r
pef gy ? i T g
one has (u(x), v(x)) € A®r); therefore G(u(x),v(x)) < G(&), ny) whence
a(x)G(u(x), v(x)) < a(x)G (o, no) whence

/Qa(X)G(u(X), v(x))dx SfQOt(X)G(Eo,no)dx

w

ie. —®(u, v) < —DP(ug, vo) forall (u, v) e V-1(] — oo, r[)

—Pug )= sup (—P(wv) = —__inf (B, v)).
\I”](]—Oo,r[)w W-1(]—o0,r[)

From W (ug, vy) < r it follows that

P(uo, vo) — ___inf _ (P(u, v)) = P(uo, vo) — P(uo, vo) =0
Wl (]—o0,r[)
whence ¢(r) = 0. O

Theorem 3. Assume that there are sequences {r,} in R™ with lim,_, .7, =
400, and {&,}, {n,} in R such that for all n € N, one has

1 1
—ISnI”/ Ax)dx + —Innlq/ u(x)dx < ry
p Q q Q

and

max G(&,n)=G(E,, n,).
e max ) (&ns M)

Finally assume that

lim su
(. n)—>£> [P [, A(x)dx + 0|7 [ pm(x)dx

G(&, 1) [ a(x)dx max(l 1>.
P 4

Then, Problem (P) admits an unbounded sequence of weak solutions in X .
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Proof. We apply Theorem 1 (part(b)). From the proof of Theorem 2, we know
that ¢(r,,) = O for all n € N. Then, since lim,_, o, 7, = 400, we have

y =liminfeo(r) =0<1=46.
r—+00

Now, observe that, by

lim sup —,
P q

G, ) [qa(x)dx o (LD
oo [E17 o A)dx 4+ |n]7 [ u(x)dx

we can choose T € R such that

lim sup GE. fQ () > T > max <l l)

Em—oo EIP [o AX)dx + |4 [ w(x)dx p'q

and a sequence {(0,, 0,)}peny in R2, with lim,_ o v/|0n|? + |0,|2 = 400 in
such a way that

G(,On,an)/a(X)dx > f(lpnl”/ )»(x)dx+lan|qf /L(X)dX)
Q Q Q

for all n € N. Denote by u,, the constant function on €2 taking the value p, and
by v, the constant function on 2 taking the value o,,. One has

lIJ(Mna Un) + CD(M,,, Un) = ‘IJ(,On, Un) + CD(,O,,, Un) =
1 1
= _lpnlp/ )»(x)dx + _lanlq/ /L(X)dx _/ F(x, Pns Un)dx =
p Q q Q Q
1 1
= —I,Onlp/ Ax)dx + —IUan/ p(x)dx —/ a(xX)G(py, 0p)dx =
p Q q Q Q

1 1
= —Ipnl”/ Ax)dx + —Ianlq/ w(x)dx — G(pn,an)/ a(x)dx <
P Q q Q Q

1 1
< / A(x)dx (— — T)I,Onlp-i-/ u(x)dx (— —r)lo*,,lq <0.
Q p Q q

Consequently, the functional & + W is unbounded below. At this point ,
Theorem 1 (part(b)) ensures that there exists a sequence {(u,, v,)} of critical
points of ® + W such that lim,_, , ¥(u,,v,) = +o0o. But, of course, ¥
is bounded on each bounded subset of X, and so the sequence {(u,, v,)} is
unbounded in X . This concludes the proof. U
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Theorem 4. Assume that there are sequences {r,} in Rt with lim,_, ., r, =0,
and {&,}, {n,} in R such that for all n € N, one has

1 1
—Iénl”/ A(x)dx + —Innlq/ u(x)dx < ry
p Q q Q

and

max G(&,n) = G, '
(&, meA(r,) (%‘ n) (En nn)

Finally assume that

lim sup ,
P q

G, ) [qa(x)dx o [L D
Em—00 &7 [o Ax)dx + nle [, p(x)dx :

Then, Problem (P) admits a sequence of non-zero weak solutions which strongly
converges to O0x in X.

Proof. After observing that infy ¥ = W(fx) = 0, from the proof of Theorem
2, we know that ¢(r,,) = O for all n € N. Then, since lim,_, o, 7, = 0, we have

= lim(i)gf(p(r) =0<1=8.

