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ON CHARACTERIZATIONS OF DUNKL-SEMICLASSICAL
ORTHOGONAL POLYNOMIALS

M. SGHAIER - S. HAMDI

In this paper, the Dunkl-semiclassical orthogonal polynomials will be
studied as a generalization of the Dunkl-classical ones. We obtain some
characterizations for such polynomials. Moreover, an example of non-
symmetric Dunkl-semiclassical orthogonal polynomials is given.

1. Introduction and preliminaries

The family of classical orthogonal polynomial constitutes the most important
families of orthogonal polynomials which motives several authors to determine
the characterizations of this kind of polynomials with respect to different oper-
ators.

Recently, the theory of classical orthogonal polynomial has been extended
to the Dunkl operator [10]. Y.Ben Cheikh and M.Gaid [2] were the first to in-
vestigate characterization results and the classification of the Dunkl-classical
symmetric orthogonal polynomials while they showed that the unique Dunkl-
classical symmetric polynomials are the generalized Hermite polynomials and
the generalized Gegenbauer polynomials. Short time ago , several authors ,see
[3], [17] and among others, gave some characterization to the Dunkl-classical

Received on May 21, 2021

AMS 2010 Subject Classification: 33C45 , 42C05
Keywords: Orthogonal polynomials, Quasi-orthogonal polynomials, Dunkl difference operator,
Semi-classical polynomials



68 M. SGHAIER - S. HAMDI

symmetric form and next, in 2014, Bouras and al. generalized this characteriza-
tion to the non symmetric case and they also gave some new characterizations
;refer to [1] and [6], and in 2017, B.Bouras and Y.Habbachi [5] showed that
there exists a unique non symmetric Dunkl-classical orthogonal polynomials.

A generalization of the family of classical orthogonal polynomials leads to
semi-classical orthogonal polynomials. In fact, classical orthogonal polynomi-
als are semi-classical of class zero (see [12], [13], [15], [16]). The aim of this
paper is to generalize the results obtained by Bouras and al [1], [6] to the Dunkl-
semi classical form where the symmetric case is treated by Sghaier [18] in 2017.

This paper consists of three sections. In Section 1, we deal with the gen-
eral features and ingredients necessary for the sequel. In section 2, we es-
tablish four characterizations of Dunkl semi classical orthogonal polynomials.
We characterize these sequences by a Dunkl-distributional equation of Pearson
type determined by its associated form. We show also that Dunkl-semiclassical
polynomial sequences can be characterized by a linear second order differential-
difference equation. The third characterization is a first order linear difference
equation with polynomial coefficients satisfied by the corresponding Stieltjes
function and the last one is the so-called structure relation that the Dunkl-
semiclassical polynomial sequences satisfy. Lastly, in section 3, we construct
an example of Dunkl non symmetric semi-classical form of order one, which
proved that the set of this last type of polynomials is not empty.

We state now some preliminary results needed for the sequel. Let P be the
linear space of complex polynomials and let P’ be its algebraic dual space. We
denote by (u, f) the duality bracket for u € P’ and f € P. In particular, we
denote by (u), := <u,x”>, n > 0, the moments of u.

Let us recall the definitions of some useful operations on P’.

Definition 1.1. Letu € P',a € C*,c € C and g € P. We define:
e the homothetic /,u of the form (linear functional) u

(hatt, f) = (ushaf ) = us f(ax)), [ € P;

o the left multiplication of the form u by the polynomial g, denoted by gu,
such that

(gu,f)="{ugf), f€P;

e the derivative of the form u, denoted by Du, such that

<Dl/t,f>:—<l/t,f/>, RS P;

e the Dirac mass at the point ¢, denoted by &, which is the element of P’
such that

<5caf>:f(c)7 fenr;
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e and the division of the form u by (x — ¢), denoted by (x — ) 'u:

{((x=c)u, f) = (u,0.f),

where

(6cf)(x) = (f(x) = f(e))/(x—¢c), feEP.

Then, it is straightforward to prove that fora € C*,c€ C, f € Panduec P/,
we have (see [6],[5])

hoy(fu) =h_1fhu, h_i(h-1(u))=u. (1)
f(hatt) = ha((haf)u). )

h—1(haut) = ha(h-1u). 3)

h 18 =8, x '8 =—8&. )

(x—c) '(x—cJu=u—(u)od, u €P', c €C. )
x N (oPu) = u— (u)oSo + (u)1 &), u €P. (6)

For f € P and u € P’, the product uf is the polynomial

) = (u TE=EED

The Stieltjes function of u € P’ is defined by

S = - X Sk 0

n>0
We have the following formulas [6]
1
=7 ®)
S(fu)(z) = f(2)S(u)(2) + (ubof)(2), f €P. )

A form u is called regular if there exists a sequence of polynomials {P, },,>0
(deg P, < n) such that [8]

$(8)(2)

<M;Pan>:pn5nma n#0, n>0,

where 8, is the Kronecker symbol [11]. Then, deg P, = n, n > 0 and we can al-
ways suppose each P, is monic. In such a case, the sequence {P, },>0 is unique.
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It is said to be the sequence of monic orthogonal polynomials (MOPS) with
respect to u. In the sequel, we take all regular forms « normalized i.e. (u)p = 1.

