LE MATEMATICHE
Vol. LXXV (2020) — Issue II, pp. 575-594
doi: 10.4418/2020.75.2.11

RANKS AND SINGULARITIES
OF CUBIC SURFACES

ANNA SEIGAL - EUNICE SUKARTO

We explore the connection between the rank of a polynomial and the
singularities of its vanishing locus. We first describe the singularity of
generic polynomials of fixed rank. We then focus on cubic surfaces. Cu-
bic surfaces with isolated singularities are known to fall into 22 singularity
types. We compute the rank of a cubic surface of each singularity type.
This enables us to find the possible singular loci of a cubic surface of fixed
rank. Finally, we study connections to the Hessian discriminant. We show
that a cubic surface with singularities that are not ordinary double points
lies on the Hessian discriminant, and that the Hessian discriminant is the
closure of the rank six cubic surfaces.

1. Introduction

Let f be a homogeneous polynomial of degree d in n variables xi,...,x,. The
rank of f is the smallest number r such that it can be written as a sum

fF=l++1,

where the /; are linear forms in the variables. We identify a polynomial f with its
vanishing locus. Recall that a point p € P"~! is a singular point of f if all partial
derivatives of f vanish at p. All polynomials are assumed to be homogeneous,
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and we usually require that the coefficients of the linear forms /; lie in the same
field as the coefficients of f. Polynomials have complex coefficients unless
otherwise stated.

Polynomials of degree d in n variables, with coefficients in a field K of
characteristic zero, are in bijection with symmetric tensors in (K")®“. This
generalises the correspondence between quadratic forms and symmetric matri-
ces to higher degree polynomials. Symmetric tensors are multi-indexed arrays
whose entries are unchanged under permuting the indices. We obtain a polyno-
mial from a tensor 7 by multiplying the tensor along each index by the vector
of indeterminates x = (x1,...,x,),

n n
fanox) =Y Y Ty X xi,

Conversely, we obtain a symmetric tensor from a polynomial by setting the
tensor entry at position (iy,.. ., i;) to be the coefficient of the monomial x;, - - - x; ,
divided by the multinomial coefﬁ01ent (} d i ) where x; - -x;, = x{‘ X,

The vector space of polynomials of degree dinn Varlables considered up to
scale, has dimension (d+Z 1) 1. The generic rank is defined to be the rank of a
general polynomial in this space. A formula for the generic rank is given by the
Alexander Hirschowitz theorem, see [1] and [14, Theorem 5.4.1.1]. The rank of
a polynomial can exceed the generic rank for degrees d > 3. The polynomials
whose rank differs from the generic rank are contained in a hypersurface, by
e.g. [23, Theorem 1.21]. We will see the connection between this hypersurface
and discriminantal loci, for a few examples.

There are a few different notions of rank. In this paper, we consider the
decomposition of a polynomial as a sum of powers of linear forms. This is a
decomposition of the corresponding symmetric tensor as a sum of symmetric
rank one tensors. The rank is the length of a shortest decomposition as a sum
of powers of linear forms, the symmetric rank of the corresponding tensor. A
decomposition in which the rank one terms do not need to be symmetric gives
the (non-symmetric) rank. In the setting of cubic surfaces, the two notions of
rank are known to coincide [22], and they also agree for matrices, though they
can differ for a general tensor [25]. The border rank is the smallest r such that
a polynomial can be written as a limit of rank r polynomials. For ranks de-
fined over R, multiple ranks can occur with positive probability when sampling
uniformly in the space of polynomials; these are called typical ranks.

We study the connections between two ways to divide up of the space of
polynomials: by rank and by singularities. The connection between the rank of
a polynomial and its singular points is well-known in the degree two case. The
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singular locus of a rank r quadratic form is a linear space of codimension . We
can decompose the quadratic form as llllz +- 4 krlrz where the [; are linear
forms whose vectors of coefficients v; are orthogonal, and the A; are scalars.
The singular locus is the orthogonal complement of (vy,...,v,). In particular,
a quadratic form is singular if and only if its rank is less than the generic rank,
which is n. The rank of a quadratic polynomial cannot exceed the generic rank.

We study the connection between rank and singularities for higher degree
polynomials. The first cases are binary cubics and ternary cubics (cubic curves).

Example 1.1 (Binary cubics). A summary of the possible ranks and singular-
ities of binary cubics is given in Table 1. We parametrise binary cubics by
flx1,x) = aox? + 3a1x%xz + 3a2x1x% +a3x§ for (ag:ay :ay:a3) € P. The
singular binary cubics lie on the discriminant hypersurface

3a%a% + 6apajazaz — 4a?a3 - 4a§a0 — a%a%.

The discriminant is the set of binary cubics not of generic rank.

