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EXISTENCE OF ENTROPY SOLUTIONS FOR NONLINEAR
ELLIPTIC PROBLEM HAVING LARGE MONOTONOCITY IN
WEIGHTED ORLICZ-SOBOLEYV SPACES

B. EL HAJI - M. EL MOUMNI - K. KOUHAILA

We prove an existence result of entropy solution for a class of nonlin-
ear elliptic problems of Leray-Lions type with large monotonicity condi-
tion in the framework of weighted Orlicz-Sobolev spaces and with right
hand side f € L'(Q).

1. Introduction

This paper deals with existence of solutions to the following nonlinear Dirichlet
problem
{ A(u) = f(x) —divF(u) in Q, 0
u=20 on dJQ,

where f € L'(Q),F € (C°(R))N and A(u) = — div(p (x)a(x,u, Vu)), Q is a bounded
domain of RV, N > 2.

Note that no growth hypothesis is assumed on the function F, which implies
that the term div F (1) may be meaningless, even as a distribution. a(x,u, Vu) =
(ai(x,u, Vu))1<i<n, a;i : @ x R x RV — R is a Carathéodory functions (that is
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measurable with respect to x in Q for every (s,&) € R x RY, and continuous
with respect to (s,&) € R x RY for almost every x € Q) such that for all £, &’ in
RV, (x,5) e QxR

i, E)| < |9i(x)| + KP~ (p~ (x)M(calsl)) + KM~ M(c1 [E]),

(atx.5,8) —alx.5,€)) (€ =€) =0, 3
a(x’své)é ZM(A'IK‘)’ 4)

where c1, ¢z, A1,K; > 0. Let M, P are two N-functions such that P << M.
Moreover M, P are the complementary functions of M and P respectively, p
is a weight function on Q (that is, measurable and positive a.e. on Q) and
0o, ¢ € Ezz(Q,p), (Ez7(,p) is introduced later.)

fel(Q), (5)
and F = (Fy,..., Fy) satisfies
Fe(C'(R)". (6)

The notion of entropy solution, used in [17], allows us to give a meaning to
a possible solution of (1)

In fact Boccardo proved in [17], for p(x) = 1 and p such that2—1/N < p <
N, the existence and regularity of an entropy solution u of problem (1) . For the
case p(x) =1, ¢ =0 and f is a bounded measure, Benilan et al. proved in [7]
the existence and uniqueness of entropy solutions,the same problem is treated
using the notion of entropy solution introduced in [38] where p(x) = 1,f €
LY(Q), and F € L” (Q)N. We mention as a parallel development, the work
of Lions and Murat [40] who consider similar problems in the context of the
renormalized solutions introduced by Diperna and Lions [24] for the study of the
Boltzmann equations. They can prove existence and uniqueness of renormalized
solution,and afterwards by Dal Maso, Murat, Orsina and Prignet in [22] with
general measure data.

In the general framework of weighted Orlicz-Sobolev spaces , the authors
in [9] deal with the equation

—div(p(x)a(x,u,Vu)) — div®(u) + g(x,u, Vu) = f
with @ = 0 and g is a nonlinear with the following (natural) growth condition:

|8(x,5,6) < b([s])(c(x) +M([E])p (x)),
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which satisfies the sign condition

g(x7s7§)s 2 07

and the right-hand side f € W~ !Ey;(Q,p),in the case where f € L'(Q), ¢ =0
and g = 0 existence theorem have been proved by the authors in ([28]).

Several researches deals with the existence solutions of elliptic and parabolic
problems under various assumptions and in different contexts (see [4-6, 11, 12,
14-16, 18, 23, 26, 28-32, 46-49] for more details).

It is well known that the setting of weighted Orlicz—Sobolev spaces include
many spaces as special spaces, such as Lebesgue spaces, weighted Lebesgue
spaces and Orlicz spaces; see [44]. These spaces have many applications in
various fields such as PDE, electrorheological fluids, and image restoration; see
[21, 25, 39].

The feature of this paper, is to treat a class of problems for which the classi-
cal monotone operator methods (developed by Minty [43], Browder [20], Brézis
[19] and Lions [41] in WO1 P (Q) case) do not apply. The reason for this, is that
a(x,u, Vu) does not need to satisfy the strict monotonicity condition that is,

(a<x,s,é> —a<x,s7£'>) (E—&) >0, forall £, € BV, (& £ &)

of a typical Leray—Lions operator but only a large monotonicity that is

(a(x,s,cﬁ) —a(x,s,é’)) (E—E&)>0, forall £,&" € RV,

The aim of this paper is to prove the existence of solutions for (1) under the
weaker assumption large monotonicity condition, without using the almost ev-
erywhere convergence of the gradients of the approximate equations, since this
is impossible to prove in our setting. The main tools of our proof are a version
of Minty’s Lemma (here we use an idea of G. J. Minty [42]. We note that the
techniques we used in the proof are different from those used in [8, 10].