There exist a complex sequence {f3, },>0 and a non zero complex sequence
{}n>1 such that the MOPS {P, },> fulfils the following three-term recurrence
relation [8]

P()(X): la Pl(X):X—ﬁo,

(10)
Pui2(x) = (x = By 1) P11 (x) = Yar1Pu(x), n > 0.

If we replace By by Bo+ A in (10) then we obtain a new MOPS denoted
{P.(:;—A) }n>0 and is called co-recursive sequence of { P, },>o.

A form u is said symmetric if and only if (#)2,+1 =0, n > 0, or, equivalently,
in (10) B, =0,n> 0.

Let {P,},>0 be a MOPS with respect to the form u and let {u,},>0 be its
dual sequence, u,, € P’ defined by [11]

<un7Pm> = 6n,m7 n, m=0.
Then, for any v € P’ satisfies (v,P;) =0 fori > 1,1 > 1, we have
-1

v=Y Auw;, where i = (v,P;), i=0,1,2,.... (11)
i=0

In particular, u = ugy. Furthermore,
Pi
(u,P?)

For any complex number u, the Dunkl difference operator 7, is defined by
[10]

u; = u, i >0.

f) —f(=x)

(Tuf) () = f'(x) + 20 (H-1 £) (x), (H-1f)(x) = o

, feP.

Note that 7 is reduced to the derivative operator D. Thus, henceforth, we will
assume that 4t # 0. The transposed t7, of 7, is t7, = —7. Thus we have

<7;‘M’f>:_<”77;tf>a MGPI, fep.

In particular, this yields (7 u,x") = —t, (u,x"~') = — 1, (u)n—1, n > 0, where
(u)-1=0and g, =n+p(l—(-1)"), n>0.
One can see easily that

Tuu=Du+2uH _qu,
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where
<H_1M,f> = _<M,H_1f>.

Furthermore, we have the following formulas [6]

Tubo = (1+2u)8;. (12)
Tu(hatt) = a 'ha(Tyu), u € P', a € C\{0}. (13)
Tu(f8) = f(x)(Tug)(x) + 8(x) (T f) (x) — 4px(H-1 f)(x)(H-18)(x), f,8 € P.
(14)
Tu(fu) = fTau+Tuf u+20H 1 f(h_yu—u). (15)
Tu(fu) = fTau+ flu+2uH_ i fh_qu. (16)
S(Tuu)(z) = T-uS(u)(2). (17)
Let now a MOPS {P, },>0 and let

P,L”(x,u)zw, u#—n—l, n>0. (18)

Hnt1 2

Let us introduce the definition of n—classical form.

Definition 1.2. An MOPS {P,},~ is called Ty-classical if {P})(., 1) },=0 is
also an MOPS. In this case, the form u associated to {P,},>¢ is called 7y-
classical form.

Example 1.3. Let us denote two examples of 7, -classical polynomials.

1. Symmetric case [2]: The generalized Gegenbauer polynomails.

The explicit expression of generalized Gegenbauer polynomials is given
by

S(O‘#*%)(x):(_lnVu(”)F(O‘+H+ ) B -kt ot + 1)

(2x)n72k’
2T(n+oa+p+1) = Kyp(n—20T(a+p+ %)

n > 0. where v, is defined by

22T (n+p+ 1)
T(u+3)

22 T (n+ p+ 3)
T(u+3)

Yu(2n) = and Y(2n+1)=

1
The set {Sfla’” 2>}n20 is an MOPS with respect to the regular form
G(@H1=3) defined as (see[8] [9])

Gal=2) = |x2H(1—2)%, —1<x<]l.
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This form is ﬁ—classical and satisfies
T (2 = 1)GH=3)) = 2(a+ 1)xG(*H ),

1
If we apply 7, to Sfla H 2), we obtain

Ta(S ) = s, (19)

n—1

_1
The MOPS { S,(fx’“ 2) }n>o satisfies the three-term recurrence relation (10)
with [4]

A o (ntldg)(nt142a+¢,)
=0, it = Gy e Drraru 7 20 (20)

e,,:z,uw, n>0.

. Non-symmetric case: The perturbed generalized Gegenbauer form.

Bouras and al. [7] showed that the unique non-symmetric 7,-classical
form is the perturbed generalized Gegenbauer form. As an example, take

(6]

y=Akx—1)"'g +51, 21
where o0 # 240 # Land A = 2u2“2aa)1
This form satlsﬁes
14+2u
2 — J— _ _— pu—
n((x 1)v) o= A-1v=o. 22)

The MOPS corresponding to v , which we denote by {P,},>0, satisfies
the three-term recurrence relation

Py(x) =1, Pi(x)=x— o,

- - - (23)
Ba(x) = (x— ;:+1)Pn+1 (x) — ?/;‘1)+1Pn(x)a n=0,
with
By =1+, Bl =1+4a N”t‘, Yooy = —al(1+a}), n>0,

where §,,.+1 is given in (20) and a), is given by Maroni [14]

((X,,U,*%) .
;-4
aV:——S”H ( ’ ), I’lZO

,(1%#*%)(1. ~2)
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Lemma 1.4. [6] If {P,},>0 is Ty-classical MOPS and 2|u| # 1, then
- 4 — > (DPu—2uh_1(Pu)) where K
is a complex number and ® is a non-zero monic polynomial, deg(®) < 2.

{P,[q” (., 1) tn>0 is orthogonal with respect to

We state now the definition of the quasi-orthogonality.

