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ON CLASSICAL n-ABSORBING SUBMODULES

R. NIKANDISH - M. J. NIKMEHR - A. YASSINE

In this paper, we introduce the notion of classical n-absorbing sub-
modules of a module M over a commutative ring R with identity, which
is a generalization of classical prime submodules. A proper submodule
N of M is said to be classical n-absorbing if whenever aja; - --a,+1m € N
for aj,az,...,a,+1 € R and m € M, then there are n of the a;’s whose
product with m is in N. We give some basic results concerning classical
n-absorbing submodules. Then the classical n-absorbing avoidance theo-
rem for submodules is proved. Finally, classical n-absorbing submodules
in several classes of modules are studied.

1. Introduction

We assume throughout this paper that all rings are commutative with identity.
The notion of prime ideals has been generalized and studied in several direc-
tions. For instance, in 2007, Badawi introduced the notion of 2-absorbing ideals
[7]. Let R be a ring. A nonzero proper ideal I of R is called a 2-absorbing
ideal if whenever a,b,c € R and abc € I, then ab € [ or ac € I or bc € I. Later,
in 2011, Anderson and Badawi generalized this concept to n-absorbing ideals
for some integer n [4], that is an ideal / of R is said to be n-absorbing ideal if
whenever ajay - --a,1 € I for ay,as,...,a,+1 € R, then there are n of the g;’s
whose product is in N. In [11], n-absorbing ideals were extended by Yousefian
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Darani and Soheilnia to n-absorbing submodules and studied later by Dubey
and Aggarwal in [12]. Let M be an R-module and N a proper submodule of M.
Then N is called n-absorbing submodule of M if whenever aja; - --a,m € N for
ai,as,...,a, € R and m € M, then there are n — 1 of the a;’s whose product with
misinNorajay---a, € (N:g M)={a € R:aM C N}. A proper submodule N
of M is said to be a prime (p-primary) submodule, if whenever am € N fora € R
and m € M, then either m € N ora € (N :g M) (a € \/(N :g M) = p). Classi-
cal prime submodule which is a generalization of prime submodule was studied
by Behboodi in [8, 9]. A proper submodule N of M is called a classical prime
submodule, if whenever abm € N for a,b € R and m € M, then either am € N or
bmeN.

In this paper, we extend the notion of n-absorbing ideal to classical n-
absorbing submodule which is a generalization of classical prime submodule of
an R-module M. A proper submodule N of M is said to be classical n-absorbing
if whenever aya, - --a,+1m € N for ay,ay,...,a,11 € R and m € M, then there
are n of the a;’s whose product with m is in N. We will transfer some results
parallel to n-absorbing ideals in commutative ring introduced in [4].

In Section 2, we introduce the notion of classical n-absorbing submodules
(see Definition 2.1) and we give some of their basic properties. For example,
in Theorem 2.6, we characterize classical n-absorbing submodules in um-rings.
In Theorem 2.12, it is shown that if M is Noetherian, then M contains a finite
number of minimal classical n-absorbing submodules. In Theorem 2.14 classi-
cal n-absorbing submodules of a finite direct product of modules are studied. In
Section 3, we continue the study of properties of classical n-absorbing submod-
ules. We show that in Theorem 3.1 if N is a classical n-absorbing submodule of
M, then (N :g M) should be n-absorbing ideal of R, and then we prove by us-
ing the technique of efficient covering of submodules the classical n-absorbing
avoidance theorem and an application of it (Theorem 3.6) is given. In the final
section, we study classical n-absorbing submodules in various classes of mod-
ules over commutative rings. Most of the results discussed in [4] which are
related to n-absorbing ideals have an extension to modules, we develop them in
this section for classical n-absorbing submodules. For instance, in Lemma 4.1
it is shown that if / is an n-absorbing ideal of R such that R is a valuation ring,
and M is a faithful multiplication R-module, then /M is a classical n-absorbing
submodule of M. If M is a finitely generated faithful multiplication module over
the valuation Noetherian integral domain R and N a submodule of M, then M
is a Dedekind module if and only if for every classical n-absorbing submodule
N of M, we have N = N; ---N,, where N;’s are maximal submodules of M and
1 <m < n (Theorem 4.2). We close this paper by discussing on the relationship
between primary submodules and classical n-absorbing submodules (Theorem
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4.5).

Now we define some concepts that will be used in this paper. Let M be
an R-module, N a submodule of M, S the set of non-zero divisors of R and
let T ={t € S:tm =0 for some m € M implies m = 0} be a multiplicatively
closed subset of S. Then M is said to be multiplication module if for every
submodule N of M there exists an ideal / of R such that N = IM. We can see by
[1] that N = (N :g M)M. The product of two submodules N = IM and K = JM
of a multiplication module M denoted by NK is defined by NK = I/M where
I,J are ideals of R. The submodule N is called invertible if N~'N = M where
N~!' = {x € Ry : xN C M}. Dedekind modules were introduced by Naoum
and Al-Alwan in [16]. The module M is called Dedekind, if every non-zero
submodule of M is invertible, but if every non-zero finitely generated submodule
of M is invertible, then M is called Priifer module. An R module M is said to
be valuation if for any submodules N and K of M, either N C K or K C N [15].
An R module M is said to be Bézout if every finitely generated submodule of
M is a principal submodule [2]. If P is a maximal submodule of M, then M is
called P-cyclic if there exists x € P and m € M such that (1 —x)M C Rm [1]. For
any undefined notation or terminology in commutative ring theory, we refer the
reader to [4, 17, 18].

2. Classical n-Absorbing Submodules

In this section, the notion of classical n-absorbing submodules is introduced and
some of their basic properties are given.

Definition 2.1. Let M be an R-module and N be a proper submodule of M. Then
N is called classical n-absorbing submodule if whenever aja; - - -a,+1m € N for
ai,az,...,an+1 € R and m € M, then there are n of the a;’s whose product with
misin N.

It is easy to see that every n-absorbing submodule is classical n-absorbing
but the converse need not be true. Consider the Z-module M = Z,, D Z,, D - --
P Z,,PQ where p;’s are distinct primes and take the zero submodule N of
M. It is easy to see that NV is classical n-absorbing submodule of M, but since
pip2---pa(1,1,...,1,0) € N and if p; = pip2-+-pi—1Pi+1..-Pn for every i €
{1,...,n}, then we can easily see that p;(1,1,...,1,0) ¢ N forevery i € {1,...,
n} and pipa...pa(1,1,...,1) ¢ N. Thus N is not an n-absorbing submodule
of M. We can see that there is a module which has no classical n-absorbing
submodule. Consider the Z-module M = Q/Z and take a submodule E(p) =
{a € Q/Z: o= 5 +Z for some r € Z and n € No} of M where p is a fixed
prime number (see [17, Example 7.10]). Each proper submodule of E(p) is
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equal to Gy = {a € Q/Z: o0 = 7 +Z for some r € Z} for some ¢ € No. It is
easy to see that G, is not classical n-absorbing submodule of M for each r € Ny,
since p"*! (# +7Z)= i +Z € G, and p”(ﬁ +Z) = # +Z ¢ G, hence
M has no classical n-absorbing submodule.