Rank | Normal form | Singularities

1 X 1
2 X3+ 0
3 x2x; 1

Table 1: Ranks and singularities of binary cubics

Example 1.2 (Cubic curves). The rank and singularities of cubic curves are
given in Table 2. The ranks can be found in [14, Section 10.4] or [15, Section
8], and the singularity types in [3]. See also [21, §96]. The number of singular

Normal form Rank | Singularities

X7 1 P!

x? + x% 2 Dy
x%xz 3 P!
X423+ X3 3 0
X433 +x3 —3pxixxs, p> #£1,0,—8 | 4 0
x%x;; — x% — x%)q 4 Al
x%x3 — x:f 4 As

X1 (x% +x2x3) 4 24

X1X2X3 4 3A1

X2 (X% —|—)C2)C3) 5 Aj

Table 2: Ranks and singularities of cubic curves
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points that can occur for each rank is summarised in Table 3. The discrimi-
nant of singular cubic curves is a degree 12 hypersurface, see e.g. [11, Chapter
1, 4.15]. The discriminant contains all cubic curves whose rank exceeds the
generic rank. We observe that only cubic curves of generic rank four can have
multiple isolated singular points.

No. singular points
Rank |0 |1 |2 |3 |
1 X | X | X | X |V
2 X |V | X | X|X
3 SIX | XX/
4 IV VX
5 X | V| X | X|X

Table 3: Rank versus number of singular points for cubic curves

In this article, we extend these examples to cubic surfaces. We also give a
partial generalisation to general polynomials.

One connection between the rank of a polynomial and the singular points
of its vanishing locus is given in [15]. Given a polynomial f of degree d in n
variables, its flattening fi 4 is the matrix of size n* x né=* obtained from the
symmetric tensor corresponding to f by combining the first k£ indices to index
the rows, and taking the remaining d — k indices to index the columns. Let X;(f)
denote the set of points that vanish to order s on f. The authors show that the
rank of f is bounded strictly from below by rank f; ;s +dimX,(f). This gener-
alises the fact that the rank is bounded from below by the rank of a flattening.
In the context of cubic polynomials, this says that the rank is strictly greater
than the flattening rank plus the dimension of the space of singular points. In
particular, a singular cubic minimally written using n variables has rank at least
n—+ 1. In [8], the authors study the types of singularities that occur using the
hyperplane arrangement given by the linear forms in a decomposition into rank
one terms.

Ranks and singularities have also been studied in the context of real rank
boundaries, the hypersurfaces that separate loci of different typical real ranks.
The discriminant is conjectured to be a defining polynomial of certain real rank
boundaries [16, 17]. Discriminants of binary cubics describe the real rank two
polynomials [24]. For binary forms, one real rank occurs generically on each
connected component of the complement of the discriminant [2, 6].

The rest of this paper is organised as follows. We consider how the rank
of a polynomial relates to its membership in the discriminant hypersurface in
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Section 2. We focus on cubic surfaces in Section 3. We find the rank of a cubic
surface of each singularity type. We use this to find the combinations of rank
and singular points that can occur for cubic surfaces, and we characterise the
possible singular loci of general polynomials whose rank is at most the number
of variables. We also find the possible dimensions and degrees of infinite singu-
lar loci of cubic surfaces. We show that the highest-dimensional orbit of cubic
surfaces with infinitely many singular points has rank six. We study connections
to the Hessian discriminant in Section 4. We show that a singular polynomial is
in the Hessian discriminant unless all singularities are ordinary double points,
and we show that the Hessian discriminant is the closure of the rank six cubic
surfaces. This implies that a general singular cubic surface has rank five.

2. Generic polynomials of fixed rank

A general rank r tensor is a linear combination of r powers of general linear
forms, provided r is at most the generic rank. It is harder to find a polynomial
of rank exceeding the generic rank: in most cases the existence of such a poly-
nomial is not known [4]. A generic polynomial of rank r also has border rank r
for r at most the generic rank, but not for ranks exceeding the generic rank.

The rank one polynomials are powers of linear forms f = [¢. Considered
up to scale, they parametrise the Veronese variety v4(P"~!). A weighted sum
of r general points on the Veronese variety parametrises the rth secant variety.
The rth secant variety is the closure of the rank r tensors, considered up to scale,
provided the rank is at most the generic rank. The generic rank is the smallest r
such that the rth secant variety of the Veronese fills the space of polynomials.

In this section, we describe the singularity of a generic polynomial of fixed
rank. We give the containment relations between the discriminant and secant
varieties of the Veronese. We show that a general rank r polynomial in n vari-
ables is singular if r < n and non-singular for ranks from »n to the generic rank.
We give a condition for a rank n+ 1 polynomial in » variables to be singular.
The results in this section are expository, though they may not have been written
down elsewhere.

