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THE CONDITIONS FOR BLOW-UP AND GLOBAL EXISTENCE
OF SOLUTIONS FOR A DEGENERATE AND SINGULAR
PARABOLIC EQUATION WITH A NON-LOCAL SOURCE

N. SUKWONG - W. SAWANGTONG - P. SAWANGTONG

In this paper, we consider the degenerate and smgular porous medium

equation with a non-local source: vT— éﬁ ) + / F(V")d&. The

conditions on the local and global existence of solutlons are investigated.
In the case of blow-up, the blow-up set is shown. Moreover the uniform
blow-up profile of the blow-up solution is given.

1. Introduction

In this article, we find the conditions for the existence of global solution or
blow-up solutions for the degenerate parabolic equation with a non-local source
term as follows:

ve= (8P 0m);), + [ F 07 (E7) € (0.0) x (0,),
(0,r)-v(a,r)-0,r>0, (D

V(é,()) =Vo(§),§ € [O,Cl],
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where ,m and a are constants with a > 0, B € [0,1) and m > 1, and F and
vg are determined functions. Throughout this paper, we assume that F(0) = 0,
F(s) >0, F'(s) > 0 for s > 0 and the function vy satisfies the following:

(H1) vo € C?*%(0,a) OC[O al with0 < o < 1,

(H2)v0>00n( ) 0) =vo(a) =0, andvoé( ) >0 and vpe(a) <0,

(H3) <§B vg' (& —i—/ (vy (&))dE > 0for & € (0,a),

B/,m _ “ m
(H4) (compatibility condition) {glg{)h (5 (vg(&)) 5)5 = /0 F(v§(&))dE

and Jim (& ((2); ), =~ [ FO5(&)a,
(H5) (gﬁ (v81)5>5 <0for & € (0,a).

We note that sincef3 € [0, 1), the coefficients of term v¢,vgg may tend to O or o

as & converges to 0T, this implies that (1) is degenerate and singular. First of
all, we introduce the definition of blow-up.

Definition 1.1. The solution v of (1) is said to blow up in a finite time at the
point &, if there are a time 7,(> 0) and a sequence {(&,,7,)} in (0,a) x (0,00)
such that (&,,7,) — (&, 7p) as n — oo and }gl;v(én, T,) = . The point &, and
time T, are called a blow-up point and blow-up time, respectively. Furthermore,
we call the set of all blow-up points to be the blow-up set. If the blow-up set
contains every point of [0,a|, we say that the solution v of (1) is global blow-up.

In the past several decades, many research papers study the global existence
or the blow-up property for solutions of various degenerate parabolic equations
with a non-local source. (see [1, 4, 5, 8,9, 11, 15-17] and reference there in).
On the other hand, there are a few research papers of degenerate porous medium
equations due to blow-up phenomena.

In 2001, W. Deng, Z. Duan and C. Xie [18] established the conditions
to guarantee the occurrence for blow-up in a finite time for a porous medium
problem with a non-local source:

I
ve = () +a/lqu<§,§ € (~1,1),7>0,
v(=1,7) =v(l,7) = 0,7 >0, 2)

v(§,0) =wo(§) 20,8 € [-L,1],

where [ > 0,a >0, g > m > 1 and vy is a specified function. In addition, they
showed that the solution v of (2) blows up in a finite time.
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In 2003,Q. Liu, Y. Chen and C. Xie [14] consider the non-local degenerate
parabolic problem:

!
Ve zéa(vm)5§+a/0 wdé — kvl E € (0,1),7 >0,
v(0,7) =v(l,7) =0,7 >0, 3)

v(§70) = VO(&),& € (Oal)a

where [ >0,0< a <2, p>g>m>1,and vy is a given function. They showed
that the existence of a unique positive classical solution v of (3) and constructed
conditions to blow-up in a finite time.

This paper is organized as follows. In section 2, we prove that the local
existence and uniqueness of the solution v of (1). In section 3, we construct
the condition on global existence for solutions of (1) and the condition which
ensure the occurrence for blow-up in a finite time. The blow-up set and uniform
blow up profile of the blow-up solution v of (1) are shown in last section.

