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SOLVABILITY OF THE DIRICHLET PROBLEM IN W27
FOR ELLIPTIC EQUATIONS WITH DISCONTINUOUS
COEFFICIENTS IN UNBOUNDED DOMAINS

LOREDANA CASO - PAOLA CAVALIERE - MARIA TRANSIRICO

In this paper some W2 P-estimates for the solutions of the Dirichlet
problem for a class of elliptic equations with discontinuous coefficients in
unbounded domains are obtained. As a consequence, an existence and
uniqueness theorem for such a problem is proved.

1. Introduction.

The aim of this paper is to study the Dirichlet problem

(1.1) we WHr Q)N W(Q),
Lu=f, f e LV,

where 2 is an unbounded open subset of R”, p € ]1, 4+o0[, L is the uniformly
elliptic differential operator defined by the position

n 82 n a

1.2 L=-— ii(x + a;(x)— +a(x) a.e.inQ

(1.2) ”2::161,( Fr ; ()5 +at)

and the coefficients a;;, a;, a are discontinuous functions. If €2 is bounded, the
above problem has been widely investigated by several authors under various
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hypotheses on the leading coefficients. In particular, if the coefficients a;;
belong to the space C°(Q) and the @;’s and a satisfy some suitable assumptions,
then W2 ”-bounds for the solutions of the problem (1.1) and related existence
and uniqueness results have been obtained (see [16], [17], [12], [15]). On the
other hand, when the coefficients a;; are required to be discontinuous, it must
be mentioned the classical contribution by C. Miranda [19], where the author
assumed that the a;;’s belong to Wn(Q) (and considered the case p = 2);
among the other results on this subject, we quote here those proved in [20],
[11] (where the Cordes hypothesis is assumed to be true for the a;;’s, and again
p = 2), and in [13], [2], [14] (where the coefficients lie in certain classes wider
than W!"(2)). More recently, a relevant contribution has been given in [9],
[10], [25], [26] where the coefficients a;; are assumed to be in the class VM O
and p € ]1, +oo[; observe here that VM O contains both classes C°(Q2) and
whn(Q).

If the open set 2 is unbounded, the problem (1.1) has for instance been
studied in [21], [22], [4], [5], [6] under assumptions similar to those required
in [19] with p = 2. In this paper we extend this investigation to the case
p € 11, +o0[. More precisely, under suitable hypotheses on the coefficients a;;
(see condition (%,) in Section 4), we obtain the following a priori bound:

(1.3) ullw2rie) < c(l1LullLoey + lullLr,),

Ve W )N W hr(Q),

where ¢ € R, is independent of u, and €2, is a bounded open subset of €.
The existence and uniqueness of the solution of (1.1) can be deduced from this
result.

In order to prove the estimate (1.3), some preliminaries are needed (see
Section 3); in fact, using these lemmas, we will previously obtain a bound
similar to (1.3) for more regular functions u (see Lemma 4.2). Then a suitable
density result will allow to complete the proof.

2. Some notation.

In this paper we will use the following notation: E, a generic Lebesgue
measurable subset of R"; X(FE), the Lebesgue o-algebra on E; |A|, the
Lebesgue measure of A € X(E); xa, the characteristic function of A; D(A)
(respectively, ©°(A)), the class of restrictions to A of functions ¢ € C*X@®R")
(respectively ¢ € Cg(R")) with AN suppl € A; L (A), the class of functions

loc

g, defined on A, such that {g € LP(A) for all £ € D(A); B(x, r), the open ball
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of radius r centered at x and B, = B(0, r); 2, an unbounded open subset of R”
and D(x,r) = D N B(x, r) for every D € ().

