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TIME DISCRETIZATION OF A NONLOCAL PHASE-FIELD
SYSTEM WITH INERTIAL TERM

S. KURIMA

Time discretizations of phase-field systems have been studied. For
example, a time discretization, an error estimate for a parabolic-parabolic
phase-field system have been studied by Colli-K. [Commun. Pure Appl.
Anal. 18 (2019)]. Also, a time discretization and an error estimate for
a simultaneous abstract evolution equation applying parabolic-hyperbolic
phase field systems and the linearized equations of coupled sound and
heat flow have been studied (see K. [ESAIM Math. Model. Numer.
Anal.54 (2020), Electron. J. Differential Equations 2020, Paper No. 96]).
On the other hand, although existence, continuous dependence estimates,
behavior of solutions to nonlocal phase-field systems with inertial terms
have been studied by Grasselli—Petzeltova—Schimperna [Quart. Appl.
Math. 65 (2007)], time discretizations of these systems seem to be not
studied yet. In this paper we focus on employing a time discretization
scheme for a nonlocal phase-field system with inertial term and establish-
ing an error estimate for the difference between continuous and discrete
solutions.

Received on March 9, 2021

AMS 2010 Subject Classification: 35A35, 35G30, 80A22

Keywords: time discretizations, nonlocal phase field systems, inertial terms, existence, error esti-
mates

S.K. is partially supported by JSPS Research Fellowships for Young Scientists, No. 18]121006.



48 S. KURIMA

1. Introduction

Time discretizations of phase-field systems have been studied. For example, for
the classical phase-field model proposed by Caginalp (cf. [2, 4]; one may also
see the monographs [1, 5, 16])

9;+(P[—A6:f inQX(O,T),
¢ —Ap+P(@)+7m(p)=6 inQx(0,T),
Colli-K. [3] have studied a time discretization and an error estimate, where Q
is a domain in R? (d € N), T > 0, B : R — R is a maximal monotone function,
7 : R — R is an anti-monotone function, f: Q x (0,7) — R is a given function.

Also, for a simultaneous abstract evolution equation applying the parabolic-
hyperbolic phase-field system (see e.g., [6-8, 17, 18])

9t+(Pt_A9:f inQX(()’T),

@i+ @ —Ap+B(@)+7r(p) =6 inQx(0,7),

a time discretization scheme has been employed and an error estimate has been

derived (see [11]). Moreover, for a simultaneous abstract evolution equation

applying (E2) (in the case that f = 0) and the linearized equations of coupled
sound and heat flow (see e.g, Matsubara—Yokota [13])

6,+(y—1)p,—0cAB =0 inQx(0,7),

O — PAQ —m?Q = —c?A8  inQx (0,T),

(ED)

(E2)

(E3)

a time discretization and an error estimate have been studied, where ¢ > 0,
o >0,meR, y>1 are constants (see [12]). On the other hand, Grasselli—
Petzeltova—Schimperna [9] have derived existence, a continuous dependence
estimate and behavior of solutions to the nonlocal phase-field system

9t+(Pt—A9:f anX(O,T), (E4)
Gutota()op—Jxo+B(@)+m(@)=06 inQx(0,T),
where a(x /Jx y)dy for x € Q, (Jx@)(x /Jx y)@(y)dy for

xeQ, J: Rd — R is a given function. However, time discretizations of (E4)
seem to be not studied yet.

In this paper, for the nonlocal phase-field system with inertial term

9;+(P1—A0:f inQX(O,T),
Gut@+a)op—Jxo+B(@)+n(p) =06 inQx(0,T), ®
dv6 =0 on dQ x (0,7),

6(0) = 60, ©(0) = @0, ¢,(0) =g inQ,
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we employ the following time discretization scheme: find (6,1, ¢,1) such that

e B — A1 = fui in Q,
Zn FVnrt +a()On = I Qu+ B(@ni1) + T(@ps1) = Opy1 InQ, @),
Zagy = Dy el inQ,
0y0,.1=0 on dQ
1 rkh
forn=0,..,N—1, where h={, N € Nand f; := 5 (kil)hf(s)ds for k =

1,...,N. Here Q C R (d = 1,2,3) is a bounded domain with smooth boundary
dQ, dy, denotes differentiation with respect to the outward normal of dQ, 6, :
Q—-R, @p:Q— Rand vy : Q— R are given functions. Moreover, in this paper
we assume that

(A1) J(—x) =J(x) forall x € R? and sup [ |J(x—y)|dy < .
xeQJQ

(A2) B:R — Ris a single-valued maximal monotone function such that there
exists a proper lower semicontinuous convex function [§ :R — [0,+00)
satisfying that f(0) = 0 and B = 98, where 93 is the subdifferential of
ﬁ. Moreover, 3 : R — R is local Lipschitz continuous.

