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RETRACTION OF CHAOTIC MANIFOLDS
AND FRACTAL

M. EL-GHOUL - A. M. SOLIMAN

In this article we will describe some types of retractions of chaotic
manifold. We also will introduce a definition for the fractional dimension
of the chaotic manifold. Some theorems related to them will be obtained.
Some applications will also be mentioned in this paper.

Introduction.

Modern discussions of chaos are almost always based on the work of Ed-
ward N. Lorenz. In his book The Essence of Chaos, he expands considerable
effort in explaining deterministic chaos to the layman. He defines a determinis-
tic sequence as one in which only one thing can happen next. He then defines
randomness as being identical to the absence of determinism. Deterministic
chaos is then something that looks random, but is really deterministic.

Lorenz devised a simplified mathematical model to describe this convec-
tion. His model involved a system of equations in three variables: x, y,and z. In
the system, x was related to the speed of the convective motion, y was related
to the temperature difference between the ascending and descending currents,
and z was related to the vertical temperature profile. At any time ¢ the corre-
sponding point (x, y, z) described the phisical state of the system at that time.

Entrato in redazione il 27 Febbraio 2003.

2001 Methematics Subject Classification: 51 H 10, 57 N 10.
Key words: Chaotic manifold, Retraction, Fractal.



230 M. EL-GHOUL - A. M. SOLIMAN

(Thus the triple (x, y, z) does not refer to a point in the water). What would hap-
pen when heat was applied to the system? With the help of a computer, it was
possible to “follow” an initial state (xg, yo, Zo) over a period or time. If a small
amount of heat was applied, then in time the motion of the water approached
a steady state, meaning that the iterates of (xg, yo, zo) approached an attracting
fixed point. However, when enough heat was applied then as time progressed,
the iterates of xg, yo, 20) became erratic, jumping around wildly in space. See
Fig. (1) [15].

Figure 1.

In [1] Locally Recurrent Neural Networks are used to learn the chaotic
trajectory of the Lorenz system starting from the measurements of an observ-
able. The folding of a manifold is introduced by Robortson [16], the folding of
a manifold into another manifold and or into itself are studied by El-kholy and
M. El-Ghoul in [2], [3], [5], [12], [13], [14]. The retraction of a manifold is
introduced in [10]. More studies and applications are discussed in [4], [6], [7],
[81, [9], [10], [11].

Definitions. Let M be a non-empty (second-countable) Hausdorff topological
space such that:

(i) M is the union of open subsets U, and each U, is equipped with a
homeomorphism ¢, taking U, to open set in R", i.e.;

Ga : Ug = $a(Us) C R"
(i) If U,(\Ugp # ¢, then the overlap map
$pda "+ PaUa N Up) — d(Ua N Up)

is a smooth map, see Fig. (2), where the map ¢,¢, ! from an open set in
R" to R" is smooth if all partial derivatives of all orders of each component
of the map exist everywhere, where the map is defined.
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Dby

Fig. (2)

Each pair (U,, ®,) is called a chart on M, and the collection A = {(U,, ®,)}
of charts is called (smooth) atlas on M. The space M taken toghether with the
atlas A will be called a smooth manifold of dimension n or smooth n-manifold
or C* n-manifold.

For C*° - Riemannian manifolds M and N of dimensions m and n,
respectively, a map f : M — N is said to be an isometric folding of M
into N if for each piecewise geodesic path y : J — M, the induced path f
oy :J — N is also piecewise geodesic and has the same length as y; if f
does not preserve lengths it is just a topological folding [16].

A subset A of a topological space is called a retract of X if there exist a
continuous map r : X — A called a retraction such that r(a) = a for any a € A.

A subset A of a topological space M is a deformation retract of M if there
exist a retraction R : M — A and a homotopy f : M x I — M such that

fx,0)=x

fe.h=Rw [ M

fla,t)=a,ac A, te]0,1].

The main results.
We will discuss some types of retraction of chaotic manifolds.

1. Retraction in volume
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roi Mow.con — Po12..oon —> Aoi2..cons Where Popa. oon 18 @ point €
MO]Z...ooh(POh S M()h, Plh S Mlh’ Ceey Pooh S Mooh)a see Flg (3) In case (a),
the retraction may be r11 @ Moi2..con — Po12..con —> Mon Or 12 : Mo12. con —
Po1z..0con — P, where P is a common point. In case (b), r, every M;, must
retract to A;, C M;;,.
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Fig. 3 a)
2. Retraction of density
Consider any chaotic manifolds M2, oo, then, My, My, ..., My, are
all have the same phisical characters dy;, doy, ..., doon OF dip, Lopy - - toohs
where d, I, ..., t are not all of the same phisical character.

(a) If all chaotic manifolds are all of _the same physical character i.e. dy,, doy,,
oy doop, then, vy 2 dyy — pin — dip, P, € Myy,. See fig. (4).
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(b) If the chaotic manifolds are not all of the same physical character, then,
there are an infinite number of retractions for every character.
rydy — 31 1h
ry . 12;, — IZh
I
I
| —_ — — —_
Foo : tooh —> toon, Where dy, < dip, Iop < Dojyy .oy toon < toon. Se€
Fig. (5).
(3) Retraction in volume and density:
ri * Moia..con — Po12..0on = Mor2...oon- See Fig. (6).

Theorem 1. Any retraction of the geometric manifold My, induces retractions
of every pure chaotic manifold.

Proof. Letty : Mo, — MO;,, then, there are induced retractions in volume:
ri s My, — My,
ry My, — Moy,
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ri: My — Py,

ry : Mo — Pop,

I

I

| _

Too : Moo — Poop.
is the minimum retraction of the manifold (i.e. minimum retraction of the
geometric manifold = minimum retraction of the pure chaotic manifolds). The
chaotic retraction is homeomorphic to the geometric retraction of the chaotic
manifold but the chaotic manifold is not homeomorphic to its retraction. See
Fig. (7).