The paper is organized as follows: We introduce some basic definitions and
properties in the setting of weighted Orlicz—Sobolev spaces as well as an ab-
stract theorem and we prepare some auxiliary results to prove our theorem, in
the next section 2. In the final section 3, we state the main result and proofs.

2. Preliminary

This section present some definitions and well-known about N-functions, weighted
Orlicz-Sobolev spaces (standard references see [1] and [27].
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2.1. N-function

Let M : RT — R* be an N-function, i.e. M is continuous, convex, with
M(t) >0 fort >0, ()—>0ast—>0and (>—>ooast—>oo.

Equivalently M admits the representation :

= /Otm(r)dr

where m : R — R™ is non-decreasing right continuous, with m(0) =0, m(¢) >0
forz > 0 and m(r) — o as t — . The N-function M conjugate to M defined by

= /Otm(r)dr

where m : Rt — R™ is given bay m(t) = sup{s: m(s) <r}. It is well known
that we can assume that m and i are continuous and strictly increasing. We will
extend the N-functions into even functions on all R*.

Clearly M = M and has Young’s inequality

st <M(t)+M(s) for all s,r > 0.

The N-function M is said to satisfy the Ay-condition every-where (resp. in-

finity) if there exist k > O (resp. 7o > 0) such that, M(2¢) < kM(r) for all £ > O (resp. t > 1p).
Let P and Q be two N-functions, the notation P << Q means that P grows

essentially less rapidly than Q, that is to say for all € > 0, Q((et)) —0ast — +oo.

That is the case if and only if 1%18 —0ast — oo.

2.2. Orlicz-Sobolev space

Let Q be a open subset of RY and M be an N-function.

The Orlicz classe Ky (Q) (resp. the Orlicz spaces Ly (Q)) is the set of all
(equivalence classes modulo equality a.e. in Q of) real-valued measurable func-
tions u defined in Q and satisfying

/QM(]u(x)\)dx<oo (resp. /QM(WELX)’)dx<ooforsomel >0>.

Ly (Q) it is a Banach space under the norm:

|u||MQ=1nf{7L>O / )|)d <1} )
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We denote by B(Q2) the set of bounded measurable functions with com-
pact support in Q and by Ey;(Q) the closure of B(Q) in Ly (Q) (we have usual
Em(Q) C Ku(Q) C Ly (2)).

The equality Ly (Q) = Ep(Q) hold if and only if M satisfies the Ap-condition,
for all ¢ or for ¢ large according to whether Q has a infinite measure or not .

The dual of Ej(Q) can be identified with Ly;(Q) by means of the pairing
/ u(x)v(x)dx where u € Ly (Q) and v € Lz;(2) and the dual norm on Ly;(Q) is
eguivalent to [|.[|37.o-

The space Ly (Q) is reflexive if and only if M an M satisfy the Ay-condition
for all ¢ or for ¢ large, according to whether € be infinite measure or note.

We return now to the Orlicz-Sobolev spaces W' Ly (Q) (resp. W!Ey(Q))

is the space of all function u such that u and its distributional derivatives up to
order 1 lie in Ly (Q) (resp. in Ep(Q2)). It’s Banach space under the norm :

lelly pr = Y ID%ullr . ®)

<1

Thus W' Ly (Q) and W' Ey;(Q) can be identified with subspaces of [] Ly, we
have the weak topology o (ITLw,[1Ey;) and o ([1Lu, [1Ls;) -

The space Wy Ep(Q) (resp. W) Ly (Q)) is defined by the closure of D(Q) in
W1Ey(Q) (resp. WLy (Q)) for the norm (8) (resp. for the topology o (I1Lu, [1E57))-

Definition 2.1. The sequence u,, converges to u in Ly, () for the modular con-

vergence (denoted by u,, — u (mod) Ly, (Q)) if / M ( [ ; u
Q

for some A > 0.

)dx—>0asn—>oo

2.3. Weighted Orlicz—Sobolev space
Let Q C RY be a bounded domain, M be an N-function and p(x) be a weight

function on £, i.e. measurable positive a.e. on Q such that :

p eL(Q). €))

The weighted Orlicz classe Ky (Q,p) (resp. the weighted Orlicz space
Ly (Q,p)) is the set of all (equivalence classes modulo equality a.e. in Q) of
real-valued measurable functions u defined in Q and satisfying

o) = [ M(u(x)p(x)dx < »

(resp. mp (%,M) —/gM(‘u;fC)‘)p(x)dx<oof0r some A >O>.
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Ly (Q,p) is a Banach space under the norm :
ullp,p = inf{l > 0;m<%,M) < 1}. (10)

We denote by B(Q2) the set of bounded measurable functions with compact
support in Q and by Ej(Q,p) the closure of B(Q) in Ly (Q,p) (we have usual
EM(Q"p) - KM('Q"p) C LM('va))-

The equality Ly (Q,p) = En(Q,p) hold if and only if M satisfies the A,-
condition, for all ¢ or for ¢ large according to whether € has a infinite measure
or note.