Proposition 2.1. Let f be a homogeneous polynomial of degree d in n vari-
ables, and let f = lf + -+ 19 be a minimal length decomposition as a sum of
powers of linear forms. Then the singular locus of f contains a linear space of
codimension r. If the coefficients of the l; are linearly independent vectors, there
are no other singular points.

Proof. The partial derivatives of f vanish if /;(p) = 0 or, equivalently, (v;, p) =0
where v; is the vector of coefficients of /;. If the v; are linearly independent, the
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singular locus is the orthogonal complement of (vi,...,v,), since we can apply
a general linear group transformation so that f =Y, x?. O

For a generic polynomial in n variables of rank at most n, the rank one
terms in a decomposition are linearly independent and Proposition 2.1 gives all
singular points. When the rank exceeds the number of variables, Proposition 2.1
does not contribute any singular points, but singular points can still arise.

Proposition 2.2. Let
f=aix{+ - +apd+ap(—x —-—x,)¢ (1)

be a polynomial in n > 2 variables x; of degree d > 2 with coefficients a; € C*.
Then f is non-singular unless

d—1
A= <— Yy %) : )
j=1

where 1;171 = 4 and f is singular at exactly the points (A; : -+ : A) for which

a’

Equation (2) hofds.

Proof. At a singular point, a,-xf_1 =a J-x;l_l for all 1 <i,j < n. Since not all

coordinates x; vanish, these conditions imply that no coordinates vanish, and we
set x; = 1 to obtain x‘j._l = 2L, Setting A; to be the value of x; at the singular

point recovers the condition in Equation (2). 0

A test for the singularity of a polynomial is given by the vanishing of the
discriminant, but an expression for the discriminant is not known in general [11,
Chapter 13]. The singularity of a polynomial of the form in Equation (1) can
be checked by computing Equation (2) for all choices of A;. There are d — 1
choices for A;, for 1 < j < n, hence there are (d — 1)" conditions to check. The
existence of a real singular point can be checked via 2" conditions if d is odd,
and a single condition if d is even, since there are two real (d — 1)st roots of Z—;

for odd d, and a single real root for even d.

Theorem 2.3. Let f be a general polynomial of rank r, where r is at least the
number of variables and at most the generic rank. Then f is non-singular.

Proof. The polynomial f, up to scale, is a general point on the rth secant vari-
ety of the Veronese. The secant variety is irreducible, hence f is non-singular
provided the secant variety is not contained in the discriminant. It suffices to ob-
serve that the non-singular polynomial x‘f +---+x4 is in the secant variety. [
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Corollary 2.4. A general polynomial in n variables of border rank r is singular
if r < n and non-singular if r > n.

Proof. A general polynomial of border rank r is a general point on the rth secant
variety of the Veronese. For r < n the result follows from Proposition 2.1. For
r > n the result follows from Theorem 2.3. ]

3. Ranks and singularity types

In this section we first consider the ranks of cubic surfaces with isolated sin-
gularities. Cubic surfaces with isolated singularities fall into 22 singularity
types [3, 20]. Our main result is Table 4, which lists the ranks of a cubic surface
of each type. There is a single normal form for each type of singularity, in all
but one case. There are two normal forms with a D4 singularity, see [3, Lemma
4]. The two normal forms can be distinguished by their rank. We summarise the
possible number of singular points for a cubic surface of each rank in Table 5.
We give a partial generalisation to general polynomials in Table 6. We study
the possible dimensions and degrees of infinite singular loci of cubic surfaces
in Table 7. We show that a general cubic surface with infinitely many singular
points has rank six.

The ranks of singular cubic surfaces of each singularity type are computed
as follows. By [15], the rank is at least five if all four variables are used in the
normal form, i.e. if the corresponding tensor has full flattening rank. By [22,
Theorem 2.10], the rank of a cubic surface with finitely many singular points is
at most six. Hence, in most cases, we seek to distinguish between ranks five and
SiX.

We obtain lower bounds using the substitution method, see [14, §5.3.1].
Cubic surfaces correspond to symmetric 4 x 4 x 4 tensors. If the 4 x 4 slices
are linearly independent, and no multiple of three of the slices can be subtracted
from the fourth to give a rank two matrix, then the rank of the tensor is at least
six. We also obtain lower bounds by subtracting other combinations of slices.

