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ENTROPY SOLUTION FOR A NONLINEAR DEGENERATE
ELLIPTIC PROBLEM WITH DIRICHLET-TYPE BOUNDARY
CONDITION IN WEIGHTED SOBOLEYV SPACES

A.SABRI - A. JAMEA - H. T. ALAOUI

In this paper, we prove the existence and uniqueness results of an
entropy solution to a class of nonlinear degenerate elliptic problem with
Dirichlet-type boundary condition and L' data. The main tool used here is
the regularization approach combined with the theory of weighted Sobo-
lev spaces.

1. Introduction

Let Q C RV (N > 2) be an open bounded domain and let p € (1,%). In this
paper we study the existence and uniqueness question of entropy solution for
the nonlinear degenerate elliptic problem

(D
u=0 on JdQ,

{ — div(©(x)|Vu— O@)|P(Vu—O()) ) + a(u) = f in ©,
where @ is a measurable positive function defined on RY, « is a non decreasing
continuous real function defined on R and ® is a continuous function defined
from R to R", the datum f isin L'.
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The study of partial differential equations and variational problems has received
considerable attention in many models coming from various branches of math-
ematical physics, such as elastic mechanics, electrorheological fluid dynamics
and image processing, etc. Degenerate phenomena appear in area of oceanogra-
phy, turbulent fluid flows, induction heating and electrochemical problems (cf.
e.g. [8, 11, 14]). The problem (1) is modeling several natural phenomena, we
cite for example the following two parabolic models.

e Model 1. Filtration in a porous medium. The filtration phenomena of fluids in
porous media are modeled by the following equation,

2AP)  Galk(c(p)) (Vo + ), @

where p is the unknown pressure, ¢ volumetric moisture content, k the hydraulic
conductivity of the porous medium, a the heterogeneity matrix and —e is the
direction of gravity.
e Model 2. Fluid flow through porous media. This model is governed by the
following equation,

70 —div([V9(6) ~ K(0)el"(Vo(6) ~K(0)e) =0, ()
where 0 is the volumetric content of moisture, K(6) the hydraulic conductivity,
¢(0) the hydrostatic potential and e is the unit vector in the vertical direction.
The problem (1) or some particular cases of it have recently been considered by
several authors, for example, in the case when @ = 1, the existence and unique-
ness of weak or entropy solution for the problem (1) are already proven (cf. e.g.
[1] and [9]). Many authors have considered the problem (1) in the case when
® = 0 and especially the study of questions of existence and uniqueness of en-
tropy solution to the problem (1) (cf. e.g. [7]).

In this paper and by using the regularization approach, we prove in the first
step existence of a sequence of weak solutions to approximate problems (7),
we apply here the variational method combined with a special type of operators
(operator of type (M), see definition 2.6 below). In the second step, we will
prove that the sequence of weak solutions converges to some function « and by
using some a priori estimates, we will show that this function u is an entropy
solution of nonlinear elliptic problem (1). We recall that the notion of entropy
solutions was introduced by Ph. Bénilan, L. Boccardo, T. Gallouet, R. Gariepy,
M. Pierre, J.L.. Vazquez in [2] and adapted by many authors to study some non-
linear elliptic and parabolic problems (cf. e.g. [1, 3-5, 13]).

The plan of our paper is divided into four sections and organized as follows, in
section 2, we present some preliminaries on weighted Sobolev spaces and some
basic tools to prove our main result of this paper, in section 3, we introduce
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some assumptions, and we give the definition of entropy solutions of problem
(1), we finish this paper by proving the main result of this paper.

2. Preliminaries and notations

In this section, we give some notations and definitions and we state some results
which will be used in this work.

Let @ be a measurable positive and a.e finite function defined on RV, further,
we suppose that the following integrability conditions are satisfied:

(Hl) o< Llloc( ) and (D;] S Lloc('Q)

(H) o €L}, .(Q) where s € ( <>°> N [ﬁ,oo) .

The weighted Lebesgue space LP(Q, ) is defined by
LP(Q,0) = {u Q — R, u is measurable and / x)|ulPdx < oo},

endowed with the norm

a0 2= Nl = ( [ o |urpdx>

The weighted Sobolev space W!”(Q, ) is defined by
WP (Q, @) = {u € LP(Q,w) and |Vu| € L (Q, »)},
with the norm
el 1 p.o = llullp + Vel po, ¥ € WHP(Q, 0).

In the following, the space WO1 P (Q, w) denote the closure of CJ in WP (Q, w)
endowed by the norm

1
P
lellyyrr(0.0) = </Q’V”p(ﬂ(x)dx> :

Let s be a real number satisfying hypothesis (H,), we define the following crit-
ical exponents

N
p = ppforp<N,
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ps
= <’
Ps 1+ p
ps )
——— if N > py,
pi={ (I4+s)N—ps Ps
o0 if N < p;.

