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ON CLASSICAL n-ABSORBING SUBMODULES

R. NIKANDISH - M. J. NIKMEHR - A. YASSINE

In this paper, we introduce the notion of classical n-absorbing sub-
modules of a module M over a commutative ring R with identity, which
is a generalization of classical prime submodules. A proper submodule
N of M is said to be classical n-absorbing if whenever a1a2 · · ·an+1m ∈ N
for a1,a2, . . . ,an+1 ∈ R and m ∈ M, then there are n of the ai’s whose
product with m is in N. We give some basic results concerning classical
n-absorbing submodules. Then the classical n-absorbing avoidance theo-
rem for submodules is proved. Finally, classical n-absorbing submodules
in several classes of modules are studied.

1. Introduction

We assume throughout this paper that all rings are commutative with identity.
The notion of prime ideals has been generalized and studied in several direc-
tions. For instance, in 2007, Badawi introduced the notion of 2-absorbing ideals
[7]. Let R be a ring. A nonzero proper ideal I of R is called a 2-absorbing
ideal if whenever a,b,c ∈ R and abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I. Later,
in 2011, Anderson and Badawi generalized this concept to n-absorbing ideals
for some integer n [4], that is an ideal I of R is said to be n-absorbing ideal if
whenever a1a2 · · ·an+1 ∈ I for a1,a2, . . . ,an+1 ∈ R, then there are n of the ai’s
whose product is in N. In [11], n-absorbing ideals were extended by Yousefian
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Darani and Soheilnia to n-absorbing submodules and studied later by Dubey
and Aggarwal in [12]. Let M be an R-module and N a proper submodule of M.
Then N is called n-absorbing submodule of M if whenever a1a2 · · ·anm ∈ N for
a1,a2, . . . ,an ∈ R and m ∈M, then there are n−1 of the ai’s whose product with
m is in N or a1a2 · · ·an ∈ (N :R M) = {a ∈ R : aM ⊆ N}. A proper submodule N
of M is said to be a prime (p-primary) submodule, if whenever am∈N for a∈ R
and m ∈ M, then either m ∈ N or a ∈ (N :R M) (a ∈

√
(N :R M) = p). Classi-

cal prime submodule which is a generalization of prime submodule was studied
by Behboodi in [8, 9]. A proper submodule N of M is called a classical prime
submodule, if whenever abm ∈ N for a,b ∈ R and m ∈M, then either am ∈ N or
bm ∈ N.

In this paper, we extend the notion of n-absorbing ideal to classical n-
absorbing submodule which is a generalization of classical prime submodule of
an R-module M. A proper submodule N of M is said to be classical n-absorbing
if whenever a1a2 · · ·an+1m ∈ N for a1,a2, . . . ,an+1 ∈ R and m ∈ M, then there
are n of the ai’s whose product with m is in N. We will transfer some results
parallel to n-absorbing ideals in commutative ring introduced in [4].

In Section 2, we introduce the notion of classical n-absorbing submodules
(see Definition 2.1) and we give some of their basic properties. For example,
in Theorem 2.6, we characterize classical n-absorbing submodules in um-rings.
In Theorem 2.12, it is shown that if M is Noetherian, then M contains a finite
number of minimal classical n-absorbing submodules. In Theorem 2.14 classi-
cal n-absorbing submodules of a finite direct product of modules are studied. In
Section 3, we continue the study of properties of classical n-absorbing submod-
ules. We show that in Theorem 3.1 if N is a classical n-absorbing submodule of
M, then (N :R M) should be n-absorbing ideal of R, and then we prove by us-
ing the technique of efficient covering of submodules the classical n-absorbing
avoidance theorem and an application of it (Theorem 3.6) is given. In the final
section, we study classical n-absorbing submodules in various classes of mod-
ules over commutative rings. Most of the results discussed in [4] which are
related to n-absorbing ideals have an extension to modules, we develop them in
this section for classical n-absorbing submodules. For instance, in Lemma 4.1
it is shown that if I is an n-absorbing ideal of R such that R is a valuation ring,
and M is a faithful multiplication R-module, then IM is a classical n-absorbing
submodule of M. If M is a finitely generated faithful multiplication module over
the valuation Noetherian integral domain R and N a submodule of M, then M
is a Dedekind module if and only if for every classical n-absorbing submodule
N of M, we have N = N1 · · ·Nm where Ni’s are maximal submodules of M and
1≤m≤ n (Theorem 4.2). We close this paper by discussing on the relationship
between primary submodules and classical n-absorbing submodules (Theorem
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4.5).
Now we define some concepts that will be used in this paper. Let M be

an R-module, N a submodule of M, S the set of non-zero divisors of R and
let T = {t ∈ S : tm = 0 for some m ∈ M implies m = 0} be a multiplicatively
closed subset of S. Then M is said to be multiplication module if for every
submodule N of M there exists an ideal I of R such that N = IM. We can see by
[1] that N = (N :R M)M. The product of two submodules N = IM and K = JM
of a multiplication module M denoted by NK is defined by NK = IJM where
I,J are ideals of R. The submodule N is called invertible if N−1N = M where
N−1 = {x ∈ RT : xN ⊆ M}. Dedekind modules were introduced by Naoum
and Al-Alwan in [16]. The module M is called Dedekind, if every non-zero
submodule of M is invertible, but if every non-zero finitely generated submodule
of M is invertible, then M is called Prüfer module. An R module M is said to
be valuation if for any submodules N and K of M, either N ⊆ K or K ⊆ N [15].
An R module M is said to be Bézout if every finitely generated submodule of
M is a principal submodule [2]. If P is a maximal submodule of M, then M is
called P-cyclic if there exists x∈ P and m∈M such that (1−x)M ⊆ Rm [1]. For
any undefined notation or terminology in commutative ring theory, we refer the
reader to [4, 17, 18].

2. Classical n-Absorbing Submodules

In this section, the notion of classical n-absorbing submodules is introduced and
some of their basic properties are given.

Definition 2.1. Let M be an R-module and N be a proper submodule of M. Then
N is called classical n-absorbing submodule if whenever a1a2 · · ·an+1m ∈ N for
a1,a2, . . . ,an+1 ∈ R and m ∈M, then there are n of the ai’s whose product with
m is in N.

It is easy to see that every n-absorbing submodule is classical n-absorbing
but the converse need not be true. Consider the Z-module M = Zp1

⊕
Zp2

⊕
· · ·⊕

Zpn

⊕
Q where pi’s are distinct primes and take the zero submodule N of

M. It is easy to see that N is classical n-absorbing submodule of M, but since
p1 p2 · · · pn(1,1, . . . ,1,0) ∈ N and if p̂i = p1 p2 · · · pi−1 pi+1 . . . pn for every i ∈
{1, . . . ,n}, then we can easily see that p̂i(1,1, . . . ,1,0) /∈ N for every i ∈ {1, . . . ,
n} and p1 p2 . . . pn(1,1, . . . ,1) /∈ N. Thus N is not an n-absorbing submodule
of M. We can see that there is a module which has no classical n-absorbing
submodule. Consider the Z-module M = Q/Z and take a submodule E(p) =
{α ∈ Q/Z : α = r

pn +Z for some r ∈ Z and n ∈ N0} of M where p is a fixed
prime number (see [17, Example 7.10]). Each proper submodule of E(p) is
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equal to Gt = {α ∈ Q/Z : α = r
pt +Z for some r ∈ Z} for some t ∈ N0. It is

easy to see that Gt is not classical n-absorbing submodule of M for each t ∈N0,
since pn+1( 1

pt+n+1 +Z) = 1
pt +Z ∈Gt and pn( 1

pt+n+1 +Z) = 1
pt+1 +Z /∈Gt , hence

M has no classical n-absorbing submodule.