We upper bound the rank by showing the existence of a decomposition,
using the structure of the Hessian. The Hessian of a generic cubic surface has
10 ordinary double points, where the rank of the 4 x 4 Hessian matrix drops
from three to two. These 10 points are the triple intersections of the linear forms
in the unique rank five decomposition: if the cubic surface has decomposition
f= lf +- 4+ lg, then the 10 points are the triple intersections /; = [; = [, = 0.
This is Sylvester’s pentahedral theorem, see [21, §84]. Sylvester’s pentahedron
is the five planes [; = 0, as well as their double and triple intersections. The
decomposition can therefore be obtained from the singular points of the Hessian.
We use this idea to find decompositions of some singular cubic surfaces.
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No.‘ Sing. ‘ Normal form ‘ Rank
x4 (6% — x1x3) + 527 — (14 p1 + P2 + p3)x1.43 S for p
ey +(p1+p2p3)xix2x3 + (1+pi1) (p2 +p3)33 generic e.g.
—((1+p1)p2p3 + P1(p2 + P3))X3x3 + P1P2P3X2X3 (—1,2,-2)
pi € C\{0,1} pairwise different "
2 Sforp
2 | 24, x4 (x5 — x1x3) +x2(x1 — (14 p1)x2 4 p1x3) (x1 — pax2) generic e.g.
pi € C\{0, 1} not equal (—1,2)
3| 34, x4(x —x1x3) +23(x1 — (14 p)x2 +px3) 5if
p € C\{0,1} p*# gp—1
4 | 44, X4(x%—x1X3)+x%(x1 —2xp +x3) 5
5 4,4, x4(x5 — x1x3) +x1x02(x1 — (14 p)x2 + px3) 6if p is'
p€C\{0.1) 114 V3)
6 2414, x4(x5 — x1x3) + x5 (x] — x2) 6
7 14124, x4 (63 — x1x3) + x5 6
8 |A1A3 X4 (x% —X1X3) —|—x%x2 —xlx% 6
9 2A1A3 x4(x% —XIX3) —|—x1x% 6
10| A1A4 x4(x3 — x1x3) + X7x2 6
11|AAs x4(x —x1x3) + X3 6
X4X1X2 — X3 (X% +X§ +x§ + p1x1x3 + P2x2x3) . .
12| A, o e C\(in) 6if p; =0
13| 24, x4x1X2 — %3 (x] +x3 + px1x3), p € C\{£2} 6if p> #3
14| 3A, X4X1X2 —xg 5
15| Aj X4X1X2 +x1(x%—x%)+pxz(x%—x§),p #£0 6
16| Ay X4X1X2 —|—x%x3 + X (x% — x%) 6
17| As X4X1X2 +x?+xz(x%—x%) 6
18 Df1 X4x% —i—x% —i—x% + X1X2X3 6
19 Df{ mx% —|—xg —}—x% 5
20| Ds x4x% +x1x% +x%X3 6
21| Eg Mx% +x1x% +x§ 6
3
22| Eg X3+ 423 —3pxixxs, p2 # 1 3.p=0,-8

4, otherwise

Table 4: Ranks of cubic surfaces with isolated singularities
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The normal forms in Table 4 are from [20], except with fewer parameters,
since we consider normal forms with respect to the general linear group instead
of the special linear group, because rank is unchanged under general linear trans-
formation. We now describe the 22 cases. For cases 1, 2, 3, and 13, we find the
rank of a generic cubic surface with that singularity type. For cases 5 and 12 we
give parameter values for which we computed the rank. In all other cases, we
compute the rank of every cubic surface with that singularity type.

1. We equate the normal form when p = (—1,2,—2) to a sum of five cubes
of linear forms. A Macaulay2 [12] computation shows that the rank is
five: the system of equations is in 14 parameters and has codimension
14, indicating a finite number of rank five decompositions. Specialising
the linear forms in the decomposition to be compatible with the singular
points of the Hessian allows the computation to terminate. The rank is
five for generic p by the results in Section 4.

R = QQ[al,a2,a4,bl1,b2,bd,c2,c4,d1,d2,d4,el,e2,e4] [x1,x2,x3,x4];
f = x4%(x272 - x1*x3) + x2*(x1-x3)*(x1-4%*x3);

gl = (al*xl + a2xx2 - 2%al*x3 + ad*x4)"3;

g2 = (bl*xl + b2*x2 - 2%b1l*x3 + b4dxx4)"3;

g3 = (c2*x2 + c4#*x4)73;

gd = (d1*x1 + d2*x2 + 2*d1*x3 + d4*x4)"3;

gh = (el*xl + e2%x2 + 2%el*x3 + e4*x4)"3;

F=f-(gl+g2+g3+gd+ghb;
(M,C) = coefficients F; I = minors(1,C);
codim I

2. We equate the normal form with parameters p to a sum of five cubes
of linear forms where, for three linear forms in the decomposition, the
coefficient of x3 is —p;p, times the coefficient of x4. We check that this
has a solution when, e.g., p = (—1,2) using Macaulay2. The rank being
five for generic p follows from Section 4.

3. There exists a rank five decomposition

(24p)f = (x1 —px3 +X4)3 + (x1 + px3 —X4)3 + (—x1 + px3 —X4)3
+A(x1 + 0xy + px3 +x4)3
—(14+2)(x1 — (3(p + 1) — &)x2 + px3 +x4)°.

