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SINGULAR QUASILINEAR PROBLEMS WITH
QUADRATIC GROWTH IN THE GRADIENT

B. HAMOUR

In this paper we consider the problem
ue H}(Q),

—div (A(x)Du) = H(x,u,Du) + a|0u()(§) + Xguzoy f(x) in D'(Q),

where Q is an open bounded set of RV (N > 3), A(x) is a coercive matrix
with coefficients in L*(Q), H(x,s,&) is a Carathéodory function which
satisfies for a given y > 0 and some cg > 0

—coA(x) §& < H(x,s,8) sign(s) < yA(x) &
ae.xcQ, VscR, VEcRY,

The nonnegative term ag belongs to LV / 2(Q), X{uz0} 1s caracteristic func-
tion, f belongs to LV/?(Q) and 0 < 6 < 1. For £ and ay sufficiently small
(and more precisely when f and ag satisfy the smallness condition (2.11)),
we prove the existence of at least one solution  such that e/ — 1 belongs
to Hj () for some § > y. Some a priori estimates are obtained.
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1. Introduction

In this paper, we consider the quasilinear problem

di B ap(x) ) , (1.1)
—div (A(x)Du) = H(x,u,Du) + Tu® + Xquzoy f(x) in D'(Q),
where Q is a bounded open set of RN, N > 3, A(x) is a coercive matrix with
bounded measurable coefficients. We assume that ag € LV / 2(Q), ap > 0,
0 < 0 <1, xux0) is caracteristic function, f € IN/2(Q) and H(x,u,Du) is a
Carathéodory function with quadratic growth in Du, more precisely

|H (x,5,8)] < &,

for some positive constant c.

Under suitable smallness conditions on ||ao||y/, and || f|[y/> we prove the
existence of solution u of (2.1) which satisfies a regularity in the following sense.
If we define w by

w =381 —1)sign(u),

then w belongs to HJ (Q) for every & in a certain interval (7, &) which depends
on ay, f, the bound of H and the coercivity of the matrix A.

Compared to the results obtained in the latest papers, we prove in the present
paper, as said above, the existence of (only) one solution of (2.1) in the case (2.5)
(i.e. ap > 0) when ag and f satisfy the smallness condition (2.11), but our result
is obtained in the general case of a nonlinearity H(x,s,&) which satisfies only
(2.3) with f € LN/2(Q) and with ag to LV/?(Q).

We first review some recent results. The problem

{ u€ HLH(Q), (12)
—div (A(x)Du) = H(x,u,Du) + ap(x)u+ f(x) in D' (Q). '

has been extensively studied by many authors, among which we will quote the
works in a serie of papers [8], [9], [10] and [11], investigated the case where

ap(x) < —op < 0. (1.3)

Considering general nonlinear monotone operators, they proved an existence
of at least one solution when ay satisfies (1.3), and when f belongs to LI(Q)
(g > %). The solution is proven to verify some a priori estimates. The unique-
ness of such a solution has been proved in [4] and [5] under some further struc-
ture assumptions.
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The case where
ap=0 (1.4)

was considered in [2], [31], [20] and [23]. Among these papers the authors have
considered nonlinear monotone operators and proved that if a¢ satisfies (1.4) and
f belongs to LY(Q) (¢ > ¥) with || £|| 14(q) sufficiently small then there exists at
least one solution of (1.1) in L*(Q) and satisfies a priori estimates. The case
where aj satisfies (1.4) and f only belongs to LV / 2(Q) for N > 3 (and no longer
to L1(Q) (¢ > %)) was studied in [17] (and in [18] in the nonlinear monotone
case), these authors proved that when || f|| V2 (o) 18 sufficiently small there exists

at least one solution of (1.2) such that ¢/ — 1 € H}(Q) for some § > ¥ and
satisfies an a priori estimates. Similar results were obtained in the case where
felN / 2(Q) in [16] for possibly unbounded domains when ay satisfies (1.3); in
this case no smallness condition is required on f, however in [19] the authors
discussed (also in the case of nonlinear monotone operators) when ag satisfies
ap < 0 and f belongs to the Lorentz space LN/ 2>(Q); in this case two smallness
conditions should be fulfilled. Finally the case where aq satisfies ag < 0, let
us quote the paper [33] the author investigated the asymptotic behaviour of the
solution u of (1.2) when qy is a strictly positive constant sufficiently small, and
proves that an ergodic constant appears at the limit ¢y = 0. Let us also mention
the case where the nonlinearity H (x,s, &) has the “good sign property”, namely

—H(x,s,&)sign(s) > 0. (1.5)

The case where ap < 0 and f belongs to H~'(Q) was considered in [6]
and [7], the authors proved the existence of at least one solution of (1.2) which
belongs to Hj (Q).

The case where

ap>0, ap#0 (1.6)

was considered in [3], [24] (and in [26] in the nonlinear monotone case), [25],
[27] and [28]. The first attempt to study equations with a gradient term having
quadratic growth, was carried out in [24] (see also [26] for extensions), the au-
thors prove the existence of at least one solution of (1.2) when ag satisfies (1.6),
and f belongs to LN/2(Q), with || f|| v (o) and lao||re(q) sufficiently small.