Proposition 2.2. Let N be a submodule of the R-module M and let Nr = (N :M
r) = {m ∈M : rm ∈ N}, for every r ∈ R. Then the following statements hold.

(1) If M is a cyclic R-module, then N is a classical n-absorbing submodule
of M if and only if (N :R M) is an n-absorbing ideal of R.

(2) If N is a classical n-absorbing submodule of M, then Nr is a classical
n-absorbing submodule of M containing N for all r ∈ R\ (N :R M).

Proof. (1)⇒) Let M be a cyclic multiplication R-module and N be a classical n-
absorbing submodule of M. Then M =Rm for some m∈M. Let a1, . . . ,an+1 ∈R
such that a1 · · ·an+1 ∈ (N :R M) and suppose that âi = a1a2 · · ·ai−1ai+1 · · ·an+1
for each i∈ {1, . . . ,n+1}. If âian+1m /∈N for each i∈ {1, . . . ,n}, then a1 · · ·anm
∈ N, since N is a classical n-absorbing submodule of M. Therefore (N :R M) is
an n-absorbing ideal of R.
⇐) Let (N :R M) be an n-absorbing ideal of R and a1, . . . ,an+1 ∈ R be such

that a1 · · ·an+1x∈N for some x∈M. Since M = Rm, we deduce that x = rm, for
some r ∈ R. Therefore a1 · · ·an+1rm ∈ N. This implies that a1 · · ·an(an+1r) ∈
(N :R M). Since (N :R M) is n-absorbing ideal, either a1 · · ·an ∈ (N :R M) or
âian+1r ∈ (N :R M) for some i∈ {1, . . . ,n}, which implies that either a1 · · ·anx∈
N or âian+1x ∈ N, for some i ∈ {1, . . . ,n}. Therefore N is an n-absorbing sub-
module.

(2) Let a1, . . . ,an+1 ∈ R be such that a1 · · ·an+1m∈ (N :M r) for some m∈M
and r ∈ R \ (N :R M), and suppose that âi = a1a2 · · ·ai−1ai+1 · · ·an+1 for each
i ∈ {1, . . . ,n+1}. Then a1 · · ·an+1(rm) ∈ N. Since N is a classical n-absorbing
submodule, we conclude that âi(rm) ∈ N, for some i ∈ {1, . . . ,n+ 1}, and so
âim ∈ Nr. Thus Nr is a classical n-absorbing submodule of M.

We show that if (N :R M) is an n-absorbing ideal of R, then N need not be
a classical n-absorbing submodule of M. Consider the Z-module M = Z×Z
and the submodule N = {0}×24Z of M. It is easily seen that (N :R M) = {0}
is a 3-absorbing ideal of Z, but N is not a classical 3-absorbing submodule, as
2 ·2 ·2 ·3 · (0,1) ∈ N but 8 · (0,1) /∈ N and 12 · (0,1) /∈ N.
The next result investigates contraction and extension of classical n-absorbing
submodule under an R-homomorphism.

Proposition 2.3. Let M and K be R-modules, N a submodule of M and f : M→
K an R-homomorphism. Then the following statements hold.

(1) If N is a classical n-absorbing submodule of K, then f−1(N) is a classi-
cal n-absorbing submodule of M.
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(2) Let L be a submodule of M and f be an epimorphism such that ker( f )⊆
L. If L is classical n-absorbing, then f (L) is a classical n-absorbing submodule
of K.

Proof. (1) Let a1, . . . ,an+1 ∈ R and âi = a1a2 · · ·ai−1ai+1 · · ·an+1 for every i ∈
{1, . . . ,n+ 1} and let m ∈ M such that a1 · · ·an+1m ∈ f−1(N). Since f is R-
homomorphism, we have f (a1 . . .an+1m)= a1 . . .an+1 f (m)∈N. But N is a clas-
sical n-absorbing submodule of K and so â j f (m) ∈ N, for some j ∈ {1, . . . ,n+
1}. Thus â jm ∈ f−1(N), for some j ∈ {1, . . . ,n+1}. Hence f−1(N) is a classi-
cal n-absorbing submodule of M.

(2) Let L be a classical classical n-absorbing submodule of M and a1 . . .
an+1k ∈ f (L) for some a1, . . . ,an+1 ∈ R and k ∈ K. Then there exists l ∈ L such
that a1 . . .an+1k = f (l), and m ∈M such that f (m) = k, as f is an epimorphism
and k ∈ K. This implies that f (a1 . . .an+1m) = f (l), and so a1 . . .an+1m− l ∈
ker( f )⊆ L. Since L is classical n-absorbing, we conclude that â jm∈ L, for some
j ∈ {1, . . . ,n+1}. Therefore â j f (m) = â jk ∈ f (L), for some j ∈ {1, . . . ,n+1}.
Thus f (L) is a classical n-absorbing submodule of K.

Proposition 2.4. Let N be a submodule of the R-module M and S be a multi-
plicatively closed subset of R. If N is a classical n-absorbing submodule of M,
then S−1N is a classical n-absorbing submodule of S−1M.

Proof. Let a1
s1
· · · an+1

sn+1

m
s ∈ S−1N such that ai

si
∈ S−1R for every i ∈ {1, . . . ,n+1}

and m
s ∈ S−1M. Then there exists a ∈ N and x ∈ S such that a1

s1
· · · an+1

sn+1

m
s = a

x ,
and so a1 . . .an+1xym = s1 . . .sn+1sya∈N for some y∈ S. Since N is classical n-
absorbing, â jxym = a1a2 · · ·a j−1a j+1 . . .an+1xym ∈ N for some j ∈ {1, . . . ,n+
1}. Therefore a1

s1
· · · a j−1

s j−1

a j+1
s j+1
· · · an+1

sn+1

m
s = (a1

s1
· · · a j−1

s j−1

a j+1
s j+1
· · · an+1

sn+1

x
x

y
y)

m
s ∈ S−1N.

Thus S−1N is a classical n-absorbing submodule of S−1M.

Theorem 2.5. Let N be a proper submodule of the R-module M. Then the
following statements are equivalent:

(1) N is a classical n-absorbing submodule of M.
(2) (N :M a1 · · ·an+1) = (N :M â1)∪ (N :M â2)∪ ·· ·∪ (N :M ân+1) whenever

a1, . . . ,an+1 ∈ R such that âi = a1a2 · · ·ai−1ai+1 · · ·an+1 for each i ∈ {1, . . . ,n+
1}.

(3) (N :R a1a2 · · ·anm)= (N :R â1m)∪(N :R â2m)∪·· ·∪(N :R ânm) whenever
a1, . . . ,an ∈ R and m ∈M such that a1a2 · · ·anm /∈ N.

Proof. (1)⇒ (2) Assume that N is a classical n-absorbing submodule of M. Let
a1, . . . ,an+1 ∈ R such that âi = a1a2 · · ·ai−1ai+1 · · ·an+1 for each i ∈ {1, . . . ,n+
1} and let m∈ (N :M a1 · · ·an+1). Then a1 · · ·an+1m∈N. Since N is a classical n-
absorbing submodule, we get âim ∈ N for some i ∈ {1, . . . ,n+1}. This means
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that m ∈ (N :M â1)∪ (N :M â2)∪ ·· · ∪ (N :M ân+1). Thus (N :M a1 · · ·an+1) =
(N :M â1)∪ (N :M â2)∪·· ·∪ (N :M ân+1).

