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ULTRA-RELATIVISTIC LIMIT OF EXTENDED
THERMODYNAMICS OF RAREFIED POLYATOMIC GAS

SEBASTIANO PENNISI - TOMMASO RUGGERI

The aim of this paper is to evaluate the ultra-relativistic limit of a
recent causal theory proposed for polyatomic dissipative relativistic gas.
The explicit expression of characteristic velocities of the hyperbolic sys-
tem is found in term of the degree of freedom of the molecule and is
compared with the one of monatomic gas.

1. Introduction

In [1] a causal hyperbolic relativistic model of rarefied gas with internal struc-
ture (polyatomic) was presented. The model was completed in [2] with explicit
expression for the production terms using a new relativistic BGK model [3].
The differential system contains a constant parameter a

a =
D−5

2
,

where D = 3+ f i is related to the degrees of freedom of a molecule given by the
sum of the space dimension 3 for the translational motion and the contribution
from the internal degrees of freedom f i ≥ 0 due to the internal motion (rotation
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and vibration). For monatomic gases D = 3 and a = −1. The singular limit of
the theory, for a→ −1, gives the ET theory of monatomic gases of Liu-Müller-
Ruggeri (LMR) [4]; this property has been proved in [5].
In the paper [1] it was also considered the classical limit obtained when the ratio

γ =
mc2

kBT

is very large (m is the particle mass, c the light velocity, kB the Boltzmann
constant and T the absolute temperature), and was proved that the differential
system converges to the corresponding classical ET theory of polyatomic gases
[6], [7].
Instead it was not considered the opposite limit when γ → 0 corresponding to
the so-called ultra-relativistic limit. In this limit the bodies are so extremely
hot that the mean kinetic energy of particles surpasses the rest energy or the
mass is extremely small. This limit has been considered in [8] but only for the
equilibrium model with only 5 moments, i.e., for Euler polyatomic gases. Now,
in section 2, we take the limit for the dissipative 14 moments model which was
considered in [1].
In section 3 we find the characteristic velocities in our ultra-relativistic limit and
obtain that they are continuous functions of a.

2. The ultra-relativistic limit for dissipative polyatomic gas

In [1] the authors consider as field variables the quantities

V α(xµ) − particle, particle flux vector ,

T αβ (xµ) − energy momentum tensor .

For the determination of the 14 state variables one needs the field equations
i.e., the conservation laws of particle number and energy momentum and the
extended balance law of fluxes,

∂αV α = 0 , ∂αT αβ = 0 , ∂αAα<βγ> = I<βγ> ,

where ∂α = ∂/∂xα with xα being the space-time coordinates α = 0,1,2,3. It
is assumed that T αβ , Aαβγ and Iβγ are completely symmetric tensors and <
· · · > denotes the traceless part of a tensor. Moreover, the fields (V α ,T αβ ) are
expressed in terms of the usual physical variables through the decomposition:

V α = nmUα , T αβ = t<αβ>3 +(p+π)hαβ +
2
c2 U (αqβ )+

e
c2 UαUβ , (1)
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where Uα is the four-velocity (UαUα = c2), n is the number density, p is the
pressure, hαβ is the projector tensor:

hαβ =−gαβ +
1
c2UαUβ ,

gαβ = diag(1 ,−1 ,−1 ,−1) being the metric tensor, e is the energy, π is the
dynamical pressure, the symbol < · · · >3 denotes the 3-dimensional traceless
part of a tensor, i.e., t<αβ>3 = T µν

(
hα

µ hβ

ν − 1
3 hαβ hµν

)
is the viscous deviatoric

stress, and qα =−hα
µUνT µν is the heat flux. In this case we can take n, T , Uα ,

t<αβ>3 , π , qα as independent variables.
The expression of Aαβγ has been found in [1] and we want now to take its ultra
relativistic limit. We prove here the following:

Theorem 2.1. The ultra relativistic limit of the triple tensor Aαβγ is:

Aαβγ =−
2 h̃2 + γ

∂ h̃2
∂γ

h̃0
mnUαUβUγ +3

h̃2

h̃0
mnc2 h(αβUγ)− (2)

− 3
c2

Ñ1

D1
π UαUβUγ − 3

Ñ11

D1
π h(αβUγ)+

+
3
c2

Ñ3

D2
q(αUβUγ)+

3
5

Ñ31

D2
q(α hβγ)+3C̃5 t(<αβ>3Uγ) ,

with

D1 =

∣∣∣∣∣∣∣∣∣∣∣∣

−h̃0
∂ h̃0
∂γ

h̃2 + γ
∂ h̃2
∂γ

∂ h̃0
∂γ

− ∂ 2h̃0
∂γ2 − ∂

∂γ

(
h̃2 + γ

∂ h̃2
∂γ

)
− h̃0

γ
− 1

γ2

(
h̃0− γ

∂ h̃0
∂γ

)
∂ h̃2
∂γ
− 5

3
h̃2
γ

∣∣∣∣∣∣∣∣∣∣∣∣
,

Ñ1 =

∣∣∣∣∣∣∣∣∣∣∣∣

−h̃0
∂ h̃0
∂γ

h̃2 + γ
∂ h̃2
∂γ

∂ h̃0
∂γ

− ∂ 2h̃0
∂γ2 − ∂

∂γ

(
h̃2 + γ

∂ h̃2
∂γ

)
− 1

3

(
2 h̃2 + γ

∂ h̃2
∂γ

)
∂ h̃2
∂γ

+ 1
3 γ

∂ 2h̃2
∂γ2

1
45

(
6 h̃5 +6γ

∂ h̃5
∂γ

+ γ2 ∂ 2h̃5
∂γ2

)

∣∣∣∣∣∣∣∣∣∣∣∣
,

Ñ11 =

∣∣∣∣∣∣∣∣∣∣∣∣

−h̃0
∂ h̃0
∂γ

h̃2 + γ
∂ h̃2
∂γ

∂ h̃0
∂γ

− ∂ 2h̃0
∂γ2 − ∂

∂γ

(
h̃2 + γ

∂ h̃2
∂γ

)
h̃2 − ∂ h̃2

∂γ
− 1

45

(
h̃5 +3γ

∂ h̃5
∂γ

)

∣∣∣∣∣∣∣∣∣∣∣∣
,
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D2 =

∣∣∣∣∣∣∣∣
h̃0
γ

2 h̃2

∂

(
h̃0
γ

)
∂γ

2 ∂ h̃2
∂γ

∣∣∣∣∣∣∣∣ Ñ3 =

∣∣∣∣∣∣∣
h̃0
γ

2 h̃2

∂ h̃2
∂γ

2
15

(
2 h̃5 + γ

∂ h̃5
∂γ

)
∣∣∣∣∣∣∣

Ñ31 =

∣∣∣∣∣∣∣
h̃0
γ

2 h̃2

−5 h̃2
γ

− 2
3 h̃5

∣∣∣∣∣∣∣ , C̃5 =
1

15
h̃5

h̃2
γ .

h̃0 =


γ−3 Γ(2−a) if a < 2 ,

−γ−3 lnγ if a = 2 ,

γ−a−1 R−a if 2 < a .