In the following of this work, we need to following results

Proposition 2.1 ([10]). Let Q C RN be an open set of RN and let hypothesis
(H)) be satisfied, we have

LP(Q,0) < L1, ().

Proposition 2.2 ([10]). Let hypothesis (H) be satisfied, the space (W”’ (Q,w),
a1, p,w) is a separable and reflexive Banach space.

Proposition 2.3 ([10]). Assume that hypotheses (H\) and (Hy) hold, we have
the continuous embedding

WP (Q, @) — WP (Q, ).
Moreover, we have the compact embedding
WP (Q, o) =< L'(Q),
where 1 <r < p;.

Proposition 2.4 ([10]). (Hardy-type inequality) There exist a weight function ®
defined on Q and a parameter q, 1 < q < oo such that the inequality

< /. w(x)\u(x)lquy <Go < /. a)(x)wuv’dx) % @

holds for every u € WOl P(Q, ), Cy is a strictly positive constant independent of
u. Moreover, the embedding

W, 7 (Q,0) < L(Q, o)
expressed by inequality (4) is compact.
Let k be a strictly positive real, we define the cut function 7; : R — R as
s if |s| <k,

Ti(s) = min(k,max(s,—k)) = ¢ k  if s >k,
—k ifs< —k.
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For a function u = u(x) defined on Q, we define the truncated function T;u as
follows, for every x € Q, the value of (T;u) at x is just Tj (u(x)).
We define also the space

761 P ('Qa (D) =

{u :Q — R, uis measurable and Ti(u) € Wol’p(Q, ) forall k> 0} .
By [2, lemma 2.1], the weak gradient of a measurable function u € 761 P(Q, )
is defined as

Proposition 2.5. For every function u € ’761”’ (Q,w), there exists a unique mea-
surable function v: Q — RN, which we call the very weak gradient of u (if there
is any confusion, we denote v = Vu)such that

VTi(u) = vX{ju<ky for a.e x € Q and for all k > 0,

where g is the characteristic function of the measurable set B C RN. Moreover,
if u belongs to WO1 P(Q, ), the very weak gradient of u coincides to its weak
gradient.

Definition 2.6 ([12]). Let Y be a reflexive Banach space and let P be an operator
from Y to its dual Y’. We say that P is of type (M) if and only if

u, — u weakly in Y
Pu, — ) weakly in Y’ Then Pu = .
lim sup(Puy,,u,) < (), u)

n——+oo

Theorem 2.7 ([12]). LetY be a reflexive real Banach space and P:Y — Y’ be
a bounded operator, hemi-continuous, coercive and of type (M) on space Y, the
equation Pu = h has at least one solution u € Y for eachh €Y'

Lemma 2.8 ([1]). For &, n € RN and 1 < p < o0, we have

1 1 _

—[&1P = =In|? < |EIP2E(E — ).

p p
Lemma 2.9. Fora>0,b>0and 1 < p < 4oo, we have

(a+b)? <277 Y(a? + 7).

Lemma 2.10 ([9]). Let p, p' two reals numbers such that p > 1, p’ > 1 and
l—i—i,zl,wehave
pp

/ B B

_ _ _ _ 1-8
1E1P2E = InP?n|” <c{(E—m)EIP2E = InlP>m)} 2 {I&1P +In1P} 2,
VENERN where B=2ifl<p<2andB=p ifp>2.

Remark 2.11. Hereinafter, C;,i € {1;2;...} is a positive constant and meas{A}
denotes the measure of the measurable set A C R,
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3. Assumptions and main result

In this section, we will introduce the concept of entropy solution for problem
(1) and we will state the existence and the uniqueness results for this type of
solution. Firstly and in addition to hypotheses (H;) and (H,) listed earlier, we
suppose the following assumptions.

(H3) o is a non-decreasing continuous real function defined on R, surjective
such that a(0) = 0.

(H;) © is a continuous function from R to RY such that ®(0) = 0, and for all
real numbers x,y, we have |@(x) —@(y)| < A|x—y|, where A is a real con-

stant such that 0 < A < 2 and C is the constant given in Proposition
0
24.

(Hs) feL'(Q).

Definition 3.1. A function u € 761”’ (Q, ) is an entropy solution of degenerate
elliptic problem (1) if and only if

/Qa)(ID(Vu—®(u))VTk(u—(p) + /Q(X(M)Tk(u—(P)S/Qka(u—‘P) &)

for all k > 0 and ¢ € W, ”(Q, ®) NL=(R),
where

() =E["2E, VEeRY
Our main result of this work is the following Theorem

Theorem 3.2. Let hypotheses (H\), (Hz), (H3), (Hs) and (Hs) be satisfied,
then the problem (1) has a unique entropy solution.