(2)⇒ (3) Let x∈ (N :M a1 · · ·anm) for some x∈R and m∈M. Then we have
a1 · · ·anxm∈N. Since N is a classical n-absorbing submodule and a1a2 · · ·anm /∈
N, we infer âixm ∈ N for some i ∈ {1, . . . ,n} where âi = a1a2 · · ·ai−1ai+1 · · ·an.
This means that x ∈ (N :M â1m)∪ (N :M â2m)∪ ·· · ∪ (N :M ânm). Thus (N :R
a1a2 · · ·anm) = (N :R â1m)∪ (N :R â2m)∪·· ·∪ (N :R ânm).

(3)⇒ (1) It is clear.

um-ring was defined in [10] by Quartararo and Butts. A um-ring is a ring R
with the property that an R-module which is equal to a finite union of submod-
ules must be equal to one of them.

Theorem 2.6. Let R be a um-ring, M an R-module and N be a proper submodule
of M. Then the following statements are equivalent:

(1) N is a classical n-absorbing submodule of M.
(2) (N :M a1 · · ·an+1) = (N :M âi), for some i ∈ {1, . . . ,n + 1} whenever

a1, . . . ,an+1 ∈ R such that â j = a1a2 · · ·a j−1a j+1 · · ·an+1 for each j ∈ {1, . . . ,n+
1}.

(3) (N :R a1a2 · · ·anm)= (N :R âim), for some i∈{1, . . . ,n}whenever a1, . . . ,
an ∈ R and m ∈M such that a1a2 · · ·anm /∈ N.

(4) For every a1, . . . ,an ∈ R and m ∈ M and every ideal I of R such that
a1 · · ·anIm⊆ N, either a1 · · ·anm ∈ N or âiIm⊆ N, for some i ∈ {1, . . . ,n}.

(5) (N :R a1 · · ·an−1Im) = (N :R a1 · · ·an−1m) or (N :R a1 · · ·an−1Im) = (N :R
âiIm) for some i ∈ {1, . . . ,n− 1} whenever a1, . . . ,an−1 ∈ R and m ∈ M such
that a1a2 · · ·an−1Im * N.

(6) For every a ∈ R and every ideals I1, I2, . . . , In of R and m ∈M such that
aI1I2 · · · Inm⊆ N, we have either I1I2 · · · Inm⊆ N or n−1 of the Ii’s whose prod-
uct with am is in N.

(7) For every ideals I1, I2, . . . , In of R and m ∈M such that I1I2 · · · Inm * N,
we have (N :R I1 · · · Inm) = (N :R Îim), for some i ∈ {1, . . . ,n} such that Î j =
I1I2 · · · I j−1I j+1 · · · In for each j ∈ {1, . . . ,n}.

(8) For every ideals J, I1, I2, . . . , In of R and m∈M such that I1I2 · · · InJm⊆N,
either n−1 of the Ii’s whose product with Jm is in N or I1I2 · · · Inm⊆ N.

(9) For every m ∈M \N,(N :R m) is a strongly n-absorbing ideal of R.

Proof. (1)⇒ (2)⇒ (3)⇒ (4) The results follow from Theorem 2.5, as R is a
um-ring.

(4)⇒ (5)⇒ (6)⇒ (7)⇒ (8) The proofs are similar to that of the Theorem
2.5.

(8)⇒ (1) It is obvious.
(8)⇔ (9) It follows from [4, p. 1668].
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Corollary 2.7. Let I be a proper ideal of the um-ring R. Then the following
statements hold:

(1) By taking the ring R as an R-module, the submodule RI of R is a classical
n-absorbing submodule if and only if I is a strongly n-absorbing ideal of R.

(2) For every R-module M, every proper submodule N of M is classical n-
absorbing if and only if every proper ideal of R is strongly n-absorbing ideal.

(3) Let M be an R-module and N a classical n-absorbing submodule of M.
Suppose that m ∈M \N. Then for every x ∈

√
(N :R m) such that xn−1 /∈ (N :R

m), (N :R xn−1m) is a prime ideal of R containing every minimal prime ideal
over

√
(N :R m). Furthermore, if (N :R m) is a P-primary ideal and n is the

least positive integer such that xn ∈ (N :R m), then (N :R xn−1m) = P.

Proof. (1) First, suppose that RI is a classical n-absorbing submodule of R. It
is easy to see that (RI :R 1) = RI. Hence by Theorem 2.6, I is a strongly n-
absorbing ideal of R. Conversely, RI is a classical n-absorbing submodule of
R, since every strongly n-absorbing ideal of R is also an n-absorbing ideal of R
and it is easy to see that every n-absorbing submodule is a classical n-absorbing
submodule of R.

(2) By taking the ring R as an R-module, by part (1), every proper ideal
of R is strongly n-absorbing. Conversely, assume that every proper ideal of R
is strongly n-absorbing and let N be a proper submodule of an R-module M.
Hence by Theorem 2.6, N is a classical n-absorbing submodule, as (N :R m) is a
proper ideal of R, for every m ∈M. Thus it is a strongly n-absorbing ideal of R.

(3) It follows from Theorem 2.6, [4, Corollary 3.6] and [4, Corollary 3.7].

Recall that an R-module M is said to be multiplication module if every sub-
module N of M has the form IM for some ideal I of R (see [1]). In the fol-
lowing we characterize modules that their classical n-absorbing submodules are
n-absorbing.

Corollary 2.8. Let M be a cyclic multiplication R-module such that R is a um-
ring and let N be a submodule of M. Then the following conditions are equiva-
lent:

(1) N is classical n-absorbing.
(2) For every submodules N1,N2, . . . ,Nn+2 of M such that N1N2 · · ·Nn+2⊆N,

we have n of the N1, . . . ,Nn+1 whose product with Nn+2 is in N.
(3) For every submodules N1,N2, . . . ,Nn+1 of M such that N1N2 · · ·Nn+1⊆N,

we have n of Ni’s whose product is in N.
(4) N is n-absorbing.
(5) (N :R M) is an n-absorbing ideal of R.



308 R. NIKANDISH - M. J. NIKMEHR - A. YASSINE

Proof. (1)⇒ (2) This follows directly from Theorem 2.6.
(2)⇒ (3) It is clear.
(3)⇒ (4) Suppose that M = 〈m〉, for some m ∈M. Let I1, I2, In be ideals of

R such that I1I2 · · · Inm ∈ N. Set Ni := IiM, for every i ∈ {1, . . . ,n} . Now, the
result follows from Part (3).

(4)⇔ (5) By [11, Proposition 2].
(4)⇒ (1) It is straightforward.

Theorem 2.9. Let N be a submodule of the R-module M such that R is a um-
ring. Then the following statements hold:

(1) If N is a classical n-absorbing submodule of M and F is a flat R-module
such that F ⊗N 6= F ⊗M, then F⊗N is a classical n-absorbing submodule of
F⊗M.

(2) Let F be a faithfully flat R-module. Then N is a classical n-absorbing
submodule of M if and only if F ⊗N is a classical n-absorbing submodule of
F⊗M.