(3)

h̃2 =



1
3 γ−5 Γ(3−a)(a+5) if a < 3 ,

− 8
3 γ−5 lnγ if a = 3 ,

γ−a−2 2 a+1
a−3 R−1−a if 3 < a .

h̃5 =



γ−7 Γ(4−a)(a+4)(a+11) if a < 4 ,

−120γ−7 lnγ if a = 4 ,

4(a+1)(a+2)γ−a−3 (R2−a−2R−a +R−2−a) = 60 (a+2)
(a−1) γ−a−3 R2−a if a > 4 .

In these expressions the numbers Rk appear and they are defined by

Rk = lim
γ→0

R̄k with R̄k =
∫ +∞

1
e−γ y

√
y2−1yk d y . (4)

Their expressions are reported in Appendix A.
To prove our theorem we note firstly that, from the calculations reported in [1],
it is evident that the closure is determined by the 4-vector

h
′α =−kBc

∫
ℜ3

∫ +∞

0
e−1− χ

kB pαIa d~PdI with

χ = mλ +

(
1+

I
mc2

)
λβ pβ +

1
m

(
1+

2I
mc2

)
Σβγ pβ pγ .

(5)

The closure is

V α =
∂h

′α

∂λ
, T αβ =

∂h
′α

∂λβ

, Aαβγ =
∂h

′α

∂Σβγ

. (6)
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Now Taylor’s expansion of h
′α at second order with respect to the state where

Σβγ = 0 is

h
′α = h

′α
0 +h

′αβγ

1 Σβγ +
1
2

h
′αβγµν

2 ΣβγΣµν

with

h
′α
0 =−kBc

∫
ℜ3

∫ +∞

0
e
−1− 1

kB

[
mλ+

(
1+ I

mc2

)
λβ pβ

]
pαIa d~PdI , (7)

h
′αβγ

1 =
c
m

∫
ℜ3

∫ +∞

0
e
−1− 1

kB

[
mλ+

(
1+ I

mc2

)
λβ pβ

]
pα pβ pγ

(
1+

2I
mc2

)
Ia d~PdI ,

h
′αβγµν

2 =
−c

m2kB

∫
ℜ3

∫ +∞

0
e
−1− 1

kB

[
mλ+

(
1+ I

mc2

)
λβ pβ

]
pα pβ pγ pµ pν

(
1+

2I
mc2

)2
Ia d~PdI ,

which are integrable, as it can be seen in [9].
Let us now calculate these integrals. To this end we define

γ =
mc
kB

√
λβ λ β , lβ =

mc2

kBγ
λβ

from which it follows

∂γ

∂λβ

=
m
kB

lβ ,
∂ lβ
∂λγ

=−mc2

γkB
hγ

β
, lβ lβ = c2 .

Now, from the Representation Theorems, we have that

h
′α
0 = h

′

0(λ ,γ) lα , (8)

h
′αβγ

1 =
1
c2 h

′

1(λ ,γ) lα lβ lγ +3h
′

2(λ ,γ)h(αβ lγ) ,

h
′αβγµν

2 =
1
c4 h

′

3(λ ,γ) lα lβ lγ lµ lν +
1
c2 h

′

4(λ ,γ)h(αβ lγ lµ lν)+h
′

5(λ ,γ)h(αβ hγµ lν) .

Thanks to these expressions, it is easier to calculate the above integrals and we
find, in particular,

h
′

0 =−4πkBm3c3e−1− mλ

kB

∫ +∞

0
J∗2,1Ia dI , (9)

h
′

2 =
4
3

πm4c5e−1− mλ

kB

∫ +∞

0
J∗4,1

(
1+

2I
mc2

)
Ia dI ,

h
′

5 =
−4πm5c7

kB
e−1− mλ

kB

∫ +∞

0
J∗6,1

(
1+

2I
mc2

)2
Ia dI ,

where Jm,n(γ) =
∫ +∞

0
e−γ cosh s sinhm scoshn sd s ,

J∗m,n is Jm,n(γ) with γ replaced by γ
∗ = γ

(
1+

I
mc2

)
.

In effect here γ stands for γE and lµ stands for lµ

E = U µ to keep the notation
simple. The calculations to solve these integrals are the same as used in [1]; so
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we avoid here to furnish further details. It is not necessary to find the expressions
of h

′
1, h

′
3 and h

′
4 because we see in (7) that h

′αβγ

1 and h
′αβγµν

2 are symmetric with
their derivatives with respect to λα ; so we can apply the results of sect. IV of
[10] and find that

h
′
1 =−2h

′
2− γ

∂h
′
2

∂γ
,

h
′
4 =−

4
3

h
′
5−

2
3

γ
∂h

′
5

∂γ
, h

′
3 =−

2
5

h
′
4−

1
10

γ
∂h

′
4

∂γ
.

(10)

Obviously, we can also find directly the expressions of h
′
1, h

′
3 and h

′
4 and obtain

the same results, thanks to the properties of Jm,n(γ).
Now we want to take the non ultra-relativistic limit of the expressions (9) but,
first of all it is better to clarify what this limit means. It is not a simple limit,
otherwise the independent variables γ disappears when it tends to zero and we
have only 13 independent variables instead of 14. Instead of this, we do the
following considerations: If a given function F(γ) can be written as F(γ) =

F1(γ)+F2(γ) with limγ→0
F2(γ)
F1(γ)

= 0, we say that F1(γ) is the leading term of
F(γ) and substitute F(γ) with F1(γ). In other words, we neglect terms which,
in the limit for γ going to zero, are of less order with respect to the leading term.
We apply this procedure and obtain that in the ultra-relativistic limit the leading
terms of h

′
0, h

′
2, h

′
5 are respectively

h
′
0 =−4πkBm3c3(mc2)a+1

Γ(a+1)e−1−mλ

kB h̃0(γ) ,

h
′
2 = 4πm4c5(mc2)a+1

Γ(a+1)e−1−mλ

kB h̃2(γ) ,

h
′
5 =−

4πm5c7

kB
(mc2)a+1

Γ(a+1)e−1−mλ

kB h̃5(γ) ,

(11)

with h̃0, h̃2, h̃0 given by the above reported eqs. (3). In particular, for the
expression of h̃2 for a > 3 we have used the property

R−1−a =
a−3

a
R1−a for a > 3 ,

which is proved in (31)2 of appendix A. If we write this expression with a− 1
instead of a and with a+1 instead of a, we obtain respectively

R−a =
a−4
a−1

R2−a for a > 4 ,

R−2−a =
a−2
a+1

R−a =
a−2
a+1

a−4
a−1

R2−a for a > 4 ,
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and we have taken into account these results in the above expression of h̃5.
After having determined the 4-potential, we are now ready to find the closure
our balance equations in terms of the physical variables.

2.1. The closure at equilibrium
The equations (6) at equilibrium become

mnUα = 4πm4c3(mc2)a+1
Γ(a+1)e−1− mλE

kB h̃0(γE) lα
E , (12)

phαβ +
e
c2 UαUβ = 4πm4c5(mc2)a+1

Γ(a+1)e−1− mλE
kB

1
γE

(
h̃0 hαβ − γE

∂ h̃0

∂γ

1
c2 lα

E lβ

E

)
,

Aαβγ

E = 4πm4c5(mc2)a+1
Γ(a+1)e−1− mλE

kB

[
− 1

c2

(
2 h̃2 + γE

∂ h̃2

∂γ

)
lα
E lβ

E lγ

E +3h̃2 h(αβ lγ)
E

]
.