Proposition 2.2. Let N be a submodule of the R-module M and let N, = (N :y
r)={m &M :rm € N}, for every r € R. Then the following statements hold.
(1) If M is a cyclic R-module, then N is a classical n-absorbing submodule
of M if and only if (N :g M) is an n-absorbing ideal of R.
(2) If N is a classical n-absorbing submodule of M, then N, is a classical
n-absorbing submodule of M containing N for all r € R\ (N :g M).

Proof. (1) =) Let M be a cyclic multiplication R-module and N be a classical n-
absorbing submodule of M. Then M = Rm for some m € M. Letay,...,a,+1 €R
such that a; ---a,+1 € (N :g M) and suppose that a; = ajaz---a;— 1411 Ayt
foreachie€ {1,...,n+1}. If G;a,.1m ¢ N foreachi € {1,...,n}, thena; - --a,m
€ N, since N is a classical n-absorbing submodule of M. Therefore (N :g M) is
an n-absorbing ideal of R.

<) Let (N :g M) be an n-absorbing ideal of R and ay,...,a,.; € R be such
thata; ---a,+1x € N for some x € M. Since M = Rm, we deduce that x = rm, for
some r € R. Therefore a; ---a,+1rm € N. This implies that a; - --a,(a,+17) €
(N :g M). Since (N :g M) is n-absorbing ideal, either a;---a, € (N :g M) or
aian+1r € (N :g M) for some i € {1,...,n}, which implies that either a; - - - a,x €
N or aja,+1x € N, for some i € {1,...,n}. Therefore N is an n-absorbing sub-
module.

(2) Letay,...,an+1 € Rbesuch thata; ---a,+1m € (N :p r) for some m € M
and r € R\ (N :g M), and suppose that a; = ajaz---a;_1ai41---an+1 for each
ie{l,...,n+1}. Thenay---a,+i(rm) € N. Since N is a classical n-absorbing
submodule, we conclude that a;(rm) € N, for some i € {1,...,n+ 1}, and so
a;m € N,. Thus N, is a classical n-absorbing submodule of M. O

We show that if (N :g M) is an n-absorbing ideal of R, then N need not be
a classical n-absorbing submodule of M. Consider the Z-module M = Z X Z
and the submodule N = {0} x 24Z of M. It is easily seen that (N :x M) = {0}
is a 3-absorbing ideal of Z, but N is not a classical 3-absorbing submodule, as
2:2:2-3-(0,1) e Nbut8-(0,1) ¢ Nand 12-(0,1) ¢ N.
The next result investigates contraction and extension of classical n-absorbing
submodule under an R-homomorphism.

Proposition 2.3. Let M and K be R-modules, N a submodule of M and f : M —
K an R-homomorphism. Then the following statements hold.

(1) If N is a classical n-absorbing submodule of K, then f~'(N) is a classi-
cal n-absorbing submodule of M.
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(2) Let L be a submodule of M and f be an epimorphism such that ker(f) C
L. If L is classical n-absorbing, then f(L) is a classical n-absorbing submodule
of K.

Proof. (1) Letay,...,a,+1 € Rand a; = ayay---aj_1a;y1 - ay4+ forevery i €
{1,...,n+1} and let m € M such that a;---a,.ym € f~'(N). Since f is R-
homomorphism, we have f(a; ...a,+1m)=ay ...ap+1 f(m) € N. But N is a clas-
sical n-absorbing submodule of K and so a;f(m) € N, for some j € {1,...,n+
1}. Thus aym € f~1(N), for some j € {1,...,n+1}. Hence f~(N) is a classi-
cal n-absorbing submodule of M.

(2) Let L be a classical classical n-absorbing submodule of M and a; ...
ant1k € f(L) for some ay,...,a,+1 € R and k € K. Then there exists / € L such
that a; ...an4+1k = f(I), and m € M such that f(m) =k, as f is an epimorphism
and k € K. This implies that f(a;...a,+1m) = f(l), and so ay...a,.ym—1 €
ker(f) C L. Since L is classical n-absorbing, we conclude that ijm € L, for some
j€{l,...,n+1}. Therefore a;f(m) =ajk € f(L), for some j € {1,...,n+1}.
Thus f(L) is a classical n-absorbing submodule of K. O

Proposition 2.4. Let N be a submodule of the R-module M and S be a multi-
plicatively closed subset of R. If N is a classical n-absorbing submodule of M,
then S~'N is a classical n-absorbing submodule of S™'M.

Proof. Let {t--- {#L 4 € SN such that o €S 'Rforeveryic {1,....,n+1}

Sn+1 8

and T € S~'M. Then there exists a € N and x € S such that ?—:?:—L‘% =%
andsoay...app1xym=sj...S,+18ya € N for some y € S. Since N is classical n-
absorbing, ajxym = ajay---aj_1aj11 ...anp1xym € N for some j € {1,...,n+
1}. Therefore f—]‘i’—::%%% = (f—:%%%%)% cSIN.

Thus S™'N is a classical n-absorbing submodule of S~'M. O

Theorem 2.5. Let N be a proper submodule of the R-module M. Then the
following statements are equivalent:

(1) N is a classical n-absorbing submodule of M.

(2) (N:ppay--ane1) = (N:pypa))U(N iy az)U---U(N iy Gyr1) whenever
ai,...,an41 € R such that a; = ajay -+~ a;— 11 -+~ any foreachi € {1,...,n+
1}.

(3) (N:gajay---aym) = (N:gaym)U(N :g aym)U---U(N :g a,m) whenever
ai,...,an € R and m € M such that aya - --a,m ¢ N.

Proof. (1) = (2) Assume that N is a classical n-absorbing submodule of M. Let
ai,...,an41 € Rsuch that a; = ajap---a;—1a;41 -+~ any) foreachi € {1,...,n+
1} andletme (N:pay---any1). Thenay---a,ym € N. Since N is a classical n-
absorbing submodule, we get a;m € N for some i € {1,...,n+ 1}. This means
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that m € (N iy ay) U(N iy az)U--U (N 2p dpy1). Thus (N iy ay---ane1) =
(NiMc/Z\l)U<NZMé\2>U---U(N:Mcm).

