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TOPOLOGICAL INDICES FOR THE ANTIREGULAR GRAPHS

E. MUNARINI

We determine some classical distance-based and degree-based topo-
logical indices of the connected antiregular graphs (maximally irregular
graphs). More precisely, we obtain explicitly the k-Wiener index, the
hyper-Wiener index, the degree distance, the Gutman index, the first, sec-
ond and third Zagreb index, the reduced first and second Zagreb index,
the forgotten Zagreb index, the hyper-Zagreb index, the refined Zagreb
index, the Bell index, the min-deg index, the max-deg index, the symmet-
ric division index, the harmonic index, the inverse sum indeg index, the
M-polynomial and the Zagreb polynomial.

1. Introduction

In chemical graph theory, there are several distance-based or degree-based topo-
logical indices used to describe the structure of a connected graph G = (V,E).
The most common distance-based indices are the k-Wiener indices

1
Wk(G) = Z d(u>v)k =5 Z d(”)‘))k (k € Z)
{u,v}CV(G) 2 u,veV(G)

where the first sum is over all pairs of distinct vertices of G, while the second
sum is over all ordered pairs of vertices of G. For k = 1, we have the original
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Wiener index, W(G) = W, (G), introduced by Wiener in 1947 in order to deter-
mine the boiling point of paraffins [47, 48]. For k = —1, we have the Harary
index [29, 39, 50, 52], H(G) = W_1(G). Another index of this kind is the
hyper-Wiener index [30, 40], defined by

WIW(G) = %(wl(c) L W(G)).

Two classical generalizations of the Wiener index are the degree distance
[7, 22], defined by

D)= ¥ (dw)+d0)dw) = ¥ (d)+d0))dwy),

{uv}CV(G) uveV(G)

and the Gutman index [22], defined by

Gut(G) = Z d(u)d(v)d(u,v) = % Z d(u)d(v)d(u,v).

{uy}CV(G) u,veV(G)

Two of the oldest degree-based topological indices are the first and second
Zagreb index [26, 27], defined by

Mi(G)= ). (dW)+dw)= Y dv’
{v,w}€E(G) veV(G)
MG = Y dwdiw).
{vWw}€E(G)

In addition to these classical indices, we have a huge host of other degree-based
descriptors [17, 23, 46]. For instance, we have the third Zagreb index (or Al-
bertson index, or irregularity) [2, 11, 12]

My(G)= ) d(v)—d(w)|
{v,w}€E(G)
= Y (max(d(v),d(w)) —min(d(v),d(w))),
{v,w}€E(G)
the reduced first Zagreb index [8]

RM,(G) = X(‘,)(d(V)—l)z—Ml(G)+\V(G)\—4\E(G)\7
veV (G

the reduced second Zagreb index' [16]

RMz(G)= ), (d(u)—1)(d(v)—1)

{u,v}€E(G)

ISee [18, 52] for some recent results on these indices.
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and the difference of Zagreb indices AM(G) = M>(G) — M, (G), related by the
identity
RM,(G) = AM(G) + [E(G)|,

the forgotten Zagreb index (or F-index) [15, 17]

F(G)= ), (dwP+dw)?)= ), d@),

{vWw}€E(G) veV(G)
the hyper-Zagreb index [44]

HM(G)= ) (d(v)+d(w))’*=F(G)+2M:(G),
{v,w}€E(G)

the refined Zagreb index

(G = Y dw)dw)de)+dw).
{v,w}€E(G)
the Bell index [3, 17]
E@G)Y E@G)
B(G) = d(v)—2 — M,(G)—4
@ Z()< =25y ) =MO -+

and the associated variance of the vertex degrees 3]

2
ar(G) = ——— \)2—71 v) | = B(G)
Var(6) = e, &, A |v<G>|2< L A ’) V(G)

veV(G) veV (G

the min-deg index and the max-deg index

Muin(G)= ), min(d(v),d(w))
{v,w}€E(G)

Mpax (G) = Z max(d(v),d(w)),
{vWw}€E(G)

the symmetric division index [20, 21]

SSD(G) = ), <maX(d(V)a

{vww}€E(G) (W)) min(d(v)a W)
dv) dw)\ _ dv)?+d(w)?
= ) <d(W) + d(v)) N oo d0)dw)
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Other two similar descriptors are the harmonic index [9, 13, 23, 53-55]

2

o= a0 +d(w)

{v,w}€E(G)
and the inverse sum index (or inverse sum indeg index) [38, 43, 46]

R e e M == )

(vwieE@G) aw T aw)  {vwleE(G)
A natural generalization of these indices is the M-polynomial [6]

M(G;X,y) _ Z xd(v)yd(w) _ Z xmin(d(v),d(w))ymax(d(v)7d(w)) (1)
{rnw}eE(G) {v,w}€E(G)
d(v)<d(w)
or the symmetric Zagreb polynomial
Z(Gix,y) =M(Gix, )+ M(Giyx) = Y, (x@0y?0) 4 xd00yd0)y ()
{vw}€E(G)
For x = y = ¢, we have the (first) Zagreb polynomial [5, 10, 25]
1
2(Giq) =5 Z(Gig.9) = Y, q". 3)
{v,w}€E(G)

The previous distance-based descriptors can be retrieved from these polynomi-
als. For instance, we have [6]

M(G)=Z(G;1) (4)
d
Muin(G) = | =—M (G x, )
@)= | 5omt ”)L_y_l
0
Mmax G =|=—M G’ ’ 6
@)= M| ©
32
u(0) = [ soMe| )
M;(G) = [aM(G'x )—iM(G'x )} (8)
3 8)} ’ 7y ax ’ 7y x:y:1
d
(CR FACT I ©)

where @, = t%. Moreover, if G is connected and is not a single isolated vertex,
then we have

SSD(G) :/01 [®xZ(G;x>y)]x—l dy (10)
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1Z(G;
h(G):Z/O (qq)dq (11)
1 10,60,M(G;x, o
I(G):/O (00 qx y)]X—y—q dg. (12)

Finally, the degree polynomial of G is defined by

D(Gq)= ), 4"
veV(G)

In this paper, we will determine all these indices for the connected antireg-
ular graphs [1, 31-33, 35] (also called maximally nonregular graphs [56], or
quasiperfect graphs [4, 37, 42]). Since in any graph of order at least two there
are at least two vertices with the same degree, an antiregular graph is a graph
with at most two vertices with the same degree. For any n € N, n > 2, there ex-
ists only one connected antiregular graph A, on n vertices and there exists only
one non-connected antiregular graph on n vertices (given by the complementary
graph A,). The antiregular graph A, can be described in several ways. Here, we
consider A, as the graph with vertex set [n] = {1,2,...,n}, where two vertices
i,j € [n] are adjacent whenever i + j > n+ 1. See Figure 1 for some examples.
Notice that A, contains exactly two vertices of the same degree (for n > 2).

