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(R,P)-ABSOLUTELY SUMMING DUAL OPERATORS
ON THE PROJECTIVE TENSOR PRODUCTS OF SPACES

DUMITRU POPA

For U € L(X®,Y, Z) we consider the operator Ut . X — LY, 2)
defined by (U#x)(y)‘ = Ux ®y), forx € X,y e Y. We prove that, if
U € L(X®5 Y, Z) has the property that U* € As?4* (X, Asd“®! (Y, Z)), then
the dual operator U* € As, 4 (Z%, Asﬁ{?‘)“l(X, Y*)), from which we deduce
that Asﬁf;"l On Asl‘ff‘q“l C Asﬁ{Z"l , in particular, we obtain a result first
proved by B. Carl, A. Defant, M. S. Ramanujan that the normed ideal of
the p-absolutely summing dual operators is stable under projective tensor
products. Also, if L(X, Y*) = Asp(X, Y™, then for any Banach space Z, if

U € Asy(X&z Y, Z), we have U* € As, (X, Asy (Y, Z)).

For X and Y Banach spaces we denote by L(X, Y) the Banach space of all
linear and continuous operators from X to Y equipped with the operator norm,
by X®, Y the projective tensor product of X and Y i.e. the completion of the
algebraic tensor product X ® Y with respect to the projective crossnorm:

w(u) = inf Y il Iyl lueX@Y,u=) x®y),

i=1 i=1
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Alsoif U e L(X, X|), Ve L(Y, Y;) wedenote by U®, V : X, Y — X8,
the projective tensor product of the operators U and V. For 1 < r < oo and
Xty ..., X, € X we write

hed =i <= (Xl
i=1

L
p

and

wrnll <7< n) = sup (Y7 1" (al) 1" € X, [lx*)] < 1),
i=1
Let us observe that using the weak*—denseness of the closed unit ball By of X
in By« we have

w,(f |1 < i <n)=sup (O IxF 0" x| < 1),
i=l

for each xj, ..., x¥ e X*.
We will use this observation in the sequel without explicit reference.
Givenl < p <r <o0,U e L(X,Y)iscalled (r, p)—absolutely summing
if there is some C > 0 such that if x|, ..., x, € X then

LUxi|1 i <n) <Cw,(x;|1 <i <n).

The (r, p)—absolutely summing norm of U is ||U | rp =inf C.

We denote by As, ,(X, Y) the Banach space of all (r, p)—absolutely sum-
ming operators from X into Y equipped with the (r, p)—absolutely summing
norm. As is well known (As, ,, || |, p) is a normed ideal of operators in the
sense of A. Pietsch, see [4] or [7]; instead of (Asp,p, Il llp,p) We write sim-
ply (As,, Il ll,). Also As;{‘,‘f”(X, Y) = {U € L(X,V)|U* € As, ,(Y*, X*)}
and for U € As;f‘;,“l(X, Y) we denote |U |y, p,auar = IU*|l;,p. Let us observe
that (Asf;“’, | l7.p.duar) is also a normed ideal of operators in the sense of A.
Pietsch, see [4] or [7].

For other notations and notions used and not defined we refer the reader to
[3] or [7].

For U € L(X®,Y, Z) and each x € X we consider the operator U*x :
Y — Z given by (U*x)(y) = U(x ® y), for y € ¥; evidently, U¥ : X —
L(Y, Z) is linear and continuous.

A natural problem is the connection between the operators U and U* for
some normed ideals of operators; see [9] and [11] for the operators on injective
tensor products. In the sequel we study this problem for the normed ideal of the

(r, p)—absolutely summing dual operators.
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Theorem 1. Let | < ¢ < p < r < oo and U € L(X®,Y,Z). If
U'x € Asdual(Y, Z) for each x € X and U* € AsPue! (X, As3“e! (Y, Z)), then

r

U*(z*) € Asdual (X, Y™), for each z* € Z* and U* € Asy 4 (Z*, As?s™ (X, Y*)).

np

In addition: ||U*||,, < HU#H,,p,dual. In particular U € As;fzal(X@)n Y, Z).

