LE MATEMATICHE
Vol. LVIII (2003) — Fasc. II, pp. 179-199

GEOMETRIC k-NORMALITY OF CURVES
AND APPLICATIONS

ALESSANDRO ARSIE - CONCETTINA GALATI

The notion of geometric k-normality for curves is introduced in com-
plete generality and is investigated in the case of nodal and cuspidal curves
living on several types of surfaces. We discuss and suggest some applications
of this notion to the study of Severi varieties of nodal curves on surfaces of
general type and on P2,

1. Introduction and preliminaries.

A very classical problem in algebraic geometry is the investigation on
properties of projectively normal varieties. A closed subscheme X C P’ is
projectively normal iff it is normal and H'(Iy pr(kH)) = 0, for all k € Z and
where H denotes the hyperplane section. Observe that, when X is smooth, the
geometric meaning of the above vanishing is that the linear system cut out on
X by the hypersurfaces in P" of degree k is complete. Particular examples of
projectively normal subvarieties are smooth complete intersections. For smooth
subvarieties, 1-normality (equiv. linear normality), means that X cannot be
the isomorphic projection of some smooth, non-degenerate variety sitting in a
higher dimensional projective space.
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n [1] it has been introduced a generalization of the concept of linear
normality, namely the geometric linear normality. Precisely, in the case of
curves, we recall the following:

Definition 1.1. (See [1], Def. 3.1). Let C C P be any non-degenerate, re-
duced, irreducible curve (possibly singular). Then C is said to be geometrically
linearly normal if the normalization map ¢ : C — C cannot be factored into a
non-degenerate birational morphism ¢ : C — I' c PV, followed by a projec-
tion 7 : PN — P', N > r. Equivalently, the linear system §(1) on C, which
is the pull-back of the linear system cut out on C by the hyperplane sections, is
complete; i.e. h%(C, Ox(¢*(H))) = dim($(1)) + 1 =r + 1.

Let us clarify the sense of the previous definition with the following
remark. Let p, be the arithmetic genus of C and g its geometric genus. When
p. and g are close enough, then the factorization ¢ = m o i cannot exist, and
so C is geometrically linearly normal. For example consider a smooth curve
C C P3, which lies on a smooth quadric Q,. Assume that C is of bi- -degree
(k, k), so that its degree is d = 2k and g = (k — 1)%>. Let us take d > 6,
i.e. k > 3, and consider the general projection C of C to P2. Obviously C is
birational to C and we can assume that it has only nodes as singularities, since
we are using a general projection. Thus p,(C) = (2k — 1)(k — 1), so that the
number § of nodes of C is § = p,(C) — gz = k(k — 1). In particular, by using
Castelnuovo’s bound we see that an irreducible nodal curve of degree 8 in P?
can not be the projection of a smooth curve in P3, if it has less than 12 nodes.
Observe that one cannot hope to get this kind of nodal curve in P? even using a
projection from a higher dimensional projective space: indeed by Castelnuovo’s
theory if we start from a smooth curve C in IP", instead of P3, then g¢ becomes
smaller with respect to the degree, so that the number of nodes has to increase.
Let us remark however that, from Definition 1.1, the above reasoning does not
imply that such a curve C in P? is geometrically linearly normal; instead we
have proved that C cannot be the projection of a smooth curve, but in principle
it could be the projection of an already singular curve C. Anyhow, this cannot
happen by Theorem 2 of [3].

On the other hand, if the numer of nodes § is big enough, there are several
examples of irreducible nodal curves on surfaces in " such that (1) is not
complete (see [1] for nodal curves on surfaces in P3, [3] for nodal curves on
surfaces in ). In this framework of ideas, it is natural to try to extend the
notion of geometric linear normality to that of geometric k-normality. This is
the content of the following:

Definition 1.2. Let C C P be a non-degenerate, reduced, irreducible curve
(possibly singular) and let ¢ : C — C be the normalization map. Then C
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is said to be geometrically k-normal (g.k.n., for short) if the pull-back to the
normalization C of the linear system cut out on C by the hypersurfaces of degree
k is complete, i.e. of dimension h°(Op (k)) — h°(Z¢c/pr (k)) — 1. As in Definition
1.1 the pull-back to C of this linear system will be denoted by (k).

Remark 1.3. Itis immediate to see that C C PP" is geometrically k-normal iff its
image v;(C) C PV, via the k-fold Veronese (re)embedding v, : C C P" < PV,
is geometrically linearly normal in the sense of Definition 1.1.

Let us observe that, while the concept of geometrical linear normality does
not depend on the postulation of the curve, this is instead the case for geometric
k-normality.

From now on let § C P be a smooth, irreducible, non-degenerate k-
normal surface. Let |D| be a complete linear system on S whose general
element is smooth and irreducible (so called Bertini linear system) and assume
moreover that this general element is k-normal. Let H be the hyperplane divisor
class on § and K the canonical divisor class of S. Let C € |[D| on S such that
C is areduced irreducible curve having only § nodes and cusps as singularities.
Let N be the zero dimensional subscheme of singularities of C.

The paper is organized as follows. In Section 2 we give necessary and
sufficient conditions for such a curve C to be geometrically k-normal: C is
g.k.n. iff N imposes independent conditions on the linear system | D+ Ks—kH |
(cfr. Theorem 2.1). Next we find sufficient numerical conditionson D, § and H
which determine an upper-bound f(H, D, S)on d,suchthatif § < f(H, D, S),
then N imposes independent conditions on |D + Kg — kH|. Then, a reduced
irreducible curve C € |D| with § nodes and cusps as the only singularities is
geometrically k-normal. Precisely, we prove:

Theorem. (cfr. Theorem 2.5 and Corollary 2.6 ) Let k be a positive integer and
let S C " be a smooth, non-degenerate k-normal surface, whose hyperplane
section is denoted by H . Assume that h' (O4(kH)) = 0.