(2) = (3)Letx € (N :p ay - --aym) for some x € R and m € M. Then we have
ay---apxm € N. Since N is a classical n-absorbing submodule and aya; - - - a,m ¢
N, we infer ajxm € N for some i € {1,...,n} where a; = ajay---a;—1aiy1 - - ap.
This means that x € (N :py aym) U (N :pp aym)U---U (N :p aym). Thus (N g
ayay---aym) = (N g aym)U (N :g azm)U---U (N g a,m).

(3) = (1) It is clear. ]

um-ring was defined in [10] by Quartararo and Butts. A um-ring is a ring R
with the property that an R-module which is equal to a finite union of submod-
ules must be equal to one of them.

Theorem 2.6. Let R be a um-ring, M an R-module and N be a proper submodule
of M. Then the following statements are equivalent:

(1) N is a classical n-absorbing submodule of M.

(2) (N :yay--ane1) = (N :y @), for some i € {1,...,n+ 1} whenever
ai,...,aps1 € R such thataAj =ajay---aj_1ajy| - apy1 foreach j € {1,...,n+
1}

3) (N:garaz---aym) = (N g aim), for somei € {1,...,n} wheneveray,...,
a, € R and m € M such that ayay - - - a,m ¢ N.

(4) For every ay,...,a, € R and m € M and every ideal I of R such that
ay---ayIm C N, either ay ---aym € N or a;Im C N, for some i € {1,...,n}.

(5) (N:gay---ay—1Im)=(N:gaj---ay_ym)or (N :gaj---ay,—1Im) = (N g
a;Im) for some i € {1,...,n— 1} whenever ay,...,a,—1 € R and m € M such
that ayas - - - a,—1Im g N.

(6) For every a € R and every ideals I, 1o, . ..,1, of R and m € M such that
alil---I,m C N, we have either |1 ---I,m C N or n— 1 of the I;’s whose prod-
uct with am is in N.

(7) For every ideals I, 11, . . .,1I, of R and m € M such that I I ---I,m §Z N,
we have (N g I ---Im) = (N :g m), for some i € {1,...,n} such that I; =
Lhb---1j_(ljyy -1, foreach j € {1,...,n}.

(8) Foreveryideals J 1,1, ...,I, of Rand m € M such that | I, - - - I,Jm C N,
either n — 1 of the I;’s whose product with Jm is in N or I} I - - - I,m C N.

(9) For everym € M\ N, (N :g m) is a strongly n-absorbing ideal of R.

Proof. (1) = (2) = (3) = (4) The results follow from Theorem 2.5, as R is a
um-ring.

4) = (5) = (6) = (7) = (8) The proofs are similar to that of the Theorem
2.5.

(8) = (1) It is obvious.

(8) & (9) It follows from [4, p. 1668]. ]
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Corollary 2.7. Let I be a proper ideal of the um-ring R. Then the following
statements hold:

(1) By taking the ring R as an R-module, the submodule gl of R is a classical
n-absorbing submodule if and only if I is a strongly n-absorbing ideal of R.

(2) For every R-module M, every proper submodule N of M is classical n-
absorbing if and only if every proper ideal of R is strongly n-absorbing ideal.

(3) Let M be an R-module and N a classical n-absorbing submodule of M.
Suppose that m € M\ N. Then for every x € \/(N :g m) such that X"~' ¢ (N g
m), (N :g X""'m) is a prime ideal of R containing every minimal prime ideal
over \/(N :gm). Furthermore, if (N :g m) is a P-primary ideal and n is the
least positive integer such that X" € (N :g m), then (N :g X*~'m) = P.

Proof. (1) First, suppose that g/ is a classical n-absorbing submodule of R. It
is easy to see that (g :g 1) = grI. Hence by Theorem 2.6, I is a strongly n-
absorbing ideal of R. Conversely, gl is a classical n-absorbing submodule of
R, since every strongly n-absorbing ideal of R is also an n-absorbing ideal of R
and it is easy to see that every n-absorbing submodule is a classical n-absorbing
submodule of R.
(2) By taking the ring R as an R-module, by part (1), every proper ideal
of R is strongly n-absorbing. Conversely, assume that every proper ideal of R
is strongly n-absorbing and let N be a proper submodule of an R-module M.
Hence by Theorem 2.6, N is a classical n-absorbing submodule, as (N :g m) is a
proper ideal of R, for every m € M. Thus it is a strongly n-absorbing ideal of R.
(3) It follows from Theorem 2.6, [4, Corollary 3.6] and [4, Corollary 3.7].
O

Recall that an R-module M is said to be multiplication module if every sub-
module N of M has the form IM for some ideal I of R (see [1]). In the fol-
lowing we characterize modules that their classical n-absorbing submodules are
n-absorbing.

Corollary 2.8. Let M be a cyclic multiplication R-module such that R is a um-
ring and let N be a submodule of M. Then the following conditions are equiva-
lent:

(1) N is classical n-absorbing.

(2) For every submodules N1,N, ... ,N,12 of M such that N\N; - - - Ny.0 C N,
we have n of the Ny, . ..,N, 1 whose product with N, is in N.

(3) For every submodules N1,N,...,N,+1 of M such that N\N; - --N,,.1 CN,
we have n of N;’s whose product is in N.

(4) N is n-absorbing.

(5) (N :g M) is an n-absorbing ideal of R.
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Proof. (1) = (2) This follows directly from Theorem 2.6.

(2) = (3) Itis clear.

(3) = (4) Suppose that M = (m), for some m € M. Let I,,,1, be ideals of
R such that I}l ---I,m € N. Set N; := I;M, for every i € {1,...,n} . Now, the
result follows from Part (3).

(4) < (5) By [11, Proposition 2].

(4) = (1) It is straightforward. ]

Theorem 2.9. Let N be a submodule of the R-module M such that R is a um-
ring. Then the following statements hold:

(D) If N is a classical n-absorbing submodule of M and F is a flat R-module
such that F Q@ N # F @ M, then F ® N is a classical n-absorbing submodule of
FoM.

(2) Let F be a faithfully flat R-module. Then N is a classical n-absorbing
submodule of M if and only if F @ N is a classical n-absorbing submodule of
FeM.