(A3) m:R — Ris a Lipschitz continuous function.
(A4) feL*>(Qx(0,T)), 8 € H'(Q), ¢o,vo € L7(Q).

In the case that B(r) = ar?, B(r) = 4r4, m(r) = br+c for r € R, where a > 0,
b,c € R are some constants, the conditions (A2) and (A3) hold.

Remark 1.1. We see from (A2), (A4) and the definition of the subdifferential
that

0 < B() < B(go)go € L™().

Let us define the Hilbert spaces
H:=1[*Q), V:=H'(Q)
with inner products
(Lt],uz)H = /Quluzdx (ul,uz S H),

(vi,m)v ::/Vvl-szdx—i-/vlvzdx (vi,mp€V),
Q Q
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respectively, and with the related Hilbertian norms. Moreover, we use the nota-
tion
W:={z€ H*(Q)|dyz=0 ae.ondQ}.

We define solutions of (P) as follows.

Definition 1.2. A pair (6, ¢) with

0 c H'(0,T;H)NL”(0,T;V)NL*(0,T;W),
@ € WH(0,T;H)NW>2(0,T;L™(Q))NW1=(0,T;L°(Q))

is called a solution of (P) if (0, ¢) satisfies

6, +¢—A0=f ae.onQx(0,7),
O+ +a-)p—Jxo+B(@)+m(@)=6 ae onQx(0,T),
0(0) =6y, ¢(0) =@y, ¢(0)=vy a.e.onQ.

The first main result asserts existence and uniqueness of solutions to (P),
forn=0,...N—1.

Theorem 1.3. Assume that (A1)-(A4) hold. Then there exists ho € (0,1] such
that for all h € (0, hg) there exists a unique solution (8,41, Qn+1) of (P), satisfy-
ing

01 €W, @11 €L7(Q) forn=0,...N—1.

Here, setting

0u(1) = 9#@0—;1;;), (1.1)
e ) (12)
() == vn+w0—nh) (1.3)

fort € [nh,(n+1)h|,n=0,...,N—1, and

gh(t) = Ont1, Eh(t) = On1, Qh(t) = q)m (14)
Vi) == Vg1, Tn(t) := zng1, Fu(1) == fari (1.5)



TIME DISCRETIZATION OF A NONLOCAL PHASE-FIELD SYSTEM 51

for r € (nh,(n+1)h],n=0,...,N — 1, we can rewrite (P), as

(6n): + (Pn)e — MO, = F, in Qx(0,T),

v ta()e, —Jx@ +B(@,) + (@, =6, inQx(0,7T),

Zn = %n)s, Vo = (Pn): inQx(0,7), P)y,
0,=0 on dQ x (0,7),

0,(0) = 69, §(0) = @p, P4(0) = v in Q.

We can prove the following theorem by passing to the limit in (P);, as A \, 0 (see
Section 4).

Theorem 1.4. Assume that (A1)-(A4) hold. Then there exists a unique solution
(6,9) of (P).

The following theorem is concerned with the error estimate between the
solution of (P) and the solution of (P),,.

Theorem 1.5. Let hy be as in Theorem 1.3. Assume that (A1)-(A4) hold. As-

sume further that f € WY1(0,T;H). Then there exist constants M > 0 and
hoo € (0,ho) depending on the data such that

19 = Vlleqo.rpmy + 190 = vli2.10) + 18 — @lleqo.rya + 185 — 8llco.rym
+V(6,—6) l20,7:m) < Mh'?

forall h € (0,ho), where v = @.