4 4 45 5 6 23
2 3
2 2 33 53 6 4 7
3 T4 5 O¥—2 T¥-2 g¥a>
I 1 1 1 I 1
Ay As Ag Aq Ag

Figure 1: The first connected antiregular graphs A,,.

2
o1 I]

Al Ay Az

The antiregular graphs can also be defined recursively [35]. Recall that the
sum of two graphs G and G, is the graph G| + G, obtained by the disjoint union
of the two graphs, and that the complete sum of G| and G is the graph G HG,
obtained by G| + G, joining every vertex of G| to every vertex of G,. Then, the
connected antiregular graphs are defined by the recurrence

Anpr = Ki B (K1 +Ay) (13)

with the initial conditions Ag = Ky and A; = K, where K, denotes the complete
graph on n vertices. Notice that, for simplicity, we start from the empty graph
Ay, even if it is not connected. See Figure 2 for a schematic representation of
this recurrence.
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u
An+2 =

A

Figure 2: Recurrent structure of the connected antiregular graphs, where u = 1
and v =n+2. In particular d, () = 1 and dy42(v) =n+1.

The number of edges of A, is given by

n|rn n? n*— —1)"
a=3[3]= M - =L (9

These numbers form sequence A002620 in [45], and have generating series

2

()= tu" =

L= ) (15

The degree of a vertex i in A,, is

4o(i) = {i ifi< |

i—1 ifi>[5]+1
while the distance between two vertices i and j in A, is

0 ifi=j
do(i, ) =41 ifi#j,i+j>n+1
2 ifitj,i+j<n.

Remark 1.1. Consider A, and its decomposition described in Figure 2. Then,
we have d,12(w) =d,(w)+ 1 and d,,12(wi,w2) = dy(wy,wy) for all vertices w,
w1 and wy belonging to the subgraph isomorphic with A,. These simple remark
will be used several times in the rest of the paper.

Remark 1.2. To obtain some of the mentioned descriptors, we will use some el-
ementary techniques from the theory of formal series (see [19, 41] for a classical
introduction). In particular, we will often use the identity

y ("‘Z“)z" _ (l—tt)H (nseN).

n>0
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2. Wiener indices

The k-Wiener indices can be determined directly in a very simple way, as shown
in the next theorem.

Theorem 2.1. The k-Wiener indices of the antiregular graphs A,, are

Wi(A,) = 2¢ (;) k-1 LgJ {g] . (16)

In particular, the Wiener, the hyper-Wiener and the Harary indices are

o === 33

Ha=3(s) 2ol

Proof. Let i and j be two distinct vertices of A,,. Since d,(i, j) = 1 when i and
J are adjacent and d, (i, j) = 2 when i and j are not adjacent, we have at once

Wi(Ay) = £y +2¢ <<’;> —f,,) =2k (’;) — k- 1),

which simplifies in (16). O

The first values of the Winer index W(A,,) are: 0, 0, 1, 4, 8, 14, 21, 30, 40,
52, 65, 80, 96, 114, 133 (sequence A006578 in [45]). The first values of the
hyper-Winer index WW(A,,) are: 0, 0, 1, 5, 10, 18, 27, 39, 52, 68, 85, 105,
126, 150, 175 (sequence A035608 in [45]). The first values of the Harary index
H(A,) are: 0, 0,0, 1/2, 1, 2, 3, 9/2, 6, 8, 10, 25/2, 15, 18, 21, 49/2, 28, 32, 36,
81/2, 45, 50, 55, 121/2, 66, 72, 78, 169/2.

Notice that the recurrent structure of the antiregular graphs (described in
Figure 2) implies a simple recurrence for the Wiener indices. This approach
will be used very often, in the sequel.

Theorem 2.2. The k-Wiener indices wS,k) =W (A,) satisfy the linear recurrence

w =l + (2 Dn+1 (17)

with the initial values w(()k) = wgk) =0.
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Proof. Consider A, and the decomposition in Figure 2. Then, we have

Wslk) = dn+2(bt, V)k + Z dn+2(u7 W)k
wevV(A,)
+ Z dn+2(V7 W)k+ Z dn+2(W1’W2) :
weV(A,) wi,w2 €V (A,)

Now, by Remark 1.1, we have

51422*1+2kn+n+ Z dn(Wth):l-i-an—l—n—i-wfzk).
W],WzGV(An)

This is recurrence (17). ]
In the sequel, we will need the following result.

Theorem 2.3. The generating series for the k-Wiener indices of the antiregular
graphs A, is

12 4 2kg3
=) WiA)t"'= —F——. (18)
,§> ! (1=1)*(1+1)
In particular, the generating series for the Wiener indices is
221
=) WA)"= —F———. (19)
Ez) " (1—1)3(1+1)

Proof. By formula (16) and series (15), we have

2k2 2k_1 2
L VAo _2kz< )t - -nun = (1—tr)3_(1<—r)3(1)t+;)

n>0 n>0

which simplifies in series (18). Equivalently, this series can be obtained by the
recurrence and the initial values stated in Theorem 2.2. O

3. Degree distance

In this case, we start by obtaining a recurrence for the degree distances.