Let | D| be a Bertini linear system on S whose general element is k-normal.
Assume that the following inequalities hold:

D.H > kH? = kdeg(S), (D —2kH)* >0, D(D—2kH)>0,

vw(D,kH) = k*(D.H)*> — D’H?) < 4D.(D — 2kH) — 4),

where v(D, kH) is the Hodge number of D and kH, and finally:

C.(C —2kH)+ /C*(C —2kH)?
3 .

Thus, if C € |D| is a reduced irreducible curve having § nodes and cusps as the
only singularities, then C is geometrically k-normal.

8 < f(H,D,S):=
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In particular, we have:

Corollary. (cfr. Corollary 2.8) Let S be a smooth non-degenerate projective
complete intersection surface in P, r > 3, and let C € \nH | be an irreducible
curve having only § nodes and cusps as singular points. Assume n > 2k + 1,
deg(8) > otap s if
n(n — 2k)deg(S)

4

d <

then C is g.k.n..

The strategies for proving the above results are similar to those used in [3]
for proving analogous theorems.

Furthermore, in Section 2 we investigate on some possible relations be-
tween geometric k-normality and geometric (k — 1)-normality of curves (cfr.
Proposition 2.9).

In Section 3 we relate the notion of geometric k-normality to other impor-
tant properties of a singular curve C on a smooth surface S and of its normal-
ization C. A first instance of this connection has already been studied in [2],
5, in the case of geometric linear normality. Here we make some further ob-
servations for the case of geometric k-normality. Indeed, if N = Sing(C), we
show that the g.k.n. property of C is related, on the one hand, to the O-regularity
(in the sense of Castelnuovo-Mumford) of a suitable twist of the ideal sheaf 7y
(cfr. Lemma 3.1) on the other hand, to other intrinsic properties of C such as its
Brill-Noether number (cfr. Proposition 3.3).

In particular, we have:

Proposition. (cfr. Corollary 3.4) Assume that S is a smooth linearly normal
and 2-normal, non-degenerate surface in ", D — 3H is big and nef and that
h'(O;) = h'(O,(H)) = h' (Os2H)) = 0. Let C € |D| be a reduced, irreducible
curve having only 8 nodes and cusps as singularities and let ¢ : C — C be its
normalization. Let g be the geometric genus of C (and so of C).

If C is geometrically 2-normal, then the Brill-Noether map v, ¢ of the pair

(, ¢*H) is surjective; in particular the Brill-Noether number
p(g,r,deg(C)) =g —(r + 1)(r —deg(C)+g) <0.
Thus, if p(g,r,deg(C)) > 0, under the hypotheses above, C cannot be

geometrically 2-normal.

We also discuss some interesting examples of geometrically linearly nor-
mal but not geometrically 2-normal curves on smooth quadrics in P? and which
have positive Brill-Noether number (cfr. Example 3.5).
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In Section 4 we show how the concept of geometric k-normality is also
closely related to the study of some Severi varieties which parametrize families
of irreducible and §-nodal curves on smooth surfaces.

We first focus on surfaces of general type and we show that the bound on §
in the Theorem above is sharp (at least for curves C € |8H | of degree 48, with 48
nodes and living on a smooth sextic surface in ?*). From the relation between
geometric k-normality and the local behaviour of Severi varieties, it turns out
that in the above example the point [C] € V43 34| is not a regular point of the
given Severi variety (for precise definitions cf. 4).

Finally, we consider the case of Severi varieties of §-nodal curves of degree
n in the plane and we give an upper-bound on the number of nodes § < f(n, k)
such that if § < f(n, k), then the general element of the corresponding Severi
variety V), s represents a geometrically k-normal plane curve (cfr. Theorem 4.2).
In the case k = 1, the result was proved by Sernesi in [8].

We use standard notation throughout the paper. If ¥ is a coherent sheaf
on some projective variety X, H'(X, ) will denote the i-th cohomology group
and h'(X, F) the corresponding dimension. If Z C X is any divisor in X,
|Z| will denote the complete linear system on X corresponding to Z, i.e. the
projective space parametrizing effective divisors linearly equivalent to Z. The
symbol Z ~ Z’ will denote linear equivalence. If C is a reduced irreducible
(possibly singular) curve, p,(C) will denote its arithmetic genus, whereas g(C)
will denote its geometric genus, i.e. the arithmetic genus of its normalization C.

2. Geometric k-normality on some projective surfaces.

In this section we study under which conditions an irreducible nodal and
cuspidal curve C on a projective surface S is geometrically k-normal. The
strategies for proving Theorem 2.1 and Theorem 2.5 are similar to those used
in [1] and [3] for analogous results; nevertheless we give detailed proofs of
Thereom 2.1 and Theorem 2.5 not only for convenience of a reader, but mainly
because we consider the more general case of curves with cusps and nodes as
singularities.

The first result is the following, which is a direct generalization of Theorem
1in [3].

Theorem 2.1. Let S be a smooth non-degenerate k-normal surface in P", such
that h'(S, Og(kH)) = 0 (e.g. S a complete intersection), with canonical divisor
class K and hyperplane divisor class H. Let |D| be a Bertini linear system
on S such that its general element is k-normal (e.g. D ~ nH on S complete
intersection). Let C € |D| be an irreducible curve having only nodes and cusps
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as singularities, let N = Sing(C) be the reduced zero dimensional subscheme
in S of the singularities of C and let § be the length of N; then C is g.k.n. iff
N imposes indipendent conditions on the linear system |D + Kg — kH|, i.e.
ho(In(D + Ks — kH)) = h°(Os(D + Ks — kH)) — §.