In [27], the authors proved a similar result when ag satisfies (1.6) and f belongs
to L1(Q) (¢ > &) with || f] 1) and [|aol| z4(q) sufficiently small. Moreover, they
proved the existence of at least two solutions of (1.2) (which moreover belong
to L=(Q), when A(x) = Id, H(x) = p|&[*, u >0, f € L1(Q) (¢ > ), f >0,
and ag € L1(Q) (g > 5) with || f||14(q) and ||ao||¢(q) sufficiently small).

In [3], the authors proved the existence of a continuum (u,A) of solutions
(with u which belongs to L*(Q)) when A(x) = Id, H(x,s,&) = u(x) |€|?, with
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HEL(Q), u(x) = >0, f €LUQ) (g > V), £ >0, £ #0and ag(x) = Aaj(x)
with afy € LY(Q), ai > 0 and ajj # 0. In addition, under further conditions on
f» these authors proved that this continuum is defined for A €] — e, 49| with
Ao > 0 and that there are at least two nonnegative solutions of (1.2) when A > 0
is sufficiently small.

In the singular case, the problem (1.1) has been studied in many papers in
the case where A(x) =1Id, H(x,.,.) =0, f = 0 and ay is smooth. Among these
papers is a serie of papers [1], [12], [13], [14], [15] and [32].

In [21] and [22], the authors proved the existence of at least one nonnegative
solution and a stability result for the following problem

{ —div(A(x)Du) = f(x)g(u) +1(x) inQ,
u=20 on dQ,

where A(x) € L=(Q)N*V is coercive matrix, g : [0,+o) — [0,+o0) is contin-
uous and 0 < g(s) < Sigqtl, Vs >0,0< 6 <1; and f, [ € L"(Q) where r
satisfies some conditions. In [13], the authors proved the existence, regularity
and nonexistence results for problems whose model is
—Au = &;C) in Q,
u

with u = 0 on dQ, Q is bounded open of RY, 8 > 0 and f is nonegative function
on Q and belongs to some Lebesgue spaces. For this, they have introduced an
approximate problem by treating the singular term u% and construct an increas-
ing sequence (u,),cn of solutions to nonsingular problem

—div (A(x)Duy) = _ A inQ,

(4 3)°
u, =0 on dQ,

where f, = min(f(x),n). This sequence satisfies, for any @ CC Q, and
Up > Up—1 > - >up >Cqp, Yx€ .

The authors discussed in [1] the solution of the elliptic problem, with a gradient
term and a singular nonlinearity

Chu= Vit g,

g(u)

u>0 in Q,
u=20 on dQ,
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where Q C R" is a bounded regular domain, g : R — R is a continuous increas-
ing function with additional hypotheses given, 1 < ¢ <2 and f is a measurable
nonnegative function and obtained optimal conditions on g, ¢ which allow to
get the existence positive solution for the largest possible class of datum f.

The plan of this paper is as follows: The precise statement of our result

is given in Section 1 (Theorem 2.1), as well as the precise assumptions under
which we are able to prove it, these conditions in particular include the small-
ness condition (2.11). Our method for proving Theorem 2.1 is based on an
approximate result and by applying Shauder’s fixed point theorem in a classical
way. We will proceed by approximating the singular term ﬁ and we will get
some a priori estimates on the solutions of equivalent problem (4.2) (see also
Proposition 4.1). The equivalence result is given in [18].
More precisely, the proof of Theorem 2.1 consists in carrying out a change of
unknown function w = 8! (?1“/~!sign(u), by transforming equation (3.4) into
equation (3.8) in order to obtain the a priori estimate and the strong convergence
of w,. Another difficulty in the proof is to obtain the a priori estimate of the sin-
gular term in the set {u = 0}. For that, we use the method introduced in [21]
and [22].

2. Main result

In this paper we consider the following quasilinear problem

u € Hy(Q),
—div (A(x)Du) = H(x, u, Du) + ‘“)M((j ey ) D), @D

where € is an open bounded set of RN, N >3, A is a coercive matrix with
bounded measurable coefficients, i.e.

A€ (L=(Q))VV,
2.2)
Jo >0, A(x)EE > alé? ae.xcQ, VEERY,

the nonlinearity H(x,s,&) is a Carathéodory function with quadratic
growth in &, and more precisely satisfies

—coA(x) §& < H(x,s,&)sign(s) < YA(x) &S,
ae. xcQ, VscR, VEc RV, (2.3)
where ¥ > 0 and ¢p > 0,
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the function sign : R — R is defined by

+1 if §>0,
sign(s) = 0 if s=0, 2.4)
-1 if s<0,
the coefficient ag satisfies
ap € LN?(Q), ap>0, ay#0, (2.5)
the exponent 0 satisfies
0<06<1, (2.6)

the caracteristic function is defined by

1 if xeA,
and finally
feLlN?(Q). (2.8)

Since N > 3, let 2* be the Sobolev’s exponent defined by

1 1
2* 2 N’
and let Cy be the Sobolev’s constant defined as the best constant such that

o[l < Cn||ID@|2, Vo € Hy(Q). (2.9)