The decomposition was obtained by finding linear forms whose triple in-
tersections give singular points of the Hessian of f. The variables o and
A are solutions to a®> +3(p +1)o+8p and A (20t +3p +3) + a +3p +3,
which have solutions provided 20t +3p +3 # 0, i.e. 9p> — 14p +9 # 0.
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We have the rank five decomposition

24f = (—x1 + x3 +X4)3 + (x1 —X3 +X4)3 + (X] +x3 —x4)3
—2(x1 —2x2 +x3 +x4)> + (x1 — 4wy +x3 +x4)3.

. Denote the four slices of the tensor by M;. We construct the 4 x 4 x 2

tensor with slices M} = M + s; M3 + soM4 and My = My + 1t M3 + t,My.
It has 4 x 8 flattening

0 ps1+2 —8§2 =8 2 pt1—2p0—2 p—tp -1
psi+2 —-2p+25-2 p 0 py—-2p-2 2t 0 2
—5 p 0 -1 p—t 0 0 0
—51 0 —1 0 —N 2 0 0

When p2 — p + 1 =0, there do not exist values of s1,s2,#1,% such that
the 4 x 4 minors of the flattening vanish. Hence the rank of the 4 x4 x 2
tensor is at least four, and the rank of the original tensor is six.

Similarly to 5, we construct the 2 x 4 x 4 tensor with slices M| — s M, —
t1M3 and My — soMy — toMs3. It has 4 x 8 flattening

0 —2s1 0 h 0 —2s1 —1 15
—2s1 246sy 0 2517 —2sp 2+6s5, 0 —2s
0 0 0 —1 —1 0 0 0
n —251 —1 0 15} —2s) 0 0

The minor on columns 1,3,4,7 is 2s;, and the minor on columns 2,3,4,7
is —2(1+3s1). They cannot both vanish, hence the matrix has rank four
and the original tensor has rank six.

. The slices are linearly independent. No multiple of the first, second, and

third slices can be subtracted from the fourth to give a rank two matrix,
so the rank is at least six.

Assume that the cubic surface has rank r. The 4 x 4 x 2 tensor with slices
My + s1M3 + soMy and My + t{ M5 + tpM4 has rank at most » — 2. There
exists a multiple of the 4 x 2 matrix Ty that can be subtracted from the
slices T for 1 <i <3 to give a 3 x 4 x 2 tensor of rank at most r — 3. Its
4 x 6 flattening is

x ok % % ok %
2 =2 % x 0 2
* 00 -1 0|’
* x 2 x 0

where the * represent unknown entries. This matrix does not have a rank
two completion, hence r — 3 > 3 and the original rank is six.
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Subtract an arbitrary multiple of the second and third slices from the first
and fourth slices to give a 4 x 4 x 2 with 4 x 8 flattening

0+ 0 * 0 x —1 =«
* 2 0 * * 2 0 =
00 0 -1 -1 0 0 of”
*x x —1 0 *x x 0 0

This cannot be completed to a rank three matrix, hence r —2 > 4 and the
original rank is six.

No multiple of the first, second, and third slices can be subtracted from
the fourth to give a matrix with minor M},3, on rows 1,2,3 and columns
1,2,3, vanishing. So the rank is at least six.

Same as 10.

First we subtract multiple s; of the fourth slice from the ith slice for
i € {1,2,3} to give a 4 x4 x 3 tensor. Then we subtract multiple ¢
of the fourth slice in another direction to give the 4 x 3 x 3 tensor

0 1 -2 S1 S2+h $3 -2 13 —-2p1

S 1+ 82 s3 1) 0 -2 13 -2 —202
-2 0 —2p1 0 -2 —2[)2 —2p1 —2[)2 —6 ’
0 1 0 1 0 0 0 0 0

where || separates the slices of the tensor. Finally we consider the matrix
obtained by subtracting an arbitrary multiple of the first and second slices
from the third slice. The 2 x 2 minors of this 4 x 3 matrix cannot vanish
if, e.g., p1 = p2 = 0. Hence the matrix has rank at least two, and the orig-
inal tensor has rank six. Other parameters for which this works include

(Pl,Pz) = (Ovi\/g) and (:I:\/gv 0)

Subtracting a multiple of the second, third, and fourth slices from the first
slice and taking the ideal of 3 x 3 minors gives the condition p? = 3 so, if
this does not hold, the rank is at least six.

The first monomial has rank four and the second has rank one, so the rank
is at most five.

Subtracting an arbitrary multiple of the third and fourth slices from the
first and second slices gives a tensor with 4 x 8 flattening matrix

6 x x 0 0 =« * 1
* 0 % 1 x 6p * 0
* x —2 0 % x —=2p 0
01 0 01 O 0 O
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It does not have a rank three completion, hence the original rank is six.

No multiple of the first, third, and fourth slices can be subtracted from the
second to give a vanishing minor M 34, so the rank is at least six.

Same as 16.