Proof. First of all, let us remark that under the hypotheses of Thereom 2.1
C is gkn. iff, i%(O(¢*(kH))) = h°(Op(kH)) = <”rrk> — P(k), where

P(k) is the postulation in degree k of D and ¢ : C — C is the normalization
map. This is an immediate consequence of Definition 1.2, combined with the
assumption that D is k-normal. Let D be the general element of the linear
system |D|. By using Riemann-Roch and the k-normality hypothesis we have

h'(Op(kH)) = r —: kY _ kdeg(D) 4+ p,(D) — 1 — P(k); by Serre’s duality

and by the adjunction formula on §, we get:
Q2.1)  KhOp(D+ Ks —kH)) = h°(Op(kH)) — kdeg(D) + p,(D) — 1.

Let u : S — S be the blowing-up of S along the reduced zero dimensional
subscheme of singularities N and let B = Y0_, E; be the exceptional divisor.
The restriction of x to the strict transform C of C in § is the normalization map
¢ (since we are admitting only nodes or cusps as singularities). By adjunction
on S, we have

(22) wg = Ox(Kz + C) = O (Ks+C)— B) = Ox(¢"(Kg+ C) — N),
where N is an effective divisor of degree 28 on C which maps to the sin-
gularities of C. By Riemann-Roch on C, we get: h!(C, Ox(¢*(kH))) =
h(C, O¢(¢*(kH))) — kdeg(C) + g(C) — 1, where g(C) = p,(C) — 8. By
Serre’s duality and by using (2.2) and the fact that C ~ D on §, we get:
' (Os(p*(kH))) = h°(Os(¢*(Ks + D — kH)) — N). In this way we get:
2.3) h°(Qa(p*(Ks + D —kH) — N)) =

= h(Ox(¢* (kH))) — kdeg(C) + pa(C) — 1 — 6.

Now, observe that hO(C,Os@*(kH)) = <”rrk) — Pl =
WD, Op(kH)), ie. C is gkn. iff, by (2.3),

2.4) h°(Qa(p*(Ks + D —kH) — N)) =
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= h°(Op(kH)) — kdeg(C) + pa(C) — 1 — 6.

Combining (2.1), (2.4) and the fact that adjunction on S is independent of the
chosen element in |D|, we get that i°(Oz(¢*(kH))) = h°(Op(kH)) (ie. C is
g.k.n.) iff:

(2.5)  h%Ox¢*(Ks+ D —kH)— N)=h’(Op(Ks+ D —kH)) — § =
=h%Oc(Ks+ C —kH)) — 6.

Thus, using the assumption h'(S, Og(kH)) = 0, Serre’s duality on S and the
exact sequence

0—> Os(Ks —kH) > Os(C + Ks —kH) - Oc(C + Ks —kH) —> 0
we obtain:
(2.6) h%(Oc(C + Ks — kH)) = h°(Os(Ks — kH + C)) — h°(Os(Ks — kH)).
Analogously, from the exact sequence on S:
0 — Ox(K; — p*(kH)) — O3(C + K3 — n9(kH)) —
— Oz(C + K5 — p*(kH)) — 0
we get the following exact sequence:
0 — Os(u"(Ks —kH)+ B) — O3(u"(C + Ks —kH) — B) —
—> O(@*(C + Ks —kH) — N) — 0
from which, we obtain
2.7) R (Os(¢*(C + Ks — kH) — N)) =
= n%(O5(n*(C + Ks — kH) — B)) — h°(O5(u*(Ks — kH) + B)).

Indeed, applying Serre’s duality on S, we get the equality h'(O (W (Kg —
kH) + B)) = h'(Oz(u*(kH))) and this is zero since h'(O5(u*(kH))) =
hl((DC(kH )) = 0 as it follows from the (degenerate) Leray spectral sequence.
Combining (2.5), (2.6) and (2.7) we find:

(2.8)  h°(O5(u*(C + Ks—kH) — B)) — h°(O5(u*(Ks — kH) + B)) =
=h%(Os(Ks — kH + C)) — h°(Os(Ks — kH)) — 8.

Now observe that applying Serre’s duality on S and on S, and using the
(degenerate) Leray spectral sequence we get that h°(Os(u*(Ks —kH) + B)) =
h?(Os(u*(kH))) = h*(O5(kH)) = h°(O5(Ks —kH)). Thus we end up with the
desired result using (2.8) and observing that ho(Og(u*(C + Ks—kH)— B) =
h(In(D + Ks — kH)). O
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Remark 2.2. In the previous theorem we have implicitly assumed that |D +
Ks — kH| # (. If this is not the case, by Riemann-Roch we have that C is
gkn. iff § =0, i.e. C is smooth.

One of our goals is to apply Theorem 2.1 to the study of Severi varieties in
4, so we have restricted our consideration just to the case of irreducible nodal
and cuspidal curves. However, we strongly believe that Theorem 2.1 admits a
direct generalization to irreducible curves having any type of singularities, by
using the adjoint/conductor ideal sheaf of C. This generalization will be not be
considered here and it will be the subject of a future analysis.

Anyway, the following proposition is immediate:

Proposition 2.3. Let S and |D| be as in Theorem 2.1. Let C € |D| be an
irreducible curve having only « ordinary singular points of multiplicity m.
Let ¥ C |D + Kg — kH| be the linear system of curves having singular
points of multiplicity m — 1 at the singular points of C. Then C is g.k.n. iff
dim(Z) = dim(|D + K5 — kH)|) — o22=1.