Since Q is bounded, we equip the space H(} (Q) with the norm

lll gy () = 1Dul| 2@y (2.10)
We finally assume that f and ag are sufficiently small (see Remark 2.3), and

more precisely that

£z < laolln /25 (2.11)

(04
YCy  log?(1+7)

Our main result is the following Theorem.
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Theorem 2.1. Assume that (2.2), (2.3), (2.5), (2.6) and (2.8) hold true. Assume
moreover that the smallness condition (2.11) hold true.
Then there exists at least one solution u of (2.1), which further satisfies

(B —1) € H}(Q), V8 > v such that

8° ™ (2.12)
0gf(1+8) IV
Remark 2.2. In the case where the function H(x,s,&) = H(x,&) does not de-
pend on s, assumption (2.3) is satisfied if and only if

H(x,8)| < cA(x)EE,

a
< —
|fllnj2 < 52 1

for some ¢ > 0.
Since A is a coercive matrix with bounded entries, the last condition is satisfied
if and only if
|H (x,)] < c[&],

for some ¢ > 0, which means that H(x, &) has a quadratic growth with respect
to &.

When ¥ = 0 in (2.3), the nonlinearity function H(x, &) satisfies a sign con-
dition and existence result can be proved for every f € H~'(Q).

Remark 2.3. In this Remark, we consider that the open set Q, the matrix A and
the function H are fixed and we consider the functions ag and f as parameters.
Our set of assumptions on these parameters is made of the smallness condi-
tion (2.11).
Indeed, if, for example, ag is sufficiently small such that it satisfies

o
YCy  log®(1+7)
then the smallness condition (2.11) is satisfied if || f||y > (and therefore || f| -1 (q),

since LV/2(Q) € H~'(Q) is sufficiently small).
Similarly, if, for example, f is sufficiently small such that

|aol[n /2 >0,

o
HfHN 2 <—,
2=
then the smallness condition (2.11) is always satisfied if ||ao||y/, is sufficiently
small.

Remark 2.4. The smallness condition (2.11) is in some sense sharp, implies

that & is bounded when the function ay satisfies the assumption (2.12), we have
o 59

8C%  log(1+9)

laolln/2 >0,
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this implies

o 6

>
8C ~ log® (14 8)

laolln/2 = aolln /-

Finally

Y<O0< 5
Cillaolly,.

Our proof of Theorem 2.1 is based on an approximate result which will be
stated and proved in Section 3.

3. Proof of Theorem 2.1

The proof of Theorem 2.1 will be made in six steps.

Step 1: Approximation and change of unknown function

For n € N, consider two sequences a, and f, such that

ap(x) 0<ap<n
an(x) = (3.1)
n otherwise,

and

fa(x) =T, f(x), (3.2)
where T, is defined in (3.26).
For n € N, define Hy(x,s,&) by

H(x,s,&)

H,(x,s,&) = m

(3.3)

Observe that H,,(x, s, &) satisfies |H,(x,s,&)| < H(x,s,&) as well as (2.3).

Since a,(x), | f4(x)| and H, (x,s,&) are bounded, a classical result of J. Leray
and J.-L. Lions [29, 30] asserts that the following approximate problem (3.4) has
at least one solution.

uy € HO1 (Q),

—div (A(x)Duy,) = H, (x,up, Duy,) + @ (%) 5 T X{u, 0} fu(x) in D'(Q).

(lta] + 1)
(3.4)

Observe that u, belongs to L*(Q) for each n given since a,(x) € L*(Q),
fa(x) € L*(Q), and H,(x,u,, Du,) € L7(Q).



SINGULAR QUASILINEAR PROBLEMS 273

Let 0 > 0 be fixed satisfies

y<d such that
50 (3.5)
log?(1+6)

o
Ifllnye < — laolln /2-

Define
Wwp = ¢(urz)7 (36)

where
@(s) = 6"(e%¥ — 1) sign(s), VseR.

Observe that ¢ € C'(R) with ¢(0) = 0, we have at least formally
wy € HH(Q)NL2(Q),
e =1 4+ 8|w,|, Dw, = e®“|Du,, sign(u,) = sign(wy),

and
—div(A(x)Dwy)

= —8el"! sign(u,)A(x)Duy,Duy, (3.7)
—edlunl div(A(x)Du,)sign(u,) in D'(Q),
where —e9/4|div(A(x)Duy,) is the distrubution defined by
pig) (e div(AWD). @) = [ AxIDwD(gel™)dx,
Q) Q
for any @ € C3(Q) or ¢ € H} (Q) NL=(Q).

Since e®l“| = 1 4 §|w,|, we deduce that w, is, at least formally, a solution
(see Proposition 4.1) of the problem

—div(A(x)Dw,) = —Kg(x,wy,, Dw,) sign(wy)

1+ 8|wy
(8 1log(1+ 8|wy|) + 1)@

+(14 8 |wal) X, 20y fn + a, in D(Q),
w,=0, on JQ,
(3.8)
where the function K5 : Q x R x R¥ — R is defined by the following formulas

_ 1= 0,(x)

Ks(x,s,8) x5S

SA(x)EE, 3.9
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with
Hn(x7 anDun)
o0 sign(uy, )A(x)Dw,Dw,

if sign(uy)A(x)Du,Du, # 0,
B, (x) =
0 otherwise,

from the condition (2.3) on H and 0 < v < &, we have
o

)

When y < §, this computation in particular implies that

Ks(x,5,6) >0 ae.xcQ, VscR, VEcRY.