Proof We have that U* : Z* — (X®,Y)* = L(X,Y") satisfies U*(z*) =
S,» o U*, for z* € Z* where S;- : L(Y, Z) — Y* is given by S,«(V) = V*(z*),
for V € L(Y, Z); (use the relation: [U*(z")](x)(y) = (z* o U*x)(y), for each
xeX,yeY).

Since for z* € Z*, we may consider the operator S,» : Asl‘ff’q“’ Y, Z) = Y*,
given by S(V) = V*(z*), for V € Asl‘ff‘q“’(Y, Z) and, by hypothesis, U* :
X — Asfa (Y, Z) is an (r, p)—absolutely summing dual operator, from the
ideal properties of (r, p)—absolutely summing dual operators it follows that:
U*(z*) € Asf(X,Y*). Take now zf,...,zs € Z* and ¢ > 0. Then from
the definition of the (r, p)—absolutely summing norm it follows that there exist
o; C N, (1 <i <n),o; finite and (y;*j*)je,,[ C Y** such that

wy(yiilj€o) =1 and‘”U*(Z;‘k)”r,p,dual —& < L((U*@ZN" )N € o).
It is easy to prove (see [8]) that, for y** and x € X, we have
[y** o U*(z)](x) = y**(z* o U*x)

hence, Ty ,» Asgf‘q“l(Y, Z) — R (or C) defined by Ty ,+(V) = y*(V*(z*))

is a linear and continuous functional on Asl‘j‘;”l(Y, Z) and the above relation

shows that
Ty**,z* o U# — y** o U*(Z*>-

Then using the fact that the dual of U* : X — Asi“!(Y,Z) is (r, p)—
absolutely summing, we obtain

n
D WU @) lrpatuat = &)1 < Lo U @D <i < s jeo; =
i=1
L (Type,zr © UMl <i<n;jeo) =
LUDY (T )l <i<njjeo) <
MUl pwp Tyl < i <ns jeoy) =

# . L
HU ”r,p,dualwp(Tyi’;.*,zﬂ1 <1=<n;] EO’,‘).
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Butfor V e Asl‘ff‘qal(Y, Z), with |V |l p.q.auar < 1 we have:
Do NTe (DI =S Iy (VEE)IP <
JE€o; j€oi
VAP sup O Iy 91 Iy*l < 1) =
J€oi

VGNP w, (1) € 0017 < [V*EDHIP

and hence:
<ZZ|T¢* 2 NIP7F < <Z IV*E)IP)7 =
i=1 jeo;
lp(V*(Zi N1 <i<n)< “V*”p,qwq(zi [1<i<n)=
MVl p.g,duarwg (zf11 <@ < n) < wy(zf|1 <i < n),
from where:

wq(Ty,.’;*,z;“ll =< i <n; J EO'I') =

sup (ZZW a(VIDFIV € A2 (Y, Z), |V g aat < 1}

i=1 jeo;
< wy(zi|1 <i <n).
From this we obtain that:
21 .
D AU @)l ptuar = €)1 < UM pauarwg (2111 < i < n)
=1
and so:
D AT GO,y duat)” < MU tiarwg 11 < i < n)
i=1
i.e.
U™ € Asg (27, Asii (X, Y*) and Ul < 10Ul p.duar-

np

In [1] Theorem 2.1, or in the book [2] chapter III, p. 445-466, some stabil-
ity results for a large class of normed ideals of operators are proved. In particular
it is proved that the normed ideal of the p—absolutely summing dual opera-
tors is stable under projective tensor products, i.e. if U € Asd““l(X X)), Ve

d““’(Y Y1), then (U®,V)* : L(X;, Y") — L(X,Y*)is p—absolutely sum-
ming and so a natural question is: if U € Asthel(X, X)),V € Asd““’ (Y, Y)),

thenis (U®, V)* : L(X Y| — As,(X,Y*) p—absolutely summing.