Proof. 1t is enough to observe that the blow-up of § at the singular points of
C, i : S — S restricts to the normalization map ¢ : C — C on the strict
transform C of C in S. Then the same proof given for Theorem 2.1 will do the
job here. ([l

Next, we find sufficient and numerical conditions on D, S and H which
determine upper-bounds f(H, D, S) on &, such that, if C € |D]| is a curve as
in Theorem 2.1 and § < f(H, D, S), then the subscheme of singularities N
imposes independent conditions on |D + Kg — kH|. Following again [3] and
[1], the idea is to construct a Bogomolov-unstable vector bundle on S to obtain
the function f(H, D, §), so that if the number of nodes and cusps § is at most
f(H,D,S)— 1, then C is geometrically k-normal. In the proof of this result
we shall make use of the following:

Definition 2.4. Let S be a smooth projective surface; a rank 2 vector bundle
& on § is called Bogomolov-unstable if there exist M, B € Div(S) and a O-
dimensional subscheme Z (possibly empty) such that & fits in the following
exact sequence:

0— Os(M)— &— I(B)—>0

and moreover (M — B) € N(S)T, where N(S)* is the ample cone on S. Let us
also recall that if ¢;(§)* — 4c,(8) > 0, then & is Bogomolov-unstable (see for
instance [4]).

We can now state the following:
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Theorem 2.5. Let S C P be a smooth non-degenerate surface, whose hyper-
plane section is denoted by H. Let D be an effective irreducible smooth divisor
on S and let k be a positive integer. Assume that the following inequalities hold:

(2.9) D.H > kH? = kdeg($),
(2.10) (D —2kH)® >0, D(D—2kH) >0,
(2.11) vw(D,kH) = k*(D.H)* — D*H* < 4D.(D —2kH) — 4),

where v(D, kH) is the Hodge number of D and kH, and finally:

C.(C —2kH)+ /C*(C —2kH)?

(2.12) < f(H,D,S):=

Then if C € |D| is a reduced irreducible curve having only § nodes and cusps
as singularities, we have that N = Sing(C) imposes independent conditions on
ID+ Ks —kH|.

Proof. Assume the contrary, that is N does not impose independent conditions
on |D + Kg — kH|. Let Ny C N be the O-dimensional subscheme of N
of minimal length for which Ny does not impose independent conditions on
|D + Kg — kH| and let §; be the length of Ny. Due to the exact sequence:

0— Iy, ®0s(D+ Ks—kH) — OS(D—l‘Ks—kH)—)QNO o0,

the failure of N, to impose independent coditions means ' (I N ®Os(D+Kg—
kH)) # 0 and so N, satisfies the Cayley-Bacharach condition (i.e. if an element
of the linear system |D + Kg — kH | passes through all the components of N,
except one, then is has to pass also through the remaining one). Therefore (see
for instance [7]) a non-zero element of H'(I N (D + Kg — kH)) gives rise to
a non-trivial rank 2 vector bundle € € Ext'(Z N, (D — kH), Oy), fitting in the
following exact sequence:

(2.13) 0— 0Os— &— Iy (D —-kH)— 0,
so that ¢1(&) = C — kH and ¢,(&) = Jy. In our case, we have:

(2.14) c1(8)% — 4¢5(8) = (D — kH)? — 48,.
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Now by (2.12) we have (D —kH)> — 48, > (D —kH)? — 48 which is grater than
k*H>+1D.(D—2kH) > k?H* > 0, since, by (2.10), D.(D—2kH) > 0. Thus,
&€ is Bogomolov-unstable and hence, using Definition 2.4, h°(&(—M)) # 0.
Twisting (2.13) by Og(—M) we get:

(2.15) 0— Os(—M) - &(—M) - Iy(D —kH — M) — 0.

Observe that h1°(Og(—M)) = 0: otherwise, —M would be an effective divisor
and we would have —M.A > 0 for each ample divisor A. Then by the exact
sequence in Definition 2.4 it follows that ¢;(§) = M + B, and so, by the exact
sequence (2.13),

(2.16) M—B=2M—D+kH eN(S)".
Thus M — D + kH).H > 0, which implies

(D —kH).H
2.17) MH > ————.

so that, by (2.9), H.(D — kH) > 0, and we get —M.H < 0, which gives the
claim h°(@g(—M)) = 0. From the long exact cohomology sequence of (2.15),
we get 0 # HY(&(—=M)) — HOIy,(D — kH — M)). This means that there
exists A € |D—kH — M| suchthat Ny C A. Ifitwere C C A,then A—C >0,
buton S we have A—C ~ —kH — M, so that also —kH — M would be effective,
but this is clearly false since —kH? — H.M < 0 by (2.17). Thus C cannot be a
component of A. Applying Bezout’s theorem we get:

(2.18) C.A =C.(D —kH — M) > 25,

since C has only nodes and cusps as singularities. On the other hand, taking M
maximal among all divisors satisfying h°(&(—M)) # 0, we can further assume
that the general section of & —M) vanishes in codimension 2. Denoting by Z
this vanishing locus, we have c;(8(—M)) = deg(Z) > 0. But c,(6(—M)) =
c2(8) + M? + ¢1(8).(—M) = 8y + M? — M.(D — kH), which implies

(2.19) b0 <M.(D—kH — M).

Applying the Hodge Index Theorem to the divisor pair (D,2M — D +kH) we
obtain:

(2.20) D*(2M — D + kH)* < (D.2M — D + kH))* =
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=(D.(D —kH)—-2D.(D — kH — M))*.
From (2.9), and the second part of (2.10) it follows D.(D — kH) > 0 and
similarly one finds D? > 0 (this is also due to our assumption that |D| is a

mobile linear system). Since D is irreducible, this implies that D is nef. From
(2.18) and the positivity of D.(D — kH), it follows that

(2.21) D.(D —kH)—-2D.(D —kH — M) < D.(D — kH) — 46.