We now recall the definitions of the function spaces in which the coeffi-
cients of the operator will be chosen. For p € [1, 400[, A €[0,n[ and t e R, ,
we denote by MP*(2, 1) the set of all functions g in L () such that

loc

2.1 [lgllmriq,r) = sup r_)\/pHg”Lr'(Q(x,r)) < +00,
e

endowed with the norm defined by (2.1). It is easy to show that for any
t1, t» € R afunction g belongsto M”*(2, t;) if and only if itis in MP*(2, 1),
and the norms of g in the two spaces are equivalent. This allows to restrict the
attention to the space M”*(Q) = MP?*(Q,1). Then we define M?*(Q) as
the closure of C*°(2) in MP*(Q). In particular, we put MP(Q) = MP%(Q),
and MP(Q2) = Mf’O(Q). In order to define the modulus of continuity of a
function g in M?*(Q), recall first that for a function g € MP*(Q2) the following
characterization holds:

2.2 gEMIHQ) Jim (Pe®) + 1I(1 = ¢1y)gllmrxey) =0,

where
pe(t) = sup Ixegllmrray, teRL,

Eex(Q)
supyc |E(x, D=t

and ¢, r € R,, is a function in C2°(R") such that
0<¢ =<1, &g =1, supp & C By
Thus the modulus of continuity of g € MP*(Q2) is a function
0,:10,1] — R,
such that

Pe®) + 111 = &1/0)gllmrae) = 00() VE€]0, 1], lim oo() =0.

A more detailed account of properties of the above defined function spaces can
be found in [23].
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3. Some preliminaries.

In our results certain regularity properties of open subsets of R” will often
occur; for the corresponding definitions we will refer to [1].

Lemma 3.1. Let Q be an unbounded open subset of R" with the uniform C' -

regularity property. Then for every v € W L2(Q) N L®(RQ) there exists a
sequence (D )nen of functions such that

(B.1) D, eCP(Q), D, — vin WHA(Q), sup||Pylr~) < [|v]lr=@)-
N

he

Proof. Given g € C*([0, +o00[) suchthat g(r) = 1ifr <1, g(t)=0ifr > 2,
0<g<1,weput

Sp 1xeR" — g(|x|/h), heN.
Clearly §;, belongs to C°(R") and
0<d, <1, sup sup (), < +o00,

R*  heN
lim (1 —8,(x)) = lim (8,),(x) =0, xeR".
h—+00 h—+00

Moreover, it is easy to show that
(3.2) Shv — v in WHA(Q)

for all ve WH(Q).
Denote by (¢;)ien a sequence of functions in C2°(R") such that

suppsi C 2, 0<¢ <1, d,=sup supd ({)x < 400,
Q ieN

'hfl (I =&x) = .lifl Ei)(x) =0, xeQ,
where
d:xeQ —> dist(x, )

(see [24], Corollary 4.1).
We prove now that

(3.3) Cidpv —> Spv  in WHA(Q)
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forallheN and ve WH3(Q).
In fact, we have

(3.4) Cidhv —> Spv  in LA(Q),
(3.5) «Q—D%ﬂw—»Oa&mﬂj:L””m
(3.6) (G = Do), | =[G = D Ghvdy + Gy, 81 0|

< (Bnv)x +do [(Brv)/d|,
so that, in order to deduce (3.3) from (3.4) - (3.6), it is enough to show that
(3.7) (8pv)/d € LX(R).

To this end, denote by €2;, a bounded open subset of Q with C!-boundary such
that B B B
Q, C Q, suppd, N2 C 2, U 92,

and observe that 8, v belongs to W 2(;,). An application of the Hardy
inequality (see for instance [3]) then yields that (3.7) holds.

For any ve W '2(Q)N L>(R), denote by v, the extension of v to R”
with zero values out of 2 and put

vnik = (Ji * (&; 8 Uo))‘Q ,
where (Ji)ren i a given sequence of mollifiers. It is well known that

(3.8) Uik € C2(2), Nvnikllee@ < vllre) . k€N,

(39) Vpik —— é‘i 8h v In WI’Z(Q)

for all 4, i € N. On the other hand, we obtain from (3.3) and (3.9) that for every
h € N there exist i, k;, € N such that
(3.10)  |Igi, dpv = Spvllwizgy < 1/ h, Vi, — &i, On vllwizg < 1/h.

