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L?* REGULARITY FOR DIVERGENCE FORM ELLIPTIC
EQUATIONS WITH DISCONTINUOUS COEFFICIENTS

FRANCESCO MARINO

We will prove LP** regularity results for the gradient of the solution to
Dirichlet problem concerning the equation

— Y (aijuy)y, — Y i)y +cu = fo— Y (fidy

i,j=1 i=1 i=1

with coefficients in VM O N L® and Morrey spaces.

1. Introduction.

Let ©2 be a bounded open set of R”, n > 2, with smooth boundary 9€2.
In Q2 we shall consider the following linear elliptic equation of second order in
divergence form

(1.1) — Y @)y — Y (di)y, +eu= fo— Y (i),
i=1 i=1

ij=1

where the coefficients a;; are in V.M O (see Section 2 for definitions) and the
other coefficients are in suitable Morrey spaces L”*. Several authors have
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studied linear elliptic equations of second order with coefficients in VM O N L™
both in the variational and nonvariational case. These studies began with
the papers [3] and [4] by F. Chiarenza, M. Frasca and P. Longo, where the
authors proved the well-posedness of the Dirichlet Problem for the equation
> o1 Gijity, = f inthe class W2P(Q)N Wol”7 (). These results were further
extended to equations containing lower order terms (see [13] and [14]) as well as
to the case of oblique derivative boundary conditions (see [7]) and quasilinear
equations (see [8]). The study of linear elliptic equations of second order in
divergence form with coefficients in V M O began with the paper [6] of Di Fazio
who proved L? estimates for the solution to the Dirichlet problem for equation
(1.1) with ¢ = 0, d = 0, and fy = 0. Further M.A. Ragusa has continued in
[10] and [11] the study of the equations of type (1.1) (still under the assumptions
c=0,d =0, fy =0) obtaining L”* regularity results.

The general aim of the present paper is to extend the L?** regularity results
of [10] and [11] to the case when lower order terms are present. More precisely,
under the following assumptions

a;; € VMO N L¥(Q), d; € L"(Q), c € LM"(Q), fy € LP**(Q), f € LPX(Q),

1 1 1
i=12,...,n,2<p<nn—p<nu<n—=—+4+— A =
P« P n

= A&, 0 <A <n,
p
we shall prove that the gradient Vu of the solution u to the Dirichlet problem
for equation (1.1), for each value of ¢ in the range ]0, n — p[, belongs to the
space LP*(Q), A, = min{A, n — &, u — ¢}, and the relative inequality holds
(see Sections 3 and 4).

Acknowledgments. The author wishes to thank Giuseppe Di Fazio for his help
and encouragement during the preparation of this work.

2. Some definitions and known results.

For reader’s convenience we recall some definitions. A functional space we
shall use throught this paper is the John-Nirenberg space B M O of the functions
of bounded mean oscillation and its subspace V M O introduced in [9] and [12]
respectively. We say that a locally integrable function f on R” is in the space
BMO if

1
(2.1) Il £l :=su

BPE/BIf(X)—fBIdx < +o0,
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where B ranges in the class of the balls in R” and f3 is the integral average
£ f(x)dx = ‘lﬁfB f(x)dx.For fe BMO and r > 0, we set

1

2.2) n(r) = sup — f 00— fslda.
o<r Bl Jp

where B ranges in the class of the balls with radius p less than or equal to r.
We will say that a function f € BM O is in the space VM O if lim, o n(r) =0
and we will call n(r) the V. M O modulus of the function f.

If © is a bounded open set of R” andif 1 < p < +00,and 0 < A < n, LP*(Q)
denotes the space of the functions u € L?(£2) such that

1

1 »
”u”LM(Q):< sup — Iu(y)I"dy) < +09,

(x,r)e ¥ Q(x,r)

where Q(x,r) ={yeQ : |x —y| <r}, Qs = 2x]0, §], and § = diam Q.

Lemma 2.1. ([1]) Let 1 < g < p < o0 and 0 < A, A < n. If
g(n —A) < p(n — Ay), then LP*(Q) is continuously imbedded in L9 ().

Lemma 2.2. (12]) If u € WhP(Q), 1 < p < +oo, and u,, € LPM(Q),

i =1,2,....,n,0 < A < n— p, then u € LP**P(Q) and moreover there
exists a constant k, independent of u, such that

(23) ||M||LPJ\+P(Q) S k(”VM”LrM(Q) + ”MHLP(Q))

Let us give a result that will be useful later on. It could be proved by a
technique similar to that one used in [5], Lemma 4.1, in the case p = 2.