Definition 1.5. Let u € P’ and s a non negative integer. A MPS {P, },,>¢ is said
to be quasi-orthogonal of order s with respect to u if

<u,PmPn> =0, 0<m<n—s—1, n>s+1,
(24)
dr>s; <u,Pr_SPr> #0.
If (u,P,_yP,) # 0 for any r > s, then {P,},>0 is said to be strictly quasi-
orthogonal of order s with respect to u.

Remark 1.6. 1. (24) is equivalents to

<ux > 0, 0<m<n—s—1, n>s+1,

dr>s; <u,xr,s ,> #+ O. (25)

2. A strictly quasi-orthogonal of order zero is orthogonal.
A Dunkl-semiclassical orthogonal polynomials defined as

Definition 1.7. Let {P,},>0 be a MOPS with respect to u € P’. {P,},>0 is
Dunkl-semiclassical if there exists a non negative integer s such that the MPS
{P,L” (., ) }n>0 is quasi-orthogonal of order s. In this case, the form u associated
to {P, },>0 is called Dunkl-semiclassical form.

Example 1.8. An example of symmetric 7,-semi classical form denoted by
Sghaier [18] as:

21 2oc+1
w_—2a+17{(a)+(1

—5 b

where H (o) is the generalized Hermite form [2]. The form w is symmetric
Tyu-semiclassical and satisfies

T (FPw) + (2% —2(ot — 4 1)x)w = 0.
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2. Some characterizations of Dunkl-semiclassical polynomials

In this section, we state some results of Dunkl-semiclassical orthogonal polyno-
mials that are extensions of the characterizations of Dunkl classical orthogonal
polynomials which have been stated by Bouras and al (see [6],[1]). In the sequel
of the text, we assume that 2|u| # 1.

We begin by the main result of this paper which give a Dunkl-distributional
equation of Pearson type determined by any regular semi-classical form and
a linear second order differential-difference equation of its associated Dunkl-
semiclassical orthogonal polynomial sequences.

Theorem 2.1. Let {P,},>0 be a MOPS with respect to a regular form u. The
following statements are equivalent

(1) The sequence {P,},>o is Dunkl-semiclassical.

(2) There exists a non negative integers s, p, an integer r > s, three polynomi-
als ® (monic), ®, deg® = deg® < s+2and ¥, 1 <deg¥ <s+1, a com-
plex number K and a sequence of non zero complex number { A} p>s,i>1

such that
xP(x)u = hoy (x®(x)u) (26)
and
K -
m(cb(x) + 20D (x)) T2 (Paosi1 (x) — () T (Prgi1 (1))
2uK - p
_ 1_%“@(’6) + BV H (T (Payi1 (1)) = —tns1 Y. AP,
i=1
(27)
with condition
P(s+1) (0) K P62 (0) )
Gri)! T4 (st2)! (4p7lr=s] = (r=9))+ 08)

2uK  ®6+2)(0)
1—412 (512!

([r=s]—(r—s)) #0,

where

(3) There exist non negative integers s, p, an integer r > s, polynomials ®
(monic), B and ¥ with  deg(®) < s+ 2, deg(B) = deg(®) + 1 and
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deg(W) =p, 1 < p <s+1, fulfilling

ps+1) (O) K b+ (0)

(s+1)! +1—4[.12 (s+2)! (4.U2[r—s]—(r—s))+

(29)
2uK  BUH3)(0)
1—4u? (s+3)! ([r—s] B (r—s)) 70,
such that the regular form u associated to {P, },>0 satisfies
1 —4u?
T (Pu—2ph_y(Pu)) + = Pu=0 (30)
xP(x)u = h_y(B(x)u). (31)

(4) There exist a complex number K and three polynomials ® (monic), ® and
¥ with deg(®) = deg(P) < s+2and deg(¥) = p, 1 < p < s+ 1, fulfilling
(26) and (28) such that the associated regular form u satisfies

. - 1—4u?
T (@ -+ 200)u) — 2001+ 201) (B + B) )+~

Yu=0. (32)

Proof. » (1) = (2). By hypothesis, there exists a non negative integer s such
that the MPS {P,Ll] (., 1) }u>0 is quasi-orthogonal of order s. Denote by w(u) the

form associated to {PLH (o, 1) }n>0-
For all n > s, we have

<7;l (Pnlls(mu)w(.u)) 7Pm+1> = —HUm+1 <W(“)7PLllsP£VIl]>> m = 0.

According of (24),
(w(p) P (PR (L)) =0, m>n+1.

Since w(u) non null form (because of the existence of r > s such that
<w(/.t),P[r1,]s(.,/.L)P[rl](.,[.t)> # 0), there exists an integer p, 1 < p <n+ 1, such
that

() Py )P () # 0, (w(w), P ()P (1)) =0, Y m > p.