Therefore it follows from (3.2), (3.8) and (3.10) that the functions ®; = vy,
(h € N) satisfy the statement of the lemma. U

The above lemma can be used to prove the following result, which will be
essential in the proof of Lemma 4.2.
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Lemma 3.2. Let Q be an unbounded open subset of R" with the uniform C' -

regularity property. Ifve W 2(Q)N L>®(Q), then |v|9~?v belongs to W *(Q2)
for every g €2, +o0l.

Proof. ltis easy to show that [v|?~2v € W"2(Q) for each g € [2, 4+-o0[. In order

to prove that [v|?~2v even belongs to W "2(Q), we need different arguments
corresponding to the cases ¢ < 3 and ¢ > 3. Suppose first ¢ < 3 and denote
by (¥n)ren a sequence of functions of class C°(£2) which converges to v in
WLA(Q). Let g e C°(R") and i € {1, ..., n}. Then

(3.11) | /Q 09720 gy dx — f [Vl g dx|
Q

< [ = valgadx + [ [ = 1t 1l ouds
Q Q

-2 -2
=< ||U||%oo(g) [lv— 1/fh||L2(Q) ||</’x||L2(Q) +llv— ‘//h”%z(g) ||l//h||L2(Q) ||(px||L2/(3*q)(Q)

-2
< CI(HU = Ynllrre) +1lv — ‘/Nz”%z(g)),

where c; € R, depends on ¢, v and ¢,. From (3.11) it follows that

(3.12) /Ivlq_szxidx: lim /|¢h|q—2xph¢x,,dx.
Q h—+o0 Jo

The same argument also shows that

(3.13) / [v|9" v, @dx = lim / [V 19 2 (W), pdx .
Q h— 400 Q

Using (3.12) and (3.13) we obtain that
| f (012 g dx| = (g — 1)}/ 0920, @ dx
Q Q

-2
<@ - 1)||U||%oo(g2)||Ux||L2(Q)||<P||L2(sz),

and hence |v|9~2v belongs to W 12(Q) by a characterization of the elements of

the space VOV 12(Q) (see for instance [3]).
Suppose now ¢ > 3, and consider a sequence (®j),cn of functions
satisfying (3.1). If we put

v, = |97 H( @), —v), heN,
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an easy computation yields that

2 2(qg—2 2
(3.14) on By < e2(II1E4 19 = vIl1ag)+

2(g—-3
Hivl o) f (@) — v)zvﬁdx) ,
Q

where ¢, € R, depends only on g. On the other hand, it follows from the last
condition of (3.1) that

(3.15) (P — v)*0V? < 4|v|2einv?, heN.
X L) Vx

Applying now (3.14) and (3.15), the sequence (vj,)pen can be replaced by a
suitable subsequence which goes to 0 in W!2(Q), i.e. we may assume that

(3.16) W4 2d, — [v|?%v in WH(Q).

Since [v|772d, € W L3(Q) for every h € N, there exists a sequence (¥, )men
of functions of class C2°(£2) such that

Vi — 1777 @; in WHA(Q),
and hence we can find m; € N with
(3.17) | Whim, — (I Pyl lwrze) < 1/h.
It follows from (3.16) and (3.17) that

Yim, — 09720 in WH(Q),

and so [v|?2v belongs to W 12(Q2). The lemma is proved. O

4. Key lemmas.
In the following we will suppose that n > 3. Consider the conditions:
aij :Cljl'ELOO(Q), ihj=1,...,n,

(hy) Jv>0 : Z;szlaijgigj > v|€]*> ae.in Q, VEeR",
be L*(Q), essinfob = b, > 0,
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(hy) dsel2,n] : (G, eM2"(RQ), i,j,h=1,...,n.
Remark 4.1. If (hy) holds, for the bilinear form
n
“4.1) a(v, w) = / ( Z a;juy, Wy, + bvw)dx , v, we WH(Q),
£ =1

we have
4.2) a(v, |v|7" %) > (g — 1)1)] |v|q_2v§dx —i—bof lv|%dx ,
Q Q

Yoe WH(Q) N L¥(Q), Yqe (2, +oof.