We will prove in the next theorem a more general result which improves

that from [1] or [2].
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Theorem 2. Let | < g < p < r < oo. IfU € Asi“(X, X)),V €
As;{‘[‘fl(Y, Y)), then the dual of the projective tensor product (UR,V)* €
Asr,q (L(Xl» Yl*), Asr,p(X, Y*)): and “(U®n V)*”r,q = ||U”p,q,dual“V”r,p,dual‘
In particular:

As;f‘;,“l®,, As,‘f“ﬁj‘l C Asﬁfg‘” and the normed ideal of operators (As?“l | || | p,duat)

4
is tensor stable with respect to the projective tensor product ie. if U €

Asg”"l (X, X)), Ve As;f““l(Y, Y)), then the projective tensor product U®,V €
Asgual (X®n Y, Xl®nY1) and ”U®nV||p,dual =< ”U”p,dual” V”p,dual-
Proof Let§ = VU : Y& X — Y1®,X,. ForyeY,let A, : X; —
Y1®, X, be given by A,(x;) = (Vy) ® x;. Evidently Sty = A, o U and,
because U € Asgzal (X, X,), by the ideal property of the (p, g)—absolutely
summing dual operators, S*y € Asl‘ff‘q“’ (X, Y,®,.X1).

For y; € Yy, Let By, : X| — Y1®, X be the operator given by By, (x;) =
y ®x; and B : Y] — L(X, X,®,X) defined by B(y))(x) = y1 ® (Ux). We
have: B(y;) = B,, o U. Since U has (p, q)—absolutely summing dual, we ob-
tain: B(y1) € Asg“! (X, Y18, X1) and [|BYDIp,g.auar < 1By, | 1Ullp.g,duar =
Iyill 1Ulp,q.duar» for each y; € Yy and so

“B . Y] i ASzftqul(X, Y1®7rX1)”op =< ||U”p,q,dual~

Now as it is easy to see S* = B o V and, since V € As?4* (Y, Y)), the ideal
property of (r, p)—absolutely summing dual operators shows that:

S* e Al (¥, Aspi! (X, V1@ X1))

and
”S# Y — Anglqal(X, Y1®JIX1)“r,p,duaI =<

1B 1Y) — As?H (X, Y1®x XDllopll V 1, p.duat-
From the above inequalities we will obtain

I1S*: Y — As@“H (X, Y\ & XD)lIrpauat < U lp,g,auatll V llr,p,duat-

Using theorem 1 we obtain that S* : L(Yy, X}) — Asf‘;“’(Y, X*) is
(r, g)—absolutely summing and

I1S* 0 LYy, X7) = As?s (Y, X*)|lrg <

np

HS# Y — Ang‘qal(X, Yl@nxl)”.r,p,dual-
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Hence:

”S;k . L(Yls XT) - AS;{Z‘ZI(X, Y*)”r,q = ” U ”p,q,dual” |4 “r,p,dual-

Let us consider now two natural isometries: 4 L(Xy,Y]) — L(Y,, XD, h(l/Af,
where [y (x)](y1) = [¥(y1)](x;) and g : Asfual(Y, X*) — As, (X, Y%,
g(T) = T* o Jx, where Jy is the canonical embedding of X into the bidual.
Then a simple calculation shows: (U®,V)* = g o §* o h and by the ideal
property of (r, g)—absolutely summing operators we obtain that:

(U®x V)" € Asyg (L(X1, Y[), Asy, (X, ¥*)

and
IU® V)"t L(X1, ¥{) = Asy (X, YN |l <

gl I1S™ : L(Y1, XT) = As® (¥, X*)||,41l h |-
P

From these last inequalities we obtain
”(U®n V)* : L(Xl’ Y1*) - Asr.p(X, Y*))”r,q = ” U ”p,q,dual” 14 ”r,p,dual-

t

To have some examples, let j : I, — ¢ be the canonical injection,
whose dual j* : [}, — [, is l-absolutely summing and the identity map
I ¢y — ¢o whose dual i* : [, — Iy is (2,1)-absolutely summing, see [7]
for these classical results. By theorem 2, we obtain that the restriction mapping
R : L{cy, 1)) — Asy (L, 1)) is a (2,1)-absolutely summing operator. In the
same way the restriction mapping R : L(cg, l;) — As(la, Ip) is an absolutely
summing operator. This example is interesting since in [5] it is proved that the
restriction map R : K(co, ;) — Asy(lo, lp) is an absolutely summing operator
which does not factor through any L, ().