The modulus of the first one of these equations gives

4πm4c3(mc2)a+1
Γ(a+1)e−1−mλE

kB h̃0 = mn , (13)

and there remains lα
E =Uα .

After that, (12)2 gives

p =
mc2

γE
n = nkB T ,

e =− 1
h̃0

∂ h̃0

∂γ
mnc2

where we have used (13)1. By using (3) we now have

e =


3nkB T if a < 2

3nkB T
(

1− 1
3

γ2

ln γ

)
if a = 2

(a+1)nkB T if a > 2

,

from which Theorem 2 of sect. V in [8] follows immediately. Finally, (12)3
gives

Aαβγ

E =−
2 h̃2 + γ

∂ h̃2
∂γ

h̃0
mnUαUβU γ +3

h̃2

h̃0
mnc2 h(αβU γ) =

Ã0
1UαUβU γ +3 Ã0

11 h(αβU γ)
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with

Ã0
1 =



(2−a)(a+5) nk2
B T 2

mc4 if a < 2

7
− ln γ

nk2
B T 2

mc4 if a = 2

Γ(3−a)
R−a

(a+5)γa−2 nk2
B T 2

mc4 if 2 < a < 3

−8 ln γ

R−3

nkB T
c2 if a = 3

2(a+1) R1−a
R−a

nkB T
c2 if a > 3

Ã0
11 =


1
3 Ã0

1 c2 if a≤ 3

2 (a+1)
a

R1−a
R−a

nkB T if a > 3
.

2.2. First order deviation from equilibrium

The first order deviation from equilibrium of equations (6) is

(
∂ 2h

′α
0

∂λ 2

)
E

(λ −λE)+

(
∂ 2h

′α
0

∂λ ∂λθ

)
E

(λθ −λ
E
θ )+

(
∂h

′αµν

1
∂λ

)
E

Σµν =V α −V α
E = 0 ,

(
∂ 2h

′α
0

∂λβ ∂λ

)
E

(λ −λE)+

(
∂ 2h

′α
0

∂λβ ∂λθ

)
E

(λθ −λ
E
θ )+

(
∂h

′αµν

1
∂λβ

)
E

Σµν =

= π hαβ +
2
c2 q(αUβ )+ t<αβ>3 ,

(
∂h

′αβγ

1
∂λ

)
E

(λ −λE)+

(
∂h

′αβγ

1
∂λθ

)
E

(λθ −λ
E
θ )+h

′αβγµν

2E Σµν = Aαβγ −Aαβγ

E .

(14)

From the first two of these relations we obtain now λ −λE , λθ −λ E
θ

, Σµν and
substitute them in the third one, obtaining in this way the requested closure. By
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using (8) , (10) and (11), eqs. (14) become

− h̃0Uα (λ −λE)+
∂ h̃0

∂γ
UαUθ (λθ −λ

E
θ )− h̃0

γ
c2hαθ (λθ −λ

E
θ )+(

h̃2 + γ
∂ h̃2

∂γ

)
UαU µUν

Σµν −2 h̃2hαµUν
Σµν = 0 ,

(
∂ h̃0

∂γ
UαUβ − c2

γ
h̃0 hαβ

)
(λ −λE)−

[
∂ 2h̃0

∂γ2 UαUβ +
c2

γ2 hαβ

(
h̃0− γ

∂ h̃0

∂γ

)]
U µ (λµ −λ

E
µ )+

+2
c2

γ2

(
−h̃0 + γ

∂ h̃0

∂γ

)
U (α hβ )µ (λµ −λ

E
µ )−

∂ (h̃2 + γ
∂ h̃2
∂γ

)

∂γ
UαUβ (U µUν

Σµν )+

∂ h̃2

∂γ
c2 hαβ (U µUν

Σµν )+4
∂ h̃2

∂γ
c2 U (α hβ )µUν

Σµν −
c4

γ
h̃2

(
2hαµ hνβ +

1
c2 U µUν hαβ

)
Σµν =

1
m2n

(
π hαβ +

2
c2 q(αUβ )+ t<αβ>3

)
,

(15)

Aαβγ −Aαβγ

E =

{[
(2 h̃2 + γ

∂ h̃2

∂γ
)UαUβUγ −3c2 h̃2 h(αβUγ)

]
(λ −λE)+

+

[(
−3

∂ h̃2

∂γ
− γ

∂ 2h̃2

∂γ2

)
UαUβUγ +3c2 ∂ h̃2

∂γ
h(αβUγ)

]
U µ (λµ −λ

E
µ )+

+
c2

γ

[
3γ

∂ h̃2

∂γ
U (αUβ hγ)µ −3c2 h̃2h(αβ hγ)µ

]
(λµ −λ

E
µ )+

+

(
−2

5
h̃5−

2
5

γ
∂ h̃5

∂γ
− 1

15
γ

2 ∂ 2h̃5

∂γ2

)
UαUβUγ (U µUν

Σµν )+

+
3
5

c2
(

4
3

h̃5 +
2
3

γ
∂ h̃5

∂γ

)
hµ(αUβUγ)Uν

Σµν +
1
5

c2
(

h̃5 + γ
∂ h̃5

∂γ

)
h(αβUγ)UνUν

Σµν−

2
5

c4 h̃5hµ(α hβγ)Uν
Σµν −

2
5

c4 h̃5U (α h<β
µ hγ>3)

ν Σ
µν − 2

15
c2 h̃5U (α hβγ)(U µUν

Σµν )

}
m2n
h̃0kB

.

Now eq. (15)1 contracted with Uα and with hδ

β
gives respectively the following

eqs. (16)1 and (17)1; eq. (15)2 contracted with UαUβ , with hαβ , with Uαhδ

β
and
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with h<δ
α hθ>3

β
gives respectively the following eqs. (16)2,3, (17)2 and (18):

− h̃0 (λ −λE)+
∂ h̃0

∂γ
Uθ (λθ −λ

E
θ )+

(
h̃2 + γ

∂ h̃2

∂γ

)
U µUν

Σµν = 0 , (16)

∂ h̃0

∂γ
(λ −λE)−

∂ 2h̃0

∂γ2 U µ (λµ −λ
E
µ )−

∂ (h̃2 + γ
∂ h̃2
∂γ

)

∂γ
(U µUν

Σµν ) = 0 ,

− 1
γ

h̃0 (λ −λE)−
1
γ2

(
h̃0− γ

∂ h̃0

∂γ

)
U µ (λµ −λ

E
µ )+

1
γ

(
γ

∂ h̃2

∂γ
− 5

3
h̃2

)
(U µUν

Σµν ) =

h̃0kB

m2c2n
π ,

h̃0

γ
c2hδθ (λθ −λ

E
θ )+2 h̃2hδ µUν

Σµν = 0 , (17)

1
γ2

(
−h̃0 + γ

∂ h̃0

∂γ

)
hδ µ (λµ −λ

E
µ )+2

∂ h̃2

∂γ
hδ µUν

Σµν =
h̃0kB

m2c4n
qδ ,

−2 h̃2 hµ<δ hθ>3ν
Σµν =

h̃0kB

m2c4n
t<δθ>3 . (18)