We can now prove the main result of this section; in its statement we will
consider the operator

82
8)618

n
L, =— E a;j(x)——— ae. inQ.
= Xj
i,j=1

Lemma 4.2. If Q has the uniform C"'-regularity property and conditions (h,)
and (hy) hold, then for any p € 11, 400[ there exist a constant c € Ry and a
bounded open subset Q, CC 2, with the cone property, such that

(4.3) lullwar@) < ¢ (I1Low + bullLrg) + llullLr.,) »

Ve WH@)n whQ)n 9%Q),

where ¢ and 2, depend on n, p,v, b,, 2, s, ||b||1~), ||aij||L=) and on the
continuity moduli of (a;;)., in M3"*(£2) .

Proof. Consider a functionu € W>P(Q)N % L2(Q) N D%(Q). It follows from
Theorem 5.1 of [7] and from Lemmas 4.1 and 4.2 of [5] (see also Section 2 of
[9]) that

4.4) ”u”W“’(Q) <c (||Lou + bu”LP(Q) + ||u||LF(Q)) )

where ¢ € R, depends on n, p, v, Q, s, ||b]| =), ||aij|| L~y and on the conti-
nuity moduli of (a;;),, in M3"7(Q2) .
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We will now provide a bound for ||u]|zr(q), studying separately the cases
p > 2and p < 2. Suppose first p > 2. Then by Remark 4.1 and Lemma 3.2
we obtain

4.5) (p— l)v/ lulP~*u’dx +b0/ lulPdx < a(u, |u|”"*u)
Q Q

= /(Lou + bu)lulp_zudx _f Z(aij)xj Mxi |u|p—2udx
@ Q.

i,j=1
n
—1 1
< Lou + bullreyllul|} gy + Zf (@), | 10, | |2e] P~ dlxc
Q

i j=1
On the other hand,

(4.6) / (@), | |1ty | || ”~ ' dx
Q

< 81/2/ |u|1’—2uidx+1/(281)f(al~j)ij|u|l’dx
Q Q

for each e, € R ; moreover, for every ¢, € R, there exist a constant c(e;) e R,
and a bounded open subset 2., CC €2, with the cone property, such that

4.7) /(aij)ijlul”dx < &l IMI”/ZII%W(Q)JrC(Sz)/ lu|Pdx
Q Q,

< 82/ |u|”dx+82p2/4/ |u|”_2u§dx —I—c(sz)/ lu|Pdx ,
Q Q Qsz

where c(¢;) and 2., depend on n, 2, s and on the continuity moduli of (g; ),
in M3"=5(Q2) (see [23], Corollary 3.5). Therefore it follows from (4.5), (4.6)
and (4.7) that

(4.8) ((p = Dy = n*(e1/2 + £2p*/(8e1)) / julP~2uldx+
Q

b — ne2/261)) / ulPdx
Q

< || Lott + bull oy 1l gy + nc(e2)/Q2e1) / Juldx.
Qu,
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For a suitable choice of ¢; and &,, the relation (4.8) gives
@9 b2 [ Pdx < Lo+ bullusa il +or [ idr,
Q Q

where ¢; and €2; depend on n, p, v, b,, 2, s and on the continuity moduli of
(@j)x, in M3"*(2). From (4.9) we obtain

(4.10) [ullLr@) < 2/bo(||LoM + bullLr) + ¢ ||”||LP(Q1))'
Applying now (4.4) and (4.10) we complete the proof in the first case.
Suppose now that p < 2. In this case our argument is suggested by a

trick already used in the proof of Lemma 1 in [12]. If f = |u|1’_1sign u,
it follows from the Theorem in [18] that there exists a unique function w €