The composition operator that we consider in the next proposition has been
studies in [1], [6], [10], [12], [13] for some ideals of operators. Also in the
paper [1] Proposition 3.3, it is proved that a certain composition operator is
p—absolutely summing with respect to the operator norm, more precisely: if
A e As[‘f““l(X, Y),B € As,(Z,T), then h : L(Y,Z) — L(X,T),h(U) =
BUA is a p—absolutely summing with respect to the operator norm. Again a
natural question is: if A € As?“*/(X,Y), B € As,(Z, T), thenis h : L(Y, Z) —
Asp(X,T),h(U) = BUA, p— absolutely summing.

In our next two proposition we will prove also more general results in this
direction.
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Proposition 3. Let X, Y, Z, T be Banach spaces, 1 '15 q<p=<r<o,Ac
Asdul(X,Y), B € As,(Z,T), and h : L(Y,Z) = As;,(X,T),h(U) =
BUA. Then h is an (r,q)—absolutely summing operator and |hl,, =-
” B ”r,p ”A”p,q,dual-

Proof. Choose Uy, ...,U, € L(Y,Z) with 0 < ¢ < |[h(U)|,p- From the
definition of the (r, p)—absolutely summing norm it follows that there exists
o; C N,o; finite (1 < i < n) and (x;j)jes; C X such that |h(Upll,, — € <
L (h(U)(xij) | jeo) and wy(x;; | j€o;) < 1foreachi =1,...,n. Then

[Z(”h(Ui)”r,p — &) <L(BUA) ) |1<i<njeo) <
i=l
1Bl pw, (Ui A)(xij) |1 =i <n; jeoy),
since B € Asy,(Z,T). Forz* € Z*, ||z*| = 1,

n n

SOSTHZUUA NI 1P =Y > AU )]y 1P <

i=]1 jeo; i=1 jeo;

SN ATUFEDIPTw, (e | J €o1P-< Y IIAYUFE@DIP <
=1

i=1
[A™)|7 we (U (") |1 =i =n)]?,

where we have used that A € Asgf;“’ (X,Y). Hence

w, (U |1 <i<njeo)= sup (Y |2 WA @] 17 <

S E R

“A”p,q,dual “Sjpl wq(Ui*(Z*) |1 <i=<n).
z¥|<

But

n

. ’ - 1
sup we(UF M [1<i<m= sup QU@ D7 <
lzwli<t Iz l<Llyi<t 525

sup((Y_ 1 (Us ¥) 197 | ¥ € (LY, Z)* W] < 1} = w (Ui | 1 < i < ),

i=1
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Summarizing the above inequalities we obtain

n

[Z(”h(Ul)”r,p _ E)r]rl < “B”.r,p”A”p,q,dualwq(Ui l 1 <i = n)s

i=1

(Z(”h(Uz)”;p)'L = ”B“r,p”A”p,q,dualwq(Ui | 1 Sl = I’L)

i=1
and the proposition is proved . O

The ideal property of the (r, p)—absolutely summing dual operators shows
that % takes its values also in Asl‘fzal(X »T). For p = q =r > 1 we can prove
the following.