The dual of Ey (L, p) can be identified with L;(Q, p) by means of the pairing

u(x)v(x)p(x)dx where u € Ly (Q,p) and v € Ly;(Q, p) and the dual norm on
Q

Lzz(Q, p) is equivalent to [|.[|37  (see [9]).

The space Ly (Q,p) is reflexive if and only if M an M satisfy the A,-
condition for all ¢ or for ¢ large according to whether Q be infinite measure
or note.

We return now to the weighted Orlicz-Sobolev spaces W'Ly (Q,p) (resp.
W!Ey(Q,p)) is the space of all function u such that u € Ly (Q) (resp. u €
Ep(Q)) and its distributional derivatives up to order 1 lie in Ly (Q,p) (resp.
Ep(Q,p)). It’s Banach space under the norm

ully p.p = lleellag +1Vatllag p (11)

(where [[ul|; = [lullp o). Thus WLy (Q,p) and W'Ey(Q,p)) can be iden-
tified with subspaces of [TLyp = Ly X [1Lay(€2, p) we have the weak topol-
ogy 0 ([1Lmp,I1E3 ) and o ([1Lu p,[1Ls7 ). The space WS Epn(Q,p) (resp.

W, Ly (Q,p)) is defined by the closure of D(Q) in W Ey (Q, p)) (resp. WLy (Q,p))
for the norm (11) (resp. for the topology o (ITLu p,[1E5,))-

Definition 2.2. The sequence u, converges to u in Ly (Q,p) for the modular
convergence (denoted by u, — u (mod) Ly (2, p)) if / M ( [ 7L_ ul )p(x)dx —0
Q

as n — oo for some A > 0.

Definition 2.3. The sequence u, converges to u in W'Ly(Q, p) for the mod-
ular convergence (denoted by u, — u (mod) W'Ly(Q,p)) if for some A > 0

|t — D (up —u)|
/QM< 1 >dx—>0asn—>ooand/QM(f)p(x)dx%Oasn—)

o for |a| = 1.

Lemma 2.4. [3] Let M be an N-function. If u, € Ly(Q) converges a.e. to
u and u, bounded in Ly (Q) , then u € Ly (Q) and u, — u for the topology
o (Lm(Q), Exz(Q))-



ENTROPY SOLUTION OF NONLINEAR ELLIPTIC EQUATIONS 43

Lemma 2.5. [3] If the sequence u,, € Ly (L2, p) converges to u a.e. is bounded in
Ly(Q,p), thenu € Ly (Q, p) and u, — u for the topology & (Ly (2, p), Ez;(Q,p)).

2.4. Compactness results

Let Q be a bounded open subset of RV with locally Lipschitzian boundary,
p the weight function and M an N-function. Let the following integrability
assumptions :

There exists a real s > 0 such that :

(M(t))+7 is N-function and an p— € L' (Q), (12)
* t
———————dM(t) = oo, 13
el (13)
s+1
1 s Mfl
lim / ®) gu—o. (14)
PEMTO S e
Remark 2.6. In the particular case where M(t) = % (1 < p <o), the first part

of (12) is satisfied if s > ~17.

Theorem 2.7 (See[2] Theorem 9-5). Let Q an open bounded locally- lips-
chitzian boundary in RN and M an N-function. Suppose that assumptions (12)—
(14) are satisfied. So we have the following compact injection :

WLy (Q,p) —— En(Q).

Theorem 2.8. (Weighted Poincaré inequality) Let Q be a bounded open subset
of RN with locally Lipschitzian boundary, p a weight function, and M an N
-function. If u € Wy Ly (Q), then

[lullar < cl[Vullarp

where c is a positive constant, which implies that | Vu||y,p and ||u||1 » are equiv-
alent norms on Wy Ly .

Proof. Under the assumptions (12)-(14), the Sobolev conjugate N -function M;
of M is well defined by

M*—l — /X Mﬁl(t)dt
y 0 ¢ty

and we have WO1 Ly, C Ly. And since M < Mg, we have Ly» C Ly . Hence

lullsr < erlfulla; < callullr,m,,
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where c; and ¢; are two positive constants. Then, by using the Poincaré inequal-
ity in the non-weighted Orlicz-Sobolev space, there exists a positive constant ¢/
such that

ullr.a, < |Vl lag

We will show that
[Vullm, < cl|Vullm,p-

For that we have

Il < /M dx+1—/M X))
</S(Ms(v(x)))p(x)der/Qp(lx)p(x)dx+2
_/M dx+/gp*s(x)dx+1,

which implies that
[Vllm, < cllvllaps
for some positive constant c¢. In fact, if this is not true, then there exists a se-

quence v, such that ||v,||,, < 1. Hence, for n
sufficiently large we get

/M 1)) p(x)dlx < [l < 1.