Now we obtain the expressions of (λ − λE), Uθ (λθ − λ E
θ
), U µUν Σµν from

(16), hδθ (λθ −λ E
θ
) and hδ µUν Σµν from (17), hµ<δ hθ>3νΣµν from (18); after

that, we substitute them in (15)3 so obtaining

Aαβγ −Aαβγ

E =− 3
c2

Ñ1

D1
π UαUβU γ − 3

Ñ11

D1
π h(αβU γ)+

+
3
c2

Ñ3

D2
q(αUβU γ)+

3
5

Ñ31

D2
q(αhβγ)+3C̃5 t(<αβ>3U γ) ,

with D1, Ñ1, Ñ11, D2, Ñ3, Ñ31, C̃5 reported above in (2)2−8.
In fact, from (16) we get

λ −λE =
M1

D1

h̃0kB

m2c2n
π , Uθ (λθ −λ

E
θ ) =

M2

D1

h̃0kB

m2c2n
π ,

U µUν
Σµν =

M3

D1

h̃0kB

m2c2n
π ,

where M1, M2 and M3 are the algebraic complements of the third line of D1.
Similarly, from (17) the following expression follows

hδθ (λθ −λ
E
θ ) =

M̃1

D2

h̃0kB

m2c4n
qδ , hδ µUν

Σµν =
M̃2

D2

h̃0kB

m2c4n
qδ ,
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where M̃1 and M̃2 are the algebraic complements of the second line of D2.
Finally, from (18) we get

hµ<δ hθ>3ν
Σµν =−1

2
γ

h̃0

h̃2

kB

m2c4n
t<δθ>3 .

By using these results, we find with a simple substitution the closure of our bal-
ance equations in terms of the physical variables and this is reported above in
the theorem expressed by (2).
By using (3), we can find the leading terms of our closure. We may also cal-
culate the wave speeds and we do this in the next section, distinguishing some
sub-cases according to different values of a.

3. Characteristic velocities in the ultra-relativistic limit

Let µ be the characteristic velocities of the differential system with unit of mea-
sure chosen so that the light speed is c = 1. We find their values according to
the following cases:

3.1. Case a < 4:

We find

µ = 0 with multiplicity6

µ
2
1 =

1
5

with multiplicity2

µ
2
2 =

1
E

with multiplicity1 and with E =

{
3 if a≤ 2
a+1 if 2 < a < 4

µ
2
3 =

3
5

with multiplicity1 .

3.2. Case a = 4:

We find

µ = 0 with multiplicty6

µ
2
1 = µ

2
2 =

1
5

with multiplicty3

µ
2
3 =

3
5

with multiplicty1 .
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3.3. Case a > 4:

We find

µ = 0 with multiplicty6

µ
2
1 =

1
a+1

+
(a−4)(R1−a)

2

(a+2)2[a2 (R−a)2− (a+1)(a−4)(R1−a)2]
with multiplicity2 ,

(19)

and µ2
2 < µ2

3 the solutions of the equation

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a+1 1

a+1 (a+1)(a+2) (a+2)

1 a+2 (a+2)µ2

2 (a+1)2

a−3
R−1−a

R−a
2 (a+1)2(a+2)

a−3
R−1−a

R−a
2
3

(a+1)(3a+11)
a−3

R−1−a
R−a

4 a+1
a−3

R−1−a
R−a

4 (a+1)(a+2)
a−3

R−1−a
R−a

4 (a+1)(a+2)
a−3

R−1−a
R−a

µ2

0 0 − 4
3

a+1
a−3

R−1−a
R−a

2 (a+1)2

a−3
R−1−a

R−a
4 a+1

a−3
R−1−a

R−a
0

2 (a+1)2(a+2)
a−3

R−1−a
R−a

4 (a+1)(a+2)
a−3

R−1−a
R−a

0

2
3

(a+1((3a+11)
a−3

R−1−a
R−a

4 (a+1)(a+2)
a−3

R−1−a
R−a

µ2 − 4
3

a+1
a−3

R−1−a
R−a

4
3

a+2
a−4 (3a2 +6a+8) 8

3
a+2
a−4 (3a+8) 0

8
3

a+2
a−4 (3a+8) 16 (a+1)(a+2)

a−4 µ2 − 16
3

a+2
a−4

0 − 16
3

a+2
a−4

4
3

a+2
a−4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 . (20)

The graph of the µ2 6= 0 is reported in the Figure 1.
These equations show that the eigenvalues do not depend on γ; moreover,

they depend on a and on the parameter R1−a
R−a

. Through numerical calculus, we
have confirmed that they are real; more than that, we have obtained that they do
not exceed the speed of light.
In any case, we see that there is continuity with respect to a in the limit for
a → 4 because (19) has limit 1

5 , while for the equation (20), we can multiply its
last 3 columns by (a−4) and, after that, take the limit. In this way this equation
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Figure 1: Square of characteristic velocities as function of a.

splits into two equations, that is,

∣∣∣∣∣∣∣∣∣∣
1 5 1

5 30 6

1 6 6 µ2

∣∣∣∣∣∣∣∣∣∣
= 0 and

∣∣∣∣∣∣∣∣∣∣
640 320 0

320 480 µ2 −32

0 −32 8

∣∣∣∣∣∣∣∣∣∣
= 0;

the first one of these equations has solution µ2 = 1
5 and the second one has

solution µ2 = 3
5 , as for the case a = 4.

3.4. Proof of the above results

The equations for calculating the wave velocities µ associated to our balance
equation are independent from the variables used; so we may also use the La-
grange Multipliers as independent variables and, in this way, they are

(
nα −

µ

c
lα
)

δ V α = 0 ,
(

nα −
µ

c
lα
)

δ T αβ = 0(
nα −

µ

c
lα
)

δ Aα<βγ> = 0 ,
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with nαnα =−1, nα lα = 0. They can be expressed as(
nα −

µ

c
lα
) [

∂ 2h
′α

∂λ 2 δλ +
∂ 2h

′α

∂λ ∂λθ

δλθ +
∂ 2h

′α

∂λ ∂ Σµν

δΣµν

]
= 0 , (21)

(
nα −

µ

c
lα
) [

∂ 2h
′α

∂λβ ∂λ
δλ +

∂ 2h
′α

∂λβ ∂λθ

δλθ +
∂ 2h

′α

∂λβ ∂ Σµν

δΣµν

]
= 0 ,

(
nα −

µ

c
lα
) [

∂ 2h
′α

∂ Σβγ ∂λ
δλ +

∂ 2h
′α

∂ Σβγ ∂λθ

δλθ +
∂ 2h

′α

∂ Σβγ ∂Σµν

δΣµν

]
= 0 .

It is convenient, for the subsequent calculations, to consider the quadratic form

Q =
(

nα −
µ

c
lα
) [

∂ 2h
′α

∂λ 2 (δλ )2 +2
∂ 2h

′α

∂λ ∂λθ

δλ δλθ +2
∂ 2h

′α

∂λ ∂ Σµν

δλ δΣµν+

+
∂ 2h

′α

∂λβ ∂λθ

δλβ δλθ +2
∂ 2h

′α

∂λβ ∂ Σµν

δλβ δΣµν +
∂ 2h

′α

∂ Σβγ ∂Σµν

δΣβγ δΣµν

]
=

=
(

nα −
µ

c
lα
) [

δλ δ

(
∂h

′α

∂λ

)
+δλβ δ

(
∂h

′α

∂λβ

)
+δΣβγ δ

(
∂h

′α

∂Σβγ

)]
=

=
(

nα −
µ

c
lα
)

δ λA δ

(
∂h

′α

∂λA

)
.