Proof. (1) Let N be a classical n-absorbing submodule of M and a,ay, ... ,a,+1
€ R. By Theorem 2.6, (N :py a; - ant+1) = (N :p a;), forsome i € {1,...,n+1}
suchthata; =ajas---aj_1a41 - - a4 foreach je {1,...,n+1}. Therefore by

[5, Lemma 3.2], (FQN ipepm a1 ant1) =FQ(N:yar-an1) =FQ (N 1y
a;) = (F®N :peum G;), and so, by Theorem 2.6, F @ N is a classical n-absorbing
submodule of F ® M.

(2) Suppose that N is a classical n-absorbing submodule of M. If FQN =

F ® M, then we have the exact sequence 0 — F QN S FoM — 0, and so

0—N é) M — 0 is exact, since F is a faithfully flat module. Hence N = M,
a contradiction. This implies that F ® N # F ® M. Consequently, F ® N is a
classical n-absorbing submodule of M, by Part (1). Now let F ® N be a classical
n-absorbing submodule of M. Then F ® N # F @ M and so N % M. We show that
N is a classical n-absorbing submodule. Let ay,ay,...,a,+1 € R. Since F @ N
is a classical n-absorbing submodule, by Theorem 2.6, (F QN :ay---apy1) =
(F®N : a;), for some i € {1,...,n+ 1} where a; as above. Therefore by [5,
Lemma 3.2], F ® (N mah - 'an+1) = (F QN :Fepmay - -an+1) = (F QN Fem
a;) = F® (N :y a;). Hence the sequence 0 — F @ (N iy ag -+ dpt1) S F
(N :p a;j) — 0 is exact. Since F is a faithfully flat module, 0 — (N : ab) N
(N : a;) — 0 is also an exact sequence which implies that (N 1y ;) = (N i
ay---ays) forsome i € {1,...,n+ 1}. Thus by Theorem 2.6, N is a classical
n-absorbing submodule of M. O

In light of Theorem 2.9, we state the following corollary.
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Corollary 2.10. Let R be a um-ring, M an R-module and let X be an indetermi-
nate. If N is a classical n-absorbing submodule of M, then N[X]| is a classical
n-absorbing submodule of M[X].

Proof. Let N be a classical n-absorbing submodule of M. Then by Theorem 2.9,
N[X] ~R[X]®N is a classical n-absorbing submodule of M[X] ~ R[X|® M, as
R[X] is a flat R-module. O

For a classical n-absorbing submodule N of an R-module M, we say that N
is minimal, if for any classical n-absorbing submodule K of M such that K C N,
we have K = N.

Proposition 2.11. Let {N; :i € I} be a chain of classical n-absorbing submod-
ules of the R-module M. Then (\;c;N; is a classical n-absorbing submodule of
M. In particular, every classical n-absorbing submodule N of M contains a
minimal classical n-absorbing submodule of M.

Proof. Letay,...,ap+1 € Rand a; =ajay---a;_1a;+1---a, foreveryi € {1,...,
n} and let m € M such that a;---a,1m € Ny N;. Suppose that a;a,.1m ¢
NicsNi for every i € {1,...,n}. Therefore, one may assume that @;a,+1m ¢ N,
forevery i € {1,...,n}, and so gja,.1m ¢ N;, for every submodule N; C N; and
foreachi € {1,...,n}. Hence, for every submodule N, such that N; C " N; we
getay---a,m € N;. Thus a; ---a,m € (;¢; N;. For the“in particular” statement,
let N be a classical n-absorbing submodule of M and let

® = {L: Lis a classical n-absorbing submodule of M and L C N}.

We show that N contains a minimal classical n-absorbing submodule of M. Let
{N; :i €I} be a chain in @. It therefore follows from the above discussion that
Nicr Vi is a classical n-absorbing submodule of M that is contained in N, and so
itis in @. Hence, by Zorn’s Lemma, ® has at least one minimal element which
is clearly a minimal classical n-absorbing submodule of M. Thus, N contains
a minimal classical n-absorbing submodule of M. Therefore, every classical n-
absorbing submodule of M contains a minimal classical n-absorbing submodule
of M. O

Next we show that every Noetherian module contains finitely many minimal
classical n-absorbing submodules.

Theorem 2.12. Let M be a Noetherian R-module. Then M contains a finite
number of minimal classical n-absorbing submodules.

Proof. Let M be a Noetherian R-module containing infinitely many minimal
classical n-absorbing submodules. Let
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® = {N: N is a submodule of M such that the module M /N has an infinite
number of minimal classical n-absorbing submodules}.

Clearly, ® # 0 (0 € ®). It follows from the maximal condition that ® has a
maximal member K with respect to inclusion, as M is a Noetherian R-module.
If K is n-absorbing, then 0y is n-absorbing and so M/K has a finite number
of minimal classical n-absorbing submodules, a contradiction. Hence, K is not
a classical n-absorbing submodule. Thus, there exist ideals /1,15, ...,I,+1 in R
andm € M suchthat 1, ---I,, i mCK, and Im ¢ K) foreveryic {1,...,n+1}
such that IAJ =hLbL---1j_1ljy-- Iy for each j e {1,...,n+1}. Since K is
maximal in ®, K 4+ Im ¢ ©, and so M /(K + Im) has a finitely minimal classical
n-absorbing submodules, for every i € {1,...,n+1}. If L/K is a minimal clas-
sical n-absorbing submodule of M /K, then I, - --I,.-ym C K C L. This implies
that m C L for some i € {1,...,n+ 1}. Therefore L/(K + I;m) is a minimal
classical n-absorbing submodule of M /(K + Im) for some i € {1,...,n+ 1}.
Hence, there are finite number of possibilities for the submodule L. This implies
that M/K has a finite number of minimal classical n-absorbing submodules, a
contradiction. O

In the following theorem, we determine the classical n-absorbing submod-
ules in the R-module M where R = R| X Ry X --- X Ry is decomposable, M =
My X My X -+ x My and M; is an R;-module for every i € {1,...,k}. First we
need the following lemma.

Lemma 2.13. Let M be an R-module and N; be a classical n;-absorbing sub-
module of M for everyi € {1,...,k}. Then the intersection of N;’s is a classical
n-absorbing submodule of M where n = Zle n;. In particular, the intersection
of n classical prime submodules of M is a classical n-absorbing submodule of
M.