Remark 1.6. From (1.1)-(1.5) we can obtain directly the following properties:

||§h||L°°(o,T;V) = max{||6o[lv, |Oallz=01:v)} (1.6)

[@hll2=(0.7:1=(2)) = Max{|@o]l=(), [ ®4llL=(0.7:L=()) } (1.7)

Vil =(0.7:2=()) = max{|[vollz=(), [[Vallz=(0,7:=(2))}+ (1.8)
h2

||§h - 6hHiZ(Q,T;H) = ?H (eh)tHiZ(O,T;H)a (1.9)

195 — @nll=0.7:2=()) = PN (@) [l L= (0.7 (@) = BlVnll=(0,7:2=(02)),  (1.10)

1V = Vil z=0.7:) = B Vn)e | =071y = lIZl| 2= (0. 7:10) (L.11)

W@n) =y~ 9, (1.12)
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Remark 1.7. Unlike in the case of local parabolic-hyperbolic phase-field sys-
tems, we cannot establish the L”(0,T;V )-estimate (1 < p < oo) for {@,}, and
cannot apply the Aubin-Lions lemma (see e.g., [15, Section 8, Corollary 4]) for
{®n}n. Thus, since 7 : R — R is not monotone, to obtain the strong conver-
gence of {@,}, in L*(0,T; H), which is necessary to verify that 7(@,) — (@)
strongly in L*(0,7;H) as h = h; \, 0 by the Lipschitz continuity of 7 and the
property (1.10), we will try to confirm Cauchy’s criterion for solutions of (P),
(see Lemma 3.8).

This paper is organized as follows. In Section 2 we prove existence and
uniqueness of solutions to (P), for n = 0,...,N — 1. In Section 3 we derive
a priori estimates and Cauchy’s criterion for solutions of (P),. Section 4 is
devoted to the proofs of existence and uniqueness of solutions to (P) and an
error estimate between the solution of (P) and the solution of (P)y,.

2. Existence and uniqueness for the discrete problem

In this section we will show Theorem 1.3.

Lemma 2.1. Forallg€ H and allh € (0
¢ € H of the equation

1 . . .
—m—— ) there exists a unique solution
e q

O+ho+hB(@)+hn(p)=g ae onQ. (2.1)
Proof. We set the operator @ : D(®) C H — H as
&z:=h*B(z) forzeD(®):={zcH|B(z)€H}.

Then this operator is maximal monotone. Also, we define the operator ¥ : H —
H as
W(z) := hz+h*n(z) forz€H.

Then this operator is Lipschitz continuous, monotone for all 4 € (0, M)

Thus the operator @+ W : D(®) C H — H is maximal monotone (see e.g., [14,

Lemma IV.2.1 (p.165)]) and then for all g € H and all & € (0, M) there
exists a unique solution ¢ € D(®) of the equation (2.1). O
Proof of Theorem 1.1. We can rewrite (P),, as

011 —hAB, 1 = hfyi1+ @ — Qo1+ 6y,

Oni1 +h@ui1 + 2 B(Oni1) + WP T(Qui1) (Qn

=120, 1+ @+, +he, — h2a(-) @, +h2T * @,.
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It is enough for the proof of Theorem 1.3 to establish existence and uniqueness

of solutions to (Q),, in the case that n = 0. Let & € (0, M). Then for all
¢ € H there exists a unique function 8 € W such that
0 —hAB = hfi + @y — @+ 6. (2.2)

Also, owing to (A1), (A4) and Lemma 2.1, for all 8 € H there exists a unique
solution ¢ € H of the equation

G+hp+hB(Q)+h n(P)
= 1?0 + @y + hvo + hoo — W2 a(-) @ + h*J * . (2.3)
Thuswecanset7 :H —-H,U:H — Hand S: H — H as
To=0,U6=0¢ forp,0cH

and
S=UoT,

respectively. Now we let @, @ € H. Then it follows from (2.2) that
1To—Toli+hIV(To-To) s =—(0 -, T ~TP)n
<le—-olullTe—-Tolu
and then it holds that
1Te=Tolu<ll¢—0|n 2.4
Also we use (2.3) and (A3) to have that
(1+0)[Se — 5Pl + 1 (B(S9) — B(SP),S@ —SP)u

=0 (To-T9,850—S@)n—h(n(SQ)—n(SP),S¢ —SP)u
< To—TolullSe—SPlu + || -®)h* | S — SO |7,

whence the monotonicity of 8 leads to the inequality

2

_ h
Sp—S§ <
[Se (P||H_1+h_||

Pl 0Ol G

Therefore combining (2.4) and (2.5) implies that

2

~ h
— <

|7T/”Loo(R)h2 H(p - ¢HH7
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and hence there exists s € (0, min{1, M}) such that

h2

0<
L+ h— |7 1= (m)h?