Lemma 2.3. Let ue W'P(Q) and g€ LP(Q), with2 < p <n,n—p <n <
n. Ifu, e LP"(Q),i=1,2,...,n, for samev € [0, n — p[, then

gu € LPmrtp(Q),
Moreover there exists a constant k, that does not depend on u and g, such that

18ull revcsssicy < KGN nngey IV Ly + 12l )
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Let Q be a bounded open set of R, n > 2, of generic point x =
(x1, X2, ..., X,), with smooth boundary, say C"!. Let us consider the following
Dirichlet problem

2.4) _i)jZZI(aijux,»)x, - i;(diu)x,» +cu=fo— i;(fi)xi in 2,

ueWyP(Q) (1 <p<oo),

where we assume (1),

Da; eVMONLXQ), ij=12 . n
it) ajj = aj;, and3v > Osuchthatv'|E> < 371 a;;&& < v|EP,
VEeR?, ae.xeQ,i,j=1,2,...,n;
CSNiiiyd = dy. dy. . ... dy) € [LP(Q)]" ¢ € LPHR),
F=Cfis foreeer F)ELLPHR, fye LP4(Q), 2 < p <n,

n—p<n,u<n,0<k<n,i:%—l—%,k*zk%.

Solution of Problem (2.4) will be a function u € W, ”(€2) such that

(2.6) / ( Z a;jlty, Px; + Zdiu @y, +cu (p)dx =
§ i=1

ij=1

:/Q<f0(p—|—2fig0xi)dx, Vo e CR Q).
i=1

Our technique is the same introduced in [3] and [4] for non divergence form
equations. We estabilish interior and boundary L”** estimates for the gradient
of u in “small” balls, using a suitable representation formula. The representation
formula expresses locally the gradient of u# by means of singular integral
operators and commutators of the kind already considered in [3] and [4].

In the sequel we shall set, for the sake of brevity

Lu = — Z(aijuxi)xj-

ij=1

Lemma 2.4. ([6]) Let i) and ii) in (2.5) hold true and let v be a solution of the
equation
Lv = divF + Fy,

(") If ¢ is a function which maps €2 in R”, we often shall set, for the sake of brevity,
@ € LP1(Q2), instead of ¢ € [LPT(Q)]".
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whose support is contained in a ball B, CC Q. Let us assume that F =
(F\, F», ..., F,) and Fy are supported in B,, F € [LP*(B,)]", 2 < p < n,

0 < A <n, and Fy e LP~*(B,), pL = % + 1; Ay = k%. Then

Q27 v(x)= Z P-V-/ i (x, x — ) {lanjx) — anj()] vy, () —

h,j=1 B,

— F;(»)}dy - / Ti(x, x — ) Fo(y)dy + Y cn(X)Fa(x), Vx € By,

B, h=1
where
a 2
i = I, Hydo,, Ti(x, ) = —TI(x, 1), Tji(x, 1) = I'(x, 1),
cin(x) /t_l i(x, DHydoy, T'i(x, 1) ” (x,1), Tij(x, 1) YT (x,1)
and
2-n
1 n 2
'x,t) = A;i (0t ae xe,t#0,
(n—2)wn(detaij(x))%(i’12_:l ’ ’)

with A;; cofactor of a;j in the matrix (a;;) and w, surface area of the unit ball.

It is a well known fact that I';; are Calderon—-Zygmund kernel in the ¢
variable for a.a. x € Q.

We conclude this section recalling two known existence and regularity
results for Problem (2.4), inthe case d =0, c =0, and fy = 0.

Theorem 2.1. ([6], Theorem 2.1) Let i) and ii) in (2.5) hold true. If f; €
LP(Q),i=1,2,...,n,and 1 < p < +00, then the Dirichlet problem (2.4),
withd = 0, c = 0, and fy = 0, has a unique solution u and moreover there
exists a constant k, that does not depend on u and f, such that

2.8) 1Vell gy < KILF o

Theorem 2.2. ([11], Theorem 4.3) Let i) and ii) in (2.5) hold true. If f; €
LPMR), i=1,2,...,n,2 < p < 400, and 0 < A < n, then the gradient of
the solution u of Dirichlet problem (2.4), withd = 0, c =0, and fy =0 ?),
belongs to LP"*(Q2). Moreover there exists a constant k that does not depend on
u and f such that

2.9) ||Vu||Lrw\(Q) = k”f”LP"“(Q)'

(2) The existence and uniqueness of the solution u of Dirichlet problem (2.4) are
assured by Theorem 2.1.
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3. L7 regularity: the case d = f = 0.