Theorem 3.1. The degree distances d,, = D(A,) satisfy the recurrence
dpsr = dy+n> +Tn+2+60,+ 2w, (20)

with the initial values dy = di = 0.
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Proof. Consider A,, and the decomposition in Figure 2. By Remark 1.1, we
have

dpy2 = (dni2(u) +dpi2(v)) duia(u,v)
+ Z n+2 u +dn+2(w))dn+2(”7w)

weV(Ay)
+ Z dn2(v) +dps2(W)) dpi2 (v, W)
weV(An)

+ Z (dn+2 (Wl) + dn+2 (WZ)) dn+2 (Wl s WZ)
{wi,w2}CV(A,)

=n+2+2 Y (2+dw)+ Y (n+2+d,(w))
weV(A,) weV (A,)

+ Z (24du(w1) +du(w2)) dp(wi,w2)
{wi, w2 }CV(A,)

=n+2+4n+4l,+ (n+2)n+ 20,4 2w, +d,
=+ Tn+2+60,+2w,+d,.

This is recurrence (20). O

Now, by using the previous result, we can obtain the generating series for
the degree distances.

Theorem 3.2. The generating series for the degree distances d,, is
2t2 14 3¢ +412
=Y d." = 34Ar) (21)
—1)*(1+1)2

n>0

Proof. By recurrence (20), with the relative initial values, we obtain at once the

equation
d(t
YO _ gy 1 Y (2 +Tn 20" +60(1) + 20(0)
t n>0
or
262(1+2t —21%)

d(t) =12d(t) + e +6120() +2t2w(r)
from which we have
262(1 42t —2t%) 612 212
d(t) = 1)+ ——= w(t).
(®) (1—=22)(1—1)3 R )+ 1—12 W)
By series (15) and (19), we obtain series (21). O

Finally, by their generating series, we can derive an explicit expression for
the degree distances.
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Theorem 3.3. The degree distance of the antiregular graph A,, is

16n® — 187> — 10n+9 ,2n—3

D(An): 4 +(_1) 3

(22)

Proof. Series (21) admits the following decomposition in partial fractions:

4 19 1 13 1 51 1 1 51

=0 20— 2 0= 81—: a(+r? 81+r

Hence, extracting the coefficient of ", we have the identity

n+3 19 (n+2 13 (n+1 5 21 (n+1 nd
d”_4< 3 >_2< 2 >+2< 1 >_8+(_1)4< 1 ) (=1) 8
O

which simplifies in (22).

4. Gutman index

Also in this case, we start by determining a recurrence for the Gutman indices.
Then, from this recurrence, we obtain their generating series, and, finally, by
expanding this series, we obtain an explicit formula for these indices.

Theorem 4.1. The Gutman indices g, = Gut(A,) satisfy the recurrence
Gnin =8gn+dy+wo+2(n+3)0, +n*+4n+1 (23)
with the initial values go = g1 = 0.

Proof. Consider A,,1». By the decomposition described in Figure 2 and by Re-
mark 1.1, we have

8n+2 = dn+2( )dn+2( )dn+2(u V)
+ Z dp2(U)dpy2 (W) dyio(u,w)

weV(Ay)
+ Z dn+2 n+2( )dn+2(vvw)
weV(A,)
+ Y dea(W)dpia(w2) dusa(wi, w2)
{wiwa}cv(a )
=n+142 Y (dw)+1D)+@n+1) Y (d(w)+1)
WEV( ) WGV(AII)

+ Z (dp(w1) + 1) (dn(w2) + 1) dy (w1, w2)
{wiw2}CV(A,)

=n+1+4+2(20,+n)+ (n+1)(2¢,+n)
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+ Y (daw)dn(wa) + du(wr) + du(w2) + 1) du (w1, w2)
{W] ,wz}QV(A,,)
=n? +an+14+2(n+3)l, + gn +dy+wy.

This is recurrence (23). O

Theorem 4.2. The generating series for the Gutman indices is
. (144t + 132 + 603 + 4

g(t) = Z gnt = 5 3

= (1—=1)>(1+71)

Proof. By recurrence (23), with the relative initial values, we immediately have
the equation

8(1)

=1 =80 +d0)+w()+2 Y (n+3)0ut" + Y (0> +4n+1)1"

n>0 n>0

(24)

g(t) =17g(t) +12d(t) +2w(t) + 262 Y (n+3)lut" +1* Y (n* +4n+1)1"

n>0 n>0
from which we have
2 2 2 2 2
t t 2t t© 143t—2t
Y= ——=4d(t —_— t t (¢ 34(t
80) = = O+ T W+ (PO + 15—

Using series (21), (19) and (15) and simplifying, we obtain series (24). Ul

Theorem 4.3. The Gutman index of the antiregular graph A, is

4 3 2 2
Gut(4,) = 14n™ —16n 96871 +4n+3 +(_1)n4n 34;1 1 .
Proof. Series (24) admits the following decomposition in partial fractions:
7 1 39 1 73 1 49 1 7 1
S = A T A= TS (= 16(I—nf 3211
1 1 11 7 1
TR0 2040 TR

Hence, extracting the coefficient of ¢, we have the identity
7 (n+4 39 (n+3 73 (n+2 49 (n+1 7
& =5 - +5 -7z + 35
2\ 4 4 3 8 2 16\ 1 32
1/n+2 1/n+1 7
_ n_ _(_ n_ _ n_"
+( 1)4< 2 > ( 1)2< 1 >+( D 32
which simplifies in (25). Ul

(25)

The first values of the Gutman index g, are: 0, 1, 6, 27, 66, 154, 284, 514,
820, 1295, 1890, 2741, 3766, 5152, 6776, 8884, 11304, 14349.
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5. Zagreb indices
The first Zagreb index can be obtained directly in the following simple way.
Theorem 5.1. The first Zagreb index of the antiregular graph A,, is
nn—1)2n—1 n|2
w4y ="V 0 (26)

Proof. The degree sequence of A, is (1,2,...,[5],[5],...,n— 1), where |}]

is the only element repeated twice. Therefore, we have

n—1 5 ni12
Mi(A) =Y K+ EJ
k=1
which simplifies in (26). ]

Remark 5.2. Also the indices m, = M, (A,) satisfy a recurrence. Indeed, by
using the decomposition of A, (see Figure 2) and Remark 1.1, we have

M2 = dn 2 () + dpy2(v)? + Z di2(w)?
weV(Ay)
=1+n+12+ Y (du(w)+1)?
weV(A,)
=n*+2n+2+ Y (da(w)?+2d,(w)+1)
wevV(A,)

=n*+2n+24m,+40,+n
that is
Myio :mn+4€n—|—n2—|—3n+2.