No multiple of the second, third, and fourth slices can be subtracted from
the first to give a vanishing minor on rows 1,3,4 and columns 1,2,4, so
the rank is at least six.

The normal form, written as a tensor, has only five non-vanishing entries,
so the rank is at most five.

No multiple of the second, third, and fourth slices can be subtracted from
the first to give a vanishing minors Mj34, so the rank is at least six.

Same as 20.

See the fourth and fifth normal forms for cubic curves in Table 2. When
p3 =1 the curve is singular, and the surface has infinitely many singular
points. When p3 = 0 or —8 the cubic curve is non-singular with singular
Hessian, so it has the fourth normal form. For all other p the curve and
its Hessian are both non-singular and it has the fifth normal form.

The computation of the rank of a cubic surface of each singularity type
allows us to tabulate the possible combinations of rank and singularities. We
see that, as for cubic curves, only the cubic surfaces with generic rank, in this
case rank five, can have the maximal number of isolated singular points.

Theorem 3.1. The possible combinations of rank and singular points, for a
cubic surface, are as in Table 5.

No. singular points
Rank | 0 | 1 3
1

X X X X X X| &

X NN X X X X[

~N N R W
x NN X X% X%

LN NE RN
x N X X X X

Table 5: The possible combinations of rank and number of singular points
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Proof. There cannot be a finite number of singular points for ranks one and two
by Proposition 2.1, and for rank seven by [22, Theorem 2.10]. For rank three,
there is one singular point when the three linear forms are linearly independent.
If the linear forms are dependent, there are an infinite number of singular points.
For rank four, if the four linear forms are independent, the cubic surface is non-
singular. If they are linearly dependent, the surface is a cone over a cubic curve,
say in variables (xj,x;,x3). If the curve is singular, then the surface has an
infinite number of singular points. If the cubic curve is non-singular, the only
singular point of the surfaceis (0:0:0:1).

A general cubic surface of rank five is non-singular. Table 4 shows the ex-
istence of rank five cubic surfaces with one, two, three and four singular points.
Non-singular cubic surfaces of rank six can be found in [21]. Singularity types
A4, A1Ay4, and A|2A, have rank six. There does not exist a cubic surface of rank
six with exactly four singular points, because 4A; is the only singularity type
with four singularities, and its rank is five. O

We give a partial generalisation to polynomials in n variables.

Theorem 3.2. The possible singular points of a homogeneous polynomial of
degree d > 3 in n > 4 variables, with rank at most n, are as shown in Table 6.

Number of singular points

Rank 01 |1<k<oo| oo
<n-2|X1| X X v
n—1 X |V X v

n |/ X v

Table 6: The possible singular points of a polynomial in n variables of rank < n

Proof. If the linear forms appearing in a decomposition span a space of dimen-
sion k < n — 2, the singular locus is positive dimensional by Proposition 2.1.
Hence a polynomial of rank at most n — 2 cannot have finitely many singular
points. The singular locus cannot contain isolated singular points, because no
conditions are imposed on the orthogonal complement of the linear forms, so
any singular point lies in a n — k — 1 dimensional linear space of singular points.

A polynomial of rank n — 1 with finitely many singular points is projectively
equivalent to x‘ll + - —|—xﬁfl, with one singular point. In the rank » case, if the
span of the linear forms has dimension n — 1, then f is a cone over a polyno-
mial g in n — 1 variables of rank n. By Theorem 2.3, there exists a non-singular
such g provided n does not exceed the generic rank, for which the hypothesis
n > 4 is sufficient. Then f has one singular point. If the span of the linear forms
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has dimension n, the polynomial is projectively equivalent to x‘lj + -+ x4, with
no singular points.

It remains to construct rank n — 1 and rank n polynomials with infinitely
many singular points. Consider

xS —a (4 x)
It has rank n — 1 provided a,_; # 0. Setting a,_| = W gives a singular
point whenever x; = --- = x,,_» = 1, for any values of x,_; and x,,. The analo-
gous example in one more variable gives a rank n example with infinitely many
singular points. O

We now consider cubic surfaces with infinitely many singular points. We
characterise the possible dimensions and degrees of the singular locus.

Theorem 3.3. The possible dimensions and degrees of infinite singular loci of
a cubic surface are as shown in Table 7.

Rank |dim 1, deg 1|dim 1, deg 2 |dim 1, deg 3 |dim 2, deg 1 | other
1 X X X v X
2 4 X X X X
3 X X X v X
4 v v v/ X X
5 4 X X X X
6 v v X X X
7 4 4 X X X

Table 7: Dimensions and degrees of the infinite singular loci

Proof. The result for ranks one and two follows from the proof of Proposi-
tion 2.1. For rank three, if the three linear forms are linearly independent then
the cubic is singular at a single point. Hence they must span a two-dimensional
subspace, and the cubic has normal form x%xz, with singular points the plane
in P? with equation x; = 0. For rank four, the four linear forms appearing in a
decomposition can span at most a three-dimensional space, and we have a cone
over a cubic curve. The singular locus of a rank four cubic curve ranges from
zero points to three points, see Table 2, hence the infinite singular loci of the
cone range from one line to three lines.