Proof. Letay,...,ay,11 €R, a; = ajay---a_1ai+1---a, forevery i € {1,...,n}
and letm € M such thata - --a,+1m € N =N;N---NNi. Suppose that a;a,1m ¢
N for each i € {1,...,n}. Then one may assume that a;a,m ¢ N; for every
i€ {l,...,k}, and for every j € {k+1,...,n} @iy an1m ¢ N; for some i €
{1,...,k}. Since every N; is a classical n;-absorbing submodule, a;a; - --a,m €
N; for every i € {1,...,n}. Thus N is a classical n-absorbing submodule of M.
The“In particular” statement is clear. O

Theorem 2.14. Let M = My X My X --- X My be an R-module where R = R; x
Ry X -+ X Ry is a decomposable ring and 1 < k < oo such that for every i €
{1,...,k} M; is an R;-module and let N be a proper submodule of M. If N =
Ni X Ny X -+ X Ny is a classical n-absorbing submodule of M, then either N; is a
classical n-absorbing submodule of M; for everyi € I C{1,...,k} and N;=M,;
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foreveryi€{1,2,....,k}\ I, or N; is a classical (n— 1)-absorbing submodule
of M; for every i € {1,...,k}. In fact, the converse is true if whenever N; is a
classical n;-absorbing of M; fori € 1 C{1,...,k} and ¥ ;c;n; = n.

Proof. Let N =N| X Ny X --- X N be a classical n-absorbing submodule of M.
We use induction on k. In case k = 2, if N, = M, then N| # M, as N is proper.
By considering the module M’ = {O}MW’ it is easy to see that N = {O}NW isa
classical n-absorbing submodule of M’, M’ = M, and N’ = Ny, and so N; is a
classical n-absorbing submodule of M. Now, if N| # M, and N, # M,, then
there exists x € M \ N». Letay,...,a, € Ry and @; = ajay---a;—1a;+1 - - - a, for
every i € {1,...,n} and let m € M such that a; - --a,m € N,. Hence

(ai,1)(az,1)---(an,1)(1,0)(m,x) = (a; - --a,m,0) € N = Ny X Ny.

Since N is a classical n-absorbing submodule and x ¢ Ny, (a;,1)(1,0)(m,x) =
(aym,0) € N for some i € {1,...,n}. Hence a;m € N; for some i € {1,...,n}.
Thus N is a classical (n — 1)-absorbing submodule of M; . Similarly one
may show that N, is a classical (n — 1)-absorbing submodule of M,. Con-
versely, suppose that N = N; x M,. It is easy to see that N is a classical n-
absorbing submodule of M if N is either classical (n — 1)-absorbing submod-
ule or classical n-absorbing submodule of M;. Suppose that N = N; X N,
for some classical nj-absorbing submodule N; and classical ny-absorbing sub-
module N, of M; and M;, respectively, where n; +n, = n. By Lemma 2.13,
(N1 x M) N (M) X N;) = Ny x N, = N is a classical n-absorbing submodule of
M.

We now turn to the inductive step. Assume, inductively, that the results have
been proved for smaller values of k. We have shown that if N = (N} X N X - -+ X
Nj—1) X Ny is a classical n-absorbing submodule of M, then either Ny is a classi-
cal n-absorbing submodule of M and N; = M forevery j € {1,2,...,k—1}, or
Ny =M and L =N; X Ny X --- X Ni_1 is a classical n-absorbing submodule of
My XMy X -+ X My_1, or N =L X N, where L, Ny are classical (n— 1)-absorbing
submodules. Suppose that L is a classical n-absorbing submodule. Apply the
inductive assumption to L to see that either N;’s are classical (n — 1)-absorbing
submodules or V; is a classical n-absorbing submodule of M; for every i € I
where I C {1,2,...,k— 1} and N; = M; for every i € {1,2,....,k—1}\1. In
fact, the converse statement, that is, if N; is a classical n;-absorbing of M; for
i€l C{l,...,k} and Y ;c;n; = n, then N is a classical n-absorbing submodule
of M, is true since

(Ny XMy X -« X M) N (My X Ny X M3 X -+« X M) N+ N (M) X -+ X My X
Nk)gf\h XNy X -+ XN =N.
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Hence the result follows immediately from Lemma 2.13 and this completes the
inductive step. O

3. Properties of Classical n-Absorbing Submodules and Classical
n-Absorbing Avoidance Theorem

In this section, we prove the classical n-absorbing avoidance theorem for sub-
modules.

In [11, Conjecture 1] the authors gave the following conjecture: Let R be a
commutative ring and let M be an R-module. If N is an n-absorbing submodule
of M, then (N :g M) is an n-absorbing ideal of R. In the following theorem we
prove this conjecture for a classical n-absorbing submodule.

Theorem 3.1. If N is a classical n-absorbing submodule of an R-module M,
then (N :g M) is an n-absorbing ideal of R.

Proof. Letay,...,any1 €R,a; =ajay---aj—1aiy1 - an41, forevery i € {1,...,
n+ 1} and suppose that a;---a,+1 € (N :g M). We show that (N :g M) is an
n-absorbing ideal of R. Foreachi € {1,...,n+ 1}, set

Ai={meM:ameN}tandB;={meM:am¢N}.

It is easy to see that the sets A;’s,B;’s are submodules of M and M = A; UB;
for every i € {1,..., n+1}. Hence either M C A; or M C B; for every i €
{1,...,n+1}, and so, either M = A; or M = B; for forevery i € {1,...,n+1}. If
M =A;forsomei€ {l,...,n+1}, then we are done. Hence assume that M = B;
for every i € {1,...,n+ 1}. Since N is a classical n-absorbing submodule of
M and a;---a,.1ym € N for every m € M, we must have a;m € N for some
i €{l,...,n+ 1}, which is a contradiction, since M = U?Ll B;. Hence M = A;,
forsome i € {1,...,n+1}. Thus (N :g M) is an n-absorbing ideal of R. O

Corollary 3.2. Let K,N be submodules of the R-module M, a,...,a,+1 €
R a;=ayay---aj—1ai+) - anyy, for every i € {1,...,n+ 1} and suppose that
ay---an 1K CN. IfN is a classical n-absorbing submodule of M, then a;K C N,
forsomeie{l,....n+1}.

Proof. The proof is similar to that of Theorem 3.1. O

Remark 3.3. Let R be a um-ring and N be a classical n-absorbing submodule
of an R-module M. By Theorem 2.6 and Corollary 3.2, for every submodule K
of M that is not contained in N, (N :g K) is an n-absorbing ideal of R. Hence,
it follows from Corollary 2.7 (1) that every n-absorbing ideal of R is a strongly
n-absorbing ideal of R, and this gives an affirmative answer to conjecture one in
[6, page 41], when R is um-ring.
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Theorem 3.4. Let M be an R-module and N be a classical n-absorbing submod-
ule of M such that (N :g M) # /(N :g M). Then N1 = (N :y ¥ 1) is a classi-
cal (n—t+ 1)-absorbing submodule of M whenever r € \/(N :(g M)\ (N :r M)
and t is the smallest positive integer in which r' € (N :g M). In particular,
N1 = (N :p ¥ Y) is a classical prime submodule of M whenever r'* € (N :g M)
and "' ¢ (N (g M).