2. Local existence

Since the (1) is degenerate and singular, the theory of partial differential equa-
tions in parabolic type can not apply directly. To investigate the local existence
of the solution u of (1), we need to transform the (1) into the equivalent problem

by letting u =Vv", 7= ma;H and & = ax. The problem associating to (1) is:

1
u =u" [(xﬁux)x+a3_ﬁ/0 F(u)dx} ,(x,2) € (0,1) x (0,00),
u(0,t) =u(1,t) =0,t >0, 4)
u(x,0) =up(x),x€[0,1],

where 0 < r = mTfl < 1,up = v and the function ug has the following proper-
ties:

(Al) up € C**%(0,1)NC[0,1] with0 < ¢ < 1,

(A2) up >0on (0,1),u0(0) = up(1) =0, and uo,(0) > 0 and uq,(1) <0,

(A3) (xﬁ (uo(x))x)x +a>P /0 1 F(uo(x))dx > 0 for x € (0,1),
Ad) lim ( (woulx)),) =—a> /O P (uo(x))dx and. Tim (+ (wo(x)),) =

x—1- X
P [ Fluo)
0
(AS5) (xP (uox)), < O forx € (0,1).
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To obtain the existence result of (4), we need to use the following lemma
2.1 in [13] that is the important tool and is used frequently from now on.

Lemma 2.1. Let b; is bounded and continuous, and b; > 0 on [0,1] x [0, T] for
i=1,2,3,4and d >0 on [0,1] X [0,T] with 0 < T < co. Suppose that w €
C*'((0,1) x (0,T))NC([0,1] x [0,T)) satisfies

1
w—d (x,t) (xﬁwx) > blwx+b2w+b3/ baw (x,t)dx,
X 0

(x,1) € (0,1) x (0,77, )
w(0,¢) > 0,w(1,t) >0, € (0,T],

w(x,0) > 0,x € [0,1].
Then, w >0 on [0,1] x [0,T].

To prove the existence of solutions for (4), we next consider the following
auxiliary problem:

6, =(0+6) [(xﬁ9x>x+a3ﬁ /0] F(G(x,t))dx] (x,1) € (0,1) x (0,00),
0(0,£;0) =0(1,£;6) =0,t >0,

6()6,0;5) = uo(x)7x € [Oa 1]7
(6)
where 0 is any positive constant and 6 < 1. Let € be any positive constant with
€ < 0. We next introduce a cut-off function, p. We refer to the Dunford and
Schwartz book [12], there exists a non-decreasing function p such that p =0 if
x<0and p =1ifx > 1. We construct the functions p, and upe by

0, x<eg,
pe(x) = p(g—l), £E<x<2e
1, x> 2¢,

and ug(x; €) = pe(x)up(x). Then, we have that

5 0, x<eg,
guo(x;e): —ép’ (g—l) up(x), €<x<2e,
0, x > 2¢.

It follows form the non-decreasing property of p that

%MO(X;S) S 0 and li_l’}l’(l)uo(x;s) = ugp.
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We next consider the regularized problem of (6):

6=(6+6) [(xﬁéx)x—i-cﬁﬁ ' (6(x,1)) dx}  (x,1) € (£,1) % (0,00),
6(0,t:8,€) = 0(1,t;5,€) =0, >0,

0(x,0) = up(x;€),x € [, 1].
(N
We note that by F(0) = 0, the zero function is a lower solution of (7). This
implies that > 0 for any € > 0. The next lemma show that the solution 6 of
the (7) is non-decreasing with respect to ¢.

d 1
Lemma 2.2. If <xﬁdxu0(x;£)> —|—a3_ﬁ/ F (up(x;€))dx >0
x £

for any x € (g,1). Then, 6; >0 on [g,1] x [0, ).

Proof. Let ¢ = 6, on [g, 1] x [0,0]. Then, we have that for any (x,7) € (g,1) x
(0,°0),

6 = (0+8) (o) +r(6+58)7" (@)
+(6+8) a*P /1 F'(0(x,1)) ¢(x,1)dx.
It follows from (7) that the function ¢ satisfies:
¢ =(6+8) (xﬁ¢x) > (0+48)d>P /1F/ (6(x,2)) ¢ (x,1)dx,
() € (€,1) % (0,%0),
d(e,t) =0,(e,1) =0,0(1,t) = 6,(1,t) =0, >0,
0(x,0) = (up(x:€) + 8)’ [(xﬁdiuo(x;s)>

x € g 1].

