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ON FRACTIONAL CALCULUS OPERATOR N'»*
AND P-TRANSFORMATION

MANIJU PUROHIT - C. L. PARIHAR - MADHU TIWARI

In this paper, the set {N"1"2} of fractional calculus is discussed. It is
shown that the set is an Abelian product group for f(z1,22) = feF =
{f;0 # | fu.m| < 00,v1, 12 € R} with continuous indexes vy, vp, [1]. A
new P-transformation is being introduced for the functions of two variables.

1. Introduction.

Fractional and partial differintegration are defined in [3], { Part II chapter
I, Definition and some properties of fractional calculus of the functions of many
variables; [5]; pp. 160-175}.

Let f = f(z1, 22) be a regular functionin D = D; x D»,

(1.1) thwf(zla )= fv1,vz =01 fw(m)”z(zz) =
_ Cv; + DI'(v, + 1) / / fé1, &) dend
(2mi)? 6 Jo (& — ) TI(E — )t s1d6
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(U] , Vo ¢ Z_) and

(1.2) Fomiemy = lim £, o (my,my€Zb), (k=1,2)

Ve—>—m

where
& #u, uweC el

- < arg (§ — z) < m for _C;
0 <arg (& — zx) < 2m for L. Cy

_Cy is a curve along the cut joining two points z; and —oo + iIm (zg),
+Cy, is a curve along the cut joining two points z; and co + ilm (z;),

_ Dy, is a domain surrounded by _Cy,

+ Dy is a domain surrounded by  Cy,

Dy = {-Dy,+ Dy} and Cp = {_Cy,+ Gy} .

Then f,, ,,(v1, v2 > 0) is fractional and partial derivatives of order v;, v,
with respect to z;, zp respectively of the function f and f,, ,,(vi,v2 < 0) is
fractional and partial integral of order v;, v, with respect to z;, z, respectively
of the function f, if | f,, .,| < 00.

2. Fractional Calculus Operator N "2,

Theorems 1~ 3 on the function of two variables given by Nishimoto [3]
are as:

1. Index Law

Theorem 1. Let oy, oy, B1, B2 € R, then we have
2.1 (o @) (@15 221z atza) = Slar+0)0).(catBo) ) (215 22) =

= fOll +B1,00+B2

Corollary 1. Let ay, as, B1, B2 € R, then we have

(2.2) S +a)@). (Bi+B@) = JB1+B2) (1))
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2. Linearity

Theorem 2. We have

(2.3) N™(a - f(z1,22)) = (e - f(21, 2Dy 0, =

=ao-(fz1, 20 = (f(z1,22) @y,

where « is a constant.

Theorem 3. Let U and V are the function of two variables and a, b are
constants then

2.4 N"™"{a-U(z1,22) +b-V(z1, 22)} =

= (a : U(Zla Z2) + b : V(Zla Zz))l)]l)z =da- UU],U2 +b : VU],Uzv

where U = U(zy,20) and V = V(z1, 22).
Theorem 4. Let binary operation * be defined as
(2.5) NOINOP f (2, 20) = N - NP2 f (21, 20) = N0 - (NP2 )

where oy, oy, B1, B2 € R, and N'"? is the operator of fractional calculus for
the functions of two variables such as

(26) fvlqu(zleZ):NV]’vzf:

_ Cwvi+ D, + 1) / / f1,8&)-dé - d&
o Jo G

Qmi)? — )& — )t

then the set
2.7 (N2} = {N""; v eR k=1,2}

is an Abelian product group and f(z1,20) = f € F is a function of two
variables.
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Proof.
(1) Closure: We have

Nou,azNﬁn,ﬁzf(Zl ) = Nou,ozz(Nﬁ],ﬁzf)
= N fg, g, by (1.1))
= (fﬁl;ﬁZ)a];C(Z

= fori e by (2.1))
= Nathrath £z 7).

Therefore setting y; = a1 + By, v» = a2 + B2 € R, we have
Nevea BB — partBroath . aviy: o (N2} if f(z1,22) €F

i.e. binary operation is closure for fractional operator of two variables.