Any rank five cubic, minimally expressed using four variables, can be writ-
ten

3
f=aixi + a5 +asx3 +asxg +as(—x; — - —xu)°,
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where a; € C*. Note that this differs from the general form in Equation (1)
because we may have m < n. The singular points are the singular points of

f=axi+ - Fanx, +as(—x; —--—xn)>,

the finitely many points given in Proposition 2.2, with the added condition x; =0
for k > m. Hence there are finitely many singular points overall. If the span
is three dimensional, we have a cone over the cubic curve with normal form
X2 (x% + x2x3), which has a single singular point, hence the cubic surface has a
line of singular points.

In the rank six case, there are three cases to consider, with normal forms
X1 (x% +x% +x§ +x§), xl(x% +x§ +x§), and xlx% +x3x‘21, see [21, 22]. In the first
two cases the singular locus is a curve of degree two, and in the third case it is
a line. In the rank seven case, the possible normal forms are x; (x1x; +x§ +xﬁ)
and x%xz + X1X3X4 —|—x§, see [5, 21]. In the first case, the singular locus is a curve
of degree two, and in the second case it is a line. Ul

Corollary 3.4. On the highest-dimensional orbit of cubic surfaces with in-
finitely many singular points, a cubic surface has rank six.

Proof. There are finitely many orbits of cubic surfaces with infinitely many sin-
gular points, see the proof of Theorem 3.3. We seek the orbit whose dimension
is largest. The stabiliser of the rank six cubic surface xlx% +X3xﬁ has lower di-
mension than the other normal forms, hence the orbit has highest dimension,
by [27, Proposition 21.4.3]. O

We seek the implicit description of the rank six cubic surfaces, in order to
obtain the rank of a general singular cubic surface. The variety of polynomials
whose rank exceeds the generic rank is known in only a few cases, see [4] and
Examples 1.1 and 1.2. We see that the rank six cubic surfaces parametrise a
discriminantal locus known as the Hessian discriminant.

4. The Hessian discriminant

The Hessian matrix of a polynomial is its matrix of second order partial deriva-
tives. The Hessian variety is the hypersurface defined by the determinant of the
Hessian matrix. For a cubic polynomial, the Hessian is a symmetric matrix of
linear forms.

Consider the hypersurface defined by the determinant of a n X n symmetric
matrix of ("er]) indeterminate entries. The singular points occur when the partial
derivatives of the determinant vanish, that is, when the (n — 1) x (n— 1) minors

vanish. This is a variety of codimension 3 and degree (";“1) in the space of
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symmetric matrices [13]. For example, for a 4 x 4 symmetric matrix the variety
has degree 10.

The Hessian variety of a generic cubic surface has 10 ordinary double points,
where the rank of the 4 x 4 Hessian matrix drops from three to two. The Hessian
discriminant is the locus of cubic surfaces whose Hessian matrix does not inter-
sect the rank two matrices at 10 reduced points. It was introduced in [22], and
described in more detail in [9] and [23, Chapter 5]. By [26], the Hessian dis-
criminant is the Hurwitz form to the rank two symmetric matrices, specialised
to the linear space of symmetric matrices that occur as the Hessian of a cubic
surface.

In this section we study how the rank and singularity type of a cubic surface
interface with its membership in the Hessian discriminant.

Proposition 4.1. A cubic surface with singularities that are not ordinary double
points lies on the Hessian discriminant.

Proof. For a cubic surface f, we denote by J the radical of the ideal of 3 x 3
minors of the Hessian matrix. For the orbits whose normal forms do not involve
parameters, including all those with infinite singular locus, we check directly
that Jy does not consist of exactly 10 points. The cases involving parameters
are AjAs, Ay, 2A,, Az, and Eg. For these cases, we compute the degree of Jy
for a general choice of parameters via a multidegree computation [18]. We
consider the polynomial ring in which the variables x; have degree (1,0) and the
parameters p; have degree (0,1). The degree for general parameters is the part
of the multidegree only involving the degree of variables x;. In all four cases the
ideal J; has degree at most five in the variables x;, hence J; does not consist of
10 points and the singularity types lie in the Hessian discriminant. 0

Cubic surfaces with no singularities or only ordinary double points are those
that are stable, in the sense of geometric invariant theory, under the action of
SL4, see [19, Theorem 3.6]. The intersection of the Hessian discriminant and the
discriminant contains the cubic surfaces of singularity types 5 to 22 in Table 4,
by Proposition 4.1. The null cone is contained in this intersection. It consists of
those with singularities not of type A; or A,, types 8 to 11 and 15 to 22, see [19].