+ a3 B /:F(uo(x;e))dx} >0,

X

Lemma 2.1 implies that §, > 0 for any (x,?) € [€, 1] x [0,c0). O
We next show the boundedness property of 6 on some time interval.

Lemma 2.3. There exist a time t| and a function k € C'[0,t,] such that (7) has
a unique classical solution 6 on [€,1] x [0,1] for all € >0 and 0 < 6 < k.

Proof. Consider the ordinary differential equation:

K(t)=a>PFk(t))(k(t)+1)",t >0
(®)
k(0) = xlél[gﬁ} uo(x).
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By the theory of ordinary differential equation, there exists a positive constant
t1 such that (8) has a unique positive solution k on [0,#;]. In the following,
we show that for all € > 0, k(¢) > 0(x,?) for any (x,t) € [¢,1] x [0,¢1]. Set
¢ (x,t) = k(t) — B(x,t) for (x,t) € [e,1] x [0,¢,]. We then obtain that for any
(x,1) € (g,1) x (0,11,

o > (k(t)+5)ra3ﬁ/1F(k(t))dx
—(§+8) [(xﬁéx)x—l—a3_ﬁ JYF(B(x,1))dx

_ r{.B r— éf
= (k)+8) (Por) +mi o0

+(k(1)+8)'a>P [ F'(n2)dx,

where 1; and 1), are some constants between k and 8. Therefore,
6 L,
> r{.B r—1 _ t r 3—[3/
0= (ko) +8)" (o) 4! ST o (k) +8)a P [ () or
(x,1) € (g,1) x (0,11].

Next, we consider on the parabolic boundary and then we have that
o(e,t) =k(t) > 0,¢0(1,¢) =k(t) >0,z € (0,4;] and

¢ (x,0) =k(0) — 6(x,0) :;2[3’?} uo(x) —up(x;€) > 0,x € [g,1].

Lemma 2.1 implies that ¢ > 0, that is 6 < k for any [¢, 1] x [0,#;]. Based on the
proof of Theorem A.1. in [18], we can conclude that (7) has a unique classical
solution @ on [g,1] x [0,7]. The proof of this lemma is completed. O

We next show that the function 6 has the monotonicity property.

Lemma 2.4. Assume that 0, and 6, are solutions of (Mwith0< g <g < 1.
Then 6; > 6, on [82, 1] X [0,1‘1].

Proof. Set ¢(x,t) = 0; — 6, on [&,1] x [0,#1]. For any (x,7) € (&2,1) x (0,#],
we have that

o = (é1+5)r[<xﬁ(él)x)x A
(B +8) [(xﬁ(éz)x)x+a3_ﬁ /;F(éz(x,t))dt}
= (6;+6) (xﬁ¢x)x+rn3’*1 (6,+8) " (6):9

+a* P (61 + 5)r/£1 F'(Na) ¢ (x,1)dx

+a> B ]F (61 (x,1)) dt}



DEGENERATE AND SINGULAR PARABOLIC EQUATION 25

where 713 and 14 are some constants between 6, and 6.

)
By a fact that %”O (x;€) <0, the function ¢ satisfies

¢ — (61 +8)" (x%)x > m¢ +a*> P (8 +6)’/£: F' (1) ¢dx,
(x,1) € (&2,1) x (0,1],
O (&,t) = 0;(2,1:8,€1) >0,0(1,¢) =0,t € (0,14],
0(x,0) =up(x;€1) —up(x; &) > 0,x € [&2,1].
By Lemma 2.1, 8; > 6, on [, 1] x [0,#]. O

Lemma 2.3 and Lemma 2.4 ensure that lirr(l) 6 (x,t) exists and then we con-
E—

struct the function 6 which is a good candidate for the solution for (6) by

0(x,1) = ;iir(l)é(x,t), (x,0) € (&,1] x[0,11] ©
o 0, (x,t)G{O}X[O’tl]‘

By modifying the proofs of Theorem 2.3 in [10] and Lemma 10 and Theo-
rem 12 in [6], we obtain the existence result for (6).