(ii) Associative Law: We have
(2.8) N (Nﬁl,ﬁz N7 f = N™ ,az(Nﬂl +v1.2+2 f)  (by Index law)

= No*® fﬂ] +y1,82t 12 (by (I.1)
= (fﬂ] +V1,/32+72)041a042

= fo +B1+y1,2+Pfatya
— NOZ1+/31+V1,062+/32+72f

On the other hand we have

(2.9) (Na]’OQNﬂ]’ﬂZ)Ny]’VZf — NothrLoatpr fyl,yz by (1.1) and (2.1))

= Ja+Bi4v.ca oty
— N9 +/31+)’1,062+/32+)’2f

Therefore, from (2.8) and (2.9), we get
NalqaZ(Nﬁlq/%Nylﬂ}Q) — (NOZ1,OZ2N/31J32)NV1’)’2 — NutBitriethty: o {NV12)

for f €eF and oy, B, ik €R, (k =1, 2).
(iii) Identity Element: We have
Nozl,aQNO,Of — Noz1+0,052+0f — N‘Xhazf

and
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NOONovar p — NO+aOtar p — o ¢
where o1, ap € R. Then we obtain
N B N0.0 — 0.0 Naron — o
This implies that
N%O =1¢e{NV2}
or N%% = 1 is an identity element of the set {N"'"2} for f(z;, z») € F.

(iv) Inverse Element: If a;, ap, —a;, —ap € R, then we have from (2.1) of index
law.

(2.10) N“l’“2N—<¥1,a2f _ Non—ozl,ozz—ozzf (f €T)
— N0,0f — f
and
(2.11) N_a]’_a2N0‘1’a2f - N—Ol1+061,+ozz—oz2f
— N0,0f — f

From (2.10) and (2.11), we have

(2.12) e iy LU
Moreover, let (N~~%)~! be the inverse element to N*-*2, we have then
(2.13) (N~or—e)=1 yerar — yena y—an—a)=l _ |
Therefore, we have

(2.13y (N2~ — e

from (2.12 and (2.13).

(v) Commutative Law: Let a1, oz, B1, B2 € R, then by index Law
(2.14) Nal’a2Nﬁ1’ﬁ2f — Not1+/31,ozz+/32f
and

(215) Nﬁlﬂﬁ2N0£1,062f — N/S1+051,/32(x2f
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for f €F, then we have
(2.16) Nave2 pBLB — pBLB2 g

from (2.14) and (2.15).
Hence { NV-¥} satisfies commutative property for f(z;, z2) € F.

(vi) Continuity of Index vi: As vy € R with —oo < vy, < 00, (k = 1,2), so
NV*2 has continuous index vy respectively if f(z;, z2) € F. Therefore {N"-"2}
is a set of NV'"2 with continuous index vy.

From (i)~(vi) all properties have been satisfied by N"**> under binary
operation *.

So, the set {N"""2} = N"1-*2; v, v, € R} is an Abelian product group for
the functions of two variables.

Theorem 5. Let o, an, B1, B2 € R, then we have (Associative law for addition)
(2.17) (N 4 Nﬂl,ﬁz) 4 NV = N _|_(N}31,}32 + N7

for
f(z1,22) = f€eF.

Proof. For f €TF, we have
(2.18) (N“-2 4 Nﬂ]aﬂ2)+ NP f = (N9 Nﬂhﬂz)f + NV f

= (N 4 NPi1-B2 + N")f

and
(2.19) (N%-%2 4 (NISIJSZ + N7 f = (N2 f (Nﬁlﬁﬁz + NNy f

= (N 4 NPi-B2 + N")f
Therefore from (2.18) and (2.19), we have (2.17).

Theorem 6. Let oy, o, By, B2 € R, then we have (Commutative law for addi-
tion)

(220) NO[I’O[2 —+ N/Slﬂ/sZ — NﬁlaﬁZ + NC(],CQ

for
f(z1,22) = f€eF.
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Proof. As we have

(2.21) (NOM,OQ 4 Nﬁl,ﬁz)f — Nal,azf + Nﬂl,ﬂzf
and
(2.22) (Nﬁl,ﬁz + Ny f = Nﬁl,ﬁzf + Nover f

Therefore from (2.21) and (2.22), we get (2.20).

Theorem 7. Let oy, s, f1, B2 € R, and f(z1,z2) = f € F, then we have
(Distributive law)

(2.23) (N2 4 Nﬁl,ﬁz) SNV = NYRY2 (N2 N}Slaﬁz)

_ AJartyLetys Bityi, Bty
=N + N

Proof. We have
(2.24) (N9 4 Nﬂ]ﬂ/gZ) . N}/],sz = (N 4 Nﬂl,ﬂz) . fyl,yz (by (1.1))

= Na]’azfyl,)’z + Nﬂ]’ﬂZf)/],Vz
= (f)’la)/z)al,az + (f)’lﬁ)’z)ﬁlﬁﬂz

= fon +yaty T fﬁl +v1.62+72
from (2.1) of index law.