In this section and in the next one we shall show regularity results for (2.4).
We shall study the effect of lower order terms looking at them one by one. The
first term we study is the one concerned with the potential c(x). The study is
splitted into two parts. In the first one we prove a regularity result assuming
some extra technical hypotheses. Namely we assume that the term cu belongs
to a convenient Morrey space. These assumption will be removed later. Once
we get the result for the potential c(x), we shall sketch the proof of the case
when the other lower order terms are present. Let us start with the following
lemma.

Lemma 3.1. Let i) and ii) in (2.5) hold true and let u € W"?(B,), 2 < p < n,
be a solution in the ball B, CC Q2 of the equation

Lu + cu = fy,

where fy € LP+*(By), pi = %—i— % Ay = A’;—*, 0 < A < n. Let us suppose

that u € LP*(B,), Vu € LP>*(B,), and cu € LP~P(B,), with o, = a%,

By = % and 0 < o, B < n. Then there exists o € 10, o[ such that, for every
ball B, concentric to B, with p < o, we have

a) Vu e LWS(B%) ;

b) ”VM”LP'(S(Bg) S k(”M”LPﬂ(Bp) + ”VM”L”*'“*(B/)) + ||CM||L”*'ﬂ*(Bp)+

”fO” LP*,X*(BP))a

where § = min{«, B, A}.
Proof. We localize the solution. Fixed a ball B, concentric to B, with p < o,
let 6 € C§°(B)) a standard cut-off function identically 1 in Bz, 0 < 6 < 1 and
V| < %C .
The function v = Ou is supported in B, and it is a solution of the equation

Lv = div F + Fy,

where F = (F, F,, ..., F,), F; = =Y "1 (a;j0u), Fy = —sz:l(aijexjuxi)
+6(fo — cu). Moreover we have F € [L"%(B,)]", Fy € LP~*(B,), with
S = 8%. Therefore the functions Ou, Fy and F fulfill the hypotheses of
Lemma 2.4, and we have

Ou)s ()= Y P-V-/ Ly (x, x = y){lanj(x) —anj(MIOu)y, (y) — F;(y)}dy—

h,j=1 By
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—/ Li(x, x — y)Fo(y)dy + Zcih(x)Fh(x)v X € B,,.
B, h=1

By virtue of the previous representation formula and by a similar argument of
that one used in [10], Theorem 4.2, based on the uniqueness of the fixed point
of a contraction, it is possible to prove the existence of a o € ]0, o[ such that,
for every ball B, concentric to B, with p < &, one has

1

1 P
(E L |(0u)xi |p dx) = k(”F”LrM(Bp) + ||F0||Lﬂ*v5*(Bp))v

from which a) and b) follow easily. ([

The next lemma removes the extra assumption on the potential term
c(x)u(x). Namely we have

Lemma 3.2. Let i) and ii) in (2.5) hold true and let u € W'P(B,), 2 < p < n,
be a solution in the ball B, CC Q2 of the equation

Lu + cu = fy,

where ¢ € LPM(B,), fo € LP*(By), n — p < u < n, pl = % + L

Ay = )»%, 0 < A < n. Let us suppose that u € L"*(B,), Vu € LP**(B,), with

0 <a <n,and a, = a2, Let ¢ > 0 such that ¢ < n — p. Then there exists
o1 €10, o[ such that, for every ball B, concentric to B, with p < o, we have:

. A
j) Vue LA (B,);
.]]) ”VM”Lp,X(E)(Bﬂ) =< k(”M”Lr),a(BJ) + ”VMHLP*,H*(BJ) + ||VM||LP(BJ)+
”fO”L”*"\*(BJ)) ’

where M) = min{a, A, u — &}.