Proof. (1) Let N be a classical n-absorbing submodule of M and a1,a2, . . . ,an+1
∈ R. By Theorem 2.6, (N :M a1 · · ·an+1) = (N :M âi), for some i ∈ {1, . . . ,n+1}
such that â j = a1a2 · · ·a j−1a j+1 · · ·an+1 for each j∈{1, . . . ,n+1}. Therefore by
[5, Lemma 3.2], (F⊗N :F⊗M a1 · · ·an+1) = F⊗ (N :M a1 · · ·an+1) = F⊗ (N :M
âi) = (F⊗N :F⊗M âi), and so, by Theorem 2.6, F⊗N is a classical n-absorbing
submodule of F⊗M.

(2) Suppose that N is a classical n-absorbing submodule of M. If F ⊗N =

F⊗M, then we have the exact sequence 0−→ F⊗N ⊆−→ F⊗M −→ 0, and so
0−→N ⊆−→M−→ 0 is exact, since F is a faithfully flat module. Hence N = M,
a contradiction. This implies that F ⊗N 6= F ⊗M. Consequently, F ⊗N is a
classical n-absorbing submodule of M, by Part (1). Now let F⊗N be a classical
n-absorbing submodule of M. Then F⊗N 6=F⊗M and so N 6=M. We show that
N is a classical n-absorbing submodule. Let a1,a2, . . . ,an+1 ∈ R. Since F ⊗N
is a classical n-absorbing submodule, by Theorem 2.6, (F ⊗N : a1 · · ·an+1) =
(F ⊗N : âi), for some i ∈ {1, . . . ,n+ 1} where âi as above. Therefore by [5,
Lemma 3.2], F ⊗ (N :M a1 · · ·an+1) = (F ⊗N :F⊗M a1 · · ·an+1) = (F ⊗N :F⊗M

âi) = F⊗ (N :M âi). Hence the sequence 0 −→ F⊗ (N :M a1 · · ·an+1)
⊆−→ F⊗

(N :M âi)−→ 0 is exact. Since F is a faithfully flat module, 0−→ (N : ab) ⊆−→
(N : âi) −→ 0 is also an exact sequence which implies that (N :M âi) = (N :M
a1 · · ·an+1) for some i ∈ {1, . . . ,n+ 1}. Thus by Theorem 2.6, N is a classical
n-absorbing submodule of M.

In light of Theorem 2.9, we state the following corollary.
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Corollary 2.10. Let R be a um-ring, M an R-module and let X be an indetermi-
nate. If N is a classical n-absorbing submodule of M, then N[X ] is a classical
n-absorbing submodule of M[X ].

Proof. Let N be a classical n-absorbing submodule of M. Then by Theorem 2.9,
N[X ]' R[X ]⊗N is a classical n-absorbing submodule of M[X ]' R[X ]⊗M, as
R[X ] is a flat R-module.

For a classical n-absorbing submodule N of an R-module M, we say that N
is minimal, if for any classical n-absorbing submodule K of M such that K ⊆ N,
we have K = N.

Proposition 2.11. Let {Ni : i ∈ I} be a chain of classical n-absorbing submod-
ules of the R-module M. Then

⋂
i∈I Ni is a classical n-absorbing submodule of

M. In particular, every classical n-absorbing submodule N of M contains a
minimal classical n-absorbing submodule of M.

Proof. Let a1, . . . ,an+1 ∈ R and âi = a1a2 · · ·ai−1ai+1 · · ·an for every i ∈ {1, . . . ,
n} and let m ∈ M such that a1 · · ·an+1m ∈

⋂
i∈I Ni. Suppose that âian+1m /∈⋂

i∈I Ni for every i ∈ {1, . . . ,n}. Therefore, one may assume that âian+1m /∈ Ni,
for every i ∈ {1, . . . ,n}, and so âian+1m /∈ N j, for every submodule N j ⊆ Ni and
for each i∈{1, . . . ,n}. Hence, for every submodule Nt such that Nt ⊆

⋂n
i=1 Ni we

get a1 · · ·anm ∈ Nt . Thus a1 · · ·anm ∈
⋂

i∈I Ni. For the“in particular” statement,
let N be a classical n-absorbing submodule of M and let

Θ = {L : L is a classical n-absorbing submodule of M and L⊆ N}.

We show that N contains a minimal classical n-absorbing submodule of M. Let
{Ni : i ∈ I} be a chain in Θ. It therefore follows from the above discussion that⋂

i∈I Ni is a classical n-absorbing submodule of M that is contained in N, and so
it is in Θ. Hence, by Zorn’s Lemma, Θ has at least one minimal element which
is clearly a minimal classical n-absorbing submodule of M. Thus, N contains
a minimal classical n-absorbing submodule of M. Therefore, every classical n-
absorbing submodule of M contains a minimal classical n-absorbing submodule
of M.

Next we show that every Noetherian module contains finitely many minimal
classical n-absorbing submodules.

Theorem 2.12. Let M be a Noetherian R-module. Then M contains a finite
number of minimal classical n-absorbing submodules.

Proof. Let M be a Noetherian R-module containing infinitely many minimal
classical n-absorbing submodules. Let
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Θ = {N : N is a submodule of M such that the module M/N has an infinite
number of minimal classical n-absorbing submodules}.

Clearly, Θ 6= /0 (0 ∈ Θ). It follows from the maximal condition that Θ has a
maximal member K with respect to inclusion, as M is a Noetherian R-module.
If K is n-absorbing, then 0M/K is n-absorbing and so M/K has a finite number
of minimal classical n-absorbing submodules, a contradiction. Hence, K is not
a classical n-absorbing submodule. Thus, there exist ideals I1, I2, . . . , In+1 in R
and m∈M such that I1I2 · · · In+1m⊆K, and Îim * K) for every i∈ {1, . . . ,n+1}
such that Î j = I1I2 · · · I j−1I j+1 · · · In+1 for each j ∈ {1, . . . ,n+ 1}. Since K is
maximal in Θ, K+ Îim /∈Θ, and so M/(K+ Îim) has a finitely minimal classical
n-absorbing submodules, for every i ∈ {1, . . . ,n+1}. If L/K is a minimal clas-
sical n-absorbing submodule of M/K, then I1I2 · · · In+1m⊆ K ⊆ L. This implies
that Îim ⊆ L for some i ∈ {1, . . . ,n+ 1}. Therefore L/(K + Îim) is a minimal
classical n-absorbing submodule of M/(K + Îim) for some i ∈ {1, . . . ,n+ 1}.
Hence, there are finite number of possibilities for the submodule L. This implies
that M/K has a finite number of minimal classical n-absorbing submodules, a
contradiction.

In the following theorem, we determine the classical n-absorbing submod-
ules in the R-module M where R = R1×R2× ·· ·×Rk is decomposable, M =
M1×M2× ·· ·×Mk and Mi is an Ri-module for every i ∈ {1, . . . ,k}. First we
need the following lemma.

Lemma 2.13. Let M be an R-module and Ni be a classical ni-absorbing sub-
module of M for every i ∈ {1, . . . ,k}. Then the intersection of Ni’s is a classical
n-absorbing submodule of M where n = ∑

k
i=1 ni. In particular, the intersection

of n classical prime submodules of M is a classical n-absorbing submodule of
M.

Proof. Let a1, . . . ,an+1 ∈ R, âi = a1a2 · · ·ai−1ai+1 · · ·an for every i ∈ {1, . . . ,n}
and let m∈M such that a1 · · ·an+1m∈N =N1∩·· ·∩Nk. Suppose that âian+1m /∈
N for each i ∈ {1, . . . ,n}. Then one may assume that âian+1m /∈ Ni for every
i ∈ {1, . . . ,k}, and for every j ∈ {k + 1, . . . ,n} âk+ jan+1m /∈ Ni for some i ∈
{1, . . . ,k}. Since every Ni is a classical ni-absorbing submodule, a1a2 · · ·anm ∈
Ni for every i ∈ {1, . . . ,n}. Thus N is a classical n-absorbing submodule of M.
The“In particular” statement is clear.