Then
HVnHM,S/M(V( dx+/p x)dx+1
< ||v,,|rM,,+/p Ndx+ 1,

which is a contradiction, since the left hand-side tends to infinity while the right
hand-side is bounded. Finally, by taking v = Vu, we conclude the result.
O

We will also use the following technical lemmas.

2.5. Some technical lemmas

Lemma 2.9. [35]Let f,, f € L'(Q) such that f, >0 a.e. in Q, f, — f a.e. in Q
et/ fo(x)dx — / f(x)dx. Then f, — f stongly in L' (Q).
Q Q
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Lemma 2.10. Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let u €
Wy Ly (Q,p). Then F(u) € Wy Ly (R, p). Moreover, if the set D of discontinuity
points of F "is finite, then

d B Fl(u)a—;‘i a.e. in{xeQ;u(x)¢ D},
TxiF(u) N { 0a a.e. in{xeQu(x)€D}.

Proof. We suppose for the moment that F is also C', there exist a sequence
u, € D(Q) such that u,, — u (mod) W'Ly(Q,p)). Passing to subsequence, we
can assume that

D%, — D% Vo <Tlae.inQ.

From the relation |F(s)| < k|s|, where k denote the Lipschitz constant for
F, and
a%F(un) =F'(u,) gf{';, we deduce that F(u,) remains bounded in Wy Ly (Q, p).
Thus going to a further subsequence, we obtain

F(uy) —w € Wi Ly (Q,p) for o(IT1Lum, [1E#)s

and also by a local application of the compact imbedding theorem, F(u,) — w

a.e. in Q. Consequently w = F(u), and F(u) € W) Ly(Q,p). Finally, by the
usual chain rule for weak derivatives,

d N

G F=F (u)a—;ti ae. in Q. (15)

For the general case. Taking convolution with the mollifiers, we get a se-

quence F, € C*(R) such that F,, — F uniformly on each compact, F,,(0) = 0 and

F,:‘ <k. Foreachn, F, € WolLM(Q7 p), and we have (15) with F replaced by F,.

Finally (15) follows from the generalized chain rule for weak derivatives. [

The following lemmas follow from the previous lemma.

Lemma 2.11. Let u,v € W Ly (Q, p) and let w = min(u,v). Thenw € Wy Ly (Q,p)
and

ow g—)’fi a.e. in {x € Qu(x) <v(x)},

ox; g—; a.e. in {x € Qu(x) >v(x)}.

Proof. Note that min(u,v) =u— (u—v)" and apply Lemma 2.10 with F(s) =
st. O
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We introduce the truncate operator. For a given constant k > 0, we define
the function 7, : R — R as

To(s) — sif |s| <k,
V= kit Isl > k.

Lemma 2.12. Assume that (12)—(14) holds. Let u € WolLM (Q,p), and let Ty (u),k €
R™, be the usual truncation then Ty (u) € WOILM(Q, p). Moreover we have

Ty (u) — u strongly in Wy Ly (Q, p).

Lemma 2.13. Let u, be a sequence of Wy Ly (2, p) such that u, — u weakly in
W, Lu(Q, p) for the topology & (Lu(Q. p), Exy(Q. p)). Then Ti(un) — Ty(u).

Proof. Since u, — u and W) Ly (Q,p) < Ey(Q), we have u, — u strongly
in Ey(Q) and a.e. in Q, then Ty (u,) — Ti(u) a.e. in Q. On the other hand, for

some A >0,
/£2M<|Tk;i/in)|>dx§/gzM(|’Zl’>dx

and

/§2M<|VT];LM)p(X)dx:/QM<W)p(x)dXS/QM(’V;n|>p(x)dx

imply that

i) 1 pap < Manll 1 prp -
Then (7;(u)), is bounded in W Ly (©,p) hence by Lemma 2.5, we have
Tic(un) — Ti(u) in Wy Ly (Q, p) for o(Ly (R, p), Exz(2,p)). O

Lemma 2.14. If the sequence u, € Ep(Q,p) converges a.e. in Q with p €
L'(Q), then it converges in norm in Ey(Q,p) if and only if the norms are uni-
formly absolutely continuous, i.e. for each € > 0 there exist § > 0 such that
lunxEellyp <€ forallnand E C Qwith |E| < 8.