Therefore,

(T (PR (o) (o )w(in)) Py # 0, (T (P, ( p)w()) ) =0, m > p+1.
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So, the orthogonality of {P,},>¢ leads to

» i)l pll
B i) = - £ P S (0,

w(w) pll [1]
Put A, = “l_< (u)7Pn<.Y(.$)P,_1(~7u)>‘ Then,

PoL (o) Taw () + T (P () ywi)
L (33)

+2,uH_1P,[111( w) (hoyw(p) —w(u)) ==Y AniPiu, n>s.
i=1

For n = s and n = s+ 1, the equation (33) becomes

Tuw(u Z/Iv iPiu. (34)
1] 3
P ) Taw(p) +wl) +2uhyw(i) = = ) Aspr Pt (35)
i=1
Substitution of (34) into (35) gives
w(p) +2uh_1w(u) = Kdu, (36)
where
K® = P ZA'SIP Z)Ls-‘rl it (37)

K is a normalization factor. Applying h_; to (37), we get

ho1(w(u)) +2uw(p) = h—y (KPu). (38)

Elimination of 4_;(w()) between (36) and (38) gives

wg) = (®u—2ph_ (0u)). (39)

K
1 —4u?
Applying 7, to the last equation and according to (34) we get

1—4u?
T (Du—2uh_y (Du)) + —-

Yu =0,

where

Y= f s iP;. (40)

)
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Now, take n = s+ 2 in (33), we get
U ) Taw () + TuPY ( pw(pe) + 20H PR () (o yw(p) — wiw)
14
=—Y Ag2Pu.
i=1

Taking into account (34) and (39), we get

2uK y
- _H4u2 (Ta (P (o)) = (14 20 H_y PY () )y (@u) = (PY () Z__ll”P"
K I 2K
T TuP )+ T RH AR 2 As2Pi) (41)

Since Ty (P[zl] (u))—(1 —|—2u)H,1P[21] (., ) = 2x, the application of the operator
h_y to (41) gives

x®u=h_,(Bu), (42)
where
B = (B Y 2P - T Lt
= e 43)
2uK 1,
(o PP ZPAHZ,)

(Which proved (1) = (3)).
To prove (27), applying the operator /_; to (42) and taking into account (1)
we get
—x®(—x)h_ju = B(x)u. (44)

Elimination of 2_u between (42) and (44) gives
—x*®(x)®(—x)u = B(x)B(—x)u.
Hence,
—x>®(x)®(—x) = B(x)B(—x).
So, deg(B) = deg(®) + 1 and B(0) = 0. Therefore, we can write
B(x) = x®(x), (45)

with & is a polynomial such that deg® = deg ®.
Substitution of (45) in (42), we get (26).
On the other hand, owing to (42), the multiplication of (39) by x given

aw(u) = 5 (x®(x) +2uB(x))u. (46)
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On account again of (42) and by application of the operator /_; to (46), we get

xh_yw(u) =— (B(x) +2ux®(x))u. 47)

1—4u?
From (34), (46) and (47), the multiplication of (33) by x get

m(xq)(x)‘FZHB(X))E(PEL( i) —x¥(x)P, [1] ()

2uK

p
{2 PO+ BONH AP (1) = = Y AuiaPis (48)

i=1

with ¥ as in (40). i.e.,

1—K4uz(xCI>(x) + 2UB(x)) Ty (Pt () =28 (x) T (P (x))

2uK

T2 (x®(x) +B(x))H_1 (Tu(Pr—st1(x))) = —Mp—s+1 zp:l,w-xP,-, n>s.

i=1

(49)
Using (45) and after simplification by x in the last equation we obtain (27) .
» (2) = (3). From (27), we have

K

T (P + 2P0 Ta (Pl (1) ¥R, )

2uK - p
- @)+ BWDH B () =~ Y AP GO

Since iln,,-<u,Pi> =Q0foralln>s,
i=1

< ’1 4ﬂ2 (‘b(x)+2#‘b( ))E(PLllv .

—P(P, () — 5 (@) +

(T (@) +2ud(x)u)

(51)
12”2[ZH 1((q)(x)+q)(x))u>,P£ll]s( JU)), n>s.

By the fact that {PLI] (., 1) }n>0 is a basis sequence, we get

K

e e T (@) +2uB () ) + ()u—
2uK

Tt ((cp(x) + 2uci>(x))u) —0.

(52)



DUNKL-SEMICLASSICAL POLYNOMIALS 79

On the other hand, applying the operator /_; to (26) and multiplying the result
by x~!, we obtain

D (x)u = —h_1(D(x)u) + (u, ®(x) + D(x)) &. (53)

Substituting (53) into (52) and taking into account (12) and the fact that H_; 8y =
oyand H_;(v—h_1v) =0,v e P, we get (30).

Finally, if we put B(x) = x®(x), one can see easily that (26) is equivalent to (31)
and condition (28) is equivalent to (29). This completes the proof.

> (3) = (1). Put

K

Let us prove that the MPS {PLI](.7 W) }n>0 is quasi-orthogonal of order s with
respect to v.
By (16), we have

,un+l<V7PmP£tl](-nu)> = _<E(va)7Pn+l>
= —(PpTuv+P,v+2uH_1Puh_1v,Pyyir).

But, by hypothesis
Tuv = —Yu, (55)

with W is a polynomial of degree p, 1 < p < s+ 1. Then,
L1 (v PuPR (1)) = (P Pu— Pl —2uH_Puh v, Pypy).

Form <n—s—1,n> s+ 1. By the fact that {P, },>¢ is orthogonal with respect
to u, we obtain

1 (PPl (1 1)) = = (0, Pl (0)Pyy1 () + 21H 1Py ()Pt (=) ).

Taking into account (54), the orthogonality of {P, },>( with respect to u and the
fact that deg(®) < s+ 2, we get
2uK
B 10 PP (1) = = s s B (<) P (=) — i)
It is easy to see that P}, (—x) — H_;P,,(—x) = xQ(x), where Q is a polynomial
of degree less than or equal to m — 2. So

2uK

o1 (v PP (1)) = _m<u,xq>(x)Q(x)P,,+1(—x)>.