<06,<1, ae xeQ.

Step 2: A priori estimate

(3.10)

(3.11)

(3.12)

Since that the right hand side of (3.8) belongs to L (Q), we can use w, which

belongs to H} (Q) NL*(Q), as a test function in (3.8).

Taking into the fact that Kg(x,s,&) > 0 (see (3.12)) and using Holder’s inequal-

1
ltyWIth?‘F?‘i‘N = l,WehaVC

( / A(x)Dw,Dw,, dx
Q

< [ (1 8w fu() dx

an(x)dx

+/ (14 8|wy|)wn
L Q (6! log(1+6\wn])+%)6
By the coercivity condition (2.2), we get

o [ Dwndr< [ (1+8wilw, f(x)dx
JQ Q

1+ 6|w,)w,
—i—/ - ( [ ) 1 g an(x)dx.
Q (5 log(1+5\wn|)+;)

(3.13)

(3.14)

Using the chains of Holder’s and Sobolev’s inequalities (2.9) this implies that

([ (1 8wl Sy dx

:/ |w,,\f,,(x)dx+6/ w2 fo(x) dx
Q Q

< -1 1PWalla + 8 CR (1l /2 (1wl 13-

(3.15)
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Splitting Q into Q = {|w,| < 1} U{|w,| > 1} and writing the last term of the
right-hand side of (3.13) as

( (14 3|wa|) wn B
/Q T 1 Ban(x)dx_
(6-"og(1+ 8|wa|) + 1)

{wal <1} (8- 1og(1+ 8|wa|) + 1) (3.16)

+/ (1+ 8[wa|) wn ~a(x)d.
(nl>1} (8= og(1+ 8lwal) + 1)

Since ||an||y/2 converges to [|ao||n/2. [|fullw/2 to [|f]|n/2 and using that the

function F(x) is increasing in R* , we have

- log(1+x)
/ (L+ Swal) wn g an(x)dx
{wal<1} (81 og(1+ 8|wy|) + 1)
B 8wyl 0
§1—|—6/ an(x wn19<> dx
( ) wa|<1 (&) log(1+ &|wal (3.17)
6
N A e
log” (14 8) Jiwal<1
+6 _
\ < (148)C5(0)Cy 121 [lallya |Dwall3~°,
59
where Cs(0)= —5—=
log”(1+96)
and
/ (14 0|wa|) wy : an(x) dx
pnl=1 (8= log(1+ 8|wa|) + 1)
gcg(e)/ (8l bl ) (3.18)
Wn|2>
< C5(0) (Cw 1912 laolls2 [Dwall2 + 8 ol 2 [1Dwa ).
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From (3.14), (3.15), (3.16), (3.17) and (3.18) we have

1+6

2%

o || Dwall3 < (1+8)C5(8)Cy ° 12

-6
a0l /2l1Dwall

+C5(8)Cn 12" Jlao /2| Dwll2
(3.19)
+8C5(0)C llaolln 2|1 Dwal I3

+ 1A -1 (@ I1DWall2 + S C I F Iy 2 [1Pwall5  if i # 0,

dividing by ||Dw,||3~®, this implies that (note that the result remains true in the
case where w,, = 0)

(0= 8C5(0) Rllaolly2 = 5CH 1 llvs2) [Dwall
< (Cs@)Cw [ flaollna + Il ) IDWall (3.20)

_ 1+6
+(148)C5(8)CL 019 = [lao]lw 2-

In view of the definition of (4.6) of the function ®g (see also Figure 1), we
have proved if w, is any solution of (3.4), one has

®5(|[Dwall2) <0, ify<8, (3.21)

this implies that
||Dwy|| < Zs (does notdepend to n). (3.22)

where the constant Z5 > 0 satisfies
ds(Zs) =0. (3.23)
Since u, = 6! (log(1 + 8|wy|)) sign(w,), and from (3.22) implies that
u, isbounded in H}(Q). (3.24)

Step 3: Proof of regularity result

Extracting a subsequence, still denoted n, we have, for some u € HO1 (Q) and
w € H} (Q)

u, —u weakly in H} (Q), a.e.inQ,
w, —w weakly in H}(Q), a.e.inQ,
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where
w=o(u)=86""(e"1) sign(u).
Observe that u and w do not belong to L~ () in general.
If we consider another &, say &', which also satisfies

5/
2= 5,C2 <log(1—|—5’

6
y<&" suchthat |flly; < )> laollnj-  (3.:25)

The above a priori estimate (3.22) again shows that w/, defined by
wh, = 81 (%=1 sign(u),
is bounded in H} (Q), this proves that u is such that
(e%1=1) sign(u) € HY(Q), V&' suchthat < & satisfies (3.25),

that is (2.12).