4. Proof of the main result

The proof of our main result is divided into three steps, in the first one and
by using the regularization approach, we regularize the problem (1) and study
the existence of weak solutions to approximate problems (7). In the second
step, we give some a priori estimates which will be used to prove the existence
of an entropy solution for problem (1). We finish this section by proving the
uniqueness of the entropy solution.
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4.1. The approximate problem

Let the operator By, : WOI”’(Q, ®) — (Wol’p(Q, ®))’ (where (Wol’p(Q, o))’ is the
dual space of W, ”(Q, ®)) and let

Bn :An _Lm

where for u,,v € Wol’p(Q, )

(Ayuty, v /cod) (Vu, — un))Vvdx—i—/ T, (ot(up))vdx
Q

and

(L, v) = /QT,Z(f)vdx.

We will prove that B, satisfies the assertions of Theorem 2.7. Firstly, we prove
that B, is of type (M) and coercive, for that, let (u;)ren be a sequence in
W, ”(Q, ®) such that

up — u weakly in WO]’p(Q,(D),
Buu, — x weakly in (W, 1’"’(Q,co))’,

limsup (B ui, ux) < (X, u).
k—r—oo0

We will prove that y = B,u, indeed, the sequence (uy)ien converges weakly to
u in WOI"[7 (Q, ®), so, there exists a subsequence, still denoted (ug)ren such that

up — u in LP(Q, ). Since (uy )ren is a bounded sequence in Wol’p(Q, o), then

<|wk — O(u)|?2 (Vi — ®(uk))) is bounded in (L” (Q, ®))".

keN

Consequently
Vi — O () [P (Vi — O(ur)) = [V — O(u)[P 2 (Vi — O(u))

n (L7 (Q, w))N as k — oo.
According to the above result, we deduce that, for all v € WO1 P(Q,®), that

<X,V> = lim <Bnukav>

k—r-o0

— lim </ wCID(Vuk—G(uk))Vvdx+/ Tn(a(uk))vdx—/QT,,(f)vdx>

k—>—oo

_ /wcb (Vu— O(u ))Vvdx—l—/ (u))vdx — /QT,,(f)vdx
= (Buu,v).
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This implies that y = B,u. Therefore B, is of type (M).
Letu, € WOI”’(Q, ®), we have

(Buttn,upn) =
/Q 0® (Vu, —0O(u,)) Vu, dx —I—/QTn(Oc(un))undx - /QTn(f)undx.
On the one hand, we have by application of hypothesis (H3) that
/Q To(au(uy) Jundx > 0.

And, by Holder inequality and Proposition 2.3, there exists a positive constant
C; such that

| Tt < ol sy,

This implies that
(Bt tty) > /Q O (Vi — O(un)) Vitndx — Collf |yl vy (©

On the other hand, using Lemma 2.8 and Lemma 2.9, we obtain that
1 1
/ OB (Vity — O(uy)) Vipdx > f/ [ Vit — O ()| dx — / ©|0(uy)|? dx
Q pJo pJo

1 1
> /pr[p_lyvunv’—zy@(un)yp] dx

1 1 2AP

> f—l/w|Vun|pdx——/a)|un|pdx
p2r=Ja p Ja
1 1 2AP

> *7_1/ a)]Vun\pdx——Cg/ 0| Vit | dx
p2P~1 Ja P Q
1 1
Y pP p

2 p (2[)71 2}L CO) ||un||wol-ﬂ(97w)'

So, the choice of 4 in (Hy) gives the existence of a positive constant C» such
that

/Q O (Vit, ~ O(ur)) Vitndr > Call} 15

Then, inequality (6) becomes
(Bpity, p) > CZHMnH‘l:VOI,p(Q’w) _Cl||f||p’||”n||wol=ﬂ(gﬂw)'

Therefore
<B nUn,Upn >

— +ooas ||u Lp — oo,
HunHWOLP(ng) || nHWOI(Q,CO)
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Then we conclude that B, is coercive. The operator B, is hemi-continuous, then
by Theorem 2.7, there exists u,, € WO1 P (Q, ) such that

/a)CID(Vun—G(un))Vvdx—}—/Tn(a(un))vdx:/Tn(f)vdx (7)
Q Q Q
for all v e W, 7 (Q, o).

4.2. A priori estimates

In this section, all the proofs of a priori estimates are inspired by the outline of
the Boccardo-Gallouet proof (see [2, 3]).

Lemma 4.1. Let hypotheses (Hy),(H,),(Hs),(Hs) and (Hs) be satisfied, then
(VTi(un))nen is bounded in (LP(, a)))N.