Theorem 2.14. Let M = M1×M2×·· ·×Mk be an R-module where R = R1×
R2× ·· · ×Rk is a decomposable ring and 1 < k < ∞ such that for every i ∈
{1, . . . ,k} Mi is an Ri-module and let N be a proper submodule of M. If N =
N1×N2×·· ·×Nk is a classical n-absorbing submodule of M, then either Ni is a
classical n-absorbing submodule of Mi for every i ∈ I ⊆ {1, . . . ,k} and Ni = Mi



ON CLASSICAL n-ABSORBING SUBMODULES 311

for every i ∈ {1,2, . . . ,k} \ I, or Ni is a classical (n− 1)-absorbing submodule
of Mi for every i ∈ {1, . . . ,k}. In fact, the converse is true if whenever Ni is a
classical ni-absorbing of Mi for i ∈ I ⊆ {1, . . . ,k} and ∑i∈I ni = n.

Proof. Let N = N1×N2×·· ·×Nk be a classical n-absorbing submodule of M.
We use induction on k. In case k = 2, if N2 = M2, then N1 6= M1, as N is proper.
By considering the module M′ = M

{0}×M2
, it is easy to see that N = N

{0}×M2
is a

classical n-absorbing submodule of M′, M′ ∼= M1 and N′ ∼= N1, and so N1 is a
classical n-absorbing submodule of M1. Now, if N1 6= M1 and N2 6= M2, then
there exists x ∈M2 \N2. Let a1, . . . ,an ∈ R1 and âi = a1a2 · · ·ai−1ai+1 · · ·an for
every i ∈ {1, . . . ,n} and let m ∈M such that a1 · · ·anm ∈ N1. Hence

(a1,1)(a2,1) · · ·(an,1)(1,0)(m,x) = (a1 · · ·anm,0) ∈ N = N1×N2.

Since N is a classical n-absorbing submodule and x /∈ N2, (âi,1)(1,0)(m,x) =
(âim,0) ∈ N for some i ∈ {1, . . . ,n}. Hence âim ∈ N1 for some i ∈ {1, . . . ,n}.
Thus N1 is a classical (n− 1)-absorbing submodule of M1 . Similarly one
may show that N2 is a classical (n− 1)-absorbing submodule of M2. Con-
versely, suppose that N = N1×M2. It is easy to see that N is a classical n-
absorbing submodule of M if N1 is either classical (n− 1)-absorbing submod-
ule or classical n-absorbing submodule of M1. Suppose that N = N1 × N2,
for some classical n1-absorbing submodule N1 and classical n2-absorbing sub-
module N2 of M1 and M2, respectively, where n1 + n2 = n. By Lemma 2.13,
(N1×M2)∩ (M1×N2) = N1×N2 = N is a classical n-absorbing submodule of
M.

We now turn to the inductive step. Assume, inductively, that the results have
been proved for smaller values of k. We have shown that if N = (N1×N2×·· ·×
Nk−1)×Nk is a classical n-absorbing submodule of M, then either Nk is a classi-
cal n-absorbing submodule of Mk and N j = M j for every j ∈ {1,2, . . . ,k−1}, or
Nk = Mk and L = N1×N2×·· ·×Nk−1 is a classical n-absorbing submodule of
M1×M2×·· ·×Mk−1, or N = L×Nk where L,Nk are classical (n−1)-absorbing
submodules. Suppose that L is a classical n-absorbing submodule. Apply the
inductive assumption to L to see that either Ni’s are classical (n−1)-absorbing
submodules or Ni is a classical n-absorbing submodule of Mi for every i ∈ I
where I ⊆ {1,2, . . . ,k− 1} and Ni = Mi for every i ∈ {1,2, . . . ,k− 1} \ I. In
fact, the converse statement, that is, if Ni is a classical ni-absorbing of Mi for
i ∈ I ⊆ {1, . . . ,k} and ∑i∈I ni = n, then N is a classical n-absorbing submodule
of M, is true since

(N1×M2×·· ·×Mk)∩ (M1×N2×M3×·· ·×Mk)∩·· ·∩ (M1×·· ·×Mk−1×
Nk)∼= N1×N2×·· ·×Nk = N.
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Hence the result follows immediately from Lemma 2.13 and this completes the
inductive step.

3. Properties of Classical n-Absorbing Submodules and Classical
n-Absorbing Avoidance Theorem

In this section, we prove the classical n-absorbing avoidance theorem for sub-
modules.

In [11, Conjecture 1] the authors gave the following conjecture: Let R be a
commutative ring and let M be an R-module. If N is an n-absorbing submodule
of M, then (N :R M) is an n-absorbing ideal of R. In the following theorem we
prove this conjecture for a classical n-absorbing submodule.

Theorem 3.1. If N is a classical n-absorbing submodule of an R-module M,
then (N :R M) is an n-absorbing ideal of R.

Proof. Let a1, . . . ,an+1 ∈ R, âi = a1a2 · · ·ai−1ai+1 · · ·an+1, for every i ∈ {1, . . . ,
n+ 1} and suppose that a1 · · ·an+1 ∈ (N :R M). We show that (N :R M) is an
n-absorbing ideal of R. For each i ∈ {1, . . . ,n+1}, set

Ai = {m ∈M : âim ∈ N} and Bi = {m ∈M : âim /∈ N}.

It is easy to see that the sets Ai’s,Bi’s are submodules of M and M = Ai ∪Bi

for every i ∈ {1, . . . , n + 1}. Hence either M ⊆ Ai or M ⊆ Bi for every i ∈
{1, . . . ,n+1}, and so, either M = Ai or M = Bi for for every i∈ {1, . . . ,n+1}. If
M =Ai for some i∈ {1, . . . ,n+1}, then we are done. Hence assume that M =Bi

for every i ∈ {1, . . . ,n+ 1}. Since N is a classical n-absorbing submodule of
M and a1 · · ·an+1m ∈ N for every m ∈ M, we must have âim ∈ N for some
i ∈ {1, . . . ,n+1}, which is a contradiction, since M =

⋃n+1
i=1 Bi. Hence M = Ai,

for some i ∈ {1, . . . ,n+1}. Thus (N :R M) is an n-absorbing ideal of R.

Corollary 3.2. Let K,N be submodules of the R-module M, a1, . . . ,an+1 ∈
R, âi = a1a2 · · ·ai−1ai+1 · · ·an+1, for every i ∈ {1, . . . ,n+ 1} and suppose that
a1 · · ·an+1K ⊆N. If N is a classical n-absorbing submodule of M, then âiK ⊆N,
for some i ∈ {1, . . . ,n+1}.

Proof. The proof is similar to that of Theorem 3.1.