Theorem 2.5. The function 0 defined by (9) is a unique classical solution of
(6), on [0,1] x [0,1,].

In order to prove the existence of solutions for (4). By using the same tech-
nique as in Lemma 2.2 and Lemma 2.3, we can show that the solution 6 of
(6) satisfies that 6; > 0 for all § and up(x) < 6(x,t) < k(t) for any (x,7) €
[0,1] x [0,7;] where the function k is given in Lemma 2.3. The next lemma
deals with an additional property of 6.

Lemma 2.6. Assume that 0, and 6, are solutions of (6) with 0 < §; < & < 1.
Then, vs, > v, on [0,1] x [0,1].

Proof. Set ¢ =6, —6; on [0,1] x [0,7;]. From (6), we have that for any (x,7) €
(0,1) x [0,#],

o

v

(6,+ &) [ (62)s +a3 ﬁ/ F( szt))dx}
91+32)r[<xﬁ D +a3*ﬁ/0 F(Gz(x,t))dx]
= (b+&) (x ¢x> +rni (614 8) 7 (61),9

+d P (6,4 8) /F N6) ddx,
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where 75 and 7ng are some constants between 6, and 6,. Then, the function ¢

satisfies 1
s (61):
—((O "(xPo, ) >-—2 "7
0= (0 +8) (P0) 2 G o
(x,1) € (0,1) x (0,11].
On the parabolic boundary, we obtain that ¢ (0,7) =0,¢(1,¢) =0,z € (0,7,] and
¢(x,0) =0,x € [0,1]. By Lemma 2.1, 6, > 6; on [0, 1] x [0,#]. O

o+a P (6 +52)r/01 F' (1) ¢dx for

It follows from Lemma 2.6 that we define the function u by

u(x,t) = éig})@(x,t), (x,1) € (0,1) x (0,1]. (10)

By modifying Lemma 2.7 in [18], and Lemma 10 and Theorem 12 in [6], we
obtain the existence theorem for the equivalent problem (4).

Theorem 2.7. The function u given by (10) is a unique non-negative classical
solution of the equivalent problem (4) on [0.1] X [0,1,] for some positive constant
11.

Note that by the transformation techniques, u = v", 7 = W and & = ax,
and Theorem 2.7, we obtain the existence result of (1).

Corollary 2.8. There exists a time f; > 0 such that (1) admits a unique non-
negative classical solution on [0,a] x [0,7] for some positive constant f.

3. Blow-up and non-blow-up conditions

First, we give the sufficient condition for blow-up in a finite time for the solution
u of (1). Let us consider the following boundary value problem:

—Qﬁ@%@y:lémeemJ%

®(0) = &(1) =0. (1

The boundary value problem (11) is solvable by [19]. Let the first eigen-
value and its corresponding eigenfunction denote by A; > 0 and P, respectively.

Without loss of generality, we assume that m[ax] @ (x) = 1. The next theorem
x€[0,1

shows the condition that guarantees for the occurrence of blow-up in a finite
time depending on the value of the constant a.
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Theorem 3.1. Assume that there exists a positive constant ¢| such that F(s) >
c18? fors >0and g > 1. If

4 1
3-B 3-B

a > max

)

A
1 1
1 / D) (x)dx / ug(x)dx
0 0
then the solution u of (4) blows up in a finite time.

Proof. LetIl(t) = 01 u' =" (x,1) Py (x)dx. We obtain that
1 1 S 1
() — / (i) i(@)dx+a*F / Fu(x,1))dx / &, (x)dx
0 X 0 0

1—r
Y /0 (1) By (x)dx+ 03P /0 P () dx /0 ', (x)dx.