80 M. SGHAIER - S. HAMDI

Using (31), we get

o (PP (L)) = - 2K S BIQ0Pr 1 ().

(1—4p?

Since deg(B) < s+ 3, according to the orthogonality of {P, },>0 with respect to
u, we get

(v, PP (1)) =0.
Suppose now that for all » > s we have
(P, P (. u))=0.
By following
1

r1

(Pr_sTuv+P,_v+2uH_Pr_sh_v,P,y1) =0. (56)

Using (55) and the orthogonality of {P,},>0 with respect to u, we get

wis+1) (o
(),)prﬂ , (57)

<Pr—s7;tV; Py > = _(ST

where p,11 = <u,Pf+1>.
From (54), we obtain

<P;—s v, Pr+1 > =

K d6+2) (o ) 58
1 _4“2 ( (S+2()') (I’*S)pr+1 - 2u<uacb(x)Pr—s(*x)Pr+l(*x)>)7 68
and
2uK
(2UH_\Prsh_1v,Pryy) = I—LLW <<u,CI>(x)H_1Pr_S(—x)Pr+1 (—x))
@542 (0) (59)

—2Hm [r— S]Pr+1) -

Substitution of (57), (58) and (59) into (56) gives

Ps+1) (0) PG+2) (0) K Prit
<<s+1>! (+2)] 1—4u2<4“2[””””)ur+1

_ Ml(zl“iw@,cp(x) (Ho1Pyy(—) — Py (—0))Pyar(—2)) = 0. (60)
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Putting H_1P,_4(—x) —P._ (—x) = xQ(x), where Q is a polynomial of degree
r—s— 2 and of leading coefficient (—1)"=~!([r —s] — (r—s)). Using (31) we
obtain (for r > )

(1, ®(x) (H_1 Py (—x) = P/ (=x))Ppy1(—x)) =
Bls+3) (0)

~ ooy sl = =9)pra

Then, (60) becomes

ps+1) (0 K ®6+2)(0
< (s+1()!)+1—4u2 (s+2()!)(4“2[r_s]_(r_s))
ZuK B(S+3)(O) Pr+1
1—4u? (s+3)! [r_s]_(r—s))%rﬂ =0,

which contradicts (29). Then, there exists a » > s such that <v, Pr,sPr> # 0 and

by following PE] (., 1) is quasi-orthogonal of order s with respect to v.
» (3) < (4). By virtue of (45) and (5), (31) becomes
D(x)u=—h_i((P)u) + (u,®+ ).

Applying operator /_; to the last equation and taking into account the fact that
h_18y = 0y, we obtain

ho(@(x)u) = —Du+ (u, @+ P)&. (61)

Hence, according of (12) and (61), we can easily deduce the equivalence be-
tween (30) and (32).
O

Remark 2.2. 1. According of (30) and (40), we have

K P
0= <1_74“27ﬁ (Pu—2uh_1(Pu)) + ;l&fPi”’PO
= —K<M,(I)> + A«s,l <M,P1>

= _K(aS-Q—Z(u)S—I—Z +(1S+1 (u)S_H +...4+ar (Lt)] +a0) + 1+ 2‘U,

1

So, )
1
K= T

B g2 ()12 + a1 (U)s1 + ... +ar(u)) + ap’

2. Notice that, in the above proof, if we take s = 0, we get all equations and
relations achieved in [6] and [11].
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Corollary 2.3. Let u be a regular form. Then u is ‘Ty,-semi classical if and only
if there exist three polynomials ® (monic),®, deg(®) = deg(P) < s+2 and ¥,
deg(W¥) = p, 1 < p <s+1, fulfilling (26) and (28) such that

(u, W) =0, (u,®)= <”;‘P> (62)
and
2 F 1-4p? ,
Ty ((d>+ 2,LL<I>)u) 4+ ——x"Yu=0. (63)

Proof. Suppose that the regular form u is 7,-semi classical. Then, (32) holds
and gives immediately (62). On the other hand, by multiplication of (32) by x2,
we get (63).
Conversely, multiplying (63) by x~! two times and taking into account (6)
and (62), we get (32).
O

Notice that in the symmetric case, Sghaier [18] has characterized all 7,-
semi classical forms by 7, -discributional equation of Pearson type. In the fol-
lowing proposition, we will also give the characterization of symmetric 7, -semi
classical forms by 7;;-second order differential-difference equation which is im-
mediately from Theorem 2.1.

Proposition 2.4. Let {P,},>0 be a symmetric MOPS with respect to a regular
form u. The following statement are equivalent

(1) The sequence {P,},>o is Dunkl-semiclassical.

(2) There exist a non negative integer s, two polynomials ® (monic), deg® <
s+2and ¥, 1 <degW¥W < s+ 1, a complex number K and a sequence of
non zero complex number { Ay ;} > i>1 such that

g (P00~ 2B TRy () P Ta (Pa()
— P (P~ B ) HA (Ta(Pars()) = —Hove Y il
i=1

(64)
with condition

q;(erl) (0) K (I)(s+2) (0)

Ganr TToa oy slm =) o
2uK 2(—1)"2@0)(0) ([r=s]=(r—s)) #0

I—4u>  (s+3)! ‘
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Proof. Since {P, },>0 is Dunkl-symmetric MOPS, u = h_u. By following
x®(x) = h_ (—xP(—x)u), ®<P.