Remark 3.3. Let R be a um-ring and N be a classical n-absorbing submodule
of an R-module M. By Theorem 2.6 and Corollary 3.2, for every submodule K
of M that is not contained in N, (N :R K) is an n-absorbing ideal of R. Hence,
it follows from Corollary 2.7 (1) that every n-absorbing ideal of R is a strongly
n-absorbing ideal of R, and this gives an affirmative answer to conjecture one in
[6, page 41], when R is um-ring.
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Theorem 3.4. Let M be an R-module and N be a classical n-absorbing submod-
ule of M such that (N :R M) 6=

√
(N :R M). Then Nrt−1 = (N :M rt−1) is a classi-

cal (n− t +1)-absorbing submodule of M whenever r ∈
√

(N :R M)\ (N :R M)
and t is the smallest positive integer in which rt ∈ (N :R M). In particular,
Nrn−1 = (N :M rn−1) is a classical prime submodule of M whenever rn ∈ (N :R M)
and rn−1 /∈ (N :R M).

Proof. Let N be a classical n-absorbing submodule of M, a1, . . . ,an−t+2 ∈ R
and âi = a1a2 · · ·ai−1ai+1 · · ·an−t+2 for every i ∈ {1, . . . ,n− t + 2} and let m ∈
M such that a1 · · ·an−t+2m ∈ Nrt−1 . Then rt−1a1 · · ·an−t+2m ∈ N. Since N is
a classical n-absorbing submodule, we have either rt−1âim ∈ N for some i ∈
{1, . . . ,n−t+2} or rt−2a1 · · ·an−t+2m∈N. The desired result is clear if rt−1âim
∈ N for some i ∈ {1, . . . ,n− t + 2}. Assume that rt−1âim /∈ N for every i ∈
{1, . . . ,n− t +2} and rt−2a1 · · ·an−t+2m ∈ N. This means that rrt−2a1 · · ·an−t+1
(an−t+2 + r)m ∈ N, and since N is a classical n-absorbing submodule, we get

rt−2a1 · · ·an−t+1(an−t+2 + r)m =
(rt−2a1 · · ·an−t+1an−t+2m)+(rt−1a1 · · ·an−t+1m) ∈ N.

Therefore, rt−1a1 · · ·an−t+1m ∈ N, which is a contradiction. Hence rt−1âim ∈
N for some i ∈ {1, . . . ,n− t + 2} and thus Nrt−1 = (N :M rt−1) is a classical
(n− t +1)-absorbing submodule of M.

The “in particular” statement is easily proved as above (case t = n).

Lemma 3.5. Let N ⊆ N1∪N2∪·· ·∪Nn(n≥ 2) be an efficient covering by sub-
modules of the R-module M with the property that whenever N j is classical n j-
absorbing, then there exists r ∈ R such that rn j ∈ (N j :R M), rn j−1 /∈ (N j :R M)
and (Ni :R M) * ((N j :M rn j−1) :R m) for every m ∈M \N j and i 6= j. Then no
N j is a classical n-absorbing submodule for j ∈ {1, . . . ,n}.

Proof. Suppose that N j is a classical n-absorbing submodule for some j ∈ {1,
. . . ,n} and look for a contradiction. It is easy to see that

N = (N∩N1)∪ (N∩N2)∪·· ·∪ (N∩Nn)

is an efficient union, otherwise N∩Ni ⊆ N∩Nk for some i 6= k, and this implies
N ⊆ N1∪N2∪·· ·∪Nk−1∪Nk+1∪·· ·∪Nn which is a contradiction. Thus, there
exists an element m j ∈ N \N j for every j ∈ {1, . . . ,n}. Since N = (N ∩N1)∪
(N∩N2)∪·· ·∪ (N∩Nn) is an efficient union, we conclude that (

⋂
i6= j Ni)∩N ⊆

N j∩N, by [18, Lemma 2.1]. Since N j is a classical n-absorbing submodule of M
and m j ∈M \N j, there exists r ∈ R such that rn j ∈ (N j :R M), rn j−1 /∈ (N j :R M)
and (Ni :R M) * ((N j :M rn j−1) :R m j) for every i 6= j. Therefore, there exists
yi ∈ (Ni : M) \ ((N j :M rn j−1) :R m j) for every i 6= j. Let y = ∏i6= j yi. Then
y = ∏i6= j yi ∈

⋂
i 6= j(Ni : M) but y = ∏i6= j yi /∈ ((N j :M rn j−1) :R m j), as (N j :M
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rn j−1) is a classical prime submodule, by Theorem 3.4. Let x = yrn j−1m j. Then
x∈N∩(

⋂
i 6= j Ni). But x /∈N∩N j, as x∈N∩N j implies yi ∈ ((N j :M rn j−1) :R m j)

for some i 6= j, a contradiction. Thus no N j is a classical n-absorbing submodule
of M.

Now, we prove the Classical n-Absorbing Avoidance Theorem.

Theorem 3.6. (Classical n-Absorbing Avoidance Theorem for Submodules)
Let N1,N2, . . . ,Nn be submodules of the R-module M with the property that
whenever N j is classical n j-absorbing, then there exists r ∈ R such that rn j ∈
(N j :R M), rn j−1 /∈ (N j :R M) and (Ni :R M) * ((N j :M rn j−1) :R m) for ev-
ery m ∈ M \N j and i 6= j and suppose that at most two of N1,N2, . . . ,Nn are
not classical n-absorbing submodules. If N is a submodule of M such that
N ⊆ N1∪N2∪·· ·∪Nn, then N ⊆ N j for some j ∈ {1, . . . ,n}.

Proof. Let N ⊆ N1∪N2∪·· ·∪Nn be a covering consisting of submodules of M
such that at least n− 2 of N1,N2, . . . ,Nn are classical n-absorbing submodules.
If we reduce the covering to an efficient, the hypothesis remains valid. Then we
may assume that the covering is efficient. If n = 2, then it is obvious. Suppose
that n > 2. Since the covering is efficient, by Lemma 3.5 no N j is a classical
n-absorbing submodule, which is a contradiction. Therefore n < 2, and thus
N ⊆ N j for some j ∈ {1, . . . ,n}.

Corollary 3.7. (n-Absorbing Avoidance Theorem for Submodules)
Let N1,N2, . . . ,Nn be submodules of the R-module M with the property that
whenever N j is n j-absorbing, then there exists r ∈ R such that rn j ∈ (N j :R M),
rn j−1 /∈ (N j :R M) and (Ni :R M) * ((N j :M rn j−1) :R m) for every m ∈ M \N j

and i 6= j and suppose that at most two of N1,N2, . . . ,Nn are not n-absorbing
submodules. If N is a submodule of M such that N ⊆ N1 ∪N2 ∪ ·· · ∪Nn, then
N ⊆ N j for some j ∈ {1, . . . ,n}.

Using the classical n-absorbing avoidance theorem, we state the following
corollaries.

Corollary 3.8. Let N,N1, . . . ,Nn be submodules of the R-module M such that
for every i ∈ {1, . . . ,n}, Ni is classical ni-absorbing and there exists r ∈ R such
that rn j ∈ (N j :R M), rn j−1 /∈ (N j :R M) and (Ni :R M)* ((N j :M rn j−1) :R s) for
every s ∈M \N j and i 6= j. If there exists m ∈M such that Rm+N *

⋃n
i=1 Ni,

then there exists x ∈ N such that m+ x /∈
⋃n

i=1 Ni.