From

1 1 L, s -3
/0 l/l(x’t)(pl (x)dx < m </0 a ﬁlﬂ(%t)dx) (/0 (pl l(x)dx>

1

1 1. q
e (/0 a’ ﬁuq(X,t)dx> )
1

I o —A ' 3B ‘
ﬁH (1) > TGP </0 a’ Pul(x,t)dx

1 1
+a37ﬁ/0 cluq(x,t)dx/o P (x)dx.

we obtain that

1 1
From u;, > 0 and > P / ug(x)dx > 1, this implies that a> P / ul(x)dx > 1.
0 0

1 ‘ 1
It follows that </ a>P u"(x,t)dx) ' <a* P / u?(x,t)dx with ¢ > 1. Then
0 0

1 ma P s ', 1
l—rH (r) > —m/o ul(x,t)dx+a’ "y )Y (x,t)dx/o Dy dx

1 Y 1
— BB q A
= a /o u?(x,t)dx [a(33)/‘1 +cl/0 D (x)dx] .

=M

1
By the definition of the constant a, we get that +c / D) (x)dx > 1y
aB3-B)/a 0

where 77 is a positive constant. Then,

1
—1IT(t) > n7a3_ﬁ/ u?(x,t)dx.
1—r 0
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Since

I—r qtr—1

/0 L (1) @y (x)dx < < /0 1 uq(x,t)dx>q < 01 B (x)dx> "

we obtain that

! I = 1 4 Rer
/ ul(x,t)dx > (/ ul 7" (x,1) P (x)a’x> /< P! (x)dx) .
0 0 0
We then obtain that
L g+r—1
"y > N@i(dx) ] /lcb‘”q"()d
11—, = 1’]761 x 1(X)dx A 1 X)dx
> ma li
or )
(nl—‘f/“—’>(t)) <ma B —r—gq). (12)

Integrating (12) over (0,7), we have that
' =4/0= (1) —11' =/ 0=1(0) < 7a> P (1 —r = q)1.

or \
ITi=1(0)

1—ma3B(g+r— DI 10)

We see that IT1 ! (¢) exists for 7 € [0,T,) but ITT+~'(¢) is unbounded as

converges to 7;, where

q

1) >

—(g+r—1)

_ . nteo) 1 v
13)

is called the blow-up time. Therefore, I1 blows up in a finite time. This implies
that the solution u of the equivalent problem (4) blows up in a finite time. Then,
the proof of this theorem is completed. O

By Theorem 3.1 and the transformation technique, we can obtain the fol-
lowing result.

Corollary 3.2. The solution v of (1) blows up in finite time if the constant a is
sufficiently large.

Next, we will show that under some conditions, the solution u of (4) can
exist globally. To obtain the desired results, we need the following comparison
theorem.
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Lemma 3.3. Let u and ug be the solution and the initial function of (4), respec-
tively. Assume that a non-negative function ¢ € C>'((0,1) x (0.T))NC([0,1] x
[0,T]) satisfies

02 (0| (Po) +a P [ Flotniar] (o) € 0.1)x 0.7),
¢(0,1) > (=)0, 9(1,7) > (=)0,z € (0,71,
(p(x7 0) 2 (g)uo(x),x S [07 1]'

Then, ¢ > (<)u on [0,1] x [0, T].

Proof. We first consider in the case ” > ”. Let z(x,) = ¢(x,t) — u(x,t) on
[0,1] x [0,T]. By Lemma 2.1 and property (A2), u > 0 in (0,1) x (0,7T]. For
any (x,7) € (0,1) x (0,T], we have

1
a=9 (xﬁzx)ané”u*’utzﬂta*ﬁ ¢’ /0 F'(19) z(x,1)dx,

where 1ng and 19 are some constants between ¢ and u. Hence, z satisfies:

1
=@ (xﬁzx) =my iz a P /0 F'(n9) z(x,1)dx,
(x,1) € (0,1) x (0,7,

2(0,2) = 0,2(1,1) = 0,1 € (0,77,
z(x,0) > 0,x € [0, 1].

Lemma 2.1 yields that ¢ > u on [0,1] x [0,7]. Similarly, we can get the result
in the case ” < 7. The proof of this lemma is completed. Ul

Let us consider the boundary value problem:

- (xBA/(x)>/ = 1,x € (0,1) and A(0) = A(1) = 0.