Next observe that the left hand side of (2.21) is non-negative, since it is
equal to D.2M + D — kH), where D is effective and, by (2.16), we have
2M — D + kH € N(S)*. Squaring both sides of (2.21) and comparing with
(2.20) we get

(2.22) D?>QM — D +kH)* < (D.(D — kH) — 48,)*.

On the other hand, we find: @M — D +kH)*> = 4(M — #)2, which is equal
to (D — kH)*> —4(D — kH + M).M and, using (2.19),

(2.23) QM — D +kH)*> > (D — kH)* — 45,.
Next define the following function
(2.24) F(80) := 168} — 480D.(D — 2kH) + k*(D.H)* — D*H?).

Using (2.22) and (2.23), it turns out that F(6gp) > 0. Now we will show
that under our numerical hypotheses, one has F(§y) < O for some positive
integer 8y, so that the assumption h!(Iy(D — kH + Ks)) # 0 leads to a
contradiction. To do this, consider the reduced discriminant of the equation
F(8y) = 0; this is equal to 4D*(D — 2kH)?, which is strictly positive due
to the first part of (2.10) and to the fact that D> > 0. Thus F(8;) < O iff
b0 € (a(D,kH), B(D, kH)) where a(D, kH) and (D, kH) are the two roots
of the equation. It is a straightforward computation to see that § < (D, kH)
is just condition (2.12). On the other hand (D, kH) > 0: if (D, kH) < O,
then it turns out that D.(D — 2kH) < /D*(D — 2kH)?, which contradicts the
Hodge Index Theorem since D.(D — 2kH) > 0 by (2.10).

Finally, we have to show that there exists at least one positive integer
value of §p between o and B. In order to simplify the notation, put ¢ :=
D.(D — 2kH). Thus, from the expression of a(D, kH) it turns out that ¢ < 1
iff r —8 < /t?—4v(D,kH). If t — 8 < 0, the previous inequality trivially
holds, so that 69 > «a(D, kH). In this case note also that by (2.11) we find
B(D,kH) > 1, so that there exists at least one positive integral value for
the number of nodes and cusps &p. On the other hand, if r — 8 > 0, then
a(D,kH) < 1 directly from (2.11), while 8(D,kH) > 1 holds since it is

equivalentto t — 8 > —/t2 —4v(D, kH). O

Combining Theorems 2.1 and 2.5 we immediately get the following:
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Corollary 2.6. Let S be a smooth non-degenerate k-normal surface in P, such
that h'(Og(kH)) = 0. Let |D| be a Bertini linear system on S whose general
element is k-normal. Assume that D satisfies the inequalities (2.9), (2.10) and
(2.11) of Theorem 2.5. If C € |D| is a reduced irreducible curve having only §
nodes and cusps as singularities and § satisfies (2.12), then C is geometrically
k-normal.

Remark 2.7. As it is clear from the proof, in Theorem 2.5 we just find some
numerical conditions ensuring that h!'(Iy(D + Kg — kH)) = 0. Observe,
however, that in general this is only a sufficient condition for the subscheme
N of nodes and cusps to impose independent conditions on the linear system
|D 4+ Ks — kH|. However, by the Kawamata-Viehweg Vanishing Theorem, the
condition A (Iy(D + Kg — kH)) = 0 is also necessary if D — kH is nef and
big.

In the next sections, we will consider some examples of geometrically k-
normal nodal curves on smooth complete intersection surfaces. In order to study
these examples, we first rewrite the conditions of Theorems 2.1 and 2.5 for
surfaces which are smooth complete intersections in a more explicit form.

We have the following:

Corollary 2.8. Let S be a smooth non-degenerate projective surface, which
is a complete intersection in P", r > 3, and let C € |nH| be an irreducible
curve having only § nodes and cusps as singular points. Assume n > 2k + 1,

deg(S) > ,,(,,i—z,(); if

n(n — 2k)deg(S)
4

(2.25) § <

then C is g.k.n..

Proof. The assumption n > 2k+1 is just (2.9) and (2.10) rewritten for this case.
The bound on the degree of § is obtained from (2.11), whereas the bound on the
number of nodes and cusps (2.25) is obtained from (2.12), recalling that if the
Hodge number is zero as in this case is, then /C%(C — 2kH)?> = C(C —2kH).
Finally, to apply Theorem 2.1 and to conclude that C is geometrically k-
normal we must prove that the general element of |[nH| is k-normal. This
is immediate. O

To conclude this section, we investigate on possible relations between
geometric k-normality and geometric (k — 1)-normality. A first insight is given
by the following:
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Proposition 2.9. Let S, |D| and C € |D| as in the hypotheses of Theorem 2.1;
assume moreover that h'(Og(kH)) = h'(Os((k — 1)H)) = 0 and that S is
k-normal and (k — 1)-normal. Then if C is geometrically k-normal, it is also
geometrically (k — 1)-normal.

Proof. By Theorem 2.1, C €| D] is g.k.n. iff the subscheme N of singularities
of C (consisting of only nodes and cusps) imposes independent conditions on
|D + Kg — kH|. This is clearly equivalent to claim that the evaluation map
Vi HY(Og(D+ Kg—kH)) — C° is surjective, where § is the length of N and
C? is a skyscraper sheaf supported on N. On the other hand, ¥ is surjective
iff there exist sections 0; € H%(Og(D + Kg — kH)) such that oi(P;) = &
(where §; ; is the Kronecker’s symbol), i, j = 1...8, where Py, ..., Ps are the
singularities of C. Choose a section o € H(S, @s(H)) such that o(P;) # 0 for
any j. Now consider the multiplication map

m: H'(Os(H)) @ HY(Og(D + Ks — kH)) — H’(O4(D + Kg — (k — DH)).