Proof. Since ¢ € L?*(B,) and Vu € L?(B,), thanks to Lemma 2.3 (with
n:,uandv:O),if/l:/L—n—i-p,/l*:/l%,itresults

3.1 cu € LPM(B,),
and, for every ball B, concentric to B, withr < o, we have

(3.2) lewll pagg, < Kllel Lo, 1Vl g, + 10l s )
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From (3.1) and (3.2), thanks to the imbedding L”*(B,) C LP~"(B,), it
follows that cu € LP+"+(B,) and, for every ball B, concentric to B, withr < o,
we have

(33) ”Cu”LrI*,ﬁ*(Br) = k”C”LPvIL(By)(”vu”LI"(BV) + HMHL”(BV))'

Let us consider now the following cases.

D If o > A®, one has § = min{e, A, it} > A). On the other hand Lemma
3.1 (with 8 = 1) ensures that, there exists o € ]0, o[ such that, for every ball
B, concentric to B, with p < o, it results

(3.4) Vu e L"(By),
and the following estimate holds

(G5 WWVullppsg,, < kullppeg ) + 1VullLra s, + lleull o g ) +
2

+ || fO || L”*')‘*(Bp))'

j) and jj) are consequence of the inequality § > A®) and of (3.4), (3.5), and
(3.3) (with r = p). In this case it is possible to assume o = %

DIff<i® and i >n— p,onehas § = min{fa, A, @} =g >n—p >
n — p —&. By Lemma 3.1 (with 8 = j1) we have Vu € L”%(B;) and estimate
(3.5) holds. Then, thanks to the inequality § > n — p — ¢ we ilave, for every
ball B, concentric to B, with p <o, Vu e L”’""’_S(Bg) and

(3.6) 1920 gy = RN sy + 1V e, +

+ ||CM||LP*'/1*(B/,) + ”fOHL”*"\*(B/J)) =

< k(lull g,y + 18N i, + 1Vl L8+ 1ol e s, )-

By Lemma 2.3 (with Q = B%, n = u,and v = n — p — ¢) one has
cu e L”*“_S(B%) and

G el g,y < kel s, UVl o regyy + 10l s, -
2 2 2 2

Thanks to the imbedding Lp*“_s(B%) C L”*’(“_g)*(B%), (n—8)=u-— 8)%,
and from (3.6) (with p = &) and (3.7), we have cu € LP*’(“_S)*(B%) and

(3.8) et i onga, ) < KAl g,y + 1V e, +
2
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+ ”VMHLP(BG) + ”fO”LP*"“*(B(,))'

Lemma 3.1 (with 8 = u — ¢) ensures that there exists a; € |0, %[ such that, for
every ball B, concentric to B, with p < &y, it results Vu € LP’”E)(Bg) and the

following inequalities hold

(3.9) [Vael|

Lp,i(f) =< k(”u”Lr),a(Bp) + ”Vu”Lp*,u*(Bp)"i_

(Bp) —
2

+||Cu||Lr’*v(/‘*f)*(Bp) + ||f0||Lr»*,x*(Bp)) =<
= Kl g,y + VI i,y Ml nonagy + 1ol e )
2

From (3.9) and (3.8) it follows that
”Vu”Lp,i(f)(Bﬁ) = k(”u”L”'“(BG) + ”VMHL”*""*(BG) + ”VMHLP(BG) + ”fO”L”*')“*(B,,))
2

and then jj) with o7 = %

HIf < A® and L <n-—p, one has 6 = min{w, A, u} = 1. By Lemma
3.1 (with 8 = u) we have Vu € L”’“(B%) and

IVl s, < kUl gy + 18N gy + 1V o+ 1ol e
2

Thanks again to Lemma 2.3 (with Q = B% ,n = i, and v = ) one has
cu € L”*zﬁ(B%) C L”**(zﬁ)*(B%) Qi) = 22 %) and the relative inequalities

hold. If 2 > A® we may proceed as in 1). Otherwise iterating this procedure:
if i is the greatest positive integer such that 2ji < A® and hji < n — p, then
there exists 7;,_; € 10, o[ such that Vu € LP*"*(B; ). Thanks to Lemma 2.3
(with Q = B;, ,, 7 = pu, and v = hji) we have cu € LP-"+DB; ) C
LD (B (((h + Dia), = (h + Di2) and the relative inequalities
hold.

Now there are two possibilities

D) (h+ Din > 2
i) (h + Dip < A©®.