The solution A of the above boundary value problem is given by
Alx) = ﬁxl_ﬁ (1 —x) for x € (0,1). The next theorem deals with the non-
blow-up result.

Theorem 3.4. The solution u of the equivalent (4) exists globally if the value of
the constant a is small enough.
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Proof. Let z(x,t) = c2A(x) on [0, 1] [0,00) where ¢, is a positive constant and
1

3-p
A > up. Ch . Then,
hz o oo < (s )™

-7 (xﬁzx +a3 ﬁ/F xt))dx}
1

> chA (x) [cz —a P A F(cp xrél[%)i] A(x))dx]

>0

for any (x,7) € (0,1) x (0,00). Moreover, z(0,7) = z(1,¢) = 0 for ¢t > 0 and
2(x,0) = c2A(x) > up(x) for x € [0,1]. By Lemma 3.3, z > u on [0, 1] x [0, o).
We can conclude that the solution u of the equivalent problem (4) exists globally.

O]

By the transformation technique and Theorem 3.4 that we obtain the follow-
ing result.

Corollary 3.5. The solution v of (1) does not blow up if a is small enough.

4. Blow-up set and the uniform blow-up profile

In this section, we show that the set of blow-up points and the blow-up profile
for the blow-up solution v of (1) at the blow-up time 7. From the hypothesises
(H1) — (HS), we know that there are a sufficiently small positive constant &
and a non-negative function @ (x) such that

(H1*) @oe € C*%(e,1—€)NCle, 1 — €] with & € (0,1) and € € (0,¢&],

(H2*) o (€) = 0 and (1 —€) =0,

(H3*) @oe (x) < up(x) for x € (g,2e)U(1—2¢,1—¢€) and @pe(x) = up(x) for x €
(2¢,1—2¢),

(H4%) (xP (@ue),), < Oforx € (e,1—¢),

(H5%*) @p¢ is non-increasing with respect to € € (0, &],

sim (Plen) =P [ Flgue()ar
=~ [ Fon(@))a

and lim (.xB((POg)x)
1—¢
(H6) (+# (gue).) +a* P / F(oe(x))dx > 0 for € € (0, &1]

x—(1—¢g)~
andx € (g,1—¢€).

X
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Clearly, lirr(l) @oe = up. In following, we consider the following regularized
£

problem:
ou=(p:+87 | (#00).) +a [T Flgutnna
(x,1) € (g,1 —¢€) x (0,00),

¢€(87t) = (PS(I —87t) =0,1>0,

9e(x,0) = @oe (x),x € [€,1 —€].

(14)

As discussed before, we obtain that the regularized problem (14) has a unique

positive solution ¢, and

lim @ =u
6—0,e—0

where u is the solution of the equivalent problem (4). In order to find the blow-
up set and the blow-up profile of the blow-up solution v of (1) when time ¢ near

the blow-up time 7;,, we need the following lemma.

Lemma 4.1. Before blow-up occurs, (xP uy) < 0 for (x,r) € (0,1) x [0,T3).

Proof. 1t follows from (H6*) that @¢; > 0 on [0,1] X [0,7T}).
Let z(x,t) = (xP (¢)x)  on [0,1] x [0, 7).
We obtain that for any (x,7) € (g,1 —¢€) x (0,7}),

z— (@ + a)r(xﬁZX)x —2r(@e + a)r_lxﬁ Pexx — (e + 6)_1 (734
= r(r—1)(@e + 8) %P @er (per)?

or

7 — (e +8)" (P 2) — 2r(@e +8) 4P Qexze — r(@e +8) ez < 0.

On the boundary conditions, we obtain that by (H5%),

1—¢
o) = (P9) lee=—a* / F(@e(x,1))dx < 0

and

1—¢
(1-2,0)= (P9) i1 e=—a* P / F(@e(x,1))dx < 0.
X i

For the initial data, it follows from (H4*) that z(x,0) <0 forx € [e,]1 —€]. By
lemma 2.1, we get that z < 0 on [g,1 — €] X [0,T}). Since € and § are arbitrary,

and lim @¢ = u, we have that (xﬁux)x <0 for (x,7) € (0,1) x (0,Tp).