It follows that eqs. (21) can be written simply as

1
2

∂Q
∂ (δλ )

= 0 ,
1
2

∂Q
∂ (δλβ )

= 0 ,
1
2

∂Q
∂ (δΣβγ)

= 0 .

By using (5), we see that

δ

(
∂h

′α

∂λA

)
= cδ

(∫
ℜ3

∫ +∞

0
e−1− χ

kB
∂ χ

∂λA
pα Ia d~PdI

)
.

Since ∂ χ

∂λA
is independent of λB, we deduce that

δ

(
∂h

′α

∂λA

)
=
−c
kB

(∫
ℜ3

∫ +∞

0
e−1− χ

kB
∂ χ

∂λA

∂ χ

∂λB
pα Ia d~PdI

)
δ λB .

So the above expression of Q becomes

Q =
(

nα −
µ

c
lα
) −c

kB

(∫
ℜ3

∫ +∞

0
e−1− χ

kB
∂ χ

∂λA

∂ χ

∂λB
pα Ia d~PdI

)
δ λA δ λB =

=
(

nα −
µ

c
lα
) −c

kB

[∫
ℜ3

∫ +∞

0
e−1− χ

kB

(
∂ χ

∂λA
δ λA

)2
pα Ia d~PdI

]
.
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By calculating the coefficients of δ λA and δ λB at equilibrium, it follows

Q =
(

nα −
µ

c
lα
) −c

kB

[∫
ℜ3

∫ +∞

0
e
−1− 1

kB

[
mλ+

(
1+ I

mc2

)
λβ pβ

] (
∂ χ

∂λA
δ λA

)2
pα Ia d~PdI

]
.

From this result it is evident the convexity requirement and, consequently, hy-
perbolicity of the field equations. By using the expression (5)2 of χ , it follows

Q =
(

nα −
µ

c
lα
) [

∂ 2h
′α
0

∂λ 2 (δλ )2 +2
∂ 2h

′α
0

∂λ ∂λθ

δλ δλθ +2
∂ h

′αµν

1
∂λ

δλ δΣµν+

+
∂ 2h

′α
0

∂λβ ∂λθ

δλβ δλθ +2
∂h

′αµν

1
∂λβ

δλβ δΣµν +h
′αβγµν

2 δΣβγ δΣµν

]
.

Here it was not necessary to take the traceless parts of h
′αµν

1 and of h
′αβγµν

2
because they are contracted with traceless tensors.
We now calculate this expression of Q in the reference frame where lα ≡ (c , 0 , 0 , 0),
nα ≡ (0 , 1 , 0 , 0) and use the above expressions of h

′α
0 , h

′αµν

1 , h
′αβγµν

2 . More-
over, we take as independent variables δΣ23, δD = δΣ22−δΣ33, δ µ6 = δΣ22+
δΣ33 − 2δΣ11, δλ2, δΣ02, δΣ12, δλ3, δΣ03, δΣ13, δ µ1 = δλ , δ µ2 = δλ0,
δ µ3 = δΣ00, δ µ4 = δλ1, δ µ5 = δΣ01; since δΣ00 = δΣ11 + δΣ22 + δΣ33, it
follows that

δΣ11 =
1
3
(δΣ00−δ µ6) , δΣ22 =

1
6
(2δΣ00 +δ µ6 +3δ D)

δΣ33 =
1
6
(2δΣ00 +δ µ6−3δ D) .

By using these properties, we obtain the following results:

• The derivatives of Q with respect to δΣ23, δD lead to the equations

h̃5 µ δΣ23 = 0 , h̃5 µ δD = 0 ,

which has the eigenvalue µ = 0 with multiplicity 2.

• The derivatives of Q with respect to δλ2, δΣ02, δΣ12, lead to the equa-
tions

µ

[
1
γ2

(
h̃0− γ

∂ h̃0

∂γ

)
(cδλ2)−2

∂ h̃2

∂ γ
(c2

δΣ02)

]
+

2
γ

h̃2 (c2
δΣ12) = 0 ,

µ

[
−2

∂ h̃2

∂ γ
(cδλ2)−

4
15

(
2 h̃5 + γ

∂ h̃5

∂ γ

)
(c2

δΣ02)

]
+

4
15

h̃5 (c
2

δΣ12) = 0 , (22)

2
γ

h̃2 (cδλ2)+
4

15
h̃5 (c

2
δΣ02)+µ

4
15

h̃5 (c
2

δΣ12) = 0 .
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We note that this system has the symmetric form; its eigenvalues are µ =
0 and two others of opposite sign which are the solutions of the equations∣∣∣∣∣∣∣∣∣∣∣∣

1
γ2

(
h̃0− γ

∂ h̃0
∂γ

)
−2 ∂ h̃2

∂ γ

2
γ

h̃2

−2 ∂ h̃2
∂ γ

− 4
15

(
2 h̃5 + γ

∂ h̃5
∂ γ

)
4
15 h̃5

2
γ

h̃2
4

15 h̃5 µ2 4
15 h̃5

∣∣∣∣∣∣∣∣∣∣∣∣
= 0 . (23)

• The derivatives of Q with respect to δλ3, δΣ03, δΣ13, lead again to the
previous equations but with δλ2, δΣ02, δΣ12 replaced by the new vari-
ables. It follows that all the 3 eigenvalues of this system have multiplicity
2.

• The derivatives of Q with respect to δ µ j lead to the equations ai j δ µ j = 0
with ai j = a ji and

a11 = µ h̃0 = µ a∗11 , a12 =−µ
∂ h̃0

∂γ
= µ a∗12 , a13 =−µ

(
h̃2 + γ

∂ h̃2

∂ γ

)
= µ a∗13 ,

a14 =
1
γ

h̃0 , a15 = 2 h̃2 , a16 = 0 , a22 = µ
∂ 2h̃0

∂γ2 = µ a∗22 ,

a23 = µ

(
2

∂ h̃0

∂γ
+ γ

∂ 2h̃0

∂γ2

)
= µ a∗23 , a24 =

1
γ2

(
h̃0− γ

∂ h̃0

∂ γ

)
, a25 =−2

∂ h̃2

∂γ
, a26 = 0 ,

a33 =
1

45
µ

(
17 h̃5 +15γ

∂ h̃5

∂ γ
+3γ

2 ∂ 2 h̃5

∂ γ2

)
= µ a∗33 , a34 =

1
3γ

(
5 h̃2−3γ

∂ h̃2

∂γ

)
,

a35 =−
2
45

(
h̃5 +3γ

∂ h̃5

∂γ

)
, a36 = 0 , a44 = µ

1
γ2

(
h̃0− γ

∂ h̃0

∂ γ

)
= µ a∗44

a45 =−2 µ
∂ h̃2

∂γ
= µ a∗45 , a46 =−

2
3

1
γ

h̃2 , a55 =−
4
15

µ

(
2 h̃5 + γ

∂ h̃5

∂γ

)
= µ a∗55 ,

a56 =−
4

45
h̃5 , a66 =

1
45

µ h̃5 = µ a∗66 .