Proof. by the same argument introduced in the proof of Lemma 11.2 in [36] we
find E, ,, = {x € Q: |uy(x) —u,(x)| > ¢}, where o = Mfl( ) and with
0 > 0 such that

Mol
3lielly

E
letnxEllarp < 5-

We denote by H(Ey (), r) the set of functions u € Ly (Q) whose distance to
Ep(Q) (with respect to the Orlicz norm) is strictly less than r and by By, (2)(0,r)
the ball in Ly, (Q) (with respect to the Orlicz norm) of radius r and center 0. []
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Lemma 2.15. Let Q be bounded subset of RN with finite measure.let M, R and
QO be N-functions such that Q << R, and let f be a Carathéodory function such
that for a.e. x € Qandall s e R:

1f(x,8)| <bx)+kR (p7 ' (x)0(kas])) (16)

where 0 < b(x) € Ey(Q,p),p € L'(Q) and ki,ky € RY. Then the Nemytskii
operator

Ny(u)(x) = f(x,u(x))
satisfies :
1. Sends (H(EQ(Q), é)) ? into Lgr(Q,p) and is continuous from (H(EQ(Q), é)) !

to the norm topology of (Lo(2))? into Lg(Q,p) to the modular conver-
gence;

P
2. It’s uniformly bounded on (BLQ(Q) (0, kl—z)) ;
3. If b(x) € Eg,(Q,p) with Ry << R, then Ny is continuous to the norm

topology of Eg, (2, p).

Proof. (1) Let u = (1, uz,....u,) € (H(EQ(Q),é)y. Since d(u;, Eg(Q)) <

é (1 <i<p), we have / O(ky |u|)dx < 1, (see Theorem 10.1 [36]). Let A >
Q

2k; such that Zhjfx) € Kr(Q,p). By the growth condition (16) and the convexity
of R, we get

/§2R<|f(i75)|>p(x)dx§;/QR(%A(X)

On the other hand, suppose that

> p(x)dx—i—;/QR(kz (o)) dix < oo,

e (H(Eo(@). 1))

and let o > O such thatd (ks |u|,Eg(Q)) < a < landd(k; |u| ,Eg(Q)) <1—a <
1.

We have % lu| € Kp(Q) and 15—2 lu| € Kp(Q) (see Theorem 10.1 [36]) and

[04
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P € Kr(Q,p). we get

AR<vuwa;ﬂxw§p@Mx
/R 2b(x) + kiR~ (p“(x)Q(kzlujll))+’<1R‘1 (P_I(X)Q(’Q'”'))) p(x)d

<

o (4b() i—a [ [ k

§2/9R< 2 >dx+ 2 /QQ(I—a|M"_u|>dx
o ko 1
+5 [ o2l av+ [ otaluas

Since Q (ky|u|) < Q (%2 ]u|), the last inequality becomes
/R< xun f(x’u)|>p(x)dx

ﬁz@RC%@> Hdit [ 0 <

which implies by using the Vitali’s theorem

X)ax

Wrﬂ0w+/QbW

f(x7 Mn) — f(x7 I/t) (IIlOd) in LR('Q‘7P)7

for a subsequence denoted again u,, (which holds for the whole sequence).
p 2b
(2) Letnow u € (BLQ(Q)(O, é)) and let A > 2k such that/ R ( }Ex)) p(x)dx < 1.
Q
By the growth condition (16) and the convexity of R, we get

K <’f(f1u> ax< 3 [ K <2b ) x5 [ Qaludx< 1,

which implies (2).
(3) Suppose that b(x) € Eg, (Q,p) with R; << R. Asin (1), since Lg(Q,p) C

Eg,(Q,p)), we can show that f(x,u) € Eg,(Q,p) for all u € (EQ( ), ,}))
Suppose now that

1 p
Uy —> u € <EQ(Q),k)) in (Lo(Q))",
2
We shall show that

f(x,uy) — f(x,u)(mod) in Eg, (Q,p).
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Fix € > 0, we have as above

[ ()T 0) g (B)

e

+41¢/QR1 (4?1?1 (pl(x)Q(kzun))> P<X)dx+411/QR1 (?Rl (pl(x)Q(k”D))p(x)dx

Since R <~ R, there exists K such that R, (%t) <R(t)+K forallz>0.
Then, the last inequality can be written as the form

/QR] (’f(x,un)—f(x,u)!>p(x)dx§ i/ngl (4b£x)>p(x)dx+i/QQ(kz|un|)dx

E
1 K
- /Q Olko ul)dx+ /Q p(x)dx.

As in (1) by using the Vitali’s theorem, we get

/QRl <|f(x, tn) = f1: u)|> p(x)dx — 0 as n — oo,

€

for a subsequence (which holds for the whole sequence). Since € is arbitrary,
we conclude (3). O

Definition 2.16. [1] ( Segment property ) : A domain Q is said to satisfy
the segment property, if there exist a finite open covering {9}{; , of Q and a
corresponding nonzero vectors z; € RY such that (Q N 9,») +tz; CQforallr €
(0,1)andi=1,... k.