By

En—0.0 &P [o Mx)dx + 0|7 [ p(x)dx

there exist T € R such that

: G, ) [qa(x)dx 11
lim sup >7>max | —, —
€n—0.0) 1§17 [o x)dx + |n|? [, pn(x)dx »'q

lim sup GG.m fQ ax)dx > max ( L] )

and a sequence {(0,, 0,)}nen in R? \ {(0, 0)}, converging to zero such that

G(pn,an)/oz(X)dx > r(lpnl”/k(x)dxﬂonl‘]/ u(X)dx)
Q Q Q

for all n € N. If we denote by u,, the constant function on €2 taking the value p,
and by v, the constant function on €2 taking the value o,,, of course the sequence
{(u,, v,)} strongly converges to x in X, and one has

\IJ(L{n, Un) + q)(un, Un) = lIJ(p”, O-n) + q)(pn, Un) =
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1 » 1 g
= —|pul A(x)dx + —|oy,| pu(x)dx — F(x, pp, 0p)dx =
p Q q Q Q
1 p 1 q
= —|pul Ax)dx + —|oy| pu(x)dx — a(x)G(pp, 0,)dx =
p Q q Q Q

1 1
= —Ipnl”/ Ax)dx + —Ianlq/ pu(x)dx — G(pn,an)f a(x)dx <
p Q q Q Q

1 1
< / A(x)dx (— — r)l,o,,l” —I—/ u(x)dx(— — r>|0n|q <0
Q p Q q

for all n € N. Since ®(0y) + W(0x) = 0, this means that 9y is not a local
minimum of ®+W. Then, since Oy is the only global minimum of ¥, Theorem
1 (part(c)) ensures that there exists a sequence {(u,, v,)} of pairwise distinct
critical points of & 4+ W such that lim,,_, ., Y (u,, v,) = 0. So, a fortiori, one
has lim,,_, » || (#,, v,)|lx = 0, and the proof is complete. U

A more general consequence of theorem 3 is as follows.

Theorem 5. Let {¢,} and {8,} be two sequences in R™ satisfying

e
8, <&, ¥ neN, lim$,=+oo, lim — =400

n—oQ n—oQ n

Ay ={IEIP +Inl? <.} By ={I§I"+1Inl" =8,} sup G =<0

A, \B,
Finally assume that
. G(&, 1) [qax)dx 11
lim sup > max ,— 1.
(e.m—o0 (€17 [o Mx)dx +[nl? fo m(x)dx P9

Then, Problem (P) admits an unbounded sequence of weak solutions in X .

Proof. From §, < ¢, it follows that B, € A,,. Let

N o
=min{ —, — ¢ >
Y pet gl

5 — max { fq )»(x)dx’ Jo m(x)dx ] o
p q
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Since )‘f— > 0 and lim,,_, o, %L = 400 we can suppose
n

Letr, = y’e,. We have {r,} in R" and lim,_, o, r, = +o00 and B, € B(r,) C
A(r,) € A,. Since G < 0in A, \ B, we have maxp, G = maxy, G, then
maxg G = max,,) G and so there is (§,, n,) € B, such that

max = G(&,, ny).
(& MEA,) Sn: 1T

Moreover

Jo Mx)dx Jo m(x)dx

& l” + a7 < 8" (€17 + [0a|T) < 88, < 1

and so the sequences {&,}, {n,} and {r, } have the properties required in theorem
3 from which the conclusion follows directly. ]

Likewise, applying Theorem 4, we get the following theorem:

Theorem 6. Let {¢,} and {38,} be two sequences in R™ satisfying

6, <€, V neN, Ilimeg,=0, lim — =400

n—00 n—o0 §,

Ay ={§1"+ Il =&} By ={l§I"+nl" =8,} sup G =0

A, \B,
Finally assume that
. G(&, 1) [ alx)dx 11
lim sup >max | —, — |.
Em—00) €17 [o A()dx + Il [ pu(x)dx P q

Then, Problem (P) admits a sequence of non-zero weak solutions which strongly
converges to 0y in X.
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3. Examples.
Here is an example of application of theorem 3

Example 1. Let N = 1, p = g = 2, » = 1, u = 1, Q =]0, 1],
fu,v) = Gyu(u, v) and g(u, v) = G,(u, v) where G : R* — R is the function
defined by setting

1
G(u,v) = 5[(u2 + v?)sin log(u® + v* + 1)]

Then for each o € CO(Q) with a(t) > 0 in Q and fol a(t)dt > 1 = m(), the
following problem

—u"+u=a@)f(u,v)

—v" 4+ v =at)g(u,v)

W) =u'(1)=0

v (0) =v'(1) =0.

admits an unbounded sequence of weak solutionsin X = H'(Q) x H'(RQ).