We appreciate that also this system has the symmetric form. Moreover,
we see that it gives again the eigenvalue µ = 0 with multiplicity two and
a bi-quadratic equation for the determination of the other 4 eigenvalues.
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In fact, the determinant of the coefficients can be written in the form∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ a∗11 µ a∗12 µ a∗13 a14 a15 0

µ a∗12 µ a∗22 µ a∗23 a24 a25 0

µ a∗13 µ a∗23 µ a∗33 a34 a35 0

a14 a24 a34 µ a∗44 µ a∗45 a46

a15 a25 a35 µ a∗45 µ a∗55 a56

0 0 0 a46 a56 µ a∗66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
It follows that, in correspondence to µ = 0 we find δ µ4 = 0, δ µ5 = 0,

while the other 4 unknowns are linked by only 2 equations, that is

a14 δ µ1 +a24 δ µ2 +a34 δ µ3 +a46 δ µ6 = 0,

a15 δ µ1 +a25 δ µ2 +a35 δ µ3 +a56 δ µ6 = 0 .

Finally, the other eigenvalues are the solutions of the equation∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a∗11 a∗12 a∗13 a14 a15 0

a∗12 a∗22 a∗23 a24 a25 0

a∗13 a∗23 a∗33 a34 a35 0

a14 a24 a34 µ2 a∗44 µ2 a∗45 a46

a15 a25 a35 µ2 a∗45 µ2 a∗55 a56

0 0 0 a46 a56 a∗66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (24)

So we have found the eigenvalue µ = 0 with multiplicity 6, the other 4 eigen-
values of eq. (24) each with multiplicity 1 and the other 2 corresponding to eq.
(23) with multiplicity 2.
Let us now study the solutions of these equations for the different possible val-
ues of a.

3.5. The case a < 2.
With the above expressions of h̃i, we have that eq. (23) can be written as∣∣∣∣∣∣∣∣∣∣

2Γ(2−a) 5Γ(3−a)(a+5) 5Γ(3−a)(a+5)

5Γ(3−a)(a+5) 6Γ(4−a)(a+4)(a+11) 6Γ(4−a)(a+4)(a+11)

5Γ(3−a)(a+5) 6Γ(4−a)(a+4)(a+11) 30 µ2 Γ(4−a)(a+4)(a+11)

∣∣∣∣∣∣∣∣∣∣
= 0 .
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If we subtract the second column from the third one, we find

30
(

µ
2− 1

5

)
Γ(4−a)Γ(2−a)Γ(3−a)(a+4)(a+11) f (a) = 0 ,

with f (a) = 13a3 +56a2 +137a+334. We note now that f ′(a) > 0∀a so that
f (a) = 0 has only one real solution. But lima→−∞ f (a) =−∞ and f (−1) = 240
so that the only real root of f (a) is less than−1 and for a >−1 we have f (a)>
0. Consequently, our equation gives µ2 = 1

5 .
Instead of this, eq. (24) with the above expressions of h̃i becomes

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 3 4
3 (a+5)

3 12 20
3 (a+5)

4
3 (a+5) 20

3 (a+5) 16
9

(a+4)(a+11)(3−a)
2−a

1 4 20
9 (a+5)

2
3 (a+5) 10

3 (a+5) 8
9
(a+4)(a+11)(3−a)

2−a

0 0 0

1 2
3 (a+5) 0

4 10
3 (a+5) 0

20
9 (a+5) 8

9
(a+4)(a+11)(3−a)

2−a 0

4 µ2 10
3 (a+5)µ2 − 2

9 (a+5)

10
3 (a+5)µ2 4

3
(a+4)(a+11)(3−a)

2−a µ2 − 4
45

(a+4)(a+11)(3−a)
2−a

− 2
9 (a+5) − 4

45
(a+4)(a+11)(3−a)

2−a
1

45
(a+4)(a+11)(3−a)

2−a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 .

This equation has solutions µ2 = 1
3 and µ2 = 3

5 . (We have to take into
account that 2a3 + 10a2 + 18a + 23 > 0 for a ≥ −1 and that 13a3 + 56a2 +
137a+334 > 0 for a≥−1).

3.6. The case a = 2.

We note that h̃1 = 3h̃2 and h̃4 =
10
3 h̃5 so that we can add to the third column of

eq. (23) the second one multiplied by −1
5 and we find µ2− 1

5 multiplied by a
term proportional (with positive coefficient) to∣∣∣∣∣∣

−4 ln γ +1 70
3

70
3 56

∣∣∣∣∣∣
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and the limit of this determinant is 56. So we have found also in this case the
eigenvalue µ2 = 1

5 .
Let us consider now eq. (24); with the above expressions of h̃i, and after some
easy simplifications, it becomes

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

− lnγ −3 lnγ +1 4
3 (a+5)Γ(3−a) − lnγ

−3 lnγ +1 −12 lnγ +7 20
3 (a+5)Γ(3−a) −4 lnγ +1

4
3 (a+5)Γ(3−a) 20

3 (a+5)Γ(3−a) 16
9 (a+4)(a+11)Γ(4−a) 20

9 (a+5)Γ(3−a)

− lnγ −4 lnγ +1 20
9 (a+5)Γ(3−a) (−4 lnγ +1)µ2

2
3 (a+5)Γ(3−a) 10

3 (a+5)Γ(3−a) 8
9 (a+4)(a+11)Γ(4−a) 10

3 (a+5)Γ(3−a)µ2

0 0 0 − 2
9 (a+5)Γ(3−a)

2
3 (a+5)Γ(3−a) 0

10
3 (a+5)Γ(3−a) 0

8
9 (a+4)(a+11)Γ(4−a) 0

10
3 (a+5)Γ(3−a)µ2 − 2

9 (a+5)Γ(3−a)

4
3 (a+4)(a+11)Γ(4−a)µ2 − 4

45 (a+4)(a+11)Γ(4−a)

− 4
45 (a+4)(a+11)Γ(4−a) 1

45 (a+4)(a+11)Γ(4−a)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 .

We divide now its columns 1, 2, 4 by lnγ and see that the eigenvalues µ are
functions of 1

lnγ
; to find the limiting terms of these functions we take the limit

for γ → 0, and obtain

∣∣∣∣∣∣∣∣∣∣
−1 −3 −1

−3 −12 −4

−1 −4 −4 µ2

∣∣∣∣∣∣∣∣∣∣
= 0 and

∣∣∣∣∣∣∣∣∣∣

32
3 13 16

3 13 0

16
3 13 8 ·13 µ2 − 8

15 13

0 − 8
15 13 2

15 13

∣∣∣∣∣∣∣∣∣∣
= 0;

the first one of these determinants is the minor of the previous one where the
lines 1, 2, 4 intersect the column 1, 2, 4 and, similarly, the second one of these
determinants is the minor of the previous one where the lines 3, 5, 6 intersect
the column 3, 5, 6. So we find the eigenvalues µ2 = 1

3 and µ2 = 3
5 , as in the

previous case.
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3.7. The case 2 < a < 3.