Putting ®(x) = —®(—x), we get (26) and we can easily see that (27) is equiva-
lent to (64) and the condition (28) becomes as (65). Hence, according to Theo-
rem 2.1, we obtain the desired equivalence.

O

Let {P,},>0 be an MOPS with respect to the regular form u. Consider the
sequence {P,(x) = a "P,(ax)},>0. a # 0. One can easily see that {P, },>0 is an
MOPS with respect the regular form # defined as

i=h,u. (66)
Moreover, we have the following result

Proposition 2.5. If u is a Ty-semi classical form , then i = h,-u is also for
every a # 0.

Proof. By hypotheses, there exist three polynomial ® (monic), deg(®P) < s+1,
B, deg(B) = deg(®) + 1, and ¥, deg(¥) = p, 1 < p < s+ 1 such that u satisfies
(29)-(31). From (2) and (66), we get

Wu = Phyi = ha((h,¥)i) = a® ho(Pi), P(x) = a' "W (ax), d = deg(P).
Similarly,
Du = Phyt = hy((ha®)) = a’ha(Pi), B(x) =a "P¥(ax).

Then, R
Wu = a’ h, (i), Pu=a'h,(Pn). (67)

Using (3), (13) and (67), we get
To (Pu—2ph_y (®u)) = a® b, Ty (Pa—2uh_1 (Pa)). (68)

Substitution of (67) and (68) in (30), we get

~ ~ 1
T (Pt —2uh_y (Pi2)) +
Using again (2) and (66), we get

Bu = Bhgit = hy(haBit) = a® ' h,(Bi), B=a"'"*B(ax).
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Substitution of the last result and (67) in (32), we obtain
x®(x)it = h_, (B(x)d).
Moreover, by (29), we have

(I\;(sﬂ)(o) N K {I;(s+2)(0)
(s+1)!  1—4u? (s+2)!

([r—s]—(r—s)) #0.

2uK  BU+3)(0)
1—4u? (s+3)!

Then the desired result.
O

The third important characterization of the Dunkl-semiclassical forms is
given in terms of a non-homogeneous first order linear 7, -difference equation
that its Stieltjes series satisfies.

Proposition 2.6. The form u is Ty-semi classical and satisfies (26), (28) and
(32) if and only if there exist three polynomials A (monic), C, D such that the
Stieltjes formal series S(u) satisfies

A@)TpS(u)(z) = =21 (H1A) (2)S(h-1u)(2) + C(2)S(u)(2) + D(2)

F2u2u+ 1)7@’“(; W) ©
and
2®(2)S(u)(z) — (ud)(2) = —2®(—2)S(h-1u) (2) + (h-1u®)(~=z)  (70)
with ) )
C s+ (0) A s+ (0)
—m+(4u2[lf—s]—(?—2))m+ o
20) oy
2#@(1 —4u”)[r—s] #0.

Proof. Necessity. If u is a 7T,-semi classical form, then (32) holds and from
(16), (32) becomes

(@ +2ud) Tyu+ (& +2ud Yu+2uH_ (P +2ud)h_1u

NI e VT
—2/.1(1+2/,L)<u,<l>+<l>>50+T‘Pu:0.
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From the linearity of S, we obtain
S((@+2u®) Tpu)(z) +S((P' +2ud)u)(z)
F2LS(H_1 (@420 @) 1) (2) — 20 (1 +20) (. @+ ®)S(E) () (72)
=4 () (2) = 0.
According to (9) and (17), we have
S((®+2u®) Tuu)(2) = (@ +20D) (2) T uS(u) (2) + (Tpubo(@+ 219)) (),

S((<1>’+2u5>')u)(2)=(<I>’+2uci>’)() (1) (2) + (uBo (P’ +21P)) (2),
S(H-1(®+2uP)h-1u)(2) = H-1 (P + 21 P)(2)S(h-11) ()
((h 1) B (H-1 (@ +21D)) 2),
§(Wu)(z) = W(2)S(u)(2) + (uo'¥)(2).
Therefore, owing to (8), (72) gives (69) with

A(z) = @(z) + 21D (2)
C(a) = —(®/(2) +2ud/(2) + L w(2))
D(z) = —(Tuubo(® +2u®))(z) — (ubo(P' +2u®"))(z)
—201((h- 1) B0 (H 1 (©+21D)) (2) — 4 (b0 ¥) 2).
Using (9), we can prove that (26) is equivalent to (70) and taking into account
(73), we can see that condition (28) can be written as (71).

Sufficiency. If u is regular such that its Stieltjes series S(u) satisfies (69) and
(71). Using (8), (9) and (17), (69) becomes

(73)

S(ATpu+2p(H_1A)h—yu— Cu—2p(2p + 1) {(u, A+ (1 —21)®) ) ()
= (TuuboA)(z) + 214 ((h-1u)60(H-1A))(2) — (ub0C)(z) + D(2).

Then

{S(Anu +2u(H-1A)h—yu—Cu—2p(2pu + 1)u,A+ (1 -2u)P)8,)(z) =0
D )

(z) = = (Tuub0A)(z) = 214 ((h-1u) 60 (H-1A))(2) + (160C) (2)-
Putting ®(x) = A(x) —2u®(x) and ¥ (x) = — 17—%2 (A'(x) +C(x)). So, by virtue

of (14), it is easy to see that

1 —4u?