Now, let m(t) = Y, m,t" be the generating series for the indices m,. Then, by
the above recurrence with the initial values my = m; = 0, we have at once the
equation

’”t(;) —m(r)+40(1) + Y (% + 3n+ 2"
n>0
that is 5
m(t) = t*m(t) +4620(t) + (i _tt)3
or
41% 212

m) =2 O+ oy

Finally, by series (15), we obtain the generating series

m(t) = Z mut" =

n>0

2 3 4
(21(t +17 +21%) 27
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For the second Zagreb index, we proceed by first obtaining a recurrence,
then their generating series and, finally, an explicit formula.

Theorem 5.3. The second Zagreb indices M,, = M»(A,,) satisfy the recurrence
Mn+2 :Mn+mn+(2n+3)€n+(n+1)2 (28)
with the initial values My = M; = 0.

Proof. Consider A, > and its decomposition in Figure 2. By Remark 1.1, we
have

Mo = dpo(u)dpo(v)+ ), dpra(v)dasa(w)
weV(A,)

+ Y, dua(wi)duga(wo)
{wiw }€E(A,)
=n+1+@n+1) Y (d(w)+1)
weV(Ay)
+ Z (dn(W1)+1)(dn(W2)+1)
{Wl,WZ}GE(An)
=n+14+(n+1)(20,+n)
+ Z (dn(w )dn(WQ) +dn(W1) +d,(wa2)+1)
{Wl,WZ}GE(An)
=mn+1)2+n+1)+M,+m,+ 4,

= 2n+3),+(n+ 1>+ M, +m,.
This is recurrence (28). O

Theorem 5.4. The generating series for the second Zagreb indices of the con-
nected antiregular graphs is

t2(1 42t + 982 + 413 + 4r*)
M(it)=)Y M;" = . 29

Proof. By recurrence (28) and the relative initial values, we obtain the equation

Mtg) = M(t)+m(t)+ Y (2n+3)0"+ Y (n+1)%"

n>0 n>0

that is
t2(141)
(1-1)?

M(t) = *M(t) +>m(t) + 1> (2t (t) + 30(r)) +
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from which we have

t? 1? t2(1+1)
—_— 2t —_—
2 m(t) + T (2t (1) +30(1)) + A=) (1)

Replacing series (27) and (15), we obtain series (29). ]

M) =

Theorem 5.5. The second Zagreb index of the antiregular graph A, is
10n* — 1613 +8n% +4n—3 ey (2n—1)?

My (A,) = 1 30
Proof. Series (29) admits the following decomposition in partial fractions:
M(t)—5 1 29 1 +59 1 47 1 L 9 1
C2(1—1)5 4 (1-0)* 8 (1—¢t) 16 (1—1)2 321—¢
n 1 1 1 1 . 9 1
4 (1+1)3 2(1+1)? 3214+
Then, we have the identity
5/n+4 29 (n+3 59 (n+2 47 (n+1 9
M"_2<4>_4<3)+8<2) 16( 1 >+32
1/n+2 1 /n+1 9
_1 n_ _ _1 n_ _1 n_-_
+( )4<2> ( )2< 1 >+( )32
which simplifies in (30). ]

For the third Zagreb index, we proceed, as before, by obtaining a recurrence,
the generating series and, finally, an explicit formula.

Theorem 5.6. The third Zagreb indices L, = M3(A,) satisfy the recurrence
L+ = My — 20, +n +n (31
with the initial values [y = 1, = 0.

Proof. Consider A, -, and its decomposition in Figure 2. Then, by Remark 1.1,
we have

Hpy2 = ‘dn+2( ) n+2 |+ Z n+2 n+2( )’
weV(Ay)

+ Z |dn+2(W1) _dn+2(w2)|

{Wl ,Wz}EE(A,,)

=n+ Z (n—dn(w))+ Z ’dn(wl)_dn(wz)’

weV(A,) {wi,w2}€E(A,)
= n+n2—2€n+.un-

This is recurrence (31). ]
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Theorem 5.7. The generating series for the third Zagreb indices of the con-
nected antiregular graphs is

213
uir) =3 "=

= (1—0)*(1+1)%" 32)

Proof. By recurrence (31) and the relative initial values, we obtain the equation

“t(;) = () -21(0)+ iy

that is

from which we have

213 212
Hlt =7 —z2)t(1 TR 1—tz2 o).

Replacing series (15), we obtain series (32). [l

Theorem 5.8. The third Zagreb index of the antiregular graph A,, is

2n3 —5n n
M3(A,) = ———(—1)" <.
Proof. Series (32) admits the following decomposition in partial fractions:
1 1 1 3 1 11 1 1 1 1

O =50 " aom P s = 81— 8O+ 814¢

Then, we have the identity

) ()R ) o

which simplifies in (33). O

oo | =—

Now, using the previous results, we can deduce very easily the reduced Za-
greb indices, the Bell index (and the variance of the vertex degrees), the forgot-
ten Zagreb index and the hyper-Zagreb index.