<1

for all & € (0,h¢p). Thus S : H — H is a contraction mapping in H for all h €
(0,h¢p) and then the Banach fixed-point theorem means that for all 4 € (0, hg)
there exists a unique function ¢; € H such that ¢; = S¢;. Hence, for all 1 €
(0,h0p), by putting 0; := T ¢; € W, there exists a unique pair (6;,¢;) € H x H
satisfying (Q), in the case that n = 0. Next we verify that ¢; € L*(Q). Let
h € (0,hgo). Then, noting that g := h?0; + @y + hvo + hey — h>a(-) @y + h2J *
Qo €L7(Q)by 6, €c W, W C L*(Q), (A4) and (A1), we can obtain that

|@1(x)* + Al @1 (x)* + 1B (@1 (x)) 91 (x)
= g1(x) g1 (x) =1 ((1 (x)) — 7(0)) @1 (x) — > 7(0) @1 ()
1 1 1 1
< 18110 + 5101 )+ 1% 1) 01 (P + 2 () + 512 2 (O)
by multiplying the second equation in (Q)y by ¢;(x) and by using the Young
inequality and (A3). Therefore, by the monotonicity of 3, there exists hy €

(0,hqp) such that for all i € (0,hg) there exists a constant C; = C;(h) > 0 such
that |@; (x)| < C) for a.a. x € Q. O

3. Uniform estimates and Cauchy’s criterion

In this section we will derive a priori estimates and Cauchy’s criterion for solu-
tions of (P)y,.

Lemma 3.1. Let hg be as in Theorem 1.3. Then there exist constants C > 0 and
hy € (0,ho) depending on the data such that

HVhH%w(o,T;H) + ||¢h”iw(07T;H) + H(eh)tHiz(o,T;H) + ||§hHiw(o,T;v) <C
forallh € (0,h).

Proof. We test the first equation in (P),, by 6,1 — 6,, integrate over Q and use
the identities a(a — b) = Ja> — 36> + 3 (a — b)? (a,b € R) and v,y = 2=,
the Young inequality to infer that

Gn l_en 2 1 1 1
B2 2100117 = 51801 + 5116041 — 8l
o 6n-‘,—l - en 6n+] — 6n en-H - 9n>
_h<fn+17 h )H h(vn—‘rh h )H+h<6n+17 h H
9n+1_9n 2

3 3 3 1
< i fasr I+ Sl I+ Sh16we1 I+ G.)

h



TIME DISCRETIZATION OF A NONLOCAL PHASE-FIELD SYSTEM 55

Multiplying the second equation in (P), by kv, , integrating over Q and apply-
ing the identity a(a —b) = %az — %bz + %(a —b)? (a,b € R), we see from (A1),
(A3) and the Young inequality that there exists a constant C; > 0 such that

1 1 1
EHVYH-] 17— 5”":1”129 + EHVVH-] —vallzr + 1 lvast |7+ (B(@ns1), Gatt — @u)a

= h(9n+1,vn+1)1-1 - h(a()q)n —J % (Pnavn+l)H - h(ﬂ:((pn+l) - ﬂ(O)’Vn+1)H
_h(ﬂ(o)’vn+l)H
||7T/H%w(u§)

b

1
< S hBus [} + Colull +

(0)]?
+2h|]Vn+1H%1+”(2)”Hh (3.2)

for all i € (0,hp). Here it follows from (A2) and the definition of the subdiffer-
ential that

(B(0w1):0u1=92)n = [ Blow)— [ Blon (33

and we have from the identities a(a — b) = 1a*> — 36>+ 5 (a—b)? (a,b € R) and
W1 = Qui1 — @y, the Young inequality that

1 1 1
§||‘Pn+l 17— §||‘Pn”12q + EH(PnH — ol
= (Pnt1, Put1 — Qu)it = (@1, Vi1 )1 hH‘PnH HH+ h||Vn+1 ||H (3.4)

Hence, owing to (3.1)-(3.4) and summing over n =0,....m— 1 with 1 <m <N,
it holds that