Step 4: An estimate for / |Dw,|?
[wa| >k
Let us define, for k > 0, the fuction 7; : R — R is the usual truncation at height
k defined by
—k if s<—k
Ti(s) =4 s if —k<s<+k (3.26)
+k if +k<s,

and we define Gy : R — R as the remainder of the truncation at height k, namely
Gr(s) =s—Ti(s), VseR, (3.27)

in other terms
s+k if s <—k

Gi(s)=<¢ 0 if —k<s<+k (3.28)
s—k if s > +k,

Since Gy(w,) € H}(Q), the use of Gy(w,) as test function in (3.8) is licit. This
gives

[ ACDWADGw)dx-+ [ K, D) sign(on,) Gl d
Q Q

/ (1+ 8|wn|) Gr(wn) an(x)dx (3.29)

(6- 1log (14 6|wul)+ )

+ (14 81D Gelown) 2 0y S2)
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Using the coercivity (2.2) of the matrix A, we have for the first term of (3.29)

/A )Dw, DGy (wy,) dx /A )DGy.(wy) DGy (wy) dx

(3.30)
> o [ DGy ()P .
On the other hand, since
sign(s) Gi(s) >0, VseR, (3.31)
and since Kg(x,s,&) > 0, in view of (3.12), this implies
/QK(; (x,wn, Dwy) sign(wy,) Gy (wy,) dx > 0, (3.32)

Let k be fixed, we have

(1+8Mw)Gilwn) (14 8w)Ge(w)
(51 log(1+8|wa))+1)? "~ (87 log(1+8[wl))°

a.e.in Q,

and

(14 8|wnl) Ge(Wn) X0y fu = (1+8|w|) Gi(W) X0y f  a.e.in Q.
On the other hand the following functions
(14 6|wn|) Gi(wn)
(8- log(1+ 8Jw,|) + 1)°

Indeed, from (3.17) and (3.18), since a, strongly converges in L4(2), and for every
Borel set E C Q, we have

/ (1+0|wn|)Gr(wy)
E (5~ log(1+ 8|w,|)+ 1)°

ay and (14 O|wy|) Ge(w) f, are equiintegrable.

a,dx

</ (14 8|wal)[wal
~JE (51 1og(1+ 8w,|) +1)°

— 1/q
<(14+8)Cs(0 )c,'v9|gz|(*" [Dw, 15~ (/Ianqu)

2/N
+C5(0) (CNQII/Z*IIDWnlz (/ IanN/de)
E

2/N
+3G I ( [ oo a) )
E
1/q 2/N
<c </ |an|qu) +c (/ |a,,|N/2dx>
E E

(3.33)
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Thus Vitali’s Theorem implies that
(1+ 8[wa]) Gr(wn) (1+8|w[) Gr(w)
g 9n 7 5T 0
(8= log(1+8|wa|)+1) (8" log(1+ &|wal)

inL'(Q),

and the functions (1 + &|wy|) G¢(wy) f, are too equiintegrable, since f, strongly con-
verges in LN/2(Q), and for Borel set E C Q, we have

L+ 8G90 oy ol < [ (1 8 wal) b ol

2N
<00+ 3wl o (150 634)

2N
<c (/ |an/2dx)
E

By Vitali’s theorem implies that

(14 8lwal) G (wn) X0y S = (1+8|w]) Gi(w) Xty £ in L1 ().

Using the strong convergence of (3.1) and (3.2) of a, and f;, in LN/ 2(Q), the almost
everywhere of w,, the bound of L?* (Q) of wy, and Vitali’s theorem, we have for every k
fixed and for n tends to infinity.

(48 Glm) (143w Gu(w)
(5 log(1+8lw,)+1)? "~ (8 log(1+8]w]))°

ap  strongly in L'(Q),

(3.35)
and

(L+ 81wl )Gie (W) Xgu,0) fir = (14 8|wI)Gie(w) g0y S strongly in L1().

(3.36)
Passing to the limit in (3.29), for any k fixed, we obtain
alimsup [ |DGi(w,)|*dx
n—+o JQ
(3.37)

"~ (1+6|w)Gi(w)
= /Q (6—og(1+8|wl))

Since |G(w)| < |w| and Gg(w) = 0 in the set {|w| < k} the right-hand side of (3.37) is
bounded in L' (Q) and from above

gaods-+ [ (15 8w)Gelw) Zpuso) S

140
s (gt oo + 1+ sz 1) s

which tends to zero when k tends to infinity.

We deduce that

alimsup [ |DGi(wy)>dx — 0 ask — +oo. (3.38)
Q

n—+-oo
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Step 5: Strong convergence of DTy (wy) in L*(Q))V
In this step, we will fix k > 0 and prove that
DTy (w,) — DTi(w) strongly in (L*(Q))N, asn— +oeo, forkfixed.  (3.39)
Let k be fixed, we define
20 = Ti(wn) — Tre(w), (3.40)
and we choose an increasing, C' function ¥ : R — R such that
v(0)=0, y(s)—(cot+d)|y(s)|>1/2, VseR, (3.41)

where cg is the constant which appears in the left-hand side of assumption (2.3) on H
and there exist such functions y : for example y(s) = se*s? with A = (co+8)?/4.