6—0,e—0
proof of Lemma 4.1 is complete.

The
O
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It follows from Lemma 4.1 that we obtain the following corollary which is
used in the part of showing the blow-up set of the blow-up solution v of (1).

Corollary 4.2. Before blow-up occurs, (éﬁv%”)g <0for(&,7) € (0,a) x[0,Tp).

The next theorem states about the set of all blow-up points of the blow-up
solution v of (1).

Theorem 4.3. Assume that the solution v of (1) blows up in a finite time T,
and there exits a positive constant ¢| such that F(s) > c1s? for s > 0and g > 1.
Then, the set of all blow-up points is the whole interval [0, al.

Proof. Let € be any positive constant. Construct functions y and ¥ by y(7) =

/F 7))d& and ¥(7 /l// )ds. We let c3 = é(inf ),u(é)whereu
c(ea—e

is a positive solution of the following boundary value problem:

B ey = “
i (EPoum@) =1.8€ 0a),
4(0) = pla) = 0.

From Corollary 4.2, we have that for 7 € (0,7},),
d

[ o= [T e g (8 ) o
> [ (80), 8.
‘We then obtain

_om [a—E ﬁvm
0 < lim e <§ €>éd§<1 0 V"6, Tde

T T, y(T) =T, €1 fo va(E, T)d8
e (ehve),
This means that lim ———————=d& = 0. As € — 0, we obtain that
7—T), V«T)
(),
Tll_)H%hW:Oforé €(0,a). (15)

By integrating the first equation in (1) both sides with respect to T from O to 7,
we get that

W& D) —nl®) = [ (EP2E9) ds (o). (16)
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From an assumption that v blow up at the finite time 7}, this implies that
lin% v(&p, T) = oo for some &, € (0,a) and then we obtain that
T—1p

lim v(éb, ’L') — TILHZI})V()((éb) = lim OT <§Bv’€”(§b,s))gds+ lim ¥(7).

t—Tp, T—=T), T—T)
‘We therefore have that
lim ¥(7) = oo. (17
T—T),

By (15), we have that

fOT (5[3‘)?(57‘9)) ds
rlnglb 6 =0for & €(0,a). (18)

Let £* be a fixed point in (0,a). We have that by (16),
VELD L w(E) 5 (€)Pv(e.s) ds

S

T, W(T)  oof, W(r) ool ¥(1) -
(17) and (18) yield that
. v(ErT)
M ey (1%

which means that the solution v of (1) blows up at the point £*. By the ar-
bitrariness of £*, we can conclude that the solution v of (1) blows up every-
where in (0,a). For &* € {0,a}, we can always find a sequence {(&,,7,)} in
(0,a) x (0,Tp) such that (§,,1,) — (£*,T},) and ,}LIELV(&"’T") = oo, Therefore,

the blow-up set is [0,a]. The proof of Theorem 4.3 is completed. O

The last theorem shows the blow-up profile of the blow-up solution v of (1)

when 7 approaches to the blow-up time 7j,.
—1

Theorem 4.4. If f(s) = s? with g > 1. Then, v(&,T) ~ [a(mg— 1)(T, — T)]ma-T
forany & € (0,a) as T — T.
Proof. (19) tells us that for any & € (0,a),
v(€,T) ~¥(1)as T — Tp. (20)
Then, by (20), we obtain that
W(1) = / VI TVE ~ aP™(T) as T — T 1)
0
Integrating (21) over (7,7}), we have that by (17),
(1) ~ [a(mg —1)(T) — 7)]" 7 as T — Tp. (22)

Then, we conclude that as T approaches to the blow-up time 7},
—1
V(E,7) ~ [almg—1)(T, — 7)) forany & € (0,a). O
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5. Conclusion

In this article, we consider the degenerate and singular porous medium problem
with a non-local source term. We prove that the such problem has a local classi-
cal solution before blow-up occur. The conditions for blow-up and non-blow-up
of solutions of the problem depend on the value of constant a. In the blow-up
case, we prove that the solution of the problem blows up completely. Finally,
the uniform blow-up profile of the blow-up solution near the blow-up time is
shown.
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