7;,2’

1 5 1 szl
+§H9mHv+§h Z’
m—1

1 1 m—1
#3#E leonll T I+ B+ Slonli + 3 X Ion
n=0

m—1

< 31015 + g ol + [ Blow) + 3wl 31 T Wl

m—1

+4h Z 1vas1 17 +2h Z 1641117
17(0)

- | ’HLM g t1 ml 12
T N[ A= RATS Y PRNES L
n=0 n=0

n+1 9n+1 - 9,,

Sl
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forall i € (0,hp) and m = 1,...,N. Then the inequality
1 m—1
“h ‘
'k
1—8h 5 1 szl 5 m—1 ) -
= Wl 5 Xzt B+ X vl + | Bln)
n=0 n=0

L= (12 gy + 1)
2

9n+l - en
h

2 1—4h 1,160,011 — 6
0 2 7h2 ‘ n+ n

2
Vv

1
2

! 2
WY vl
n=0

h
1pmll7 +

1 2 1 2 3 1 , 3. 2
S2||90||V+2HV0||H+/QB((P0)+2||(P0HH+2hr§6’fn+1||H

m—1 m—1 2C; + Hn’||{N(R)+1 m—1
+4h Y vl +2k Y 1165117 + 5 hY o)l
j=0 j=0 j=0

0 2
MLOT:R

holds for all & € (0,ho) and m = 1,...,N. Thus there exist constants C, > 0 and
hy € (0,hp) such that

m—1
3 ’
n=0

m—1 m—1 R
Fvanllze + 22 Y Nlzarallf+7 ) an+1|!?1+/gﬁ(¢m)
n=0 n=0

2

0,1 — 6, 0,11 — 6,
h h

2 ) szl
el Y|
n=0

Vv

m—1

2 2 2

| @ullz +1* Y vas Iz
n=0

m—1 m—1 m—1
SCHORY vila+Ch Y |16l +Cah Y llejli7
j=0 j=0 j=0

for all 4 € (0,h;) and m = 1,...,N. Therefore, thanks to the discrete Gronwall
lemma (see e.g., [10, Prop. 2.2.1]), we can obtain that there exists a constant
C3 > 0 such that

m—1
Y|
n=0
5 szl ) m—1 5 N
vl + 12X Nz frh Y Il + | Blon)
n=0 n=0

m—1

Flullf +7 Y st <G
n=0

2

9n+1 — 9,, 9n+1 - Gn
h h

2 5 2m—l
6l +12 Y |
H n=0

Vv
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forallh € (0,h;) andm=1,...,N. O

Lemma 3.2. Let hy be as in Lemma 3.1. Then there exists a constant C > 0
depending on the data such that

164l 220,7w) < C
forall h € (0,h).

Proof. We have from the first equation in (P), and Lemma 3.1 that there exists
a constant C; > 0 such that

| = Al 20720y < C (3.5)

for all 4 € (0,h;). Thus we can prove Lemma 3.2 by Lemma 3.1, (3.5) and the
elliptic regularity theory. O

Lemma 3.3. Let hy be as in Lemma 3.1. Then there exist constants C > 0 and
hy € (0,hy) depending on the data such that

19l Z-@x 0.17) + 1 @allZ=(@x 0.y <€
forall h € (0,hy).

Proof. We derive from the identities a(a—b) = 3a> — 30>+ 3 (a—b)? (a,b € R)
and hv,| = @11 — @y, the Young inequality that

1 1 1
51O 1 (P = S0P + S 10011 () = @u(x)[?

2
= @n+1(X) (@nr1(x) — Pu(x))
= "y 1(X)Vpr1(x)
1 1
< §h||<Pn+1||iw(sz) + §h||vn+1||iw(sz)- (3.6)

Testing the second equation in (P), by hv, 1 (x) and using (A1), (A3), the Young
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inequality mean that there exists a constant C; > 0 such that

1 1 1
St () = 5 () 5 i () = v (o)

B (@1 () (1 () — 9(x))
—h(9n+1( )=a9ml)+ (75 92) () + 2(0) — T (@y1 (1)) — 7(0)) v 1 (x)

< hH Ot 7o) + hll—a()fanrJ*(Pnllim(g)