If i) is true, then we may proceed exactly as in 1); if ii) is true, it results
(h + 1) = n — p, and then we may proceed as in 2). [l

We can give now a first regularity result.
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Theorem 3.1. Let i) and ii) in (2.5) hold true and let u € W"P(B,), 2 < p <
n, be a solution in the ball B, CC 2 of the equation

Lu + cu = fy,

where ¢ € LP"(By), fo € LP**(B,),n —p < <n, — = % % A
0 <X <n. Let e > 0 suchthat ¢ < n — p. Then there exists c* € ]0, o[ such
that, for every ball B, concentric to B, with p < o*, we have

. (&)

i) Vue L”*)’A* (B,);
.. (e
ii) ueLP*"(B,),

where \\? = A(S)%, A® = min{A, u — }. Moreover the following inequalities
hold
.]) ”VMHL”*'XS)(B,,) = k(”u”L”*(BG) + HVMHLP(BG) + ”fO”LP*"*(B(,))"
.].]) ”u”Lp,x(f)(Bp) =< k(”u”LP*(BG) + HVMHLP(BG) + ”fO”L”*"”*(B(,))’

where L+ = 1 —
p p

S |—=

Proof. We know that u € L?(B,) C LPP(B,) and Vu € LP(B,) C
LP=P+(Bgy). If p > A® we have finished.

Let us consider the case p < A®. Thanks to Lemma 3.2, there exists
01(1) € 10, o[ such that, for every ball B, concentric to B, with p < 01(1), we
have

(3.10) Vu e L?P(B,)
and
GAD IVl gy < KN sy + IVE gy + 1V g, +

+ ”fO”L”*')‘*(BJ)) =< k(”M”L”*(BJ) + ”VM”L”(BJ) + ||f0||L”*’}“*(B(,))'

From (3.10) and (3.11), since LP*(B,) C L”*’ZP*(BP), for every ball B,
concentric to B, with p < 01(1), it follows that

(3.12) Vu e LP+*P<(B,)

and

GA3)  1Vul ey < Kl ey + 1V gy + 1o e )
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Let us consider the following cases.

1)If2p > A® and p > n — p, then i) and j) are immediate consequence
of (3.12) and (3.13). Moreover, from the estimate p > n — p — &, we get
Vu € LP""P~#(B,); thus, thanks to Lemma 2.2 and (3.11) we have

(3.14) ueLP"(B,)
and
(3.15) el ey < KAV pepes gy + Nl 1o ) <

= k(||vu||vap(Bp) + HMHL”(B,])) =
< k(ull gy + 1VUll gy + S0l e )-
From (3.14) and (3.15), since n — & > A®) we have ii) and jj).

2)If2p > A, p < n—p,asinl),i)and j) are immediate consequence of

(3.12) and (3.13), with o* = ol Moreover, from Lemma 2.2 and (3.10), since
1

p < n — p, it follows that, for every ball B, concentric to B, with p < 01(1)

’

(3.16) ueLP?P(B,)
and
(3.17) el ooy < KAVl Ly + Nl o )-

Thanks to (3.11), (3.16) and (3.17), and because 2p > A, we have ii) and
(€8]

Jj), witho™* = o,
3) If 2p < A®, one has p < n — p. Now from (3.10), taking into
account Lemma 2.2 and (3.11), one has, for every ball B, concentric to B,

with p < o\", u € LP??(B,) and
(318) ||u||L”'2”(B/,) = k(”u”L”*(BJ) + ”VMHL”(B(,) + ||f0||L”*’)“*(B(,)) .

We know that u € Ll’*zl’(BUm) and Vu € LP**ZP*(BJU)), then, Lemma 3.2 ensures
1 1

the existence of 02(1) < 01(1) such that, for every ball B, concentric to B, with

p < 02(1), one has

(3.19) Vu e LP*P(B,)
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and, thanks to (3.13) and (3.18), it follows

(3.20) ||V”||va2p(3p) = k(||u||L”'2”(B ™) +
%

VUl ey ) + 1V gy + 1ol 5,0) <
%

< k(llull gy F IVUll Lo ig, ) F 1ol Loer8,))-
(Bs) (Bs)

From (3.19) and (3.20), because L7*P(B,) C LP+3P«(B,), for every ball B,
concentric to B, with p < o\, it follows Vu € LP+3+(B,) and

”Vu”Lp*ﬁp*(Bp) = k(”u”L”*(BG) + HVMHLV(BG) + ”fO”L”*"*(B(,))'