Lemma 2.17. [34] Suppose that Q satisfies the segment property and let u €
Wi Ly (Q,p). Then, there exists a sequence u, € D(Q) such that

U, — u for modular convergence in Wy Ly (Q,p).
Furthermore, if u € Wy Ly (Q,p) N L= (Q) then |Juy||., < (N +1)||u|co-

Lemma 2.18. Let Q be a bounded open subset of RN with the segment property.
Ifue (Wy L p(Q))N then / div(u)dx =0.
' Q

Proof. Fix a vector u = (u',...,u") € (WO]LMyp(Q))N. since W Lup(Q) is
the closure of C3(Q) in W'Ly (), then each term u' can be approximated
by a suitable sequence u} € D(Q) such that u} converges to u’ in W Ly p ().
Moreover, due to the fact that u; € Ci(Q), then the Green formula gives

Ou / i fids = 0 (17)
= u,ndas — V.
0 dxi  Jaa *
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' Op th.e other hand, g—ﬁf — 3—;‘(: in Ly »(Q). Thus % — % in L'(Q), which
gives in view
of (17) that

/Qdiv(u)dx =0.

3. Main results

Let Y be a closed subspace of WLy (Q,p) for o(I1Lm,p,I1Ez; p) and let
Yo=YNW!Ly(Q,p),

such that Y is the closure of ¥y for 6(ITLy.p,[1E5; ). In the next, we consider

the complementary system (Y,Yy,Z,Z) generated by Y i.e. ¥ can be identified

to Z and Z;j can be identified to Y by the means (.,.). Let the mapping T (associ-

ated to the operator A) defined from D(T') = {u € Y,ao(x,u, Vu) € Liz(Q),a;(x,u,Vu) € Lz (¢
into Z by the formula

a(u,v):/ao(x,u,Vu)v(x)dx—l— Z /a,-(x,u,Vu)av(x)p(x)dx Vv € Y.
Q 1<i<N Q axi

We consider the complementary system
(Y7 Y()vaZO) = (WOILM(Qu p)a WOIEM(va)vWﬁlEM(Q7P)7W71LM(va))
As in [17], we define the entropy solution of our problem.

Definition 3.1. An entropy solution of the problem (1) is a measurable function
u such that Ty (u) € W Ly (2, p) for every k > 0 and such that

/Qa(x,u,vu)vn(u—q))p(x)dxg/Qka(u—¢)dx+/QF(u)VTk(u—¢)

for every ¢ € W) Ey(Q,p) NL=(Q).
Our main results are collected in the following theorem.

Theorem 3.2. Under the assumptions (2)-(6),(12)—(14) and p(x) be a weight
Sfunction on Q satisfy (2.3) there exist an entropy solution u of the problem (1).
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3.1. Main Lemma

Lemma 3.3. Let u be a mesurable function such that Ty (u) belongs to W Ly (Q,p)
for every k > 0. Then

/a(x,u,V¢)VTk(u—¢)dx§/ka(u—¢)dx+/F(u)VTk(u—¢>) (18)
Q Q Q

is equivalent to
/a(x,u,Vu)VTk(u—¢)dx:/ka(u—¢)dx+/F(u)VTk(u—(P) (19)
Q Q Q

for every ¢ € Wi Ly (Q,p)NL7(Q), and for every k > 0.

3.2. Proof of lemma 3.3

In fact (19) implies (18) is easily proved adding and subtracting

/Qa(x,u,V(]))VTk(u — @) dx,

and then using assumption (3). Thus, it remains to prove that (18) implies (19).
Let i and k be positive real numbers, let A € ]—1,1[ and ¥ € Wy Ly (Q,p) N
L*(Q).
choose, ¢ = Tj,(u — AT (u—¥)) € Wy Ly (Q,p) NL=(Q) as test function in
(18), we have:
Tnie < Ik, (20)

with

T = /Qa(x,u,VTh(u — ATi(u— W) VTi(u — Ty(u — ATi(u — W))) dx,
and
Jhk:/QfTk(u—Th(u—lTk(u—‘P)))dx+/QF(u)VTk(u—Th(u—),Tk(u—‘P))).

Put
Ape = {X €Q, ]u— Th(u—lTk(u—‘P))\ < k},

and
By ={x€ Q,|lu— AT (u—¥)| < h}.
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Then, we obtain
I = / a(x,u, VT,(u— AT (u—P)))VTi(u—Ty,(u— AT (u—¥))) dx
AinMBpk

+ a(x,u,VT,(u— AT (u—)))VTi(u—Ty(u — ATy (u—¥))) dx
ANBS,

+ /C a(x,u,VT,(u— AT (u—¥)))VTi(u— Ty (u— ATi(u —¥))) dx.
Akh
Since VTi(u — Ty (u — ATy (u—¥))) is different to zero only on Ay, we have

/AC (14, VI (= AT (s — B))) VT (1 — Ty (s — ATy(u—W))) dx = 0. (21)

kh

Moreover, if x € BS,, we have VT,(u — ATi(u —¥)) = 0 and using (4), we
deduce that,

/A - a(x,u, VT,(u — AT (u —¥)))VTi(u— Tj(u — AT (u —¥))) dx

= a(x,u,0)VTi(u—Ty(u— AT (u—¥))) dx =0. (22)
AgNBS,

From (21) and (22), we obtain
Ihk = / a(x, u, VTh(u — lTk(l/t — \P)))VT]((M — Th(u — lTk(u — \P))) dx.
ApnNB