Theorem 5.9. The reduced Zagreb indices of the antiregular graph A,, are

3 30m2+22n+1 2n—5
RM, (4,) = 8n 30n2:— n+15 1) n8 (34)
10n* — 480 +56n2 + 12n — 27 ,(3—2n)?
RM;(A,) = % +(=1) (32) (35)
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Proof. For the reduced Zagreb indices we have RM;(A,) = M| (A,) +n— 4/,
and RM3(A,) = M (A,) —M;(A,) +¢,. By formulas (30), (26), (14) and identity
5] = W, we can deduce straightforwardly the stated formulas. O

Theorem 5.10. The Bell index of the antiregular graph A,, is

B(An)zn(n_1)6(2n_1)+gf<l—iBT) (n>1). 36)

Proof. Immediate consequence of the definition of the Bell index and of identity
(26). O]

Theorem 5.11. The forgotten Zagreb index of the antiregular graph A, is
2 2
n-(n—1 ni|3
(n—1)7 L J '

F(A,) = = 7
Proof. Since the degree sequence of A, is (1,2,..., 50 150,-..,n— 1), we
have |
n— ni3
Flda) = Y K +[5)
(An) k; +3
which simplifies in (37). ]

Theorem 5.12. The hyper-Zagreb index of the antiregular graph A,, is

22n* —40n> +20n* +4n—3 | n 3 (2n—1)?
= = —1) . (38
48 %J +(=1) 16 (38)

Proof. Since HM(A,) = F(A,) +2M»(A,), by identities (37) and (30), we have

maa,) =0 )

HM(A,)

4 2
10n* — 160> +8n* +-4n—3 2n—1)?
" (a2
48 16
By simplifying, we obtain identity (38). O

The first values of these indices are listed in the following table.

n 012 3 4 5 6 1 8 9 10 11 12
Mi(A4,) [0 0 2 6 18 34 64 100 156 220 310 410 542
My(Ay) |0 O 1 4 19 44 106 192 354 560 895 1300 1901
M3(A,) |0 0 0 2 4 10 16 28 40 60 80 110 140
RMi(A,) [0 1 0 1 6 15 34 59 100 149 220 301 410
RMy(4,) [0 0 0 0 5 16 51 104 214 360 610 920 1395
BA,) |0 0 0 3 2 % 10 122 28 380 g 0 110
F(Ay) |0 0 2 10 44 108 252 468 848 1360 2150 3150 4572
HM(A,) |0 0 4 18 82 196 464 852 1556 2480 3940 5750 8374
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6. Zagreb polynomials

For the Zagreb polynomials we obtain a recurrence and then their generating
series. First, however, we need the following result.

Lemma 6.1. The generating series of the degree polynomials D,(q) = D(An;q)
of the connected antiregular graphs is

—(1—q)t* —¢*r
=L =5 (T 59

Proof. Since the degree sequence of A, is (1,2,..., 51 15)n— 1), we
have

n—1 1—g"
Dilq) = Y ¢ +q" = —L — 1442
k=1 —9q

Consequently, we have the generating series

1 1 | T
D(qg;t) = — —
(¢:1) 1—q<1—t l—qt) = T

which simplifies in series (39). O

Theorem 6.2. The M-polynomials My(x,y) = M(Ay;x,y) of the connected an-
tiregular graphs satisfy the recurrence

M,42(x,) = xpM, (x,y) + 39" Dy (x) + xy" ™! (40)

with the initial values My(x,y) = M, (x,y) = 0.
In particular, the Zagreb polynomials Z,(q) = Z(A,;q) satisfy the recur-
rence

Z112(q) = 4°Za(q) + 4" *Da(q) + 4" (41)
with the initial values Zy(q) = Z1(q) =0

Proof. Consider A, 1> and its decomposition in Figure 2. By Remark 1.1, we
have

Mn+2(X,y) _ xmin(d,,+2(u),dn+2(v))ymax(dn+2(u),dn+2(v))
LY i)z 09) (e 2(0) 2 (0)
weV(A,)
4 Z Kmin(dpa(wi), dn+2(W2))ymax(dn+2(Wz):dn+2(W1))
{wiw2}€E(An)

n+l+ Z x w)+1 n+1
weV(Ay)
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+ xmin(d,, (w1),dn (wz))—i-lymax(d,, (w2),dyn(w1))+1
{wi1,w2}EE(An)
= xy" 0Dy (x) + xyM, (x,y)

This is recurrence (40). Recurrence (41) can be obtain with a similar argument,
or by setting x = y = g and using formula (3). O

Theorem 6.3. The generating series for the M-polynomials is

xyt? (14 (1 —x)yt —y*1?)

M(x,y;t) M, (x,y)t 42)
ngb ~ () (=) (1 —x?)(1-077)
In particular, the generating series for the Zagreb polynomials is
F2(1 — P — 212
=Y Z(q r(1+(g—g)t—qt) 43)

=0 1+qt)(1—qf)z(l—qzt)(l—q%z)'

Proof. By recurrence (40) and its initial values, we have the equation

M(x,y;t X
Mxy;t) 2y ) = xyM (x,y;t) +xD(x;yt) + Y
t 1 —yt
from which we have
2 2
t xyt
M(x,y;t) = ——— D(x;yt .
(5,331) 1 —xyt? (xy)+(l—yt)(l—xyt2)

By replacing series (39), we obtain series (42). Series (43) can be obtained from
recurrence (40), or by setting x = y = ¢ and using formula (3). 0

Remark 6.4. In a similar way, we can prove that the symmetric Zagreb poly-
nomials Z,(x,y) = Z(A,;x,y) satisfy the recurrence

Znio(x,) = x9Zy (x,9) + 3" Dy (x) + T yD, () +xy(F +y")  (44)

with the initial values Zy(x,y) = Z;(x,y) = 0, and that their generating series
Z(X,y;l) = ZnEOZn('xvy)tn is

xyt>N(x,y;t)
(1= xt) (1= yr) (1 —xyt) (1 = xy?) (1 = o2yt2) (1 — xy?1?)

where N(x,y;t) = 2 — 2xyt — (x +)** +xy(xy(x +) + (x = y)* +x +y)r’
x2y? (32 42 — 2x = 2y)t* — 2x3y3.