Next we have

(2.25) NYBY2 L (NO-o2 N/S]ﬂ/sZ)f — N™ +)’1,062+)/2f + N/31+)’1,/32+V2f

= fo +rnety T I8 +71, 62472
Similarly
(2.26) (Not1+)/1,062+)/2 + Nﬁ1+)/1,/32+)/2)f — NN +061,)/z+062f + N7 +/31,)/2+/32f

= f)’1+061,)/2+062 + f)’1+/31,)/2+/32

Therefore we have (2.23) from (2.24), (2.25) and (2.26).
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Theorem 8. Let oy, a0, 1, B2 € R, then we have
(2.27) (N o2 pTBi ,/32)—1 = N~u— N—Bi—P

for
f(z1,220)€F

Proof. Since we have
(N2 NFrPy=l = (NtPrethy)=l £ (by index law)
— N—(Ol1+51),—(062+}32)f (by (2.13)")
— N—al—ﬁl,—az—ﬁzf _ N—(x]’_az’_ﬂ]’_&f
Using index law, we get (2.27).

Theorem 9. Let n € Z*, v, v; € R and f € F, we have then

(2.28) (1) (NVIaVZ)Vl — Nnm,nv2
(2.29) (ii) ((Nw,vz)—l)n — N
(2.30) (iii) (N"™"™2)~h = (N7 72y

Proof. of (i): We have

(2.31) (N2 f = (N2 LNV f) = (NV2) L f, 0 by (1.1)
= (N"2)" 72N oy 0) = (N2 oy, o,
— (Nv],vz)n—n fnu] vy

— J(‘nv]’nv2 — an)],nl)zf
Proof. of (ii): We have

(Nl)],VQ)—lf — N—V],—sz (by 213)
and n
((Nv],VQ)—l) f — (N—vh—vz)nf

=N f 0 (by 2.28))
Proof. of (iii): We have

(2.32) (N~ f = N7 (by (2.13))
and
(2.33) N7 = (NTTRYf (by (2.28)

Therefore, from (2.32) and (2.33), we get (2.31).



ON FRACTIONAL CALCULUS OPERATOR NVI-"2 . . 57

Theorem 10. Let f(z1,22) € F and N0 f = f, , (vi,v2 > 0) and
NV2=0f = f (v, v < O0) then the sets {N"'">>°} = {N,, ,,; vi, v, € RT}
and {N'"><%} = [N, .,; vi, v2 € R™} are Abelian product semi groups.

Proof. Let ay, az, B1, B2, Y1, v > 0 in (i), (ii), (v) and (vi) of the proof of
theorem 4. Since {N'"**>>°} has no unit element i.e. {N*° = 1} and inverse
element {N~">""2}. So {N'""2>%} is an Abelian semi group with continuous
vi, vy > 0 for f(z1,20) €F.

Similarly let o1, a2, B1, B2, Y1, ¥2 < 01in (i), (i) (v) and (vi) of the proof of
theorem 4. Same as in {N"""2>%}, {N"*2<0} has no unit element i.e. {N*° = 1}
and inverse element {N'*2}. By satisfying the other properties {N"**><%} is an
Abelian semi group with continuous vy, v, < 0 for f(z1, z2) € F.

3. Integral Transformation and Its Inverse Transformation.

Theorem 1. Let Nishimoto’s complex transformations, [4], be

ST+ [ fQO
(3.1) RUf@) =~ f L=
for a given constant i € R, then inverse to F(z) is given by
; _ P(=p+ 1)/ F(2)
(3.2) R™{F(©)} = ] oo dz

Theorem 2. Let complex integral transfomations of two variables i.e. P-
transformation be defined as

(3.3) P{f1. &) =

Ly + DI (e + 1) fér1, &)
= d&d
Qmiy / & oI — et 198
= F(z1,22)
for 1, uo € R, then the inverse to F(z1, 22) is given by
(B4) P F(z1,22)} =
(= + DI'(=p2 + 1) / F(z1, 22) dz1dz
- @miy o Jo @1 — &) H (g — )t T
= f(1, &)

where f (&1, &) is a regular functions in Dy x D;.
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Proof. Substituting (3.3) in (3.4), we get
(3.5) P YF(z1, )} =
_ Ppi + D + 1)/ fi,m)
c Jy (él