Letting i — +o0,|A| < 1, we have
Ay = {% [A|Ti(u = W) < h} = Q, (23)
Bue — Q  whichimplies Ay, N By, — Q. 24)

Which and using Lebesgue theorem, we conclude that

lim a(x,u,VT(u—AT(u—¥)))VTi(u—Ty(u — ATi(u —W¥))) dx
h—r+o0 J Ay NByk

:l/ a1,V (= ATy(u— W)V Ti (1 — W) dx. (25)
Q
thus implies that,
lim [ =A / alx,u,Vu— AT (u—)))VTi(u—¥) dx. (26)
h—+-e0 Q

On the other hand, we have,

Jhk:/Qka(u—Th(u—/'LTk(u—‘P)))dx—i—/QF(u)VTk(u—Th(u—lTk(u—‘P)))dx.
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Then
hgrfw/gfTk(u—Th(u—lTk(u—‘P)))dx 27)
+/gF(u)VTk(u—Th(u—lTk(u—LP)))dx (28)

:l(/Qka(u—‘P)dxwt/QF(u)VTk(u—‘P) dx), (29)
ic.
Tim T = A( / FT(u—P)dx+ / WVT(u—¥) dx),.  (30)

Together (26), (30) and passing to the limit in (20), we obtain,

2 </Qa(x,u,V(u—lTk(u—‘P)))VTk(u—‘P) dx> 31)

<7L(/kau ‘de+/ W) VTi(u )dx>

for every W € Wy Ly (Q,p) NL=(Q), and for every k > 0. Choosing 1 > 0
dividing by A, and then letting A tend to zero, we obtain

/ a(x,u, Vu)VTi(u—¥) dx < / fTi(u— ‘P)dx+/ F(u)VTi(u—¥) dx.
Q Q Q

(32)
for A < 0, dividing by A, and then letting A tend to zero, we obtain

/ a(x,u, Vi) V(4 — W) dx > / FT(u—F)dx+ / F(u)VTi(u—¥) dx.
Q Q Q

(33)
Combining (32) and (33), we conclude the following equality :

/ a(x,u,Vu)VTi(u—¥) dx = / fTi(u— ‘P)dx—|—/ F(u)VTi(u—"P) dx.
Q Q Q

(34)
This completes the proof of Lemma 3.3.

3.3. Proof of Theorem 3.2
3.3.1. Approximate problem and a priori estimate
For n € N, define f, := T,,(f),F, = F(T). Let u, be solution in W)Ly (Q) of

the problem

(35)

—div(a(x,uy,Vu,)) = fr—divF,(u,) inQ
u, =0 on dQ,
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which exists thanks to ([33],Proposition 1, Remark 2). Choosing T (u,) as test
function in (35), we have

/a(x,un,Vun)VTk(un) dxz/fnTk(un) dx—l—/Fn(un)VTk(un) dx,
Q Q Q

‘We claim that:
/ Fo(un)VTi (1) dx =0, (36)
Q

using VTi(un) = Vityy ju,<k}» define O(t) = F, (t) x {t| < k}, and O(t / O(t
We have by Lemma 2.18 O(u,) € (W Ly(Q))V

/Q Fo(un)VTi (1) dx — /Q Fo(u) 2 {ltn] < K}Vity dx

= / O(u,)Vu, dx = / div(®(u,)) dx =0 (37)
Q Q
(by 2.18) which proves the claim.

Now thanks to assumption (4), we obtain
/Qa(x, i, Vi)V T (1) dx > /Q p ()M (A |VTi (1) )dlx,

then
[ POM VT ()} dx < Kl fl11 0 (38)

Then

/ p()M( [VTi (1) )dx < Cik, (39)

where C| is a constant independently of 7.

3.3.2. Locally convergence of u,, in measure

Taking A |T;(uy)| in (35) and using (39), one has

/p |VT"(”” )dx </p MM |VTi(u))dx < Cik.  (40)
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Then we deduce by using (40), that

1 n
meas{|u,| >k} < 7/ M(’u (x)’)dx
{lun| >k}

HI}fM(’I)
< [ MG TG

_ —|Ti(uy,)|)dx
~infM(f) Ja A g (41)
< SK un w0

1r]3fM(I)

For any B > 0, we have

meas{|u, — uy| > B} < meas{|u,| > k} +meas{|uy| > k} +meas{| T (un) — Ti(um)| > B},

and so that
2Ck
meas{|u, —upy| > B} < — + meas{|Ty(u,) — Tr(um)| > B} (42)
1n§f2M(I)
xXe

By using (39) and Poincaré inequality in weighted Orlicz-Sobolev spaces (Theorem?2.8),
we deduce that (T (u,)) is bounded in W, Ly (Q, p), and then there exists @y €
Wi Ly (Q,p) such that T (u,) — o weakly in W) Ly (Q, p) for o (T1Ly, I1Ez;);
strongly in E3;(Q,p) and a.e. in Q.
Consequently, we can assume that (7;(u,)), is a Cauchy sequence in measure
in Q.