177 = |(0)[2
Lkl @il + o 2kl [
1
< 511601 [12-() + il 9l
= 7(0)
T g g+ T 2 g 6

for all 4 € (0,h;) and a.a. x € Q. Here the condition (A2) and the definition of
the subdifferential lead to the inequality

B(Prs1 () (@1 () — 04 (x) = B(@ui1 () — B(@u(x).  (3.8)

Thus it follows from (3.6)-(3.8), summing over n =0,....m—1 with 1 <m <N
and Remark 1.1 that

1 1 ~
SO+ 5 v () + B (o (x))

1 1 ~
< > ll9oll-o +§HVolliw(g) +1B(90)llz=(0)
1 "= 1 m—1
+5h Z 1654117y +Ci2 Z 1Pall7-(0y

n=

¥ L 7P
TS g + hzuvmum > T

n=0 n=|

forall h € (0,h;),m=1,...,N and a.a. x € Q, which implies that
2 1 2
§||(Pm||Lw(Q)+§\|Vm||Lw(Q)

1 1 ~
<5 llooll7-(q +§HV0||iw +11B(@0) ()

1 "= 1
+5 hZ 16n+1 117 +C1hz 19470

|| 'HLWR +1 5 LTS
+%hzn%ﬂup +35 hZvaHm 2 T
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forall & € (0,h;) and m = 1,...,N. Then the inequality

(17| fo@+ DR 1-5h, .5
2 Hq)m”L“’(Q)+T||Vm||L°°(Q)
1 1 ~
< §||<P0H%w(g> + EIIVOHiw +1B(¢0) =)
1 m=l C1+H7‘L’HL°0
+§h;)||9n+1|\iw(g)+ hZ 195170
5 m | |n(o 2
#3h L Il T (39

holds for all i € (0,h;) and m = 1, ..., N. Here we see from the continuity of the
embedding W — L*(Q) and Lemma 3.2 that there exist constants C»,C3 > 0
such that

N-1
Y 18u117-() = 18417200 710y < CollBAl 7207wy SC5 (3.10)
n=0

for all & € (0,h;). Therefore we have from (3.9) and (3.10) that there exist
constants C4 > 0 and &y € (0,4;) such that

1|7 + IIVmHiw

< Cy+Cyh Z ||(pJHL°° ) +Cah Z HVJHL“

for all h € (0,hy) and m = 1,...,N. Then we can obtain that there exists a con-
stant C5 > 0 such that

1@ullZ- (@) + IVinll () < Cs

forall h € (0,hy) and m = 1,...,N by the discrete Gronwall lemma (see e.g., [10,
Prop. 2.2.1]). OJ

Lemma 3.4. Let hy be as in Lemma 3.3. Then there exists a constant C > 0
depending on the data such that

”Q,,Hiw(gx(o,m) <C
forall h € (0,hy).

Proof. We can verify this lemma by Lemma 3.3 and (A4). O
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Lemma 3.5. Let hy be as in Lemma 3.3. Then there exists a constant C > (0
depending on the data such that

HZh”iZ(o,T;L”(Q)) s¢€
forall h € (0,hy).

Proof. Since it follows from Lemma 3.3 and the continuity of 3 that there exists
a constant C; > 0 such that

1B(@))llz=@x0,r)) < Ci

for all & € (0,h,), we can confirm that Lemma 3.5 holds by the second equation
in (P);, (A1), (A3), Lemmas 3.3, 3.4, the continuity of the embedding W —
L*(Q) and Lemma 3.2. O

Lemma 3.6. Let hy be as in Lemma 3.3. Then there exist constants C > 0 and
hs € (0,hy) depending on the data such that

th”zm(o,r;ﬂ) <C
forall h € (0,h3).
Proof. Since the second equation in (P), leads to the identity
21+hzi+a(-)po—J Qo+ B(@1) + (1) = 61,

it holds that

1117 + Al I
= —(a(-)po =T * @o,21)n — (B(@1),21)n — (n(@1),21)m + (61, 21)ar-

Thus we deduce from the Young inequality, (A1), the continuity of 3, (A3),
Lemmas 3.1, 3.3 that there exists a constant C; > 0 such that

[ =e 3.11)

forall 4 € (0,hy). Now we letn € {1,...,N — 1}. Then we have from the second
equation in (P), that