The sections g; :=m(oc ® 0;),i =1, ..., 8, belongto H'(Os(D + Kg — (k —
1)H)) and they satisfy g;(P;) = §; ;. Using the g;’s it is immediate to see that
if Yo HY(Og(D + K5 — (k — 1)H)) — C° is the valuation map related to
|D + Kg — (k — 1)H|, then ¥ surjective implies ¥, surjective. [l

In the next section, we observe that the converse of the above result does
not hold (cf. Example 3.5)

3. Intrinsic and extrinsic properties of geometric k-normality.

The notion of geometric k-normality is strictly connected to other impor-
tant topics, such as the O-regularity of Castelnuovo-Mumford of some suitable
coherent sheaves on §, and also to geometric intrinsic properties of smooth
curves, e.g. the well-known Brill-Noether number. A first instance of this con-
nection has already been studied in [2], 5. Here we make some further obser-
vations on this subject.

We start to analyze the relation between geometric k-normality of C C S
and the O-regularity (in the sense of Castelnuovo-Mumford) of the coherent
sheaf Iy(D + Kg — (k — 1)H). Recall that a coherent sheaf & on S is said
to be k-regular iff h' (S, F(k —i)) = 0 forany i > 0.

This relation is motivated by the following observation: under the hypothe-
ses of Theorem 2.1 we know that 2! (Iy(D 4+ Kg — kH)) = 0 implies that C is
geometrically k-normal. Now, if D — kH is ample (or big and nef), then by the
Kawamata-Viehweg vanishing theorem we have ' (QOg(Ks+ D —kH)) = 0. In
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this case, we have that C is g.k.n. iff 1! (Iy(D + K5 —kH)) = 0; (for instance,
this is the case if S isac.i. and D ~ nH, with n > k). For what concerns the
O-regularity of Iy(D + Kg — kH), we observe the following:

Lemma 3.1. If D —(k+1)H is big and nef, then h'(Iy(D+ Ks—kH)) = 0 iff
In(D+ Ks—(k—1)H) is O-regular. Moreover, if we assume h'(Os(kH)) = 0,
then both conditions are equivalent to saying that C € |D|, with only § nodes
and cusps as singularities, is geometrically k-normal.

Proof. By the exact sequence
00— Iy(Ks+D—(k+1)H)—> Os(Ks+ D —(k+1)H)— Oy — 0

and using Kawamata-Viehweg vanishing we immediately get h*(Iy(D + Kg —
(k + 1)H)) = 0. The rest comes from Theorem 2.1 and from what observed
above. O

Let us now recall the following well-known proposition (for a proof see
[6]):

Proposition 3.2. Let ¥ be a coherent sheaf on a smooth projective variety X .
Then if ¥ is m-regular on X, we have that

o the maps:
H'X, FU-1)® H’ X, 0x(1)) > H’ (X, F))

are surjective for any | > m;
o H(X,F()=0,fori >0,1+i>m.

Observe that the O-regularity of the coherent sheaf Iy(Ks+D —(k—1)H)
has some interesting consequences on the behaviour of linear systems on C.
Indeed the O-regularity implies that

H(In(Ks+ D — (k— DH) ® H(Os(H)) — H(Iy(D + K5 — (k — 2)H))

is surjective, by the first part of Proposition 3.2. This is equivalent to the
surjectivity of the following map:

HS, Oy(u*(D + K5 — (k — DH) — B)) ® H(S, O5(u*(H))) —
— H°(O5(n*(Ks + D — (k —2)H) — B)).

Moreover, if we assume h'(Os((k — 1)H)) = h'(Os((k — 2)H)) = 0, then,
reasoning as in [2] (page 747), we find that

(3.1 ¢ Ho(0e(=(k = D (H)) © HO(Ox(1*(H)))
— H(wq(—(k — 2)H)),

is also surjective. Thus we have proved the following
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Proposition 3.3. The O-regularity of the sheaf In(Ks+ D — (k — 1)H) and the
vanishing of the cohomology groups Hl((9§((k —1DH)) and Hl((9§((k —2)H)
imply the surjectivity of (3.1). In particular, for k = 2, this gives the surjectivity
the well-known Brill-Noether map

Ho.c « HOwa(—¢" (H)) ® HAOp(@™(H)) — H we).

Corollary 3.4. Assume that S is a smooth linearly normal and 2-normal
non-degenerate surface in P", D — 3H is big and nef and that h'(Og) =
h'(Os(H)) = h'(0Os2H)) = 0. If C € |D| is geometrically 2-normal, then
the Brill-Noether map ., & of the pair (C, ¢*H) is surjective; in particular the
Brill-Noether number

p(g,r,deg(C)) =g — (@ + 1)(r —deg(C)+g) <0.

Thus, if p(g,r,deg(C)) > 0, under the hypotheses above, C cannot be
geometrically 2-normal.