Proposition 4. Let X, Y, Z, T be Banach spaces, p > 1, A e AS;I““I(X, Y),
B eAsy(Z,T), and h : L(Y, Z) - As@(X, T), h(U) = BUA. Then h isa
p—absolutely summing operator and IAll, < Bl IAN . auar -

Proof. Choose Uy, ..., U, € L(Y,Z)with0 < ¢ < 12U p,duar- From the
definition of the p—absolutely summing dual norm it follows that there exist

0; C N, o; finite, (1 <i < n) and (tij)jegi C T* such that

IR U p.duar — & < L, (R(UNT*(£5) | j € 0;) and wp(t; | jeo) <1

foreachi =1,...,n.
Then

2 L Frrk px * . .
D W Willpaua = )71 < LA U B |1 <i <n: jeoy) <
i=1
IA™ I, w, ((UFB () 11 <i <n; jeoy),
since A EAsl’f““I(X, Y). ForyeY, |yl <1,

22 WBYENM 17 =33 (0 BoU)) P <

i=l jeo; i=l jeo;

S IBWON w, ()] j € o)) <
=l
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Z IBU:ODII” = 1Bl Tw,(Ui(y) | 1 <@ < n))”.

i=]

where we have used that B € As,(Z, T).
Hence

w, (U} B* )(zlp |1<i<n;jeo) = sup <ZZ| [(UF BN <

lyl<t i=1 jeo;

1Bl ”Slnlp wy(Ui(y) |1 =i < n).
y <]

But

sup wp(Ui(p) [1<i<my= sup (3 [{Ui»). 2" )7 <
Iyli<t lzrli=Liyli=t 5=

sup{(3_ 1 (U ) 1) ¥ e (L, 2)%, 9] < 1} = w,(U; |1 < i < n).

i=l

Summarizing the above inequalities we obtain:

" UWAWUD pauat — €17 < I BlpllAllpuauwarwp (U | 1 < i < ),
i=1

n . .
(Z IR CUDND guat)” < IBlpIAllp,duarwp (Ui | 1 < i < n)

and the proposition is proved. 0

Proposition 5. Let X and Y be Banach spaces and 1 < p < oo. Then the
following conditions are equivalent:
a) L(X,Y*) = As,(X,Y™).
b) For any Banach space Z, and U € As,(X®,Y,Z) we have U* ¢
As, (X, Asy (Y, Z)).

Proof. a)—b) If a) is true, we can prove a result much more generalthan b),
namely: If U € As,,,,(X@),, Y, Z), then: U* ¢ Asy (X, As, ,(Y, Z)). Indeed,
by the ideal property of (r, p)—absolutely summing operators it follows that
U*x € As, (Y, Z), for each x € X. Choose now x,...,x, € X and ¢ > 0.
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Then by the definition of the (r, p)—absolutely summing norm it follows that
there exist: o; C N, o; finite (1 <i < n) and (y; i)jes, C Y such that

wy iy | j€oy) < Land [U*(x)llrp — & < L (U x)(yip) | j € 0y)

foreachi =1,...,n.
Hence using the fact that U € As,, ,(X®, Y, Z) we obtain

QU — e < L (P i) |1 <i <n;jeoy) =

i=}
LU@x@y)ll<isnjeo) < |Ulpwy(xi®y;jl|1 <i<n;jea).

But, the hypothesis a) implies that there exists a constant C > 0 such that for
Ve (X®:Y)" = L(X,Y") = As, (X, Y*) we have: ||[¥/], < Clly].

Now . .
D@y P =33 [y 1P <
i=| jeo; i=] jeo;
D I @I Tw, (i | j €on)]” <
i=l1
DIl < wlllwyta |1 <i <)) <
=1
CPll Y 1P wy (i | 1 < i < m))?s
Hence
wy(Xi @yij |1 <i<nijeo) < Cwyxi |1 <i<n)
ie.

Q _UU* )y — €7 < Cll Ullpwp(i | 1< < n),

i:l

Q_MU* DI, < Cll Ullypwy (i |1 <i < n)
i=1
ie. U*e As, , (Y, Z)).
b) =>a)letT € L(X,Y*) = (X@,V)*and let U : X®,Y — K be
the canonical functional associated to 7', where K = R (or C). We have
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U e Asp(Xé),,Y, K) and from b) taking Z = K we have that U* : X —
As,(Y,K) = Y* is p—absolutely summing. But U¥ = T ¢ As, (X, Y™) and a)
is fulfilled. 0
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