Qmi)? —z)) "M =z Hl

'F(—Mz + Dl(u2 + 1) / dny -dzp
(2mi)? o Jor (B2 — 22)7H2F () — o) M2t

Now we have from [1] (pp. 10),

dndz;

U(—p1r+ DI(—p + 1) / S, m) B
G0 Qi) ) @ ety e M =
1 S, m2) J
= . _an
27i Je, (M —&1)
3.7 = f(1,m)
Hence we have
P HF(z1,2)} =
C(=v +DI'(v, + 1) fE1,m) dnydz
Qi) 02 Jer (B2 — 22) ¥ Gy — )t T2
from (3.5) and (3.7).
Now again using the result of [1] (pp. 10) i.e. (3.7) for &, we get
-1 b fGm)
P {F(z1,20)} = il mh—t) dny = f(&1,6)
Therefore
(3.8) P HF(z1, 22)} = f(&1. &)
when
(3.9 P{f(&1,86)} = F(z1, 22)
for

0 # F(z1, 22)| < o0.
Theorem 3. If P{f(&1, &)} = F(z1, 22) and F(z1, z2) # 0, then

(3.10) PP l=pPlPp=1
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Proof. We have

(3.11) P{f(1, &)} = P{P " {F(z1,22)}} = PP"{F(z1, 22)}

from (3.8).

Therefore, we have
(3.12) PP =1

from (3.11) and (3.9).

Next, we have

(3.13) P~ HF(z1, )} = PTH{P{f(&, &) = PT'P{f (&1, &)
from (3.9), hence

(3.14) P'P=1

from (3.8) and (3.13).

Therefore, finally we have
PP '=pP'P=1

from (3.14) and (3.12).
Theorem 4. If o« # 0, 21, 22 € Cand 111, uy € R then

(3.15) (i) Ple @) = gmintutmgniti  gatita)

(3.16) (ii) P—l{e—iﬂ(ﬂl+ﬂz)aﬂl+ﬂz e +Zz)} — o~ ¥E+E)

Proof. of (i): Letting (&, &) = e *&1+5) in (3.3), we have

P{e—a(51+52)} —

_ T+ DM + 1) e e
o Q2mi)? o ey B1 — 2T — zp)rat!

= R{e™*1} . R{e™*2} (using (3.1) [4])

d§d&

59
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— e—in/tl atiea . e—iﬂltzaltze—alz

and so get (3.15).

Proof. of (ii): Letting F(z;, zp) = e~ Tt glatiz g=a(u+2) jp (3 4), we have

(3.17) P F(z1, )} = P~ {emimtmtm) . giitis gmataita)

_ ity g DR DD+ 1)
2mi)?

¥ L T
.[1 o (21— )t (zy — &) Kot dzidz,
C(—pi+ 1D oo
(27‘[1) ¢ (Zl _%-1)_“]_;’_1
D=2+ 1) P
| (2ri) 13 (22 — “;-‘2)—Mz+1
= eI gtn R e ) L R e (by (3.2) [4])
= R—l{e—iﬂmame—am} . R_l{e_iﬂMZQMZe_aZZ}

—a(§1+62)

— e imuit) | gpitue |

dz;

dzp

— e %1, b
Theorem 5. Ifa # 0, 71, 220 € C and i, € R, then

(3.18) (i) p{ea(51+$z)} — gttre | px(zitz)

(3.19) (ii) P—l{all«H—ll«z . et +Zz)} — ¥1+6)

Proof. of (i): Letting f (&), &) = e*517%) in (3.3), we get

_ P+ Do + 1)

PIfE. 6} = Plent®) aniy

%1 . o2 e 3
' usin 1
‘/C; C (61— Zl)l}']+l($2 — Zz)ll«2+1 §1d&, g(3.1)

= R[e“1) - R{e?®)
Using the result in [4], we obtain (3.18).

Proof. of (ii): F(z1, 20) = a*1t12¢*@+2) in (3.4), we have
P_l{F(Zh )} = P_l{a“1+/‘2 . e“(ZH—Zz)}

By using (3.2) and the result in [4], we get (3.19).
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