If 3p > A® and 2p > n — p we may proceed as in 1).
If 3p > A® and 2p < n — p we may proceed as in 2).
If 3p < A®, we may iterate this technique, and let & be the greatest positive
integer such that hp < A®. As before, it is possible to find a,(ll_)l €10,0[

such that, for every p < 021_)1, we have u € Ll””p(B,,) and Vu € LP*”’I’*(BP).
Moreover the following inequalities hold

(321) ”VMl'L”*'h”*(Bp) = k(”M”L”*(BG) + ”VM”L”(BJ) + ”fO”LP*')“*(B(,))
and
(22)  Null gy < Kl gy + 18l oy + 1ol L)

Thanks to Lemma 3.2 there exists 0}51) € 0, 0,51_)1[ such that, for every ball B,

(1

concentric to B, with p < o, ’, one has

(3.23) Vu e LP"(B,)
and, thanks also to (3.21) and (3.22), we have

(324) ”Vu”]‘p,hp(Bp) =< k(”u”]‘p,hp(]g ) +

h—1

T IVl v )y T IVU g,y + W oll e ,) =

h—1

= k(”u”Lp*(BJ) + ||Vu||LP(BJ) + ”fO”Lp*,A*(BJ))-
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From (3.23) and (3.24), since LP"P(B,) C LP="*+Dr«(B,), it follows, for every
ball B, concentric to B, with p < 0,51), Vu € LP+"+Dr«(B,) and

”Vu”Lp*,(hH)p*(Bp) = k(”u”Lri*(BG) + ”vu”L”(BG) + ”fO”L”*'A*(B,,))'

Finally we have to consider the cases

a) (h+1p =19, hp>n— p;
b)y (h+1)p>A19 hp <n—p.
If a) is true we may proceed as in 1).
If instead b) is true, then we may proceed as in 2). ([

Now we are able to prove the main regularity result concerning the poten-
tial term c(x).

Theorem 3.2. Let i) and ii) in (2.5) hold true and let u € W"P(B,), 2 < p <
n, be a solution in the ball B, CC 2 of the equation

Lu + cu = fy,

where c € LP(By), fo € LP*(By), n—p <p <n, =141 3, =2,
0 < A <n. Let ¢ > 0 such that ¢ < n — p. Then there exist 6 € 10, o[ such

that, for every ball B, concentric to B, with p < & we have

. (&)
i) Vue L' (B,);
ii) ”VM”L”'X(E)(B,,) =< k(”M”L”*(BG) + ||VM||LP(BJ) + ”fO”L”*')"*(BJ))’

1_1
p n’
Proof. Thanks to Theorem 3.1 there exists o* € ]0, o[ such that, for every ball

“(B,),

where A®) = min{A, u — €}, pl =

B, concentric to B, with p < o*, we have Vu € LP**(B,), u € L
A = A(S)%, and the following inequalities hold

(25 Va0, <kl 19l gy + 1ol )
and
(3.26) ”u”L”"\(E)(B/,) =< k(”u”]‘p*(Ba) + ”VI't”LT’(Ba) + ”fO”L”*Y’\*(Ba))'

Now we may use Lemma 3.2 (with o = o*, o = A®)), then it is possible to find
o, €10, o*[ such that, for every ball B, concentric to B, with p < o, one has

(3.27) Vue LP*(B,)
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and
(3.28) ||Vu||Lp,x<s)(Bp) < k(||u||Lp,;h<s)(BG*) + ”vu”L”*"“f)(B,,*) +
+ ”vu”L”(BG*) + ”fO”Lf’*';“*(BG*))'
i) and ii) are consequence of (3.25)—(3.28): we can choose 6 = o7". O

As an immediate consequence of Theorem 3.2 we have the following
corollary:

Corollary 3.1. Let i) and ii) in (2.5) hold true and let u e W"P(Q), 2 < p <
n, be a solution in Q2 of the equation

Lu + cu = fp,

where ¢ € LPM(Q), foe LP~™(Q), n — p < pu < n, pl = %—i— % Ay = k%,

0 <A < n. Let ¢ > 0 such thate < n — p. Then, if)u(g) = min{\, u — &}, it
)
results Vu € Lp’k( () and, for every ball B CC 2, we have

loc
1Vl 0y < KUl gy + V8 gy + 1ol )

where L =
p

S =

1
p

Remark 3.1. All the above results can be proved in the case when the ball
B, intersect the boundary 92 of 2. Further, via a standard flattening of the
boundary and partition of unity, we obtain global L”* regolarity results.