Proof. Suppose that m ∈
⋂k

i=1 Ni but m /∈
⋃n

i=k+1 Ni. We distinguish between
the cases k = 0 and k 6= 0. Suppose k = 0. Then m = m+ 0 /∈

⋃n
i=1 Ni and so

we are done. Thus, assume that 1 ≤ k. First, we show that N *
⋃k

i=1 Ni, for
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otherwise by the classical n-absorbing avoidance theorem for submodules, N ⊆
Ni for some i∈ {1, . . . ,k}, a contradiction. So, there exists a∈N \

⋃k
i=1 Ni. Next,

we show that
⋂n

i=k+1(Ni :R M)*
⋃k

j=1((N j :M rn j−1) :R s) for every s ∈M \N j.
Suppose that

⋂n
i=k+1(Ni :R M) ⊆

⋃k
j=1((N j :M rn j−1) :R s) for some s ∈ M \N j

and look for a contradiction. By Theorem 3.4, (N j :M rn j−1)’s are classical prime
submodules, then by [5, Lemma 2.1] ((N j :M rn j−1) :R s)’s are prime ideals of R.
Thus by the prime avoidance theorem,

⋂n
i=k+1(Ni :R M)⊆ ((N j :M rn j−1) :R s) for

some j ∈ {1, . . . ,k}, and so
⋂n

i=k+1

√
(Ni :R M)⊆ ((N j :M rn j−1) :R s) for some

j ∈ {1, . . . ,k}. We have seen in Theorem 3.1 that (Ni :R M) is an ni-absorbing
ideal of R for every i∈ {k+1, . . . ,n}, then by [4, Theorem 2.5] there are at most
ni prime ideals of R minimal over

√
(Ni :R M) for every i ∈ {k+1, . . . ,n}. We

conclude by [17, Lemma 3.55] that one of these prime ideals which are minimal
over

√
(Ni :R M) is contained in ((N j :M rn j−1) :R s) for some i ∈ {k+1, . . . ,n}.

This means that (Ni :R M) ⊆ ((N j :M rn j−1) :R s) for some i ∈ {k + 1, . . . ,n},
which contradicts the hypothesis. Hence, there exists b ∈

⋂n
i=k+1(Ni :R M) such

that b /∈
⋃k

j=1((N j :M rn j−1) :R s) for every s ∈M \N j. Let x = ab. Then x ∈ N.
We also have x ∈

⋂n
i=k+1 Ni, but x /∈

⋃k
j=1 N j, for otherwise x = ab ∈ N j for

some j ∈ {1, . . . ,k}, then b ∈ (N j : a) ⊆
⋃k

j=1((N j :M rn j−1) :R a) for some j ∈
{1, . . . ,k}, a contradiction. Thus x ∈

⋂n
i=k+1 Ni \

⋃k
i=1 Ni. Since m ∈

⋂k
i=1 Ni \⋃n

i=k+1 Ni, we conclude that m+ x /∈
⋃n

i=1 Ni.

Corollary 3.9. Let N be a finitely generated submodule of the R-module M such
that N = 〈r1,r2, . . . ,rs〉. Let N1,N2, . . . ,Nn be submodules of M such that for
every i ∈ {1, . . . ,n}, Ni is classical ni-absorbing, N * Ni and there exists r ∈ R
such that rn j ∈ (N j :R M), rn j−1 /∈ (N j :R M) and (Ni :R M) * ((N j :M rn j−1) :R
m) for every m ∈ M \N j and i 6= j. Then there exist b2, . . . ,bs ∈ R such that
α = r1 +b2r2 + · · ·+bsrs /∈

⋃n
i=1 Ni.

Proof. We argue by induction on n. Suppose that N * Ni and there exists r ∈ R
such that rn j ∈ (N j :R M), rn j−1 /∈ (N j :R M) and (Ni :R M)* ((N j :M rn j−1) :R m)
for every m ∈ M \N j and i 6= j. The result being clear in the case n = 1. So,
suppose inductively that n > 1 and the result has been proved for smaller values
than n. Then there exist a2, . . . ,as ∈ R such that x = r1 + a2r2 + · · ·+ asrs /∈⋃n−1

i=1 Ni. If x /∈ Nn, then x /∈
⋃n

i=1 Ni and there is nothing to prove. So suppose
that x ∈ Nn. If r2, . . . ,rs ∈ Nn, then r1 ∈ Nn, and this contradicts the hypothesis
that N * Nn. Thus for some i, we assume ri /∈ Nn. Without loss of generality,
suppose that r2 /∈ Nn. By the hypothesis, there exists r ∈ R such that rnn ∈ (Nn :R
M), rnn−1 /∈ (Nn :R M) and (Ni :R M) * ((Nn :M rnn−1) :R r2) for every i 6= n.
Hence, there exists yi ∈ (Ni :R M) \ ((Nn :M rnn−1) :R r2) for every i 6= n. Let
y=∏

n−1
i=1 yi. Then y∈ (Ni :R M) for every i 6= n but y /∈ ((Nn :M rnn−1) :R r2), since

(Nn :M rnn−1) is a classical prime submodule of M by Theorem 3.4. Therefore
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y ∈ (Ni :R M) \ ((Nn :M rnn−1) :R r2) for every i 6= n. Let α = r1 +(a2 + y)r2 +
· · ·+asrs. We consider two cases.

Case one: Suppose that N ⊆ N1 ∪N2 ∪ ·· · ∪Nn. So, by the classical n-
absorbing Avoidance Theorem for submodules, N ⊆N j, for some j ∈ {1, . . . ,n},
which is a contradiction.

Case two: Suppose that N * N1∪N2∪·· ·∪Nn. Then by a similar argument
as above, we assume r2 /∈Nn. Thus α = x+yr2 /∈

⋃n
i=1 Ni. Hence, this completes

the inductive step, and so the result is proved.

4. Classical n-Absorbing Submodules in Specific Modules

In this section, we study classical n-absorbing submodules in some classes of
modules.

There are interesting results in [4] on n-absorbing ideals. We extend some
of them for classical n-absorbing submodules in the next few results.

We start with the following lemma.

Lemma 4.1. Let I be an n-absorbing ideal of R such that R is a valuation
ring, and let M be a faithful multiplication R-module. Then IM is a classical
n-absorbing submodule of M.

Proof. Let a1, . . . ,an+1 ∈ R, âi = a1a2 · · ·ai−1ai+1 · · ·an+1 for every i ∈ {1, . . . ,
n + 1} and let m ∈ M such that a1 · · ·anan+1m ∈ IM. The result is clear if
(IM :R âim) = R, for some i ∈ {1, . . . ,n+ 1}. Suppose that (IM :R âim)’s are
proper ideals of R. We look for a contradiction. Since R is a valuation ring,⋃n+1

i=1 (IM :R âim) is a proper ideal of R, and so there is a maximal ideal P
of R such that

⋃n+1
i=1 (IM :R âim) ⊆ P. Let TP(M) = {m′ ∈ M : (1− x)m′ = 0

for some x ∈ P} (as defined in [1, page 756]), and so âim /∈ TP(M) for every
i ∈ {1, . . . ,n+1}, for otherwise âim ∈ TP(M) for some i ∈ {1, . . . ,n+1}. This
implies that (1− x)âim = 0 for some x ∈ P, which means that (1− x)âim ∈ IM
and hence (1− x) ∈ (IM :R âim) ⊆ P. This contradicts the fact that P is max-
imal. It follows from [1, Theorem 1.2] that M is P-cyclic, and so, there exist
x ∈ P and m′ ∈M such that (1− x)M ⊆ Rm′. This implies (1− x)m = rm′ and
(1−x)a1 · · ·anan+1m = sm′ for some r ∈ R and s∈ I, so (a1 · · ·anan+1r−s)m′ =
0 and since (1−x)M⊆ Rm′, we get (1−x)(a1 · · ·anan+1r−s)M = 0. Therefore,
(1− x)(a1 · · ·anan+1r− s) ∈ (0 :R M) = 0 since M is a faithful module. Hence
(1−x)a1 · · ·anan+1r = (1−x)s∈ I. But I is an n-absorbing ideal of R and (IM :R
âim)’s are proper ideals of R, then we have either âi ∈ I for some i ∈ {1, . . . ,n+
1} or a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1r ∈ I for some i, j ∈ {1, . . . ,n + 1}
or a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1(1− x) ∈ I for some i, j ∈ {1, . . . ,n} or
a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · · · · ·ak−1ak+1 · · ·an+1(1−x)r∈ I for some i, j,k∈
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{1, . . . ,n+1}. If âi ∈ I for some i ∈ {1, . . . ,n+1}, then we get a contradiction.
If a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1r ∈ I for some i, j ∈ {1, . . . ,n+ 1}, then
a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1(1− x)m ∈ IM and hence 1− x ∈ (IM :R
a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1m)⊆ (IM :R âim)⊆ P, a contradiction. If