Since z, € H} (Q)NL*(Q), and since y(0) = 0, the function y(z,) belongs to H (Q)N
L (). The use of y/(z,) as test function in (3.8) is licit. This gives

/A(X)DWnDZnV/(Zn)dx""/Ké(anmDWn)Sign(Wn) W(Zn)dx:
Q Q

6Wn n
+/Q( (L+ Sfwnl) ¥(zn) - ay(x)dx (3.42)

S 1log(1+ &|wy|) + %)

[ (U4 8 E0) g fo0)

Since
Dwy, = DTy (wy) + DGy (wy) = Dz, + DTy (w) + DG (wy,), (3.43)

the first term of the left-hand side of (3.42) reads as

/ A(x)DwnDz, ¥ (z)dx = / A(x)DzDza W' (z0) dx
Q Q

+ /Q A(X)DTy(w)Dzp ' (z0) dx (3.44)

+ / A(X)DGi(wn)Dzn ¥ (20) dx.
Q

On the other hand, splitting Q into Q = {|w,| > k} U {|w,| < k}, the second term
of the left-hand side of (3.42) reads as

/ K (x,wy, Dwy,) sign(w, ) ¥(z,) dx =
Q

| Koo, D) sign(on, (z,) d (345)
{lwn|>k}

[ Kslxwn Dw)sign(n) Wiz d,
{lwa|<k}
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the first term of the right-hand side of (3.45), we claim that
/ K (x, wy, Dwy,) sign(wy ) w(z,) dx > 0, (3.46)
{lwn|>k}

indeed in {|w,| > k}, the integrand is nonnegative since on the first hand the function
Ks(x,wy,Dwy,) > 0 in view of (3.12) and 8 > 7, and since on the other hand one has

sign(wn) Y(za) 20 in {[wy| >k}, (3.47)

indeed in {|w,| > k}, one has z, = T (w,) — Ty(w) = ksign(w,) — Ty(w), and therefore
sign(z,) = sign(w,); this implies

sign(wn) W(z) = sign(zn) Y(za) = [W(za)|  in {[wa| >k}, (3.48)
which proves (3.46).

The second term of the right-hand side of (3.45), in view of (3.12) and é > 7y, we obtain
|Ks (x, wn, Dwy,) sign(w, )W (z,)| < (co+ 8) |W(zn)|A(x)Dw,Dw,,. (3.49)
Since in view of (3.43) one has
Dwy, = Dz, + DTi.(w*) in {|w,| <k},
and implies that
[ Ko, D) sign(,) i) d
{lwi| <k}
> / (co+ 8)|W(20)| A(x) D Dwy dx
{‘Wn‘gk}
== [ oy (ot D) IW(a) A (D2 + DTio) (D DT ()
wp|<
(3.50)
> = [ (co+ &) W(a)| AW (D2 +DT(w)) (D2 + DTi(w)) d

> = [ (@+8)w(z) | AWDzDz, dx
Q

- [ (co+®)lw)

(A(x)DT(w)Dzp + A(x)Dzy DTy (w) + A(x) DTy (W) DTy (w)) dx.
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From (3.42), (3.44), (3.45), (3.46) and (3.50) we deduce that

/Q AX)DzDz, (W (zn) — (co+ 8)|w(za)]) dx
<~ [ AWDTwDz, v ()dx
- /Q A(x)DGi(Wy)Dzp W' (z0) dx

+ [ o8yt

(A(x) DTy (w)Dzy 4 A(x) D2, DTi(w) +A(x) DT (w) DTi.(w)) dx

(1+ 8|wy|
* 2 () + (1+ 81wal) X, 201 fo .
/Q<(5'(log(1+5|wn|+}l)ea(x) (14 8]wal) 2¢ ¢0}f(X>> W (2a) dx

(3.51)

We claim that each term of the right-hand side of (3.51) tends to zero as n tends to
infinity.

Since ¥'(z,) — (co+ ) |w(z4)| > 1/2 by (3.41), and the matrix A is coercive (see (2.2)),
this will imply that
=0 inH}(Q) strongly,

or in other terms (see the definition (3.40) of z,,) that

Ti(w,) — Ti(w) in HY(Q) strongly as 1 — oo,

In order to prove the claim let us recall that of the definition (3.40) of z,, one has
7 —0 in H}(Q) weakly, L*(Q) weaklystar and a.e.inQ asn— +oo.

Since y(0) = 0, this implies that y(z,) tends to zero almost everywhere in Q and
in L= (Q) weakly star as n tends to infinity, which is in turn implies that

Dz, W' (z,) =Dwy(z,) =0 in L*(Q)N weakly as n— foo,

This implies that the first term of the right-hand side of (3.51) tends to zero as n tends
to infinity.

For the second term of the right-hand side of of (3.51) we observe that

A(x)DGy(wp)Dzy = A(x) DGy (wy,) (DTie(wy) — DTy (w)) = —A(x) DGy (wy, ) DTy (w),
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and that by Lebesgue’s dominated convergence theorem
DT(w) V' (z2) = DTi(w) ¥'(0) in L*(Q)N strongly as n— 4oo,

while DGy (w,) tends to DGy (w) weakly in L*(Q)V.
Since almost everywhere one has A (x) DGy (w)DTi(w) = 0, the second term of the right-
hand side of (3.51) tends to zero.