Proof. Taking v = Tj(u,) in equality (7), we have by hypothesis (H3) that
| @@ (Vu,~ ) Vi, <K/ f]1.
Q(n)

where Qy(n) = {|u,| <k}. So, by using the same arguments used to prove the
coercivity of B,, we obtain that

[ olvul <ics,
Q

where C3 is a positive constant.
Therefore,

1
175 )y < KC3)° ®
Then, for any k > 0, (7 (uy))nen is uniformly bounded in WO1 P(Q, ). O

Lemma 4.2. Let hypotheses (H)),(H>),(Hs),(Hs) and (Hs) be satisfied, the
sequence (up)neN converges in measure to some measurable function u.

Proof. To prove this, we show that (u,),cn is a Cauchy sequence in mea-
sure. Let k > 0 be large enough positive number. Noting that {|u,| >k} =
{IT(u,)| > k}, then by inequality (8) and Markov inequality, we have

HTk(”n)HWl-ﬁ(Q ) b C
0 I 3
meas{|u,| >k} < < z gF.

Therefore

meas{|u,| >k} — 0 as k — oo, uniformly with respect to n. )
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Moreover, for every fixed ¢ > 0 and every real positive k, we know that
{ln — | > 1} C {Jutn| > &} U{Jut| > &k} U{|Ti(utn) = Tt )| > 1}
and hence
meas{|u, — uy| >t} <
meas{|u,| > k} + meas{|un| >k} + meas{|T;(u,) — Tr(um)| >t} (10)
Let € > 0, we have by (9) that

€
and  meas ({|uy| > k}) < 3 (11)
Since Ty (u,) converges strongly in LP(Q, @), then it is a Cauchy sequence in
LP(Q, ), thus implies by Markov inequality that

meas ({|u,| > k}) <

W[ M

1 £
meas ({|Tx (un) — Ti (um)| >1}) < t—p/ga) |Tx () — Tic () |P dx < 3 (12)
for all n,m > ny(t,€). Finally, from (10), (11) and (12) we obtain
meas ({|up —um| >t}) < € forall n,m > ny(t,€). (13)

This proves that (u,),cn is a Cauchy sequence in measure and then it converges
almost everywhere to some measurable function u.
Therefore

Ti () = Te(u) — in W, 7(Q,0) (14)
(

Ti (up) — Ti(u)  in LP(Q,®) and a.e. in Q.
O

Lemma 4.3. Let hypotheses (H,),(H>),(Hz),(Hs) and (Hs) be satisfied, the
sequence (Vuy)nen converges in measure to Vu.

Proof. Let €,t,k, 1 are positive real numbers and let n € N, we have the follow-
ing inclusion
{|Vu, —Vu| >t} C

{lun| > &} U{Jul > K} U{|VTi(un)| > K} UL VTr ()| > K} U |y —u > H}UG,

where
G =

{IVuy, —Vu| > t,|uy| < k,|u| <k, |VTi(un)| < k,|VTi(u)| < k,|up—u| < u}.

The same method used in the proof of Lemma 4.2, enable us to obtain, for k
sufficiently large, that

meas ({Jun] > k} U{|u| > kY U{|VTi(up)| > k}) < g (15)
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This implies by (14) that
VTi(uy) converges weakly to VTi(u) in (LP(Q, o))" . (16)
Then, we have for & sufficiently large that
meas ({|VTi(u)] > k}) < Z. (17)

On the other hand, by using the Lemma 4.2, we deduce the existence of n; € N,
such that e
meas ({|up —u| > pu}) < Zfornan. (18)

Now, the application

A (5,81,8) = 0 (D& —0(s) ~ ®(& - 0(s)) ) (&1 - &)
is continuous, and the set
= {(5,81,8) e RxRY xRY |s] <k,|&1| <k,|&| <k,|& — & >1}

is compact. Moreover, we have

o(®(& - 0(s) - @&~ 0(s)) (6 - &) >0, V& £&.

Then, the application A attains its minimum on K, we shall note it by f, we
have easily that B > 0 and

/ Bdx < / & [D(Vity — O(u,)) — D(Vit — O(uy))] [Vity — Vad] dx
G G
< /Q o [®(Viup — O(u)) = P(VTi (1) = O(Tis p (un)))] VT (T () — Ti(w)) dx.

By taking v = Ty, Tkt (tn) — Tk (1)) in equality (7), we get

/Q(D‘I’(Wn = O(un)) VT (Tier () = Ti(w) dx < p (I f 1|1+ 1T (cx(un)) 1)
(19)
However, by hypothesis (H3), we have

sign(u,) = sign(T,(o(uy))),

where
1 if s >0,
sign(s):=¢0 ifs=0,
-1 ifs<O.
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Then, by taking v = sign(u,) in equality (7), we obtain

1T (0x () 1y < [111]1-

Consequently

/Q OD(Vity — ©(u))V Ty (Ter (i) — Te(u)) dx| < uCs.

On the other hand, we have
Titp (up) converges weakly to Tiy (u) in Wol’p(Q, ).
This implies, by using hypothesis (H,) that
O(Ti (1)) converges 10 O(Ty. (u)) in(L7(2, ©))"
and that
VT (Tes () — Te()) — VT (Tigp () — Ti(w)) in (LP(Q, @)V .