Proof. To prove this we apply Theorem 3. For each n € N put
a, = /e(2n—1)71 -1
by =+erm —1

2
1(b,

m==l—1.
2\ ¢

b, = c+/2r,.

Moreover, since p = g = 2 and ¢; = ¢, = ¢, we have

Hence

1 1 1 1
p q _ 2 2
- N —_ + —
S 617+ gl = 1 +
and

A(r,) =

1 1
= Rsuch that— &> + — n|* <7, } =
{(S,n)e suc a2C2I$| +2czln| _r}

= {(5, n) € R%such thaty/£2 4+ 2 < C\/E}
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Observe that if a, < 1/|§|> + |n|?> < b,, then
2n — Dr <log(I&]* + In> + 1) < 2an,

and so |
G(&.n) = 3[& + )sinloge” +n° + )] < 0.

Consequently, since G(0, 0) = 0, we have

max G(,n)= max G(&,n).

Ve, Ve,
Therefore we can fix (§,, n,), with \/£2 + n2 < a,, such that

G mp) = max  G(E,n).
£24n2<b,

From [3] it follows that ¢ < /2. Then, since ¢~D* — 1 < 2r,, we have
0<&+n><a’=e> D" -1 <2r,, whence 0 < &2 + n? < 2r,, therefore

i+ _
2

Tn.
Moreover lim,,_, o, ¥, = 400 and finally

1
a(t)dt G(&,

lim sup fo (z (52 ) =

(&)= 00 &%+ Inl

_ limsup Jo a()dt $[(E* + nsinlog(® + 1* + 1)]
(Em)—o00 €12 + Inl?

. 1 ! . 2 2
= lim sup —f a(t)dt [sinlog(€” +n° + 1)] =
0

&, m)—>o00

1! 1! 1
= —/ o(t)dt lim sup sin log(g2 + 172 +1)= —/ a(t)dt > =.
2 0 2 0 2

&, m)—o00

Here is an example of application of theorem 4 :
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Example 2. Let N = 1, p = g = 2, » = 1, u = 1, Q =]0,1],
fu,v) = G,(u,v) and g(u, v) = G,(u, v) where G : R> — R is the function
defined by setting

_ | 3% + nHcos log 1 if (€, 1) # (0,0)
G(S’")_{é if €. = (0. 0).

Then for each o € CO(Q) with a(t) > 0 in Q and fol a(®)dt > 1 = m(Q), the
following problem

—u”" +u=a(t)f(u,v)

—v" 4+ v =a)g(u,v)

u'0)=u'(1)=0

V(0)=v(1)=0
admits a sequence of nonzero weak solutions which strongly converges to Oy in
X =H'(Q) x H(Q).

Proof. To prove this, we apply Theorem 4. Put

for each n € N. Hence b, = c+/2r,. Again we have
Alr,) = {(g, n) € R? such that v/E2 + 12 < ¢ 2r,,}.

Observe that if @, < /&% + n? < b,, then G(&, n) < 0. Consequently, since
G(0,0) =0, we have

max GE,n)= max G(E,n)

A §2+n*<a, A/ §2+n*<b,
Therefore we can fix (&,, n,), with \/£§? + n2 < a,, such that

G(Sna nn) = max G(S, 77)-
£24n%<b,
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Observe that ¢ < /2. Then, since /€2 + 12 < a,, from e” > 2 and

=t L L 1 1 L 1 1
- 2 o5t = D 542w e 5 tanm e +anmw "
it follows that E.

W) = 2 <1

Moreover lim,,_, o, , = 0 and finally

lim sup

G(&, n) Jy a(t)di L& + n*)coslog =i [ a(t)dt B

= limsup

(.1 (0.0) £2+1n? (&.11)—(0,0) £2+1n?

1 ! 1
= —/ a(t)dt > —. O
2 Jo 2
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