Tu (D +2ud)u) —2u(1424) (u, @+ D) &)+ Yu =0.
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We arrive now at a other characterization of Dunkl-semiclassical orthogonal
polynomials which is the so-called structure relation.

Proposition 2.7. Let {P,},>0 be a MOPS with respect to a regular form u. The
following statement are equivalent

1. The MOPS is Ty-semi classical.

2. There exist a complex number K and three polynomials ® (monic), ® and
¥, deg(®P) = deg(®) < s+2, deg(¥) =p, 1 < p < s+ 1 fulfilling (28)

and (62) such that
- n+-d+1
(P(x) +2ud(x) T (PPu(x)) = Y xusPx(x), d =deg(®), (74)
k=n—s—3
where
Xnk=0,0<n<s+3, k<O,
1 —4u?
Xno = K“ (0, ()P, (x)), 0<n<s+3 (75)
and
n+d+1
xPX)Py(—x)= ), OupPi(x (76)
k=n—s—3

Proof. » (1) = (2). We always have
. n+-d+1
(D(x) + 20D (x)) Ty (¥ P Z XniPi(x (77)

with d = deg(®) < s+2 and

(1, (P(x) + 20 (x)) T (* P (x)) P ()

Xnk = , 0<k<n+d+1,n>0.
' (u,Pi(x))

By virtue of (14), we get

T, PR(0)) = (@) + 20D ()ut, T (6P, (¥)Pi (x))

—x%P (x) T (Pie(x)) 4+ 4pxH_ 1 Py (x)H_ 1 (x*P,(x)) ) . (78)

Using (63), the orthogonality of {P,},>0 with respect to u and the fact that
deg(W) <s-+1, we get

1 —4u?

((@(x) 4+ 2ud(x))u, T (P, (x) Py (x)) = <u,x2‘P(x)Pn (x)Pi(x))
=0, k<n—s—4,n>s+4. (79
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Again the orthogonality of {P,, },,>0 and the fact that deg(® +2u®) < s +2 give

((@(x) + 2D (x) Ju, x°Py () T (Pe(x)))
= (14, (D(x) + 20D (x)) T (Pe(%))Pu(x) )
=0, k<n—-s—4,n>s+4. (80)

On the other hand,

((D(x) +2uD(x))u,4puxH_ P (x)H x))) =
(P(x) +2ud(x ))M72HX2H—1PI<( )Pa(x))
— ((@(x) + 2D (x) )u, 245" H_1 Py (x)Py (—x) ).

One can easily see that
{(D(x) +2ud(x))u, 2ux H_Pr(x)Py(x)) =0, k<n—s—4, n > s+4.

Then, from (26) and the fact that {P, },>0 is orthogonal with respect to u, we
get

<<<1><x>+zu<i><x>>u,4uxﬂ_lpk< V-1 (2P, ()
= —((P(x) +2ud(x ))u,Z,usz,lPk(x)Pn(—x»
= (((x )+2u<1>( ))u, 2043 H_ P(—x)Py (x))
=0, k<n—s—4,n>s+4. (81)

Substitution of (79), (80) and (81) into (78) gives
Xn,k<u,P%()C)> =0,k<n—s—4, n>s+4
Since <u,P,%(x)> #0, k > 0, then
Xnk=0,k<n—s—4, n>s+4

and (74) holds.
For 0 <n <s+43, (63) gives

Tn0 = = (BT (@) +2uB(x))0) Pa()) =~ (PP ()P ().
In the same way, to prove (76), we write

n+d+1
x®(x)P,(—x) = Z 6, kPi(x)
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with
<u,xCI>(x)Pn(—x)Pk (x)>

n.k =
(u,PE(x))
By following, we use (26), we get

9n7k<u,Pi(x)> = (u, xP(x)Py (x)P,(—x))
= (u,x®Py(—x)P,(x))
=0, k<n—s—4.

So, (76) follows.
» (2) = (1). Forn > s-+4, owing to (74), we have

(T (@) +2uP(x) )u) Py (x)) = —(u, (P(x) +2uD(x)) T (x*Pu(x)))
n+d
= - Jfl Xn,k<”apk(x)> =0.

k=n—s—3

On account of (11), there exists a polynomial R, deg(R) < s+ 3, such that
T (P (x) +2uP(x))u) = R(x)u. (82)

Therefore, by virtue of (74) and (75), we get

1—4u? _ /2 3
(u, (R(x) + T W(x))Py(x)) =(x* T ((P(x) + 24D (x) ), Py (x))
L PP
e (u,x”¥(x)Py(x))
_ — 42 2
= ot T 0 2R (P ()
=0, 0<n<s+3.
Hence, )
R(x):—l_;“ 2¥(x). (83)

Substituting (83) in (82), we obtain (63).
On the other hand, from (76), we have

(h—1 (x®@(x)u),Py(x)) = (u,xP(x)P,(—x))
n+d+1

= Z 9n7k<u, Pk(x)>
k=n—d—1

0, n>d+2.



DUNKL-SEMICLASSICAL POLYNOMIALS 89

Using (11), we get
h_1(x®(x)u) = B(x)u,

with B is a polynomial such that deg(B) = d + 1. Owing (45), we obtain (26)
which completes the proof. Ul

A regular form u fulfilling (30) and (31) satisfies an infinity of equation of
the same type. In fact, let us multiply (30) by .4, where A is a non zero even
polynomial, we obtain

1—4u?