Proof. Let N be a classical n-absorbing submodule of M, ay,...,a,—112 € R
and a; = ajay -+ a;—1Qj+1 -+ ap—y4o forevery i € {1,...,n—t+2} and let m €
M such that a;---a, ;4 om € N.—i. Then r'~la;---a, ,;om € N. Since N is
a classical n-absorbing submodule, we have either ¥~ !a;m € N for some i €
{1,...,n—t+2}orr2ay;---a,_,1om € N. The desired result is clear if ¥ ~'a;m
€ N for some i € {1,...,n—t+2}. Assume that ¥~ 'am ¢ N for every i €
{1,...,n—t+2}and ¥~%a---a, ;1 om € N. This means that r* 2a;---a, ;1
(@n—s+2+r)m € N, and since N is a classical n-absorbing submodule, we get

’J_Zal Crlp—r+1 (an7t+2 + r)m =
(F2ay-an_iy1a0_110m)+ (P lay---a,_ym) €N.

Therefore, ¥~ 'a; ---a,_,.1m € N, which is a contradiction. Hence ~'am €
N for some i € {1,...,n—t+2} and thus N.1 = (N ;y ¥~ !) is a classical
(n —1t+ 1)-absorbing submodule of M.

The “in particular” statement is easily proved as above (case t = n). O

Lemma 3.5. Let N C N{UN,U---UN,(n > 2) be an efficient covering by sub-
modules of the R-module M with the property that whenever N; is classical n -
absorbing, then there exists r € R such that r''i € (N; :;g M), i1 ¢ (Nj :g M)
and (N; ;g M) & ((Nj :py 7Y) :g m) for every m € M\ N; and i # j. Then no
Nj is a classical n-absorbing submodule for j € {1,...,n}.

Proof. Suppose that N; is a classical n-absorbing submodule for some j € {1,
...,n} and look for a contradiction. It is easy to see that

N=(NNN)UNNN)U---U(NNN,)

is an efficient union, otherwise N N N; C N NN, for some i # k, and this implies
NCNUNU---UN_1UNgp U---UN, which is a contradiction. Thus, there
exists an element m; € N\ N; for every j € {1,...,n}. Since N= (NNN;)U
(NNN2)U---U(NNN,) is an efficient union, we conclude that (.., N;) NN C
N;NN, by [18, Lemma 2.1]. Since N; is a classical n-absorbing submodule of M
and m; € M\ N, there exists r € R such that 7% € (N; ;g M), ¥ "' & (N; ;g M)
and (N; :g M) € ((Nj :p ¥ 1) g m;) for every i # j. Therefore, there exists
yi € (Ni : M)\ ((Nj 2y 77 1) g my) for every i # j. Let y =[I;z;vi. Then
Y = Ilizjyi € Migj(Ni : M) but y = TTizjyi & (Nj im 7570) ir mj), as (Nj g
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%=1 is a classical prime submodule, by Theorem 3.4. Let x =y~ !m j- Then
x€NN(Niz;Ni). Butx ¢ NNNj, as x € NON; implies y; € (Nj i 77 1) :rm;j)
for some i # j, a contradiction. Thus no N, is a classical n-absorbing submodule
of M. O

Now, we prove the Classical n-Absorbing Avoidance Theorem.

Theorem 3.6. (Classical n-Absorbing Avoidance Theorem for Submodules)
Let N{,N,,...,N, be submodules of the R-module M with the property that
whenever N; is classical nj-absorbing, then there exists r € R such that r'"/ €
(Nj ‘R M), Pl ¢ (NJ ‘R M) and (N, ‘R M) Z ((N] M r"-f_l) ‘R m) for ev-
ery m € M\ N; and i # j and suppose that at most two of Ni,N,...,N, are
not classical n-absorbing submodules. If N is a submodule of M such that
N CN{UN,U---UN,, then N C N, for some j € {1,...,n}.

Proof. Let N C NJUN, U---UN, be a covering consisting of submodules of M
such that at least n —2 of Ny,N,,...,N, are classical n-absorbing submodules.
If we reduce the covering to an efficient, the hypothesis remains valid. Then we
may assume that the covering is efficient. If n = 2, then it is obvious. Suppose
that n > 2. Since the covering is efficient, by Lemma 3.5 no N; is a classical
n-absorbing submodule, which is a contradiction. Therefore n < 2, and thus
N C Nj forsome j € {1,...,n}. O

Corollary 3.7. (n-Absorbing Avoidance Theorem for Submodules)

Let N{,N,,...,N, be submodules of the R-module M with the property that
whenever N; is nj-absorbing, then there exists r € R such that 1"/ € (N i RM ),
ri~l ¢ (Nj:r M) and (N; :g M) & ((Nj :pg 77Y) i m) for every m € M\ N;
and i # j and suppose that at most two of N1,N,,...,N, are not n-absorbing
submodules. If N is a submodule of M such that N C N{UN,U---UN,, then
N C Nj for some j € {l,...,n}.

Using the classical n-absorbing avoidance theorem, we state the following
corollaries.

Corollary 3.8. Let N,Ny,...,N, be submodules of the R-module M such that
foreveryi€ {1,...,n}, N; is classical n;-absorbing and there exists r € R such
that i € (N;j:g M), i1 & (N; :r M) and (N; :g M) € (N :pg 7571 2 ) for
everys € M\ N; and i # j. If there exists m € M such that Rm+N ¢ U N,
then there exists x € N such that m+x ¢ J{_; N;.