Then, by (21), (22), (23), we deduce that

lim [ @®(VTi(u) = O(Tisp(un))) VT (Tisp (un) — Ti(u)) dx

n—e JQ

= [ @®(VTL() = O(Tes () Vs (T 1) ~ Tu(w)

However,
Lllii)% VT (Terp (1) — Ti(u)) = 0.

Let u < 1, we have from hypothesis (Hy) that
BT, ()~ O(Te s (10))) VT (Tes ) — Te(1)

< Cs (| Tt ()P + [VT(u)[P71) VT (Tirr () — Tic(w))|-

Now, as
(1Tesr ()P~ + VT )P ™) IV} (T () — Ti(w)| € L (<),

Then, we get by using the Dominated Convergence Theorem that

u—0

lim A OP(VTi(u) — O(Tiy (1)) VTy (T (1) — T (u)) dx =0.

(20)

21

(22)

(23)
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Let O be a strictly positive number such that g < C%, there exists n; € N such
that for all n > ny, we have

0
/Q OB(VTi (1) = O (T (1)) VT (Thoy () — Tu(w)) dx < 5. 24
Therefore, by (20) and (24), we deduct that
/ Bdx<$.
Q
This implies that
£
meas(G) < 1 (25)
Consequently, from (15), (17), (18) and (25), we conclude that
meas{|Vu, —Vu| >t} <e¢.
This implies that the sequence (Vuy,),cn converges in measure to Vu. Ul

Now, we shall prove that limit function u is an entropy solution of problem
(1). Let ¢ € W, ”(Q,) NL=(Q) and take v = Ti(u, — @) in equality (7), we
get

/ OB (Vity — O(uy)) Vi (ttn — @) dx + / To(0(u)) Ta (it — @) dx
Q Q

_ /Q To(f) T (1 — @) dx. (26)
Let k =k + ||@||-, we have

/Q OB (Vity — () VTi(in — @) dx

= /Q oD (VT (un) — O(Ti(un))) VI Ti(un) — @) dx
_ /Q OD (VT (1) — O(Ty(un))) VT (1) Xy ) A

_ /Q OD (VT (un) — O(Te(tn))) VP Lo ) 4%

where Q(n,k) = {|T;(un) — @| < k} and xp is the characteristic function of the
measurable set B C RY.
The above equality implies that

/Q ) (cb (VT(un) — O(T(un)) ) V() + 12)®(Tk(un))lp> Xoni) 4%
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_ /Q 0D (VT (1) — O(Te(ua))) V @y dx+ /Q To(0u)) Tt — @) dx
(27
=[50 0) dxt > /wr@ Hun)I Xy 4.
We know that the function 73 (u,) is bounded in W, 17 (Q, ), then by hypothesis
(Hs), ©(T(uy,)) is also bounded in (L7 (€2, ®))" , this implies that
@ (VT (un) — O(Ti(uy))) is bounded in (LP(Q, ®)) , (where (LP(Q, ®)) is the
dual space of L”(Q, w)) and weakly converges.

However, we have
U, = u a.e.in ), (28)

and
Vu, — Vu a.e.in Q.

Hence follows that
O(T;(un)) = O(Ti(u)) a.e. inQ, (29)

and
VT (up) = VI (u)) a.e.in Q. (30)

This implies that
® (VTi() — O(Tg(n))) = @ (V) ~ O(T(w))) in (L7(Q, @)

Now, as
VOxoux) converges in(LP(L, o))V,

Then
/Q 0D (VT (1) — O(Te(un))) Vp gy — /Q 0D (VT (1) — O(T (1)) Vo dx

where Q(K) = {|Ty(u) — | < k}.
By hypothesis (Hy) and properties of the truncated function, we have

1O (T ()P < (Csk)”-
This implies by using (29) and Dominated Convergence Theorem that
2 (T, r d 2 (T, p d
L @lOC ) P oguy dx — = [ @l@(T ) 2o d

On the other hand, we have by using Lemma 2.8 that

<c1> (VT (un) — O(Ti(u))) VT (un) + I%|®(T (u,,))|P> Xopmp =0 ae. inQ.
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Therefore, by (29), (30) and Fatou’s lemma, we have

o (® (V73000 ~ O0730) V7500) 2 00701 ) st

. 2
Finally, taking limits as n goes to infinity in (27) and using the above results to conclude

that u satisfies the entropy inequality (5).

4.3. Uniqueness

The proof of uniqueness part of Theorem 3.2 is inspired by the ideas found in [6].
Firstly, we need the following Lemma.