201k

Let € > 0, then by (42) and the fact that (5 — 0 as k — +oo there exists
xeQ z

some k = k(€) > 0 such that
meas{|u, —u,| > A} < e, forall n,m > ho(k(€),A).

This proves that u, is a Cauchy sequence in measure, thus, u,, converges almost
everywhere to some measurable function u. Finally, there exist a subsequence
of {uy},. still indexed by n, and a function u € W Ly (Q, p) such that

{ u, —u  weakly in W) Ly (Q, p) for o(T1Ly, T1Ez;) 43)

up, — u  strongly in Ey(Q,p) and a.e. in Q.

3.3.3. An intermediate Inequality
In this step, we shall prove that for ¢ € Wy Ly (Q,p) N L=(Q), we have

/a(x,un,V(j))VTk(un—(l))dxg/fnTk(un—(b) dx—i—/FnVTk(un—(b) dx. (44)
Q Q Q
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We choose now Ty (u, — ¢) as test function in (35), with ¢ in Wy Ly (Q,p) N
L*(Q), we obtain

/a(x,un,Vu,,)VTk(un—q))dx:/fnTk(u,,—¢) dx+/FnVTk(un—¢) dx. (45)
Q Q Q
Adding and substracting the term /Qa(x, un, V), VTi(uy — ¢) dxie.,
/a(x,un,Vun)VTk(un—q)) dx+/ a(x,un, VO)VTi(u, — @) dx (46)
Q Q
~ [ e, V9) VTl — 0) dr = [ fiilun— @)+ [ FuVTilun—9) dn
Q Q Q

Thanks to assumption (3) and the definition of truncation function, we have
(@t V) = 5,00,V 0)) VTt — ) 0. 47
Q

Combining (46) and (47), we obtain (44).

3.3.4. Passing to the limit
We shall prove that for ¢ € W Ly (Q,p) NL>(Q), we have

/a(x,u,V(]))VTk(u—(j))de/ka(u—(]))dx—i—/FVTk(u—q)) dx.
Q Q Q

Firstly, we claim that

/ a(x,un, VO)VTi(up— @) dx — / a(x,u,VO)VT,(u— @) dx as n — +oo.
Q Q
Since Ty (un) — Ty (u) weakly in Wy Ly (Q,p), with M =k + || @ ||, then
Ti(un — 9) — Ti(u— ) in Wy Lu(Q, p), (48)

which gives

g?(”n—@ﬁé?(u—(b) weakly in Ly (Q,p) Vi=1,.,N. (49)

Show that

a(x, Ty (), V) — a(x, Ty (u), Vo) strongly in (Ly;(Q))~.
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Thanks to assumption (2), we obtain

—1, _ -1
|ai(x, Taa (1), V)| < |91(x)| +KiP~ (p~" (x)M (c2| Ty (un)])) + KiMd " M(c1|V9]),
with 8 and y are positive constants. Since Ty () — T (1) weakly in W) Ly (Q, p)
and W)Ly (Q,p) < Lz(Q,p), then Tys(u,) — Ty (u) strongly in Ly (Q,p)
and a.e. in Q, hence
la(x, Ty (un), V)| — |a(x, Ty (u), V)| a.e. in Q.

and

10:()| + KPP~ (p~ ' ()M (ca| T (un) ) + KM ' M(c1 |V9]) —

16:(0) |+ KP ' (p~ ()M (ca| e ()])) + KM~ M(c1|V9)),

a.e. in Q. Then, By Vitali’s theorem, we deduce that
a(x, Ty (), V) — a(x, Ty (u), Vo) strongly in (Li;(Q,p))N, as n — eo. (50)

Combining (49) and (50), we obtain

/ a(x,u,, VO)VTi(uy — @) dx — / a(x,u,VO)VT(u—¢) dx as n — Hoo.
Q Q

(5D
Secondly, we show that
[ Tt = 9)dx— [ 1Tt~ 0)dx. (52)
Q Q
and
/ EVTu(un — ¢) dx — / FVT(u— ¢) dx (53)
Q Q
We have f, T (up — @) — fTi(u—¢) a.e. in Q and | T} (u, — ¢)| < k| f|, and

FVTi(uy —¢) — FVT(u—¢) ae. in Q, and |FVT(u, — ¢)| < k|F| then by
using Vitali’s theorem, we obtain (52)and (53) . Thanks to (51), (52)and (53)
allow to pass to the limit in the inequality (44), so that V¢ € W) Ly(Q,p) N
L*(Q), we deduce

/a(x,u,V(b)VTk(u—d)) dxg/f]}((u—d))dx—i-/FVTk(u—de.
Q Q Q

In view of main Lemma, we can deduce that u is an entropy solution of the
problem (1). This completes the proof of Theorem 3.2.
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