Znt1 — Zn + hzpe1 +ha()vy — b v, + B(@nr1) — B(@n)
+ﬂ:((pn+1) - 7!7(([)”) = en—H — 6. (3.12)
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Moreover, we test (3.12) by z,,41, integrate over , recall (A1), Lemma 3.3, the
local Lipschitz continuity of 3, (A3), and use the Young inequality to infer that
there exist constants C,,C3 > 0 such that

St = 3 lealll + 5 lznsr = zalls + w1

= _h(a(')vﬂ _J*Vn,Zn+1>H _h<ﬁ(¢n+l)h_ﬁ(q)n) ,Zn-i—l)H

_h<ﬂ(q’n+1)—ﬂ'(¢n>7zn+]> +h(M,ZH+])H

h h
n+1 6
<Czhllvnllﬂllzn+1HH+Czh||vn+1||H||zn+1HH+h‘7 | zns1 |
—9,
e P e
6,112 C2
< hl|zps1 |7 + h’L 2h (3.13)

for all & € (0,hy). Thus, summing (3.13) overn=1,....,4 —1 with2 < ¢ <N,
we see from (3.11) and Lemma 3.1 that there exists a constant C4 > 0 such that

9n+l_9n 2+Q%T
H 2

1 5 1 5 /-1 5 1 -1
Sleelly < Sl +0 Y lenilf+ 50 Y
n=1 n=1
(-1
<Ci+h Y Nzl

n=1

for all € (0,hy) and £ = 2,...,N, whence we have from (3.11) that there exist
constants Cs > 0 and /3 € (0,h) such that

m—1
lzmll7 < Cs+Csh Y. Nlzjll%
=0

forall h € (0,h3) and m = 1,...,N. Therefore the discrete Gronwall lemma (see
e.g., [10, Prop. 2.2.1]) implies that there exists a constant Cg > 0 such that

Izl < Co
forallh € (0,h3) andm=1,...,N. O

Lemma 3.7. Let h3 be as in Lemma 3.6. Then there exists a constant C > 0
depending on the data such that
1641121 (0,720 02 (0,7:v) F | @rllwi(0.7:=(0))
+1Vhllwr=o,1:m)0w 120,730 (@)= (0,730 () < C

forall h € (0,h3).
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Proof. This lemma can be proved by (1.6)-(1.8), Lemmas 3.1, 3.3, 3.5 and 3.6.
]
The following lemma asserts Cauchy’s criterion for solutions of (P)y,.

Lemma 3.8. Let h3 be as in Lemma 3.6. Then there exists a constant C > 0
depending on the data such that

1V = Velleqo, 1) + 190 = Vel 20, 7:80) + 1100 — @cll (o, 71:0)
+ 118 = Bellcio.ran + 1V (85— 82) 200,70
<C('*+7'2)+C|F, _?‘CHLz(O,T;H)

forall h,t € (0,h3).

Proof. It holds that

L 150950y = (2(5) 269, T

= (@n(s) = 22(s), Va(s) = V() m + (@n(s) = Za(s), Vals) = Ve (s))m
+ (2n(s) = 22(s),v2(s) = Ve(s))m- (3.14)

Here we derive from the second equation in (P); that

= —th( ) -

+(04(s) — 0(s), v (s) —Ve(s))m. (3.15)

The property (1.12) means that

le,(s) =@ ()
= || = h(@): (s) + T(Pe): () + @y () = D(5) |1
< 32| (@n)e (5) 17 + 37211 (@e)e (5) 17 + 311@n(s) — @ () - (3.16)
We can obtain that
[P4(s) = 9= (9) 17
= 94(s) = Pu(s) + Pu(s) — Pe(s) + Pc(s) — @ (5) |
< 31[@n(s) = Puls)Il7 +311@u(s) — @e(s) |7 +3l1Pe(s) — P ()7 (317
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and
1d . ~ 2 _ _ ~ ~
5 2:101(8) = @<(5) | = (n(5) = Ve(s), Pu(s) — Pe(s)) (3.18)
It follows from the first equation in (P);, that

S 181(s) - Bl

= —(—=A(B4(5) = B1(5)), 80 (s) — B:(5)) ;; — (Vu(s) = 2(s), Bu(s) — Bx(5))m

(Fu(s) = Fo(5), 8u(s) — Bc(s))