Lemma 4.4. Let hypotheses (H,), (Ha), (H3), (Hs) and (Hs) be satisfied, if u is an
entropy solution of problem (1), then

1
1. lim limf/ ®|Vii—O(u)|” 2|Vt — O(u)| Vudx = 0.
k J{h<|u|<k+h}

h—ro0k—0
1
2. lim limf/ | VulP dx = 0.
h—eok—0 k J{n<|u|<k+h}
1 n
3. lim lim — o|Vu—0(u)|Pdx=0.

h—eok—=0 k J{h<|u|<k+h}

Proof. 1. Let k and h be two real numbers such that 1 < k < h. Taking ¢ = Tj,(«) in
inequality (5), we get

/Q o (1Vi— @) (Vu—O())) VTi(u— T () dx

+ [ ) Titu—Tiw)dx < [ Tiu—Tiw)ds. G31)
JQ JQ

Firstly, we have

/Q () Ty (4 — Ty () dx — /{ oy Tl hsign(u)

and
sign(u) Xgju|>ny = sign(u — hsign(u)) X juj>n = sign(Ti(u — hsign(u))) X{ju|>h}-

Then
/Qa(u)Tk(u— Ty () dx > 0.

Therefore, inequality (31) becomes

-2
/[hS\M\SIH—k} 0] <|Vu7 ®(M)‘p (Vu — @(u))) VTk(uf Th(u))dx
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<k |fldx.
{lu>h}

By (9), we deduce that meas{|u| > h} converges to 0 as & go to infinity, then, we
conclude that

lim dx=0.
h=eo J{Ju>h} d
This implies that
1
lim lim — o |Vu—0®w)|”?|Vu—0O(u)| Vudx = 0.

h—eok—0 k J{n<|u|<k+h}
2. By using Lemma 2.8 and Lemma 2.9, we have

1
p2r-!

2
[Vul? — ;|®(u)|” < |Vu—0®w)|” % |Vu—0(u)| Vu.

We use hypothesis (Hy), we get

1 2AP
T \Vu|P — - ul? < [Vu—0O®u)|P~? |Vu—O(u)| Vu.

This implies that
1

» 207
771/ o |Vu| dx——/ o|ul? dx
p2r— Joy I
< /ha)|Vu—®(u)|p_2|Vu—®(u)\Vudx7
Qk

where QF = {h < |u| < h+k}.
Then, by using Proposition 2.4, we get that

oy 2APCh

©|Vul? dx — / ©|Vul? dx
Qh

P2t Jop ‘
< /h ® |Vi— O(u)[”2 |V — O(u)| Vudx.
Qk
Then, by hypothesis (Hs), there exists a positive constant Cg such that
/ o|Vul? dx < c7/ ® | Vii— O(u)|”2 |V — O(u)| Vudx.
ol ol
This, we allow to deduce that
|
lim lim — o|VulP dx=0.
h—eok—0 k J{n<|u|<k+h}

3. We have by Lemma 2.8 that

1 1
, |Vu—0(u)|” — ;|®(u)|” < |Vu—0Ou)|"? |Vu—O(u)| Vu.
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This implies that

A

1 1
— | o|Vu—-0)|Pdx < / 0)|Vu—®(u)\p_2\Vuf®(u)|Vudx+f/ ®|®(u)|” dx
pJoh [0l pJaol

IA
P
g
<
<

p
@(u)\p_z\VufG(u)|Vudx+L/ o|ul” dx
P Joy

pcP

APC
< / & Vit — O(u)|P 2 |Vit — O (u)| Vudx 4+ -0 / |Vl dx.
Jop of
We apply the previous results 1 and 2, we get that
1
lim lim — o|Vu—0(u)|Pdx=0.
h—o0k—0 k J{h<|u|<k+h}
O

Now, let # and v are two entropy solutions of degenerate elliptic problem (1) and
let i, k two positive real numbers such that 1 < k < 4. In inequality (5), we take for the
solution u, @ = T;,(v) and for the solution v, we take @ = Tj,(u) as a test function, we
have

/Qa(u)Tk(u—Th(v))dx +/Qm(|vu—®(u)|f’*2 (Vu—O())) Vi(u~ Ti(v)) d

< [ FTlu=T0)ds

and

/Qot(v)Tk(v—Th(u))dx +/Qa)(|va®(v)|p_2(va®(v))) VT (v — T, (u)) dx

< /Qka(V — Ty (u))dx.

We divide the two above inequalities by k and we pass to limit when k — 0 and & — oo,
we find by applying Dominated Convergence Theorem, hypotheses (H3) and (Hs) that

o
lloe(u) — a(v)||; +I}gr°10115% %I(k;h) <0, (32)
where
I(k,h
[ o (1vu—0wl? (Vu—6(w)) Vi(u=1,()
+ (\vv O()|P 2(Vv—®(v)))VTk(v—Th(u))dx.
We will prove that

lim lim I(k h) > 0.

h—eok—0 k
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For that, we consider the following decomposition
Q= {lul <mlvl <h}s Q= {lul < mlv| >},

Q= {lul > hv| <h}s Q= {lul > h|v] > h},

andfori=1;...;4
Ti(kih) =

/ o Vi — O(w)|" > (Vu— O(u)) VTi(u—Ty(»))

+ Vv =0 P2 (Vv —OW)) VT (v— Tp(u)) dx.