W 12(Q) N L¥(R) such that

4.11) a(w, v) :/ fvdx  VYve WI(Q).
Q

Then by Remark 4.1 and Lemma 3.2 we have that

(4.12) / wl”dx < 1/bs a(w, [wl”?w) = 1/b, f flwl?” P wdx
« Q

-1 "1 -1 '—1
< 1/bo/ Jul P~ wl? " dx < 1/be [ull g llwllf s
Q

where 1/p + 1/p’ = 1, and hence
(4.13) il < 1/bo llul1} -

An application of (4.13) yields that

(4.14) flul”dxz/ Sfudx
Q Q
:/(Lou+bu)wdx —/ Z(aij)xjuxiwdx
Q Q5
i,j=1

n
< <||Lou + bullLr) + Z ”(aij)x,ux,v”LI’(Q))”w”LrJ’(Q)

ij=1
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n
—1
< b (|1Low + bullirgy + 3 1)yt e ) ]|
i, j=1
so that by (4.14)

n
415 ullrey < 1/b0(||Lou+bu||Lp<Q>+ > ||(a,~j>x,uxi||Lp<Q>).

ij=1
On the other hand, it follows from Corollary 3.5 of [23] that for every ¢ € R,
there exist a constant c(¢) € R, and a bounded open subset 2, CC €2, with the
cone property, such that
(4.16) [I(@ij)x x| Lr@) < ellullwar@) + c(@)lluxllLr,),

where c(¢) and €2; depend on n, p, 2, s and on the continuity moduli of (a;; ).,
in M*>"~%(2). A final application of (4.4), (4.15) and (4.16) completes the proof
of the lemma. U

Lemma 4.3. If Q has the uniform C"' -regularity propertyand if p € 11, +00[,
then the problem

4.17) He WP QN W P(Q), —Au+u=f fellQ)),

is uniquely solvable and the solution u satisfies the bound

(4.18) ullw2ry < cllfllLr),
where the constant ¢ € R, depends only on n, p and Q.

Proof. 1t has already been proved that the problem (4.17) is uniquely solvable
if p = 2 (see, e.g., [6], Lemma 4.4); in this case we will denote by Af the
solution. Let now f be a function in C>°(€2). Then for every g € [1, +-o0], Af
belongs to L9(€2) and

(4.19) HAf lLa@) < cill fllLa)

where c; € R, depends only on n (see Theorem in [18]).
On the other hand, a suitable application of Theorem 5.1 in [7] yields that
Af € W?P(Q) and there exists a constant ¢c; = ¢,(n, p, ) € R, such that

(4.20) HAfllwrey < e2(IlfllLrey + 1Af llLne) -

Since W>P(Q2)N W L2(Q) c % .P(Q), Af is a solution of problem (4.17) and,
by (4.19) and (4.20), it satisfies the estimate (4.18). The result follows now in
the general case from the density of C°(€2) in LP(2). [l

Using the above lemma, the following density result can be proved.
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Lemma 4.4. If Q has the uniform C'-'-regularity property andif p € 11, +oo[,

then for every u € W»P(Q)N W LP(Q) there exists a sequence of functions
(Up)nen such that

4.21) u, e WHP(Q)N vOVI’Z(Q) ND%Q), heN, u, » u in W»P(Q).

Proof. Let p € 11, 4+oo[,u € W>P(Q)N W 7(Q) and consider a sequence
(vi)nen of functions such that

(4.22) v eDQ), heN, v, >u in W»P(Q).

It follows from Lemma 4.3 that the problem

(4.23) wy, € WEP(QN WHP(Q), —Awy, + wy, = —Avy, + vy
is uniquely solvable for all 4 € N and the solution wj, satisfies the bound

(4.24) Hwnllw2r@) < ¢l — Avp + vpllLe),

with ¢ € R, dependent on n, p and Q. Observe that w, € W “3(Q) (see
the proof of Lemma 4.3). Clearly w;, belongs to C°(Q) when p > n/2; if
p < n/2, we have that w, € W>"2*¢(Q) for ¢ > 0, (see [7], Theorem 5.1)
and so w;, € C°(Q) also in this case. Moreover, we deduce from (4.22), (4.23)
and (4.24) that

wp, — u  in WHP(Q).