= —|[V(Bi(s) — 0(s)) I — (~A(Bi(s) — B=(5)). Bu(s) — Bu(s)) ,
— (—A(B4(s) = 0:(5)), B2 (s) — B2(5)) ,; — (Bu(s) — B (s),Tn(s) — Pe(5))
— (Wn(5) = T2(5), B0 (s) — On(5))r — (W) —Ve(s), Oe(s) — Bc(s))
+(Fu(8) = Fo(s), Ba(s) — Bc(s)) - (3.19)

Therefore we have from (3.14)-(3.19), the integration over (0,¢), where ¢ €
[0, T], the Schwarz inequality, the Young inequality, (A1), Lemma 3.3, the local
Lipschitz continuity of 8, (A3), (1.9)-(1.11), Lemmas 3.2, 3.6 and 3.7 that there
exists a constant C; > 0 such that

[V (2) —Vr(f)H%fr/ot 9 (5) = Ve ()7 ds + || @n (1) — @ (1) 17y

+ ||§h(f)—§r(t)||%1+/0l IV(61(s) = <(s)) |7y ds

< Cl(h"'r)+C1H?h_?rH%2(O,T;H)+C1 /(:H@(S)—@(S)H%Ids
+C1/ 181(s) — Be(s) |4 ds

forall 4,7 € (0,h4). Then we can prove Lemma 3.8 by the Gronwall lemma. [

4. Existence and uniqueness for (P) and an error estimate

In this section we verify Theorems 1.4 and 1.5.

Proof of Theorem 1.2. Since f, converges to f strongly in L2(0,T;H) as h \, 0
(see [3, Section 5]), we see from Lemmas 3.1-3.8, (1.9)-(1.12) that there exist
some functions

0 cH'(0,T;H)NL"(0,T;V)NL*(0,T;W),

@ €W>=(0,T:H)NW>*(0,T;:L™(Q))NW"=(0,T:L7(Q))
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such that

and
Vi = @
Vi — ¢
Vi — @
Vi — @

Zn — Qn

S. KURIMA

6, — 6 weakly* in H'(0,T;H)NL>(0,T;V), (4.1)
0, — 0 weakly* in L™(0,T;V),

6, — 6 weakly in L>(0,T;W), (4.2)
6, — 6 strongly in C([0,T];H), 4.3)

6, — 6 strongly in L*(0,T;V),

@, — @ weakly* in W'=(0,T;L™(Q)), (4.4)
@, — ¢ weakly" in L”(Q x (0,7)),

@, — ¢ weakly" in L7(Qx(0,T)),

®n — @ strongly in C([0,T]; H), (4.5)

weakly* in Wh=(0,T; H)nW12(0,T;L(Q)) NL™(Q x (0,T)),
weakly* in L*(Q x (0,T)), (4.6)
strongly in C([0,T];H), 4.7)
strongly in L2(0,T;H),

weakly* in L=(0,T;H) NL*(0,T; L™ (Q)) (4.8)

as h = h; (0. Here we recall (1.10) and Lemma 3.3 to derive from (4.5) that

19, — @l =(0,7:1) < @) — (/ﬁhHL“(O.,T;H) + lon — Ol =(0,7:1)

<1Q|"?|p, - Ol =0,7:0=(@) + 100 = @l 2=(0.7:81)

|,Q|1/2 B R
VG RVl z=0,7:27(2)) + |9n — @l L=(0,7:01) = O

as h = h; /0, and hence it holds that

©, — @ strongly in L*(0,7T;H) (4.9)

as h = h; 0. Thus we infer from (1.12), (4.9) and Lemma 3.7 that

@, — ¢ stronglyin L*(0,T;H) (4.10)

as h = h; 0. Therefore, owing to (4.1)-(4.10), (A1), Lemma 3.3, the local
Lipschitz continuity of 3, and (A3), we can establish existence of solutions to
(P). Moreover, we can confirm uniqueness of solutions to (P) in a similar way
to the proof of Lemma 3.8. O
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Proof of Theorem 1.3. Since the inclusion f € L*>(0,T;H) W' (0,T;H) im-
plies that there exists a constant C; > 0 such that

10— Fleorm < Cih'?

for all & > 0 (see [3, Section 5]), we can prove Theorem 1.5 by Lemma 3.8. [
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