Firstly, we pose
Ty (k;h) = I} (k;h) + T3 (k; h),

where
T (k;h) =

/Q o (|Vu— )P (Vu—O(u)) — [Vv—O(W)|P 2 (Vv — @(v))) o (u;v) dx
£(1)
T3 (k;h) =
/Q o (Wu — Q)P (Vu—0(u)) — |Vv— )P (Vv — G)(v))) W (1;v) dx
£(1)

Q1) = {lu—v| < ks ful < hs|v| < h}

and
Vo (u;v) = (Vu—0(u)) — (Vv—0()); Wo(u;v) =0(u) —0(v).

To show that |
lim lim kIl (k;h) =0,

h—00 k—0

we consider two cases according to the value of p.
o First case, 1 < p <2. Let € > 0, we apply Young’s inequality, we find

/

p

£ dx

k) < kmwﬂ(|w—@(u>|"*2<w—@<u>>)—(|Vv—®<v>\"*2<w—®<v>>)

— ®|O(u) —O(v)|? dx.
2 oy 010 — OO

We apply Lemma 2.10 and hypothesis (Hs), we get

|Z}(k; )| < eCs T (k; h) + C9

This implies that
_ . < _ . .
lim - |Z3 (ks h)| < eCg lim - 7) (k;h) (33)
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If limy g %Ill (k,h) = 0, the above inequality (33) becomes

N
lim - 77 (k. 1) = 0.

ie. |
lim lim —Z, (k,h) =0
e k50 k (k1)
If 0 < limg_yg %Ill (k,h) < oo, we take € = — L in(33), we deduce that

hlimy_yo L7 (k,h)

lim lim kIl (k,h) =

h—o00 k—0

It follows that {
lim lim %Il (k,h) > 0.

h—yo0 k—0

If limy %Ill (k,h) = +o0, we have by using hypothesis (Hy) that

| (ksh)| < k)L/ w‘|Vu— u) P72 (Vu—0(u)) — [Vv—0()|P 2 (Vv —0(v))
< k)L/ (IVu—0@)"~" +[vv—0()" ) dx

Consequently
\Iz (k)| <,1/ o(|Vu—00w)"" +|Vv—0@)/" " ) dx.

On the other hand, for the solution u, we take ¢ = 0 in inequality (5), we find
/ o (|Vu—O(u)|" (Vu— O(u))) Vudx < kCig
{lul<k}

This implies that

/ ©|Vu—0(u)|? dx
{Jul<k}

IN

kC10+C11/ ©|O(u)|” dx
{Jul<k}

kCio + C12k?
Ci3k?.

VARVAN

Similarly, we prove that
/ ®[Vv—O(v)|? dx < Ciak”.
{lul<k}

Therefore 1
[T kem)] < 2Cis(h+ k),
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i.e.
1
lim — |Z? (k;h)| < ACy6hP.
klgg)k’l( )’_ e

Thus, it follows that
Jim 17! (k,h) +1i l12(k h) =+
i kT g TV = e

Then 1
lim lim %Il (k,h) = Hoo.

h—o00 k—0

o Second case, p > 2. We use Young’s inequality to deduce

C178(k—‘rh> " %

—1
o ek veso.

1
7 [ ZE (k)] <

Then, we take € = we obtain

hiza

1
lim lim %I%(k, h) = 0.

h—yo0 k—0

Consequently

1
lim lim —Z;(k,h) > 0.
hgrolokf(l)k 1k ) 2

Secondly, we pose
T (k;h) = T2 (k;h) + 23 (k; h),

where
7, (k;h)
_ / & [Vv—O)|P~2 (Vv—O(v)) VT(v— u) dx
Q(h)

/21 o[V —O(v)|"2 (Vv—@(v))vmrx—/21 ® Vv —O(v) P2 (Vv—0O(v)) Vudx,
Qr Qr

.k .k

T(k;h) = /g;z(h)(D|Vu—®(u)|”72(Vu—®(u))VTk(u—hsign(v))dx

/2‘2 ©[Vu—0(u) |p_2 (Vu—0(u)) Vudsx,

‘h,k
and
Q= {lul < hs|v| > hilv—u| <k}
Qii ={|u| < h;|v| > h;|u— hsign(v)| < k}.

On the one hand, since ® is a positive function, then, by application of Lemmas 2.8 and
2.9, we get
T3 (k;h) > 0.
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In the same manner, we prove that

/Qz‘u o©|Vv—0OW)|” (Vv —0(u)) Vvdx > 0.