Proof. Suppose that m € (\_; N; but m ¢ U!_; N;. We distinguish between
the cases k =0 and k # 0. Suppose k =0. Then m =m+0 ¢ [J/_, N; and so
we are done. Thus, assume that 1 < k. First, we show that N ¢_ Uf-‘le,-, for
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otherwise by the classical n-absorbing avoidance theorem for submodules, N C
N; forsome i € {1,...,k}, a contradiction. So, there exists a € N\ [J*_ N;. Next,
we show that (V| (N; ;g M) ¢ U’;Zl((Nj :m 1) g 5) for every s € M\ N;.
Suppose that (., (N; ;g M) C U?:] ((Nj :p 7YY ig s) for some s € M\ N;
and look for a contradiction. By Theorem 3.4, (N; 1y 7~ 1Y’s are classical prime
submodules, then by [5, Lemma 2.1] (N, :p 7 ~1) :g 5)’s are prime ideals of R.
Thus by the prime avoidance theorem, (/. { (N; ;g M) C ((N; :p 77 1) :g s) for
some j € {1,...,k}, and s0 (Vi1 /(Ni ik M) C ((Nj 2y 1) 1g 5) for some
Jj€{1,...,k}. We have seen in Theorem 3.1 that (N; :g M) is an n;-absorbing
ideal of R forevery i € {k+1,...,n}, then by [4, Theorem 2.5] there are at most
n; prime ideals of R minimal over \/(N; :g M) for every i € {k+1,...,n}. We
conclude by [17, Lemma 3.55] that one of these prime ideals which are minimal
over /(N; :g M) is contained in ((N; :py ¥ 1) ;g s) for some i € {k+1,...,n}.
This means that (N; ;g M) C ((N; iy #Y) g 5) for some i € {k+1,...,n},
which contradicts the hypothesis. Hence, there exists b € (i_;,; (N; :r M) such
that b ¢ U§:1((Nj :m 1) i s) for every s € M\ N;. Let x = ab. Then x € N.
We also have x € (i, N;, but x ¢ Ul;lej, for otherwise x = ab € N; for
some j € {1,...,k},thenb e (Nj:a) C Ulj‘-zl((Nj g V1) ik @) for some j €
{1,...,k}, a contradiction. Thus x € (1 N; \ Ut Ni. Since m € N, N; \

"1 Ni, we conclude that m+x ¢ UL N;. O

Corollary 3.9. Let N be a finitely generated submodule of the R-module M such
that N = (ry,rp,...,rs). Let Ni,Na,...,N, be submodules of M such that for
every i € {1,...,n}, N; is classical n;-absorbing, N ¢_ N; and there exists r € R
such that ' € (Nj ‘R M), il ¢ (Nj ‘R M) and (N,' ‘R M) g ((N] M I”nj*l) ‘R
m) for every m € M\ N; and i # j. Then there exist b,...,bs € R such that
a=ri+byry+---+bgrg ¢ U Ni.

Proof. We argue by induction on n. Suppose that N ¢ N; and there exists r € R
such that 7 € (N; ;g M), ri=1 ¢ (N; ;g M) and (N; ;g M) € (N iy 77 1) g m)
for every m € M\ N; and i # j. The result being clear in the case n = 1. So,
suppose inductively that n > 1 and the result has been proved for smaller values
than n. Then there exist ay,...,a; € R such that x = rj +apry + -+ +asrg ¢
U?:_ll N;. If x ¢ N,, then x ¢ [J!_; N; and there is nothing to prove. So suppose
that x € N,,. If rp,...,rg € Ny, then r| € N, and this contradicts the hypothesis
that N §Z N,,. Thus for some i, we assume r; ¢ N,. Without loss of generality,
suppose that r, ¢ N,,. By the hypothesis, there exists » € R such that » € (N, :g
M), =1 ¢ (N, ;g M) and (N; ;g M) & ((Ny :p 77 1) ig r2) for every i # n.
Hence, there exists y; € (N; :g M)\ (N, im0 77 1) g 12) for every i # n. Let
y=TI1""!yi. Theny € (N; :x M) forevery i #nbuty ¢ (N, 7"~ ') :r 12), since

(N, 2 ¥~ 1) is a classical prime submodule of M by Theorem 3.4. Therefore
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y € (Ni:g M)\ ((Ny :pg ¥ 1) i 1) for every i # n. Let o = ry + (az +y)ra +
---+ayry. We consider two cases.

Case one: Suppose that N C Ny UN, U---UN,. So, by the classical n-
absorbing Avoidance Theorem for submodules, N C N, for some j € {1,...,n},
which is a contradiction.

Case two: Suppose that N ¢ Nj UN, U---UN,,. Then by a similar argument
as above, we assume r; ¢ N,,. Thus a = x+yry ¢ i N;. Hence, this completes
the inductive step, and so the result is proved. O

4. Classical n-Absorbing Submodules in Specific Modules

In this section, we study classical n-absorbing submodules in some classes of
modules.

There are interesting results in [4] on n-absorbing ideals. We extend some
of them for classical n-absorbing submodules in the next few results.

We start with the following lemma.

Lemma 4.1. Let I be an n-absorbing ideal of R such that R is a valuation
ring, and let M be a faithful multiplication R-module. Then IM is a classical
n-absorbing submodule of M.

Proof. Letay,...,ay11 €R, a; =ajay---aj_1a;+1---ay4 forevery i € {1,...,
n+ 1} and let m € M such that a; ---aua,+1m € IM. The result is clear if
(IM :g aim) =R, for some i € {1,...,n+ 1}. Suppose that (IM :g a;m)’s are
proper ideals of R. We look for a contradiction. Since R is a valuation ring,

"t 1(IM :g @m) is a proper ideal of R, and so there is a maximal ideal P
of R such that U (IM :g @m) C P. Let Tp(M) = {m' € M : (1 —x)m' =0
for some x € P} (as defined in [1, page 756]), and so a;m ¢ Tp(M) for every
ie{l,...,n+ 1}, for otherwise ajm € Tp(M) for some i € {1,...,n+ 1}. This
implies that (1 —x)a;m = 0 for some x € P, which means that (1 —x)am € IM
and hence (1 —x) € (IM :g a;m) C P. This contradicts the fact that P is max-
imal. It follows from [1, Theorem 1.2] that M is P-cyclic, and so, there exist
x € Pand m’ € M such that (1 —x)M C Rm'. This implies (1 —x)m = rm’ and
(1—x)ay - apay+ym = sm' forsome r € Rand s € 1, so (ay - - - apan 10 — s)m' =
0 and since (1 —x)M C Rm’, we get (1 —x)(ay - - - apay+1r — )M = 0. Therefore,
(1—x)(ay---apays1r—s) € (0:g M) = 0 since M is a faithful module. Hence
(I—x)ay ---apan+1r = (1 —x)s € I. But I is an n-absorbing ideal of R and (IM :

a;m)’s are proper ideals of R, then we have either a; € I for some i € {1,...,n+
1} or ajaz---aj—1aip1---aj_1aj41---apprr € I for some i,j € {1,...,n+1}
OF A1ay -+~ Aj—1Gjy1 - Aj—1Aj+1 - any1(1 —x) € I for some i, j € {1,...,n} or

ayay---ai—14ijy1 - aj—1ajp1 e k1041 ~an+1(1 —X)I”GIfOI‘ some i,j,kE
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{1,...,n+1}.Ifa; € I for some i € {1,...,n+ 1}, then we get a contradiction.
If ajar---a;—1ai41 S @j14Aj41Apy 1T € I for some i, j € {1,...,n—|— 1}, then
aiay---ai—1Qip1---aj—1aj41 - anp1(1 —x)m € IM and hence 1 —x € (IM g
ajaz---ai—1Qiy1 - Aj-14j41 - -anﬂm) C (IM ‘R c?,m) C P, a contradiction. If

aiay---ai (@1 aj 1441 a1 (1 —x) €1

forsomei,je {1,...,n+1}, thenajar---ai—1ai11---aj_1aj1 - app1(1 —x)m
€ IM and hence 1 —x € (IM :g a;m) C P, a contradiction. If

ayaz - ai—1Qi+1° - Aj-1aj41 " 10y - -an+1(1 —X)}’ el

for some i, j,k € {1,...,n+1}, then (1—x)? € (IM :g @;m) C P, a contradiction.
Thus IM is a classical n-absorbing submodule of M. O