4. LP* regularity: the case ¢ = f) = 0.

Let us consider now Problem (2.4) with ¢ = fy = 0. We prove the
following result.

Theorem 4.1. Let (2.5) holds true (with ¢ = fy = 0) and let u € Wol’p(Q),
2 < p < n, be a solution of Problem (2.4). Let ¢ > 0 such that ¢ < n — p.
Then we have

a) Vu € LP*(Q);

BY IVl ooy = Kl gy + V8 oy + 11 ooy

where L, = min{A, n — &}.



LP* REGULARITY FOR DIVERGENCE FORM ELLIPTIC. .. 163

Proof. Since u € Wol’p (R2), thanks to Lemma 2.3 (with v = 0), one has
du € LP(Q), where = n — n + p, and

ldull gy < KNl ooy (V2 gy + 1] o) -

Therefore f — du € LP™"*1(Q) and then, thanks to Theorem 2.2, we have

4.1 Vu e LP™(Q)
and
(42) ” VM ” vamin(kﬁ)(Q) S k” f - dl/t || Lr)vmin(kﬁ)(g) S

= k(”f”Lp,x(Q) + ||du||LPvﬁ(Q)) =<
< k(llull o gy + 1VUll oy + 11 Lrrg))-
Let us consider the following cases.

1) If n > A, of course min{A, n} = A, then a) and b) are consequences of
(4.1) and (4.2).

2)If n < Aand n > n — p, of course min{A, n} = 7, then, thanks to (4.1)
and (4.2), we have Vu € LP(Q) and

@3)  Vull gy < Kl o) + 120 gy + 1 ose)
Sincen>n—p>n—p—e¢,VueLP"P7%(Q), and
1Vl ey < KNVl i
from which, thanks to (4.3), it follows that
@4 1Vl gy < kUl gy + 1Vl gy + 1)
Now thanks to Lemma 2.3 (with v = n — p — ¢), it results du € LP-"7¢(2) and
@5 ldull gy < kA ey IVH] ey + 1l )
therefore f —du € LP*(Q2). Theorem 2.2 ensures a) and the following estimate

”VMHLP»)»S(Q) S k”f - du”LMa(Q) S k(”f”L{M(Q) + ||du||L{hn*H(Q))a
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from which, thanks to (4.5), we have

(46) ”Vu”Lkas(Q) = k(”f”vak(Q) + ”VMHLV'"*V*E(Q) + ||u||LP(Q))’

Inequality b) is consequence of (4.6) and (4.4).

3)If 7 < 2 and 77 < n — p we have, as in 2), Vu € L”"(2), and estimate
(4.3) holds. Now Lemma 2.3 (with v = ;) ensures that du € L”?(2) and,
thanks also to (4.3)

(47) ”du”Lrilﬁ(Q) = k”d”LI”vW(Q)(”vu”LPvFI(Q) + ||u||LP(Q)) =

< Kl ey (Nl gy + 1V8l gy + 1T o)

Therefore f — du € LP™™*21(Q), then, if 27 > A, a) and b) are consequence
of Theorem 2.2 and of (4.7). If 2n < A and 21 > n — p we may proceed as in
2). If instead 2 < A and 25 < n — p, iterating this procedure, and if 4 is the
greatest integer such that 47 < A and hij < n — p one has Vu € LP"(Q) and

(48) ”VMHLM?J(Q) S k(”M”LP(Q) + ”VM”LP(Q) + ”f”LP)(Q))

Since hij < n—p, Lemma 2.3 (with v = h7j) ensures that du € LP-"+D1(Q)
and, thanks also to (4.8)

”dM”LPv(th])?I(Q) = k”d”LPVU(Q)(”VM”LPJ’”?(Q) + ||M||LP(Q)) =<

< klldll oyl Loy + IVl oy + 11 Loz gy)-

Then f —du € Lp-mint (DN Oy If (h + 1) > A we have finished; if instead
(h + 1) < A, it must result (A + 1)n > n — p, then we may proceed as in 2).
[l

Remark 4.1. The techniques used in Sections 3 and 4 allow to prove, under
assumptions (2.5), the L?* regularity for the gradient of the solution to Dirichlet
problem (2.4) with ¢ #£ 0, fy #0,d # 0, and f # 0.
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