For the third term of the right-hand side of (3.51), we observe that
(co+8)|w(z,)|A(X)DTi(w) = 0 inL*(Q)V strongly as — 4oo

by Lebesgue’s dominated convergence Theorem, since y/(z,) is bounded in L= () and
since y(z,) tends almost everywhere to zero because y(0) = 0. Since Dz, is bounded
in L?(Q)", this implies that the first part of this third term tends to zero. A similar proof
holds true for the two others parts of this third term.

Finally the fourth term of the right-hand side of (3.51) tends to zero, since the inte-
grand converges almost everywhere to zero and is equiintegrable (see (3.15), (3.17) and
(3.18)).

This proves that z, tend to zero strongly in H& (Q), namely
DTy (w,) — DTi(w) strongly in (L*(Q))", as n — oo, for k fixed

Since we have
wp —w = Tp(wy) + G(wy) — T (w) — Gr(w),

and using (3.38) and (3.39) we have
Dw, —Dw in (L*(Q))V strongly as n — oo, (3.52)
Thus w, tends to w strongly in H} (Q). Since we have
uy = 8 log(14 8|wy|),
it follows that

u, — u strongly in H} (Q).

an(x) )
————5S— @ when U is small
jua|<pt (|14 ] + %)9

In this step we prove that

: an(x) ao(x)
hrrlnfgile(pdx:/Q PR Qdx,
(lunl +7)

for all ¢ € H} (Q)NL™(Q).

Step 6: Control of
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First we observe that

/m(pdx—/A x)Du, D¢ dx
(3.53)

_/QH,,(M,[,DM,,)(pdx—/Q)({uﬁgO}fn([)dx.

Taking into account the boundness of the matrix A, using the Young’s inequality and
the Sobolev’s inequality, we get

761"()6) dx
Ja (a4 1)

< J|Alle([1Dun 13 + [De]3) .
+(co+ V)@l | Dun|* +Cn 12/ (| I /2| DO 2

(3.54)

< [JAll([[Dun 13 + [D13) .

NIQI2 2

+(co+ 7)1l | Dun |3 + ||f|\N/z+*||D<P||2

< ¢+ (col|Dun|l3 + || D]3),
where ¢, ¢y and ¢’ are the positive constants.

From now on, we consider a nonnegative ¢ € H} (Q) N L*(Q), applying Fatou’s
Lemma to the left-hand side of (3.54), we have.

ap(x)
dx < Cy,
Jo T o<

ao(x)

where Cy S T ¢ € L'(Q), for any nonnegative
Q< H0 (Q)NL7(Q).
As consequence, —- is unbounded as s tends to 0, we deduce that

s|®
{u=0} C {ap =0},

up to set of zero Lebesgue measure.

From now on, we consider a nonnegative function ¢ € Hj (Q)NL*(), and choising it
was test function in the weak formulation, we have

/A(x)DunD(pdx
Q
(3.55)
—/H U, Duy,) (de+/ (P +/X{un;é0}fn ¢dx,
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we want to pass to the limit in the second right-hand side of (3.55) as n tends to infinity.
For u > 0 fixed, we consider the second right-hand side of (3.55)

an(x) an(x) an(x)
dy— _ @) 4 @Y bax (3.56
/Q (\Mn|+%)9 Qdx /\unliu (|Mn\+%)6 L) x+/|un\>ﬂ( g Pax (3.56)

Jun| + )

Applying Lemma 1.1 of [34], we have that for it >0, V,,(u,) belongs to H|} (Q), where

Vyy 1] —oo,400[ = [0,4-o0[ is defined by

0 s < —=2U
2+£ du<s<—p
Vu(s) =1 1 —u<s<pu
S
0 s>2U.

Since Vy, (u,) € H} (Q), the use of (Vy, (u,) @) as test function in (3.4) is licit. This gives

e T 985 A DD i
R (3.57)

_/QH,,(un,Dun)Vu(un) Qdx— /Q Xfun0} Jn Vi (up) @dx

The first term of the right-hand side of (3.57) can be written

/Q A(x) Dity D(Vyy (1) @) dx = /Q A(x) Duty DOV, (1) d. (3.58)

Indeed, splitting Q into Q = {|u,| < p}U{|u,| > pu}
/ A(x) DupDuy, Vyy (1) @ dx =
Jo

1
- A(x) Du,, Du,, ¢ dx .
i o) (x) [ (3.59)

1
+— A(x) Du,, Du,, ¢ dx
K J{u,<0} ( ) ¢

1
— A(x) Du, Duy, @ dx
H J{u,<0}

1
- A(x) D(—u,) D(—u,) @d )
1)y AV D) D) plx (3.60)

1
=_ A(x) Duy, Duy, ¢ dx.
M J{u,>0}
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Finally, we have

/A(x)DunDunV/L(un)(pdxzo (3.61)
Q

Since D@V, (1) converges to D@V, (u) strongly in L?(Q)N while A(x)Du, converges
to A(x)Du weakly in L2(Q)V, we obtain

lirtln /QA(x) Du, DoV, (u,)dx = /QA(x) Du DoV, (u)dx. (3.62)