Theorem 4.2. Let M be a finitely generated faithful multiplication module over
the Noetherian integral domain R and N a submodule of M. If M is a Dedekind
module, then for every classical n-absorbing submodule N of M, we have N =
N1 -+ Ny, where N;’s are maximal submodules of M and 1 < m < n. The converse
holds if R is a valuation ring.

Proof. Let M be a Dedekind module and N a classical n-absorbing submodule
of M. Since (N :g M) is an n-absorbing ideal of R by Theorem 3.1, it follows
from [4, Theorem 5.1] and [16, Theorem 3.5] that (N :g M) = M, ---M,, for
maximal ideals My, ... ,M,, of R with 1 <m <n. By [1, p. 756], N = (N ¢
M)M =M, ---M,,M. Tt again follows from [1, Theorem 2.5] that N; = M;M is
a maximal submodule of M for every i € {1,...,m}. Thus N = Nj ---N,, where
N;’s are maximal submodules of M with 1 <m < n. We now turn to the converse
statement, let R be a valuation ring and / an n-absorbing ideal of R. By Lemma
4.1, IM is a classical n-absorbing submodule of M, and so IM = N; - - - N,,, where
N;’s are maximal submodules of M and 1 < m < n. Since M is a non-zero
multiplication R-module, by [1, Theorem 2.5] forevery i € {1,...,m}, N;=PM
where P, is a maximal ideal of R. Therefore, IM = P, - - - P,,M. Since M is finitely
generated, one may use [1, Theorem 3.1] to see that [ = P; - - - P,,. Hence, by [4,
Theorem 5.1], R is a Dedekind domain. Thus, by [16, Theorem 3.4], M is a
finitely generated Dedekind R-module. O

In the following, we extend these results to Priifer modules.

Theorem 4.3. Let M be a faithful multiplication Priifer module over the ring R
and N a submodule of M. If N is classical n-absorbing for some positive integer
n, then N is a product of prime submodules of M. The converse is true if R is a
valuation ring and M is finitely generated.
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Proof. Let N be a classical n-absorbing submodule of M. Then (N :g M) is an
n-absorbing ideal of R by Theorem 3.1, and so (N :g M) is a product of prime
ideals of R by [4, Theorem 5.7] and [13, Theorem 3.6]. Let (N :g M) =P, --- P,
where P;’s are prime and k € N*. Hence, by [1, Corollary 2.11], N = (N ¢
M)M =P/M---PM and N is a product of prime submodules of M. Conversely,
suppose that R is a valuation ring, M is finitely generated and N is a product
of prime submodules of M. It follows from [1, Corollary 2.11] that N = (N :
M)M = PM - -- P.M where P,M’s are prime submodules and k € N*. Since M is
a Priifer module, we can use [13, Theorem 3.6] to see that R is a Priifer domain.
Hence, by [4, Theorem 5.7] and [1, Theorem 3.1], (N :x M) = P;--- P, and
(N :g M) is an n-absorbing ideal of R for some positive integer n. Therefore,
N = (N :g M)M is a classical n-absorbing submodule of M for some positive
integer n, by Lemma 4.1. O

Next classical n-absorbing submodules of valuation modules are character-
ized.

Theorem 4.4. Let M be a Bézout finitely generated faithful multiplication mod-
ule over an integral domain R and N a classical n-absorbing submodule of M
such that M-rad(N) = P for a prime submodule P of M. Then P" C N. In
particular, this is also true if M is a valuation module.

Proof. Let N be a classical n-absorbing submodule of M such that M-rad(N) =
P for a prime submodule P of M. It follows from [1, p. 756] that N = (N :
M)M. Since M-rad(N) = P, [1, Corollary 2.11] follows that M-rad(N) = P =
pM, for some prime ideal p of R. Since M is a multiplication module, by [1,
Theorem 2.12] we get /(N :g M)M = pM, and so /(N :g M) = p, as M a is
finitely generated faithful module [1, Theorem 3.1]. By Theorem 3.1, (N :x M)
is an n-absorbing ideal of R and since M is a Bézout finitely generated faith-
ful multiplication module over an integral domain R, by [2, Proposition 2.2]
and [4, Theorem 5.1], p" = (\/(N :g M))" C (N :g M). Thus P" = p"M =
(v/(N:gM))"M C (N:g M)M = N.

The“In particular” statement is clear. 0

Theorem 4.5. Let M be a valuation finitely generated faithful multiplication
module over an integral domain R and N a submodule of M. Then the following
statements are equivalent

(1) N is a classical n-absorbing submodule of M.

(2) N is a p-primary submodule of M for some prime ideal p of R with
p'M CN.

(3) N = P" for some prime submodule P (= M-rad(N)) of M such that
1<m<n.



ON CLASSICAL n-ABSORBING SUBMODULES 319

Proof. (1) = (2) Let N be a classical n-absorbing submodule of M. Since M
is a valuation module, it follows from [2, Proposition 2.2] that R is a valuation
domain. This means that \/(N :g M) = p where p is a divided prime ideal of R
[14, Theorem 17.1 (2)]. By Theorem 3.1, (N :g M) is an n-absorbing ideal of R,
and so (N :g M) is a p-primary ideal of R, by [4, Theorem 3.2]. Hence, N is a
p-primary submodule of M and p"M C (N :x M)M = N, by [3, Corollary 1] and
[4, Lemma 5.4], respectively.

(2) = (3) Let N be a p-primary submodule of M for some prime ideal p of
R with p"M C N. Since the ideal (N :g M) is a p-primary ideal of R and as R is
a valuation domain, it follows from [14, Theorem 17.3 (b)] that (N :g M) = p™
with 1 <m <n. Thus N = (N :g M)M = p"M = P" with | <m <n.

(3) = (1) It follows from [11, Theorem 6].
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