Proof. Observe that under the above hypotheses on S, the geometric 2-
normality of C implies its linear normality by Proposition 2.9. Thus if C is
also geometrically linearly normal, then the Brill-Noether number can be ex-
pressed as the difference between the dimension of the cokernel and the kernel
of the Brill-Noether map. (]

Example 3.5. Let us discuss the following example in order to clarify the
meaning of Proposition 3.3 and Corollary 3.4 and their limits. Consider a
smooth quadric S, C P?> and D ~ 3H, (so that D — 3H is not big and nef)
and a singular curve C € | D| having just one singular point P (either a node or
a cusp). Then by using Theorem 2.5 (cfr. examples in 4), C is geometrically
linearly normal. We want to show that C is not geometrically 2-normal. To do
this we consider the following chain of implications:

In(D+ Ks— H) 0—regular = p, e surjective = p(g,r,d) <0
U
h'(Iy(D+ Ks—2H))=0
¢

C geom. 2 — normal

In particular, observe that the O-regularity of Iy(D + Ky — H) implies, but is
not equivalent to the vanishing of 4! (Iy(D + Ky — 2H)), whereas it would be
equivalent if D — 3H were big and nef. Now in this example an immediate
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computation shows that p(g,r, deg(C)) > 0, so that Iy(D + Kgs — H)
cannot be O-regular. On the other hand the O-regularity could fail because
h*(In;s(D + Ks —3H)) # 0, whereas h'(Zy,s(D 4+ K5 — 2H)) still vanishes.
But in our case ' (Iy(D + Ks —2H)) = h'(Ip(—H)) = 1. Thus such a C is
not geometrically 2 normal.

4. Examples and application of geometric k-normality to Severi varieties.

Let us recall that given a Bertini linear system |D| on a smooth surface S,
the Severi variety Vs p| is the locally closed subscheme of |D|, parametrizing
irreducible nodal curves in |D|, with § nodes and no other singularity. Saying
that Vs p| is regular at a point [C] means that Vs p| is smooth and of the
expected dimension at [C] (i.e. of dimc)(Vs,p)) = dim(|D|)—4). In particular,
the regularity of the Severi variety Vs p| at a point [C], is equivalent to the fact
that the nodes of C can be indipendently smoothed in |D|. Now, generalizing
the approach of [13] as it has been done by [1], it is easy to see that the tangent
space

Tic)| D] = H(Os(D))/H®(Os),

whereas
Tie)(Vs,ip) = H(In(D))/C,

where N is the subscheme of the nodes of C.

From these identifications it follows that C C § is a regular point [C] €
Vs, p| if and only if the subscheme N impose independent conditions on |D|
on S. Obviously, a sufficient condition for this to hold is that h!(Iy(D)) = 0,
which is also necessary if 2! (O5(D)) = 0.

Now, using the results proved in the previous section, and choosing smooth
non-degenerate surfaces S C P with 2! (Og(kH)) = 0 and K5 ~ kH, it is
possible to relate the regularity of the Severi variety Vs p| at [C] to the fact that
C is g.k.n. in P"; indeed this follows from Theorem 2.1 and the fact that in this
case |D+ Kg—kH| = |D|.

In order to study the regularity of some Severi varieties on complete
intersection surfaces, we can restrict Corollary 2.8 to the case of nodal curves.

Example 4.1. We examine again an example given in [2] (page 752-753).
Let S C 3 be a smooth sextic surface. Then there exists an irreducible
nodal curve C € |§H| with 48 nodes as it is proved in [2]. Such a curve is
geometrically linearly normal as it easily follows from e.g. Proposition 2.8, but
is not geometrically 2-normal. Indeed, since in this case in the exact sequence
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we have Kg ~ 2H, D ~ 8H, the vanishing of h'(Iy(8H)) is a necessary
and sufficient condition for the geometric 2-normality; this is due to the fact
that ' (Og(8H)) = 0. On the other hand, in the construction of such a curve,
one finds 7' (Iy(8H)) = 1 (see [2], page 753), so that C is not geometrically
2-normal. Moreover observe that in this case the bound (2.25) gives exactly
8 < 48, so that the bound given is sharp, at least in this example. Thus the
corresponding point in Vug 34| is not a regular point.

Recall that, in general, the failure of the regularity of a point [C] of a
Severi variety can be due to several geometric situations occuring in Vs p,.
Either [C] is a singular point of a generically smooth component of Vs p|, or
[C] belongs to a smooth but superabundant component (i.e. of dimension higher
than the expected), or even [C] is a point on a non-reduced component. This
last situation would be the most interesting one, since there is no example of a
non-reduced component of some Severi variety.

To conclude the paper, we consider further interesting remarks on Severi
varieties of plane curves. Since every divisor D C P? is a multiple of the
hyperplane section H C P2, to simplify the notation, we will indicate with V;_,,,
instead of Vs 5, the Severi variety of irreducible and reduced plane curves of
degree n with § nodes as the only singularities. In this case, we cannot relate
the k-geometric normality of a nodal curve with the regularity of the respective
Severi variety at the corresponding point. Indeed, Kp: ~ —3H,so k = —3.

Anyhow, it is classically known that the Severi varieties Vs, are always
regular, irreducible and not empty for any § < W, (see [10], [9], Anhang
F and [13]). However, observe that, even when § < w, it is not true
in general that for any chosen § points in the plane, there exists an irreducible
plane curve of degree n with nodes at these points. The classic examples are
sextics with nine nodes in general position I (see [11]).

We wonder whether there exists, for any k < n — 3, an irreducible curve of
degree n with § nodes in sufficiently general position which impose independent
linear conditions on the linear system of plane curves of degree n — k — 3. The
following theorem gives the answer to this question and extends some results of

[8].

Theorem 4.2. Let Vs, C P(H'(P?, Op2(n))) := PV, with N = (T“) the
Severi variety of plane curves of degree n with § nodes. For all non negative

! The only sextic with nine nodes Py, ..., Py in general position in the plane is the
double cubic passing through Py, ..., Py
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integers n, § and k > 1 such thatn —3 — k > 0 and

n*— (3 +2kn+2+k* + 3k
@1 < ( ) 3 =h"(P?, Op(n — k — 3)),
the general element of Vs ,, parametrizes a geometrically k-normal plane
curve. Equivalently, if n, § and k are as before, the general element of Vs ,
parametrizes a plane curve with nodes in sufficiently general position to impose
independent linear conditions on the linear system of plane curves of degree
n—3—k.