T (APu—2ph_; (ADu)) — A'DPu+2uA'h_i (Pu) + A%Pu=0. (84)

Since A is an even polynomial, A’ is an odd polynomial. Then, there exists a
polynomial A, deg(.A) = deg(A’") — 1, such that A’(x) = xA(x). So (84) be-
comes

1—4u? , ~
Ta (ADu— 24t (APu)) + — (A‘P— (Ad)—i—ZuAB))u:O.

1—4u?

Moreover,

xA(x)D(x)u=h_1(A(x)B(x)u)

Then, for any pair (P, W) satisfying (30) we associate the positive integer s =
max{deg(®) — 2,deg(¥) — 1}. Putting

h(u) := {s = max{deg(P) — 2,deg(¥) — 1}, (30)—(31) hold}.
This leads to the following definition:

Definition 2.8. Let u be a 7;-semi classical regular form. The non negative
integer s defined by

s =minh(u)
is called the class of u.
The corresponding MOPS {P, },>0 will be said to be of class s.
Remark 2.9. 1. If s = 0, the form u is called 7 -classical [6].

2. Here arises the questions: Is the pair {¢, y} which realizes the minimum
of h(u) is unique? If it is unique, how we know whether the integer s
associated with a pair {¢, y} is the minimum of b(u)?
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3. An example of non-symmetric Dunkl-semiclassical orthogonal polyno-
mials

Let us define the form u as
u=1nx"v+8&, neC\{1+1}, (85)

where v defined by (21). The form u is regular, except in a discrete set (see
[14]). The MOPS corresponding to u, which we denote by {P, },>0, satisfies the
three-term recurrence relation (10) with

Bo=1, Bur =an+t L g = —au(a,— By). (86)

n

where (refer to [14])

P, ;—
g = FrnOmm) 87)
Pn(O; *n)
From (85), we have
xXu=nv. (88)

It is clear that (21) and (88) give

x(x— u=nAg@r—2), (89)
So,
hoy (x(x— D) = x(x— 1)u. (90)
Multiplying (90) by x(x+ 13 ), we obtain
x®(x)u = h_{ (B(x)u),
with

@(x):x(x—l)(x—i—ii_iﬁ), B(x):xz(x—1)<x_1+2u>.

Substituting (88) into (22), we get

14+2u
A+1

T (x(* — L)u) — x(x—A—-1)u=0.

Then, u is Dunkl-semiclassical form and verifying (30) with

_ (1+2p)
YO= i omar A
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and s
+2p
K= :
¢
where A -
_|_
&= (Bi+289) g B~ B
—2u
2_2(14A)M+14+4
fo=n, p= T 2T = —(1+A—m)(1+A—2m).

I1+A—-n

So, we should choose 7 so that £ # 0.
Furthermore, condition (29) is written as

£0. (91

1+2u (—(1+2u)+(2u[r—1]—(r—1))(x+1)>
§(1—-2p) A+1

Prove now that {P,[ll] (., ) }n>0 is quasi-orthogonal of order 1 with respect to

14+2u

_7]C)C2— u.
W) = gy )

We have
1 {w(p) ¥R = = (T (" w( (1) Prst)
= — (" Taw(u) +mx™ 'w(p) + 2uH_ 1 x"h_yw(i), Pyt

1+2u m
m@t,m}c (x2 — l)Pn+1>

(u, (H-1x)x(x — 1)2Pn+1>.

= <M>xmlPPn+l> -

2u(1+2u)
S(1—2p)
So, from the orthogonality of {P, },>( with respect to u and the fact that deg' ¥ =

2, we get
<w(,u),meLl]> =0, VO<m<n-2.

Suppose that, for all r > 1, (w(p),x"~ 1plt @)) =0. Then,

1

—”H<x’*17;lw<u>+<x”*1>’w<u>+2uH_1<x’*1>h_1w(u) Pry1)=0. (92)

Using the orthogonality of {P, },>¢ with respect to u, we obtain

- 3 . _ (142pp
(M Taw (1), Py ) = —(u,x llP’Pr+1>_§(1—2u)(k+l)< u,P2 ),
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(B = a2

(I+2u)(r—1)
S e )

and
(Ho (" Dhoiw(u),Pryr) = “n < S(Ho X Dx(x = 1)7Pry)
M=)
So, (92) became

(u,P2 ) <_ 1420 —(L+2u)+ (2ufr—1]—(r— 1))(7L+1)>
Mri1 E(1—-2u) A+1

I

which contradicts (91). Thus {P,[ll] (., 1) }n>0 is quasi-orthogonal of order 1 with
respect to w(L).

Remark 3.1. In fact, for any n > 1, the polynomial P,El] (x, 1) can be computed
by the following algorithm. Using the relation (87) to compute a,_;. Next, we
can compute By and y; from (86) and finally, from the three-term recurrence
relation, we get P,y (x). Then compute P,gl] (x,u) from (18). As an example,
forn=1,ap=14+1—1. So

B A(1+2) _ _
ﬁ1—1+7t—77—71+lin, 1 =n(1+4-n).
Then, we get
A1+
Pz(x):(x—(l+l—n)—|—w)(x—n)—n(l—{—l—n)

Therefore, we obtain

1 A1+ A
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