We can add to the third column of eq. (23) the second one multiplied by−1
5 and

we find µ2− 1
5 multiplied by a term proportional to∣∣∣∣∣∣

2(a+2)R−a γ3 20
3 Γ(3−a)(a+5)

20
3 Γ(3−a)(a+5) 8

3 Γ(4−a)(a+4)(a+11)

∣∣∣∣∣∣
and this determinant is different from zero in the limit for γ → 0. So we have
found also in this case the eigenvalue µ2 = 1

5 .
Let us consider now eq. (24), with the above expressions of h̃i; we multiply its
first line by γa+1, its lines 2 and 4 by γa+2, its remaining lines by γ5; after that,
we multiply its columns 2 and 4 by γ , and its lines 3, 5, 6 by γ2. So it becomes∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

R−a (a+1)R−a
4
3 Γ(3−a)(a+5)γa−2

(a+1)R−a (a+1)(a+2)R−a
20
3 Γ(3−a)(a+5)γa−2

4
3 Γ(3−a)(a+5) 20

3 Γ(3−a)(a+5) 16
9 Γ(4−a)(a+4)(a+11)

R−a (a+2)R−a
20
3 Γ(3−a)(a+5)γa−2

2
3 Γ(3−a)(a+5) − 10

3 Γ(3−a)(a+5) 8
9 Γ(4−a)(a+4)(a+11)

0 0 0

R−a
2
3 Γ(3−a)(a+5)γa−2 0

(a+2)R−a − 10
3 Γ(3−a)(a+5)γa−2 0

20
3 Γ(3−a)(a+5) 8

9 Γ(4−a)(a+4)(a+11) 0

(a+2)R−a µ2 − 10
3 Γ(3−a)(a+5)γa−2 µ2 − 2

9 Γ(3−a)(a+5)γa−2

− 10
3 Γ(3−a)(a+5)µ2 4

3 Γ(4−a)(a+4)(a+11)µ2 − 4
45 Γ(4−a)(a+4)(a+11)

− 2
9 Γ(3−a)(a+5) − 4

45 Γ(4−a)(a+4)(a+11) 1
45 Γ(4−a)(a+4)(a+11)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 .

This equation shows that the eigenvalues are functions of γa−2; their leading
terms can be obtained by taking the limit of the above determinant for γ→ 0. In
this way it splits into the following two equations∣∣∣∣∣∣∣∣∣∣

1 a+1 1

a+1 (a+1)(a+2) a+2

1 a+2 (a+2)µ2

∣∣∣∣∣∣∣∣∣∣
= 0 and

∣∣∣∣∣∣∣∣∣∣

16
9

8
9 0

8
9

4
3 µ2 − 4

45

0 − 4
45

1
45

∣∣∣∣∣∣∣∣∣∣
= 0; (25)

the first one of these determinants is the minor of the previous one where the
lines 1, 2, 4 intersect the column 1, 2, 4 and, similarly, the second one of these
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determinants is the minor of the previous one where the lines 3, 5, 6 intersect
the column 3, 5, 6. The first one of these equations has the solution µ2 = 1

a+1
and we note that its limit for a→ 2 gives the solution µ2 = 1

3 of the previous
cases; the second equation has solutions µ2 = 3

5 , like in the previous cases.

3.8. The case a = 3.

We have that eq. (23) becomes

∣∣∣∣∣∣∣∣∣∣
10R−3 γ−6 32

3 γ−6 (1−5 lnγ) − 32
3 γ−6 lnγ

32
3 γ−6 (1−5 lnγ) 16

3 ·49γ−7 16
15 ·49γ−7

−32
3 γ−6 lnγ

16
15 ·49γ−7 16

15 ·49γ−7 µ2

∣∣∣∣∣∣∣∣∣∣
= 0 ,

from which

µ
2 =

1
5
+

32
5

γ

5 ·147R−3−32γ(1−5 lnγ)2

whose limit for γ → 0 is again µ2 = 1
5 because limγ→0 γ(1−5 lnγ)2 = 0.

Let us consider now eq. (24), with the above expressions of h̃i; we multiply its
first column by γ4 lnγ , its second and 4th column by γ5 lnγ , the other 3 columns
by γ5; after that, we multiply its second and 4th line by γ , and the lines 3, 5, 6
by γ2; after that, we divide its lines 1, 2, 4 by ln γ . So it becomes

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

R−3 4R−3
8
3

(
−4+ 1

lnγ

)
4R−3 20R−3

8
3

(
−20+ 9

lnγ

)
8γ lnγ(−4 ln γ +1) 8

3 ln γ (−20γ ln γ +9γ) 16
9 ·7 ·14

R−3 5R−3 − 8
9

(
20− 3

lnγ

)
− 16

3 γ (ln γ)2 16
3 (−5γ ln γ + γ) ln γ

8
9 ·7 ·14

0 0 0
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R−3 − 16
3 0

5R−3
16
5 (−5+ 1

ln γ
) 0

− 8
9 ln γ (20γ ln γ−3γ) 8

9 ·7 ·14 0

5R−3 µ2 16
3 (−5+ 1

ln γ
) 16

9

16
3 ln γ(−5γ ln γ + γ)µ2 4

3 ·7 ·14 µ2 − 4
45 ·7 ·14

16
9 γ (ln γ)2 − 4

45 ·7 ·14 1
45 ·7 ·14

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 .

Now, we have limγ→0 γ
1
2 ln γ = 0, from which limγ→0 γ (ln γ)2 = 0; it follows

that at the limit for γ→ 0 our equation splits into (25)1 calculated in a= 3 and in
(25)2. So we obtain again the solutions µ2 = 1

4 and µ2 = 3
5 , like in the previous

cases.

3.9. The case 3 < a < 4.

We have that eq. (23) gives

µ
2 =

1
5
+

12
5

(a+1)2(3−a)2 (R1−a)
2γ4−a

R−aΓ(4−a)(a+2)(a+4)(a+11)a2−12(a+1)2(a+2)2(R1−a)2γ4−a

whose limit is µ2 = 1
5 .

Let us consider now eq. (24), with the above expressions of h̃i; we multiply its
first column by γ4 and the other columns by γ5; after that, we multiply its first
line by γa−3, its second and fourth lines by γa−2, and the other lines by γ2. So it
becomes

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

R−a (a+1)R−a 2 (a+1)2

a−3 R−1−a

(a+1)R−a (a+1)(a+2)R−a 2 (a+1)2(a+2)
a−3 R−1−a

2 (a+1)2

a−3 R−1−a γ4−a 2 (a+1)2(a+2)
a−3 R−1−a γ4−a 16

9 (a+4)(a+11)Γ(4−a)

R−a (a+2)R−a
2
3

(a+1)(3a+11)
a−3 R−1−a

4 a+1
a−3 R−1−a γ4−a 4 (a+1)(a+2)

a−3 R−1−a γ4−a 8
9 (a+4)(a+11)Γ(4−a)

0 0 0
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R−a 4 a+1
a−3 R−1−a 0

(a+2)R−a 4 (a+1)(a+2)
a−3 R−1−a 0

2
3

(a+1)(3a+11)
a−3 R−1−a γ4−a 8

9 (a+4)(a+11)Γ(4−a) 0

(a+2)R−a µ2 4 (a+1)(a+2)
a−3 R−1−a µ2 − 4

3
a+1
a−3 R−1−a

4 (a+1)(a+2)
a−3 R−1−a µ2 γ4−a 4

3 (a+4)(a+11)Γ(4−a)µ2 − 4
45 (a+4)(a+11)Γ(4−a)

− 4
3

a+1
a−3 R−1−a γ4−a − 4

45 (a+4)(a+11)Γ(4−a) 1
45 (a+4)(a+11)Γ(4−a)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 .

This equation shows that the eigenvalues are functions of γ4−a; their leading
terms can be obtained by taking the limit of the above determinant for γ → 0.
It follows that at the limit for γ → 0 our equation splits into (25). So we obtain
again the solutions µ2 = 1

a+1 and µ2 = 3
5 , like in the previous cases.