a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1(1− x) ∈ I

for some i, j ∈ {1, . . . ,n+1}, then a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·an+1(1−x)m
∈ IM and hence 1− x ∈ (IM :R âim)⊆ P, a contradiction. If

a1a2 · · ·ai−1ai+1 · · ·a j−1a j+1 · · ·ak−1ak+1 · · ·an+1(1− x)r ∈ I

for some i, j,k ∈ {1, . . . ,n+1}, then (1−x)2 ∈ (IM :R âim)⊆P, a contradiction.
Thus IM is a classical n-absorbing submodule of M.

Theorem 4.2. Let M be a finitely generated faithful multiplication module over
the Noetherian integral domain R and N a submodule of M. If M is a Dedekind
module, then for every classical n-absorbing submodule N of M, we have N =
N1 · · ·Nm where Ni’s are maximal submodules of M and 1≤m≤ n. The converse
holds if R is a valuation ring.

Proof. Let M be a Dedekind module and N a classical n-absorbing submodule
of M. Since (N :R M) is an n-absorbing ideal of R by Theorem 3.1, it follows
from [4, Theorem 5.1] and [16, Theorem 3.5] that (N :R M) = M1 · · ·Mm for
maximal ideals M1, . . . ,Mm of R with 1 ≤ m ≤ n. By [1, p. 756], N = (N :R
M)M = M1 · · ·MmM. It again follows from [1, Theorem 2.5] that Ni = MiM is
a maximal submodule of M for every i ∈ {1, . . . ,m}. Thus N = N1 · · ·Nm where
Ni’s are maximal submodules of M with 1≤m≤ n. We now turn to the converse
statement, let R be a valuation ring and I an n-absorbing ideal of R. By Lemma
4.1, IM is a classical n-absorbing submodule of M, and so IM = N1 · · ·Nm where
Ni’s are maximal submodules of M and 1 ≤ m ≤ n. Since M is a non-zero
multiplication R-module, by [1, Theorem 2.5] for every i∈ {1, . . . ,m}, Ni = PiM
where Pi is a maximal ideal of R. Therefore, IM =P1 · · ·PmM. Since M is finitely
generated, one may use [1, Theorem 3.1] to see that I = P1 · · ·Pm. Hence, by [4,
Theorem 5.1], R is a Dedekind domain. Thus, by [16, Theorem 3.4], M is a
finitely generated Dedekind R-module.

In the following, we extend these results to Prüfer modules.

Theorem 4.3. Let M be a faithful multiplication Prüfer module over the ring R
and N a submodule of M. If N is classical n-absorbing for some positive integer
n, then N is a product of prime submodules of M. The converse is true if R is a
valuation ring and M is finitely generated.
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Proof. Let N be a classical n-absorbing submodule of M. Then (N :R M) is an
n-absorbing ideal of R by Theorem 3.1, and so (N :R M) is a product of prime
ideals of R by [4, Theorem 5.7] and [13, Theorem 3.6]. Let (N :R M) = P1 · · ·Pk
where Pi’s are prime and k ∈ N∗. Hence, by [1, Corollary 2.11], N = (N :R
M)M = P1M · · ·PkM and N is a product of prime submodules of M. Conversely,
suppose that R is a valuation ring, M is finitely generated and N is a product
of prime submodules of M. It follows from [1, Corollary 2.11] that N = (N :R
M)M = P1M · · ·PkM where PiM’s are prime submodules and k ∈N∗. Since M is
a Prüfer module, we can use [13, Theorem 3.6] to see that R is a Prüfer domain.
Hence, by [4, Theorem 5.7] and [1, Theorem 3.1], (N :R M) = P1 · · ·Pk and
(N :R M) is an n-absorbing ideal of R for some positive integer n. Therefore,
N = (N :R M)M is a classical n-absorbing submodule of M for some positive
integer n, by Lemma 4.1.

Next classical n-absorbing submodules of valuation modules are character-
ized.

Theorem 4.4. Let M be a Bézout finitely generated faithful multiplication mod-
ule over an integral domain R and N a classical n-absorbing submodule of M
such that M-rad(N) = P for a prime submodule P of M. Then Pn ⊆ N. In
particular, this is also true if M is a valuation module.

Proof. Let N be a classical n-absorbing submodule of M such that M-rad(N) =
P for a prime submodule P of M. It follows from [1, p. 756] that N = (N :R
M)M. Since M-rad(N) = P, [1, Corollary 2.11] follows that M-rad(N) = P =
pM, for some prime ideal p of R. Since M is a multiplication module, by [1,
Theorem 2.12] we get

√
(N :R M)M = pM, and so

√
(N :R M) = p, as M a is

finitely generated faithful module [1, Theorem 3.1]. By Theorem 3.1, (N :R M)
is an n-absorbing ideal of R and since M is a Bézout finitely generated faith-
ful multiplication module over an integral domain R, by [2, Proposition 2.2]
and [4, Theorem 5.1], pn = (

√
(N :R M))n ⊆ (N :R M). Thus Pn = pnM =

(
√

(N :R M))nM ⊆ (N :R M)M = N.
The“In particular” statement is clear.

Theorem 4.5. Let M be a valuation finitely generated faithful multiplication
module over an integral domain R and N a submodule of M. Then the following
statements are equivalent

(1) N is a classical n-absorbing submodule of M.
(2) N is a p-primary submodule of M for some prime ideal p of R with

pnM ⊆ N.
(3) N = Pm for some prime submodule P (= M-rad(N)) of M such that

1≤ m≤ n.
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Proof. (1) ⇒ (2) Let N be a classical n-absorbing submodule of M. Since M
is a valuation module, it follows from [2, Proposition 2.2] that R is a valuation
domain. This means that

√
(N :R M) = p where p is a divided prime ideal of R

[14, Theorem 17.1 (2)]. By Theorem 3.1, (N :R M) is an n-absorbing ideal of R,
and so (N :R M) is a p-primary ideal of R, by [4, Theorem 3.2]. Hence, N is a
p-primary submodule of M and pnM ⊆ (N :R M)M = N, by [3, Corollary 1] and
[4, Lemma 5.4], respectively.

(2)⇒ (3) Let N be a p-primary submodule of M for some prime ideal p of
R with pnM ⊆ N. Since the ideal (N :R M) is a p-primary ideal of R and as R is
a valuation domain, it follows from [14, Theorem 17.3 (b)] that (N :R M) = pm

with 1≤ m≤ n. Thus N = (N :R M)M = pmM = Pm with 1≤ m≤ n.
(3)⇒ (1) It follows from [11, Theorem 6].
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