Before proving the above result, we observe that, from Corollary 2.8, if we
have § < "("Zi, then Theorem 4.2 is true for any k suchthatn —3 —k >0
and for any element in V; ,.

In the case k = 1, the Theorem 4.2 has already been proved by Sernesi
in [8]. Our proof generalizes his result. As we shall see, the induction on the
degree of the curve is, mutata mutandis, essentially the same of Sernesi, but
our induction on the number of nodes is different. Indeed, we use some results
about the local geometry of the closure of Vs, in |Op2(n)| for which we refer
to [9], [11], and [13]. Finally, let us remark that Theorem 2.1 implies that the

bound given in (4.1) cannot be improved.
Proof. First of all, let us observe that, if k is an arbitrary positive integer such

that n — 3 — k > 0 and, if there exists a point [C] € V5 , which parametrizes a
geometrically k-normal curve with only § nodes as singularities, then also the
general element of Vs , parametrizes a g. k. n. curve. To see this, let A C Vs,
be a general curve through [C]. Consider a local analytic parametrization of A
at [C], which we will still indicate with A. Taking the restriction to A of the
tautological family

{(P,[CD | P€C} CP? X Vs,
we obtain a family of irreducible plane curves with § nodes
viC— A

parametrized by a smooth curve, whose special fibre Gy is equal to C. By
normalizing C we obtain a family of smooth curves

1} C—> A
of geometric genus g = p,(C) — 6,

C — CCPxA

N
A
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whose fibres are the normalizations of the curves of the family C. If H. is the
pullback to C, := ¢~!(z) of a generic line H C P?, using semicontinuity of the
cohomology, we have

h’(C;, Op (kH.)) < h°(Co, Op, (kHy)

= h'(P?, Op(K)).

Then, also C, := ¢~!(z) is geometrically k-normal. In the same way, if the
claim is true for fixed n, k < n — 3, and § as in (4.1), then the claim is
true also for any 8’ < §. In fact, as Severi showed in [9], if 8 < § < y,
then Vs, C Vy . In particular, if [C] € V5, parametrizes a curve with nodes
Py, ..., Ps, thenthere are (;) analytic smooth branches of Vy , passing through
[C] and intersecting transversally at [C]. Each of these branches parametrizes
a family of plane curves tending to [C] with §' nodes, specializing to a given
subset of 8’ nodes of C. Then, let A be a curve through [C] contained in one
of the branches of Vi , and, as before, let us consider the tautological family of
projective curves

¢:C— A

parametrized by A. If we normalize C we obtain a family of curves
$ C—> A

whose generic fibre is the normalization of the generic fibre of G, and whose
special fibre @ is a partial normalization of the original curve C. Due to the
geometric k-normality of C, we have h°(C,, Og,(kH)) = hO(P?, Op(k)), with
the obvious notation. Applying semicontinuity to G, we have that also the
generic fibre of C is geometrically k-normal. Finally, to prove the theorem,
it’s enough to prove the claim when the equality holds in (4.1).

We will show the theorem for any fixed £ and by induction on n. Let,
then k¥ > 1 and n = k 4 3. In this case the equality holds in (4.1) if
8§ = 1 = h°(P?, Op). Since one point imposes independent linear conditions
on regular functions, by using theorem [1], we find that every irreducible
plane curve of degree n = k + 3 with one node and no more singularities is
geometrically k-normal. So, the first step of the induction is proved. Suppose,
now, the theorem is true for n = k + 3 4+ a and let [I'] € V5, correspond
to a geometrically k-normal curve with “2+3T”+2 nodes. Let D be a line which
intersects transversally I" and let Py, ..., Pyy1 be k41 marked points of ' D.
IfI"=TUD C P? then P, ..., Py are nodes for I''. Let C — T be the
normalization of I and Gy, p> — I' the partial normalization of I/, obtained by



198 ALESSANDRO ARSIE - CONCETTINA GALATI

smoothing all singular points of I/, except Py, ..., Piy1. We have the following
exact sequence of sheaves on C’,
(42) 0— OD(kH)(—Pl — ... — Pk+1) — OC'(kH) — Oc(kH) — 0,
where kH is the pullback by C’ — T of the generic line in P2, Since
deg(OpkH)(—Py — ... — Pry1)) <0,
we get that
WD, Op(kH)(—Py — ... = Piy1)) =0
and so

R(C', Oc(kH)) < h°(C, Oc(kH)
= h°(P?, Op:(kH)).
But, naturally, h°(C’, O¢c/(kH)) > h°(P?, Op(kH)).

Thus, h°%(C’, Oc/(kH)) = h°(P?, Op2(kH)). Now, it follows from what
Severi proved in [9] that T € Vn IRPIEHER In particular, we can obtain
’ 2

" as the limit of a family of irreducible plane curves
viC— A
ofdegree n + 1 = k + a + 4 with

a’>+3a+2 @+ 1> +3@+1)+2
— +n—k—-1= 5 =

=h'P? Op(n+1—k —3))
nodes specializing to nodes of T different from the marked points Py, ..., Pryg.

Normalizing C, we obtain a family whose special fibre is exactly C’, and we
conclude the induction on the degree via semicontinuity as before. ]

We are persuaded that this theorem admits a generalization to algebraic
systems of plane curves with nodes and a limited number of cusps. But this
requires a deeper study of the boundary of these varieties, which we shall not
consider in this paper.
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