Z(x,y;t) =

(45)

All the distance-based indices can be obtained, or reobtained, by using series
(42). For instance, we have the following results.
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Theorem 6.5. The min-deg and the max-deg indices of the antiregular graph

A, are
Mmm(An):E(2n3—2n2+n+1+(—1)"(3n—1)) (46)
1
Muax (An) = 4o (n— 1)(10n% +4n -3+ (—1)"3). (47)
Proof. By formulas (5) and (6) and by series (42), we have
2 +21%
Mipin(Ap) 1" = —————
,g) min\41n (1—2‘)4(1—|—Z‘)2
31 71+211 11+31 11
41— 41—} 16(1—1)2 41—t 16(1+1)2 4141
24213 421
Mpax(Ap) 1" = ———F——
L Mo A0 =

5 1 11 1 27 1 11 1 1 11

A0 40-17 T16(1=17 81—r 16141 B8i4t’

Expanding this series we obtain formulas (46) and (47). O
Theorem 6.6. The refined Zagreb index of the antiregular graph A,, is

2887 —710n* +620n° + 500> — 248n + 45
- 1920
48
76n° — 114n* +56n—9 @9
384 '

Proof. Using formula (9) and series (42), it is straightforward to obtain the gen-
erating series

r(An)

+ (1)

0= Y ra)" 202 (144t +29¢2 + 3263 + 53¢ + 171> + 8¢°)
r(t) = r(Ay = .
n>0 (I=1)%(1+1)*

Then, by decomposing this series in partial fraction, we have

(1) = 18 _@ 1 +@ 1 _@ 1 +49 1
TN T 8 (1—0)5 T 8 (1—0)* 16 (1—1)° 4 (1—1)?
8§ 1 19 1 95 1 155 1 85 1

T181— T16(140f 32(1+1)7 T 64 (1412 128141

Hence, we have the identity

18 n+5 _5& n+4 +@ n+3 _@ n+2
= 5 g8 \ 4 g \ 3 16\ 2
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49 (n+1 85 219 (n+3 295 (n+2
+4< i >_128+(_1)16< 3 )‘(‘” 32< 2 )
155 (n+1 . 85
+(=1) 64< 1 >_(_1) 128
which simplifies in (48). ]

Theorem 6.7. The symmetric division index of the antiregular graph A,, is
6n° —8n+3+(—1)"
8
2n—1+ ) (=D = (=1)"
+ Z L 1=E0

SSD(4,) =
(49)

>1).
4n (n21)
Proof. Using formula (10) and series (45), it is straightforward to obtain the
generating series

3t2 38—t 41 t 1 t+12 1
Y SSD(A,) 1" hi LRI I — gy
A4 =0)3(14) A4 1=t 41— 1+t

n>0

The coefficients of the series
34312413 31 13 1 19 1 1 1 1+t
4(1—Z)3(1—|—t)25(1—1)3_Z(I—I)2+§l—t_gl—i—t_ 2
are (forn > 2)
3<n+2>_13<n+1)+19_(—1)”_6n2—8n+5—(—1)”
2 2 4 1 8 8 8

The coefficients of the series 1% In ﬁ

The coefficients of the series

are (forn > 1)

nkl

1)"i‘1(_1k) _ +%

(t’t) In th are (for n > 2)

no(_1 k n—1 -1 k
];( k) (n—k)+];1( k) (n—k—1)
-y (_kl)k (2n—2k—1) + (—’11)"
k=1
no(_1\k n _1\n
:(2n—1)2( kl) —22(—1)"+( nl)
k=1 k=1
n 71k 1—(=1)" —1)*

Summing all these coefficients, we obtain identity (49). ]
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The first values of these indices are listed in the following table.

n 1 2 3 4 5 6 7 8 9 10 11 12
Mmin(s) |0 1 2 7 12 24 36 58 80 115 150 201
Mmax(4n) |0 1 4 11 22 40 64 98 140 195 260 341
A |0 2 12 88 260 790 1690 3650 6546 11796 18946 30518
29 47 467 647 4519 5779 34639 42199 463937
sspD@,) |0 2 5 =2 I8

3 3 20 20 105 105 504 504 4620

7. Harmonic index

To determine the harmonic index of an antiregular graph we will use the Zagreb
polynomials obtained in the previous section. First of all, we have

Theorem 7.1. The harmonic index of the antiregular graph A, is

et k|1
h(A"H)_szb'MHH;;i 5 Jn+k+1 (50)
Proof. For n > 2, the antiregular graph A, has no isolated vertices. So, for any
two adjacent vertices i and j, we have i+ j > n+ 1 and consequently d,(i) +
dn(j) > i+j—2>n—12>1. Since Zy(q) = Zi(g) = 0, there exist polynomials
zu(q) such that Z,(q) = ¢"zu(q) for every n € N. If z(g;¢) is the generating
series for these polynomials, then, by identity (43), the generating series for the
polynomials z,+1(g) is

gst) _ Zlgt/q) _ t(1+1—qr(1+1)

t ot A+ -0)2(1—gt)(1—gqt?)"

This series admits the following decomposition in partial fractions:
Aqir) ot 1 2 1

t 11—t l—qtZJF (1+)(1—1)2 1—qt
Since [45, A004526]

we have

) n—k|
znt1(q) = Zq+2{ 5 Jq

k=0

=~

(=]

and

AT
Zinl) =" (g = ¥ Y| e
k=0 k=0

So, by formula (11), we obtain at once identity (50). O
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As we will prove in the next theorem, the harmonic indices can be expressed
in terms of the harmonic numbers [19, 36]

" Ek 2 n’

Theorem 7.2. The harmonic index of the antiregular graph A, is

5
—~H,—(2n+ 1)7{2(%}

(5D

2n+1
> gty
Proof. For the first sum appearing in identity (50), we have
= it —————=H —Hy.
kgén—i—k—l—l n—l—ljL +n—|—L”51j+l nlrg T
For the second sum appearing in identity (50), we have
X”: n—k 1 _z”: k 1
=L 2 Jntk+1l S12] 2n—k+1
[n/2] k Ln—1)/2]
= 0t
];)271—216-}—1 = 2n—2k
:VfJnJr%—%(zn—zkH) 11080 — (n— k)
= 2n—2k+1 2 = n—k
IRV 1/|n
=(n+5) X 55 ([5]+1)
<”+2>k262n—2k+1 2<{2J+
[(n—1)/2]
n 1 1/|n—-1
= - = 1).
a2 L a7
For the two sums appearing in this last expression, we have
I 1 1 1
kg’o2n72k+1:2n+1+2n71+m+2n72tn/2j+1
_ ! + ! +-e !
C2n+1 0 2n—1 2[n/2]+1
_ ! +1+ ! +-- ! + !
C2n+1 2n 2n—1 2[n/2]1+2  2[n/2]+1