Lemma 1. The chaotic retraction of the manifold does not induce a geometric
retraction.

PT'OOf: Let Vin -« M012...ooh —> MOlZ...ooh be a pure chaotic retraction of M012mooh
onto Mo12. oon, then there is an induced sequence of retractions

r AT T AT T, v
My, — Py " My " My, —> . My,

" Ag. T g Tooh M/
My, — Py, " Moy 2" Moy —> ... ™" Moy,
Mooh_Pooh_’lMooh_ri)M > ---_rﬂ)Mooh,and

Mo, ™ Mo, ™ Moy, —> ... ™" Myy. See Fig. (8).
i.e. all r;;, on My, is the identity map.

Lemma 2. The end of the limit of foldings is equal to the end of retractions.
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Proof. Since the end of the limit of n-dimensional chaotic manifold is a 0-

chaotic manifold (i.e. a point which carries oo physical character) and by The-

orem 1 the result can be obtained. Mo12 oop ", M' > M?... lim r,(M") =
n—oQ

Mt If 7 preserves the dimension there are induced equivalent sequence

of foldings Moi2.oon 7', M' 2 M?... lim f,(M") = M""', where f; is a
n—oQ

folding.

Moz con — P ——> M — P,

Jfi .
Moiz..oon — P ——= M' — P,
Pi or, = Pi—l o ﬁ and Pl' (o] nl—ifgorin = Pi—l o nllH}o ﬁn = M(;ll_Zlooh’
lim f;,(M"') = M"2. The end of the limit of folding will be a point
n—oQ

ie. lim f,(M') = P (0-manifold), which identical to the end of the limitof
n—o0

retractions.
Now we will discuss the retraction of the density and fractal chaotic
manifolds and the effect of retraction on the fractal chaotic manifold.

Definition. The fractal dimension of the chaotic manifold:

Let My12..0on be a chaotic manifold such that My, is the geometric man-
ifold and let any point P = (x1, x2, ..., Xy1) € My,. £ VP € My, P, =
(x1, X2, ..., €x,11), there are chaotic points:

Py = (x1,x2, ..., €1X041),
Py = (1, y2, -5 €2Yn41),
I
I
I

Po=(21,22, s EnZny1), 61 << 1,81 — 0,
then, the dimension of Moy oo = n + 1/p, p is positive integer p >
I(i.e.Mgf;_/_’o’oh). Then, the dimension of My, My, ...and My, isn+1/p, p >
1. If any point on My, is in the form Py, = (e1x1, &2x2, ..., Exr1X,41) and
g; << 1, where ¢; = maxe¢y, then Mlo/hp, p > 1, and any point on My, is
Plh = (81hxlh, EnXohy o v vy 8(n+l)hx(n+l)h)a Eip << 1, where Ejp = Max &;p (1e

the dimension of the pure chaotic manifold is equal to the dimension of the
geometric manifold and is equal to 1/p).
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Fractal retraction of the chaotic manifold.

Let r; @ (X1,%0, .00y Xis ey Xpr1) — (X1, X2, ..., 81X, ... Xpy1) 1S the
retraction of the coordinate x; where £; << 1. :par There are many retraction
rigimy such that rigpy @ (), x3, ..., x) = (x{,x3,...,&x],x,,,) and this

. . . . 1 .
retraction induces a fractal dimension M;;f Pyi=1,2,..., oco.

Fractal folding of the chaotic manifold.

We will define a type of folding:
S, x2) = (x, Axp), A < L.

The fractal folding of a chaotic manifold
fo: MUY — VP

Jo(x1, xa2, 2o Xy 81xr{+1) = (X1, X2, -« oy Xp, E1|Xn1])s [E1] < 1.

fo

f01(x1, X2y ooy Xy 81x,,+1) — (xl, X2y ooy Xy 82xn+1) where Er < €1,
f()z(xl, X2y ooy Xy 82)6,,.,.1) — (xl, X2y ooy Xy 83x,,+1) where &3 < &,

I

I

I

Jon (X1, X2y oo oy Xny EnXng1) —> (X1, X2, ooy Xpy €1 Xpy1) Where €,41 <

&ns Env1 — 0. 1)
lim fo, (M., '") = M".
n—oo

There are a corresponding induced sequences of foldings
flh . MT};I_I/p — MII};I_I/p
o M7
I
I
I
Joon : MSO-I;,I/p i MSO-I;,I/[’,
Jints finzs——— 5 finn,
Jants fonzs——— 5 fann,

I
I
I
fnhl s fnhZa——— s fnhm

such that

; ntl/py
nllfgo flhn(Mlh ) - M{Ih,
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. n+1/py __
nll)n(;lo thn(Mzh ) - M;h’
I
I
I

. n+1/py __
nllfgo fmhn(Mnh ) - Mnnm-

Theorem 4. The fractal retraction of the geometric chaotic manifold induces a
fractal dimensional of the pure chaotic manifold but the inverse is not true.

Proof. Since the fractal retraction of the geometric chaotic manifold is the
retraction of the coordinate, then by theorem (1) it induces a retractions of every
pure chaotic manifold and this retractions will be also in dimension but the
inverse by lemma (1) is not true.

Applications.

ey

2

(2]
(3]
(4]
(5]

(6]

The random motion of the electron during the disturbance of the effect of
a strong field on the atom or during the distroy of the atoms the graph of
the motion of the electron represents a chaotic manifold.

The unstable periodic motion, this instability means that no two chaotic
manifolds can be built that provides the same output. however, it has been
shown that if two identical stable manifolds are driven by the same chaotic
signal.
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