The cubic surfaces with k ordinary double points have normal forms ex-
pressed in terms of 4 — k parameters, see Table 4. Proposition 4.1 shows that,
for almost all parameters, the polynomial does not lie on the Hessian discrimi-
nant. However, for some special parameters, cubic surfaces with only ordinary
double points can lie on the Hessian discriminant.

Example 4.2. We find the cubic surfaces of singularity type 3A; that lie on the
Hessian discriminant. Singularity type 3A; has normal form f = x4(x3 — x1x3) +
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x5 (x1 — (14 p)xz + px3), where p € C\{0, 1}. The ideal of 3 x 3 minors of the
Hessian of f decomposes into four points

(—=p:0:1:0), (0:1:0:0), (0:0:1:—p), (1:0:0:—1),
and three ideals of degree two, parametrised by
(p:x:1:0), (0:x:1:p), (1:y:0:1),

where 4x> —3(p + 1)x+2p = 0 and 4py> — 3(p + 1)y +2 = 0. The ideal does
not consist of 10 distinct points when the discriminant 9p? — 14p 49 vanishes.
The singularity type for these parameters is still 34}, because for all three sin-
gular points the affine chart with that singular point at the origin gives a non-
homogeneous polynomial whose degree two part has rank three [3].

We now discuss how rank relates to the Hessian discriminant. In [9], the
authors show that the defining equation of the Hessian discriminant is the cube
of the degree 40 Salmon invariant of a cubic surface, and that it is parametrised
by general rank six non-singular cubic surfaces, which have normal form x% +
x% +x§ —I—xi(llxl + Aax + A3x3 4 Agxy) for A; € C. It is the boundary of the real
rank five cubic surfaces, described in [16]. In [7, §6.6], the authors show that
the vanishing of the degree 40 Salmon invariant parametrizes the cubic surfaces
of rank greater than five. See also [10, §9.4.5]. Together, the results of [7, 9]
rule out the existence of cubic surfaces of rank five whose decomposition is not
obtained from the singular points of its Hessian, and implies the following.

Theorem 4.3. The Zariski closure of the set of rank six cubic surfaces is the
Hessian discriminant.

In the previous section, we constructed rank five decompositions of some
singular cubics using the 10 points where the Hessian has rank two. We now
extend this to show that a rank five decomposition can always be built when the
Hessian drops to rank two at exactly 10 reduced points, a direct argument for
the results described above from [7, 10]. Note that the Hessian is singular at
these 10 points, as well as at the singular points of f.

Theorem 4.4. A cubic surface not on the Hessian discriminant has rank five.
The Hessian discriminant is the locus of cubic surfaces for which Sylvester’s
pentahedral theorem fails.

Proof. Let f be a cubic surface not on the Hessian discriminant. The border
rank of f is five, since the fourth secant variety of the Veronese lies in the Hes-
sian discriminant: the Hessian of x? +x§ +x§ +xi is rank two along six lines
where two coordinates vanish.
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Write f as a limit of rank five cubic surfaces f = lim,_,¢ f(¢), where f(z) =
I1(t)3 4 ---+15(t)3. Following [21, §89], the f(t) can be chosen such that the
planes /;(r) = 0, and their double and triple intersections, have well-defined
limit. Let /; = lim,_,/;(¢). The Hessian of f has rank two at the triple intersec-
tions of the /;, since the rank of a matrix cannot increase in a limit. The Hessian
of f has rank two at exactly 10 reduced points, which are therefore the distinct
triple intersections of the /;. Any four /; are linearly independent, since other-
wise multiple triple intersections would coincide. In particular no two planes
[; = 0 can be the same.

The rank of a polynomial exceeds the border rank when it lies on a limit of
planes through r points on the Veronese, but not on a plane through r points. In
order for the rank to exceed the border rank, the points ll-3 on the Veronese must
be linearly dependent [15, Section 10]. Without loss of generality, we have
l? = azlg + .- —|—akl,§, where 2 < k < 5. Since [,. .., are linearly independent,
the only scalars ay, ... ,a; that give a linear power is if all the a; vanish except
one. Then two limiting planes are the same, a contradiction.

The locus of points where Sylvester’s pentahedral theorem fails contains the
Hessian discriminant [21]. The above shows that the locus where the theorem
fails is contained in the Hessian discriminant, hence the two are equal. O

Theorem 4.4 is shown for smooth cubic surfaces in [21, §89]. It is a discrim-
inantal description of the locus of cubic surfaces of non-generic rank. It would
be interesting to obtain such discriminants for other spaces of polynomials.

We conclude with the following result, which follows from the fact that a
general point on the discriminant is not on the Hessian discriminant.

Corollary 4.5. A generic singular cubic surface has rank five.
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