_;<111++M/211+1>

1
= Hon1 — Hafn2) — 3 (Hn—Hpny2)
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and

Furthermore, we have [2] + %] =n—1andn— [%51] — 1 = [2], for every

n € N. Hence, we have

"l n—k 1 1
22{ 3 Jn+k+1:(2n+1)<’Hzn+17{2W21Z(HnH[n/ﬂ))

h (o= Hig) - (BJ + V;J +2>

1
=2n+DHy+1-(2n+ 1)7‘[2[,,/2} - §(2n+ DH,

1
+§(2n+ D Hnja) +nHy —nHpn — (n—1+2)

n
2

1 1
= 2n+ )Hy— (2n+ 1)7‘[2(,,/2} — EHH+§(2n+ 1)7‘[(,1/2] —I’ZH[%] —n.

In conclusion, we have the identity

1 1
— 57‘[” + 5(21’14- I)H(n/ﬂ —n?—[[%} —n
which simplifies in identity (51). 0

The first values of the harmonic index 4, (for n > 1) are:

0.1 4 9 226 325 13589 43177 335339 8431639 261886013 6484601
77737571057 1267 4620 7 128707 90090 T 20420407 58198140 ' 1322685

8. Inverse sum index

In order to compute a first expression for the inverse sum index, we will use?
another nice property of the antiregular graphs, i.e. the fact that they are split
graphs. Recall that a split graph [14, 34] is a graph G whose vertex set V can be
partitioned into two sets X and Y such that the induced subgraph on X is an in-
dependent set and the induced subgraph on Y is a complete graph. The partition
{X,Y} is a split partition of G. An antiregular graph A, admit the canonical
split partition {X,,Y,}, where the subset X, = {1,2,...,[n/2]} is independent
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gy ;2 LA
==/} ==

N/

N/

Xg Ag Yg Xy Ag Yy

Figure 3: Canonical splitting of the antiregular graphs Ag and Ayg.

and the subset Y, = {|n/2] +1,|n/2]| +2,...,n} induces a complete graph. See
Figure 3 for two examples.

With respect to the canonical split partition of A,, we have that the degree
of an element of X, is

dy(k) =k fork=1,2,...,|n/2] (52)
and the degree of an element of Y, is
do(|n/2] +k)=|n/2] —1+k fork=1,2,...,[n/2]. (53)
Then, we have the following result.

Theorem 8.1. The inverse sum index of the antiregular graph A,, is

[n/2]

G Un/2] =1+h)([n/2] —1+k)

0= Y LA 2 hik
h<k (54)

h=1 k=[n/2]—h+1 (/2] = 1+h+k

Proof. Consider the canonical split partition {X,,Y, } of A,. Then, by the defi-
nition of the inverse sum index, we immediately have the identity

W& du([n/2) +h)du(|n/2] +K)

I1(A,) =
A & @2+ 1)+ ol [n]2] +0
. l’%“ B du(h)da((n/2] + )
h=1 k=[n/2]—h+1 dy(h) +dn([n/2] +k)
which simplifies in identity (54) by formulas (52) and (53). ]

2This approach, clearly, can be used also in the other cases.
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The first values of the inverse sum index /,, (for n > 1) are:
1 4 83 796 3653 309269 75323 804397 56838385 4262035621 1285453627

727372071057 252 7 13860 * 2145’ 16380 ° 816816 ' 46558512 ° 10581480 -

In the next theorem, we give an alternative formula for the inverse sum
index, by using a more formal approach.

Theorem 8.2. The inverse sum index of the antiregular graph A, > is

" n—k|ln+k+2
o 1151
= 2 4

S5 e (B )
n n n

S(H[HRECTH R

Proof. By formula (12), the generating series of the inverse sum index of the
antiregular graphs is

/1 [@x@yM(xvy;t)]x:y:q
0

Y I(A) 1" = y

n>0

dg

where M (x,y;t) is the generating series (42). Consider, for simplicity, the series

[@x@yM(x,y;t)]

J(g:t) = ——  and W(q;t)zt%f(q;t/q)-
q
By a straightforward calculation, we have

2t 1 230 1

Wi(g;t) =

O = T T (=g T -0 (517 (- g

R | N 4 1
(1—0)*(1+1)3 1—qt  1—1 (1—qr?)3
—3+41+5¢2 1 N 13 1
(1—=t)3(1+1) (1—qt2)2  (1—1)3(1+1) 1 —qt?

Since we have the expansions

! n+1/| , - ny .,
()] Z;i 5 Jt —’;)Mr [45,A004526]
2 3 n
(l—tt)J3r(31t+t)2 - ;) H (n—1)7" [45,A265225]
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23 4 5 2 1 2
rArar <’1 m_<”+ ))z [45,A023856]
n>

(1=1)4(1+1)3 " 21 4\ 3
—3 41452 n
= =Y (n-3+|Z )" [45,A032766]
(1—1)3(1+1) n20< M)

3 V—lJ {n—l-‘
— = " [45,A002620],
(I-1(1+1) S| 2 2

then we have

+W2J {n—Zk—lJ [n—2k—1" .
q .
P 2 2

The general term of the first three sums is

[”;’ﬂ (k+2)(k+1)+ V;q (n—k—=1)(k+1)
L (kP [n—kw _1<n—k+2> -

4 2 | 4\ 3
_ {n;kw (k+1)(n+1)+(";k)2 [n;k-‘ _i(n—l3c—|—2>
_ (n+11+2)2 {n;k} _i(n—l;+2>

while the general term of the last three sums is

4<k;2> + (n—2k—3+ V;%D (k+1)+ V_sz_lJ [”_sz_ﬂ _

=2(k+2)(k+1)+ (n—2k—3+ g] k) (k1)
(- (%)