‘h.k
On the other hand, by Holder inequality, we have
’/ & |Vv—O(v)|P~2 (Vv —O(u)) Viudx
h k

< ( L.

hk

p—1

1
P P
a)|Vv—®(v)|”dx> (/21 a)Vu|”dx>
Q'

Hence, by application of Lemma 4.4, we get

h—00 k—0

1
lim lim - |, ® Vv —OW)[P 2 (Vv —0(u)) Vudx = 0.
VSChk

Then
lim lim kIZ (k;h) >

h—o0k—0
Therefore .
lim lim %Ig(k;h) > 0.

h—o0 k—0

Finally, in the same manner, we show that

lim lim — X (1'3 (kyh) +Zy(ksh)) >

h—e0k—0
Hence

1
lim lim - Z(k:) > 0.

h—00 k—0

Therefore, inequality (32) becomes

llo(u) — e (v)[[1 < 0.

This implies that
u=va.e.inQ.

Hence the uniqueness of entropy solution of the problem (1).

Acknowledgements

The authors would like to express their sincere gratitude to the anonymous referees and
the handling editor for their careful reading and for relevant remarks/suggestions, which
helped them to improve the paper.



130

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]

(11]

[12]

[13]

(14]

A.SABRI - A. JAMEA - H. T. ALAOUI

REFERENCES

A. Abassi, A. El Hachimi, A. Jamea: Entropy solutions to nonlinear Neu-

mann problems with L'-data, International Journal of Mathematics and Statistics
2(2008), 4-17.

Ph. Bénilan, L. Boccardo, T. Gallouet, R. Gariepy, M. Pierre, J.L. Vazquez: An
L' theory of existence and uniqueness of solutions of nonlinear elliptic equations,
Ann. Sc. Norm. Super. Pisa CI. Sci. 22(1995), 241-273.

L. Boccardo, T. Gallouet: Nonlinear elliptic equations with right hand side mea-
sures; Comm. P.D.E. 17 (1992), 641-655.

L. Boccardo, T. Gallouet: Strongly nonlinear elliptic equations having natural
growth terms and L1 data; Non Linear Analysis TMA, vol. 19, no 6, pp. 573-579,
1992.

L. Boccardo, T. Gallouet: Nonlinear Elliptic and Parabolic Equations involving
Measures Data; J. of Functional Analysis, vol. 87, no 1, pp. 149-169, 1989.

L. Boccardo, T. Gallouet F. Murat: Unicité de la solution de certaines équations
elliptiques non linéaires; C. R. Acad. Sci. Paris, t. 315, Série I, p. 1159-1164,
1992.

A. C. Cavalheiro: Weighted Sobolev spaces and degenerate elliptic equations,
Bol. Soc. Paran. Mat. 26(2008), 117-132.

Y. Chen, S. Levine, and M. Rao: Variable exponent, linear growth functionals in
image restoration, SIAM J. Appl. Math. 66(2006), 1383—-1406.

J. 1. Diaz, F. De Thelin: On a nonlinear parabolic problem arising in some nodels
related to turbulent flows, SIAM Journal on Mathematical Analysis 25(1994),
1085-1111.

P. Drabek, A. Kufner, V. Mustonen: Pseudo-monotonicity and degenerated or
singular elliptic operators, Bull. Austral. Math. Soc. 58(1998), 213-221.

P. A. Histo: The p(x)-Laplacian and applications, Proceedings of the Interna-
tional Conference on Geometric Function Theory 15(2007), 53—62

J.L. Lions: Quelques méthodes de résolution des problemes aux limites non
linéaires, Dunod, Paris, 1969.

S. Quaro, B. K. Bonzi, F. D. Zongo: Entropy solutions for nonlinear elliptic
anisotropic problem with Robin boundary condition, Le Matematiche LXVIII
(2013), 53-76.

M. Ruzicka: Electrorheological Fluids, Modeling and Mathematical Theory, Lec-
tures Notes in Math.,Vol. 1748, Springer, Berlin, 2000.



ENTROPY SOLUTION FOR A NONLINEAR DEGENERATE ELLIPTIC PROBLEM 131

A. SABRI
EMAPI, Faculté des Sciences, Université Chouaib Doukkali,

El Jadida, 24000, Morocco.
e-mail: abdelali.sabri21@gmail.com

A. JAMEA
EMAPI, Faculté des Sciences, Université Chouaib Doukkali.
CRMEF Casablanca Settat, SP d’El Jadida, El Jadida, 24000, Morocco. e-mail:

a.jamea77@gmail.com

H. T. ALAOUI
EMAPI, Faculté des Sciences, Université Chouaib Doukkali,

El Jadida, 24000, Morocco.
e-mail: talibi_1@hotmail.fr