3.10. The case a = 4.

We have that eq. (23) gives

µ
2 =

1
5
+

1
5

125(R−3)
2−192R−4 +25(R−3)

2(ln γ)−1

48R−4(−5ln γ +1)−900(R−3)2

whose limit is µ2 = 1
5 .

Let us consider now eq. (24), with the above expressions of h̃i; we multiply
its first column by γ5 and the other columns by γ6; after that, we multiply the
second and fourth line by γ and the lines 3, 5, 6 by γ

ln γ
. So it becomes

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

R−4 5R−4 50R−5

5R−4 30R−4 300R−5

50R−5
1

ln γ
300R−5

1
ln γ

− 40
3

(
16− 6

ln γ

)
R−4 6R−4

230
3

20R−5
1

ln γ
120R−5

1
ln γ

− 40
3

(
8− 6

5 ln γ

)
0 0 0
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R−4 20R−5 0

6R−4 120R−5 0

230
3

1
ln γ

− 40
3

(
8− 6

5 ln γ

)
0

6R−4 µ2 120R−5 µ2 − 20
3 R−5

120R−5 µ2 1
ln γ

32
(
−5+ 1

ln γ

)
µ2 32

3

− 20
3 R−5

1
ln γ

32
3 − 8

3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 .

This equation shows that the eigenvalues are functions of 1
ln γ

; their leading
terms can be obtained by taking the limit of the above determinant for γ → 0.
It follows that at the limit for γ → 0 our equation splits into (25) calculated
in a = 4. So we obtain again the solutions µ2 = 1

a+1 and µ2 = 3
5 , like in the

previous cases. But in this case we note that µ2 = 1
a+1 becomes µ2 = 1

5 , the
same value which we obtained from eq. (23). So in the present case we have
the eigenvalues µ = 0 with multiplicity 6, and µ2 = 1

5 with multiplicity 3 and
µ2 = 3

5 with multiplicity 1.

3.11. The case a > 4.

We have that eq. (23) gives the above reported eq. (19)2. Through numerical
calculus we obtain the graphics in picture 1 which shows that 0 < µ2 ≤ 1.
Let us consider now eq. (24), with the above expressions of h̃i; we divide its first
line by γ−a−1 R−a and the other lines by γ−a−2 R−a; after that, we multiply all the
columns, except the first one, by γ; finally, we use the identity R2−a =

a−1
a−4 R−a

and exchange the third with the fourth line and the third with the fourth column.
So it becomes the above reported eq. (20).
Through numerical calculus we obtain that its solutions are real and do not ex-
ceed the speed of light.

A. The Rk numbers

Since the Rk numbers are heavily present in our limits, it is important to see that
their expression is

Rk =

√
π

4
Γ
(
−1− k

2

)
Γ
(1−k

2

) . (26)

To prove this relation, we consider firstly the function f (γ,y) = e−γ y−1− γ y;
since its derivative with respect to γ is negative ∀y≥ 1 and, moreover, f (0,y) =
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0 we obtain that e−γ y ≤ 1+ γ y.
Let us multiply now the relation 1 < e−γ y ≤ 1+ γ y times

√
y2−1yk and inte-

grate in d y:∫ +∞

1

√
y2−1yk d y <

∫ +∞

1
e−γ y

√
y2−1yk d y <

∫ +∞

1

√
y2−1yk d y+

+ γ

∫ +∞

1

√
y2−1yk+1 d y .

If k < −3 all integrals in the left hand side and right hand side of this relation
are finite numbers and we can take the limit of this relation for γ → 0; we see
that the left hand side and the right hand side have the same limit, so that

Rk =
∫ +∞

1

√
y2−1yk d y . (27)

Since this integral is known in literature, we can use its expression and find (26).
But, for the sake of completeness, we include here the proof of how (27) leads
to the expression (26). To this end, let us use in eq. (27) the change of variables
y = coshx and find

Rk =
∫ +∞

0
sinh2 x coshk xd x . (28)

Now we use the definition of the Beta function

B(t,s) =
∫ 1

0
(1− x)t−1 xs−1 d x ,

and use for it the change of variables x = cosh−2 q so that it becomes

B(t,s) =−2
∫ 0

+∞

(
cosh2 q −1

cosh2 q

)t−1

(cosh q)−2s−1 sinh qd q =

= 2
∫ +∞

0
(cosh q)−2 t−2s+1 (sinh q)2t−1 d q .

By comparing this result with (28), we find

Rk =
1
2

B
(

3
2
,− k

2
−1
)
.

But the Beta function satisfies the condition

B(t,s) =
Γ(t)Γ(s)
Γ(t + s)

.
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so that

Rk =
1
2

Γ
(
− k

2 −1
)

Γ
(3

2

)
Γ
(
− k

2 +
1
2

) =
1
4

Γ
(
− k

2 −1
)

Γ
(1

2

)
Γ
(
− k

2 +
1
2

) =

√
π

4
Γ
(−k−2

2

)
Γ
(−k+1

2

) ,
where we have used the known result Γ

(1
2

)
=
√

π . In this way we have proved
eq. (26) in the case k <−3.
There remains to prove it also in the case −3≤ k <−2.
To this end, let us consider the above eq. (4)2 and integrate it by parts as follows

R̄k =
∫ +∞

1
e−γ y

√
y2−1yk d y =

1
3

∫ +∞

1
yk−1 e−γ y

[(
y2−1

) 3
2
]′

d y =

=
1
3

∣∣∣∣yk−1 e−γ y
(

y2−1
) 3

2

∣∣∣∣+∞

1
− 1

3

∫ +∞

1

(
y2−1

) 3
2
[
(k−1)yk−2 e−γ y− γyk−1 e−γ y

]
d y =

=−1
3

∫ +∞

1

(
y2−1

) 1
2 e−γ y

[
(k−1)yk− γyk+1− (k−1)yk−2 + γyk−1

]
d y =

=−k−1
3

R̄k +
k−1

3
R̄k−2 +

γ

3
R̄k+1−

γ

3
R̄k−1 ,

(29)

from which we deduce that

(k+2)R̄k = (k−1)R̄k−2 + γ R̄k+1− γ R̄k−1 . (30)

Now, when k <−2, all the terms R̄k, R̄k−2, R̄k−1 are convergent, as we have seen
above, while γR̄k+1 has limit zero (we omit the proof for the sake of brevity); so
we can take the limit of the above relation for γ → 0 and obtain

(k+2)Rk = (k−1)Rk−2 or Rk =
k−1
k+2

Rk−2 for k <−2 . (31)

Since we have to consider only the case−3≤ k <−2, it follows that k−2<−4.
So we can use (26) for Rk−2; in this way, (31)2 gives

Rk =
k−1
k+2

√
π

4
Γ
(
− k

2

)
Γ
(3−k

2

) = k−1
k+2

√
π

4
Γ
(
− k

2 −1
)

Γ
(1−k

2

) − k
2 −1
1−k

2

.

So we find again (26) but ∀k <−2.
If k is an integer number, (26) assumes simpler expressions

R−2n =
(2n−2)!!

2n−2
2n+1

(2n+1)!!
, R−(2n+1) =

(2n−1)!!
2n−1

1
(2n)!!

π

2
, (32)

thanks to the known result

Γ

(
n+

1
2

)
=

(
1
2

)n (2n+1)!!
2n+1

√
π .
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