Denote now by (8;,),en the sequence of functions defined in the proof of Lemma
3.1, and note that

sup sup (8p)yx < +00, lm (8p)(x) =0, xeR",
R" heN h— 400

Spt — u  in W>P(Q).

Thus it follows from the properties of 8, and wj, that the functions u;, = é,wy, ,
h € N, satisfy the conditions of the statement. O
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5. Main results.

In this section we will suppose that the coefficient a of the operator L has
the form a = a’ + b, where the function b satisfies the condition (%), and we
will consider the following additional condition:

(h3) aeM(Q),i=1,....,n, aeM(Q),
where
r>n if p<n, r=p if p>n,
t>n/2 if p<n/2, t=p if p>n/2.
We can now prove the main result of the paper.

Theorem 5.1. If Q has the uniform C'-regularity property and conditions
(h1), (hy) and (h3) hold, then for any p € 11, +00[ there exist a constant c € R
and a bounded open subset Q2, CC 2, with the cone property, such that

(5.1 ullwzriey < ¢ (I1Lullzoe) + lullLr,) »

Ve Wr@)n wheQ),

where ¢ and 2, depend on n, p, v, b,, Q2,s,r,t,||b||L~q), ||aijllL~g) and on
the continuity moduli of (a;j)y,, a; and a’ in M3>"°(Q2), M’ () and MI(2),
respectively.

Proof. Let u e W>P(Q)N W P(Q). By Lemma 4.4 there exists a sequence
(up)nen of functions satisfying (4.21), and hence it follows from Lemma 4.2
that

(5.2) Nunllw2r@ < ¢ (||Lth + buy|Lr@) + ||Mh||LP(S2°)) , heN,
where ¢ and 2, are those in (4.3). Moreover,
(5.3) [Loup + bupllrrey < cillun — ullw2riq) + || Lot + bul|re(e), h €N,

where ¢; € Ry depends on n, ||b||;~(q) and [|a;;||.~(q). Anapplication of (5.2),
(5.3) and (4.21) yields now that

(5.4 lullwory < ¢ (Lot + bullLre) + llullLr,)) -

On the other hand, using the argument of the proof of Corollary 3.5 of [23],
it follows from Theorem 3.2 of [7] that for any ¢ € R, there exist a constant
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c(e) e Ry and a bounded open subset 2, CC €2, with the cone property, such
that

n
(5.5) 1D iy, + a'ull o
i=1
< e Jullw2rey + c(@) (lluxllLry + Nullr@y))

where c(¢) and 2, depend on n, p, 2, r, t and on the continuity moduli of a;
and a’ in M’ (2) and M!(2), respectively. Relations (5.4) and (5.5) complete
the proof of the theorem. U

Theorem 5.2. If Q has the uniform C'-'-regularity property, conditions (hy),
(hy) and (h3) hold, and a > 0 a.e. in 2, then the problem

(5.6) we W2P(Q)N WIP(Q), Lu=f, feLl(Q),

is uniquely solvable for every p € ]1, +00].
Proof. Let f be a function in C°(€2). Then there exists a unique u €

W22(Q)N W 12(Q) such that L,u + bu = f (see for instance [6], Lemma
4.4). On the other hand, it follows from Theorem 5.1 of [7] and Lemmas 4.1

and 4.2 of [5] that u belongs to W??(Q). Therefore u € W>P(Q)N W -7(Q),
and it is a solution of the equation L,u+bu = f,sothat C*°(2) € R(L,+Db).
Since, by Theorem 5.1, R(L,+b) is a closed subspace of L?(£2), we obtain that
R(L, + b) = L?(R2). Thus Corollary in [8] gives that the problem

(5.7) we WHP(Q)N WP(Q), Lo+ bu = f, feLl(Q)),

is uniquely solvable. Moreover, the operator

ue WP(Q) — Y auy, +a'ue LP(Q)

i=1

is compact by (5.5), and hence (5.6) is a zero index problem. Since for such
problem a uniqueness result holds (see Corollary of [8]), the statement follows
from well known results. ([
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