=(k+1)(n—k+1+ {gDJr Qn;lJ —1> [gJ —(n=1)k+&*
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:n+k+1+k{gW+FJ [q

2112
So, we have
(n+k+2)?[n—k] 1(n—k+2
wi = 5 (" ()
e E (e [3ee 5] [3])

Being J(¢:t) = qt*W (g;t), we have J,12(q) = ¢"7'W,(g) and consequently

1 1
) :/0 Jns2(q) qu/O q""'W(q) dg

:i[n—k-‘ <(n+k+2)2_1(n_k+2>> 1
=l 2 4 4\ 3 ntk+2
[n/2]
+ X (ks |56+ 3] [3]) s

_Z[n—k-‘n—i-k—i-Z_lz”:(n—k—f—Z) 1
= + 45\ 3 Jntk+2
/2l 2l

35D E e () B e

Since
[n/2] k [n/2] —k4+2)— 2 [n/2] 1
oontk+2 5 n+k+2 2 = ntk+2
and

[n/2] 1 1 1

kgf) n—l—k+2:n+2+m+m:H"HH/ZHZ_H"H’
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we have
_ o |n/2] [n/2]
(e G150 X aa (BJ“),;HLf

:(n+1+ J g ) "iz n+k+2
() (3w E i)
=3+ + (3312 30 E s

- (51731510 3] 1) =

In conclusion, we have formula (55). ]

Formula (55) can be further simplified. To do that, we need the following
two lemmas.

Lemma 8.3. We have the identity

i [n;k-‘ (n+k+2) = (1+2) {J [n;—l-‘ +n(rH—lgé(lZn—l—l) _% gw

k=0
(56)

Proof. By replacing k with n — k, we have

" n—k
s

n

w (n+k+2)=Y [ﬂ (n+2+n—k)

e i) £t

For the first sum, we have the generating series

£(E)E]) -zl

n>0 \ k=0

and so
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Similarly, for the second sum, we have the generating series

(£ [So-0)r- g p 2]

n>0 \ k=0 n>0 n>0

t ¢ 12

(1—=1)2 (1—=0)2(1+1) (1—=0)*(1+1)

This is the generating series of sequence A002623, and so

kg{) [lzc-‘ (n—k) = n(n+134(12n—|—1) _% g" .

Hence, we have identity (56). 0

Lemma 8.4. We have the identity

" n—k+2> 1 2
Z < ——— =—(n+1)(n+2)(2n+3)(Hopn+1 — Hn)
= 3 1 n+k+2 3 (57)
—§(n+2)(8n2+23n+18).
Proof. First, we rewrite our sum as follows
i n—k+2 1 —i k+2 1 1L ERPH3+2
=2\ 3 Jn+k+2 &S\ 3 J2n—k+2 64 2n—k+2

Now, we express the polynomial k* +3k? -+ 2k as a linear combination of powers
of 2n —k+2. Let @ = 2n+2. Then, we have

I 43K+ 2k = (o — (a—k))* +3(a— (. —k))> +2(o — (ot —k))

= —(a—kP+3(a+1)(a—k)*—Ba*+6a+2) (o —k)+ (a+2)(a+1)a

=—(2n—k+2)>+302n+3)(2n—k+2)* —2(6n* + 18n+13)(2n —k +2)
+4(n+1)(n+2)(2n+3).

Moreover, we have

i [ SR
Son—k+2  2n+2 n+2

1 1
2n+1"

= H2n+2 - Hn—i—l = HZV!-H —Ha
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Using these identities, we have

ik3+3k2+2k_
2n—k+2

n

Z (2n—k+2)*+3(2n+3)(2n—k+2) —2(6n* + 18n +13))

k=0

u 1
+4n+1D)(n+2)2n+3)y ———
DD+ Y 5 s

1 1
=4(n+1)(n+2)(2n+3) <H2n+1 —Hn— 5 n—l—l)

n

=Y (¥ +(@2n+5)k+2(2n*+Tn+6))
k=0

=4(n+1)(n+2)2n+3)(Hant1 — Hn) —2(n+2)(2n+3)
- (n(n Dn+1) +(2n+5)("+1> +2(2n* +Tn+6)(n+ 1))

2
=4(n+1)(n+2)2n+3)(Hont1 — Hn) — 3 (8n° +39n% 4 64n +36).

[\

So, we have identity (57). O]

Finally, by identities (55), (56) and (57), we have (after some simplifica-
tions) the following closed form for the inverse sum index of the connected
antiregular graphs.

Theorem 8.5. The inverse sum index of the antiregular graph A, 1, is

Ly = (LSJ [g] —(n+2) LgJ - 1) (Hon(nj2)+2 — Hant1)

_ é (n+1)(n+2)2n+3)(Hant1 — Hn)

2515+ 5 -T2 L)
7013 +393n + 641n+ 576
+ 288 '

(58)

We conclude with the following asymptotic expansion.

Theorem 8.6. For n — 4o, we have the asymptotic expansion

11 In2
I(Ay) ~ <36 - I;) n’ =~ 0.07450651° . (59)
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Proof. We will use the following property: let & = {a, }nen and B = {b, }nen
be two real sequences such that a,,, b, > 0 and a, < b, for all n € N, and

. . b
lim a, = 4o and lim =+ =LeR.
n—-+oo n—+e q,

Then, for the numbers

by 1

Her - 3 L g,

k _Han—la

n
k=ay

we have
lim H,(la’ﬁ) =InL.

n—y—+oo

By this property, we have the limits

3
lim (Hqn/2)42 — Hay1) =In and lim (Hop+1 —Hy) =1n2.

n—s—+oo 2 n—s-oo

Hence, by formula (58), we obtain straightforwardly the asymptotic expansion
(59). O

Remark 8.7. Notice that, with a similar argument, we can obtain the asymptotic
expansion also for the harmonic index. Indeed, being

h(Ans1) = 2(7{"“@“ —Hn)

2

+(2n+1) (H2n+1 —Hopz) — E(Hn — H(’ﬂ))

we have
h(Ay) ~(2In2—1)n as n — +oo.
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