In the second term of the right-hand side of (3.57), we observe that @V}, (u,) is bounded
in L*(Q) and
Hi(ttn, Ditn) @Vyu(ttn) < [[9]]-=(co + )| D,

which implies that the functions H,(u,,Du,) @V, (u,) are equiintegrable since Du,
strongly converges to Du in L>(Q)", we have

lim / H,(un, Duy) @V (un)dx = / H (u,Du) Vy (u) dx. (3.63)
n Jo Jo

In the third term of the right-hand side of (3.57), the functions f, ¢V}, (u,) are equiinte-
grable, since f;, strongly converges in LV/?(Q) and V, (u,) converges to V, (u) strongly
in L?"(Q). Thus Vitali’s theorem implies that

111511/99({%,;&0} Ja (PVu(“n)dXZ/QX{u;eO}f @V (u)dx. (3.64)

Together with (3.57), the three limits (3.62), (3.63) and (3.64) imply that

lim % ¢dx§/A(x)DuD¢ Vi (u)dx
Sl <k (Jup| 4 1) Q
. (3.65)

Jr/QH(u,Du) OVy(u) dXJr/QX{,HgQ} foVyu(u)dx
Since V), (u) converges to xy,—oy a.e. in Q, as . — 0 and since u € H(Q), then
(A(x) DuD@ +H (u,Du) @ + Xguz0y f @) Vu(u) -0 ae.inQ, asu—0. (3.66)

Applying the Lebesgue’s dominated convergence Theorem on the right-hand side of
(3.65), we obtain that

lim lim %«pdxzo. (3.67)
H=0 s Hunl<m} (Juy| + 1)

Finally, let us pass to limit in z for > 0 fixed in the second term of the right-hand side
of (3.56)

an(x) an(x)
_— (de :/ R y (de
/{\un\>u} (|un|+%)9 Q (\un|+%)9 {[un|>p}
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Using that u,, converges to u a.e. on £, we have

an(x) ao(x)
(Jun| + %)9 - |u|®

¢ ae.onQ,

and
Xljunl>uy 7> Xjul>py o0 {x € Q 2 ulx) # uj,

defining the set C by
C={u>0, meas{xeQ : u(x)=pu}>0},

and choising u ¢ C, Lebesgue’s dominated convergence theorem implies that

lim / &)9 Qdx = / “0(’;) pdx, Yu¢cC. (3.68)
>} (|uy| + 1) {ul>p} ul

As the set C is at most countable, choising i such that p ¢ C and using the fact that
X{u>ny = X{u>01 asp —0,
ao(x)

Jul®
Finally, we have proved that

/ () pdx — / o () (pdx:/ ao()g) ¢odx as u — 0.
{ { o |ul

>y [ul® >0} |ul®

the fact ¢ belongs to L' (Q).

Using (3.67) and (3.68), we deduce

lim/ L. / O o4 Vo e HIQNLTQ), 9>0. (3.69)
"0 (fu| + ) Jo lu
Moreover, decomposing any ¢ = @ — ¢~ and observing that (3.69) is linear in @, we
deduce that (3.69) holds for every ¢ € H} (Q) NL*(Q).
Remark 3.1. Since u, € H}(Q), one has for every u > 0 fixed

{un =0} C {[un| <},

this implies that

/ %(pdxzo for every ¢ € H}(Q)NL™(Q).
(=0} (Jun| + )

As u, — u strongly in Hé (Q), it is then easy to pass to the limit in the approximate
equation (3.4). This proves that u is a solution of (2.1). The proof of Theorem 2.1 is
then complete.
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4. Appendix

In this Appendix, we give an equivalent result of the approximate problem and the
definition of the constant Zs which appears in Theorem 2.1 (see Lemma 4.2).

4.1. An equivalence result

Proposition 4.1. Assume that (2.2), (2.3), (2.5), (2.6), (2.8), (3.3), (3.1), (3.2) hold true,
and let & > 0 be fixed. Let the function Kg be defined in (3.9).
If u, is any solution of (2.1) which satisfies

(%1l —1) € HY (@), @.1)
then the function wy, defined by (3.6), namely
wp = 6% —1)sign(w,),

satisfies

wy, € Hé (Q),

—div(A(x)Dwy,) + K (x, wy, Dw,,) sign(w,,) = 4.2)

1+ 6|wy| )
(14 8[wnl) X0y fu + (6-log(1+ 8|w,|+ 1)8 a,(x) in D'(Q).

Conversely, if w, is any solution of (4.2), then the function u, defined by
Uy = 8 Mog(14 8|wy|)sign(w,), (4.3)
is a solution of (3.4) which satisfies (4.3).
Proof. Define the function 7, by

A an(x)
Inlox) = K0y o) g

In view of (3.6), one has:
(1+8[wnl)an(x)
(5~ log(1+ &|w,|) +1)°

(148 |wa|) X0y S (x) +

= (14 8|wal) | Xgwnro) fa(x) + n () )
el |)<X{ AT L) Bl

an(x)
= (146w, 0y )+ ———].
(1+48|wal) <%{ 20} Jal( )+(|Mn|+,l1)9>

Then Proposition 4.1 becomes an immediate application of Proposition 1.8 of [17],

once observes that
fan €L”(Q). “.5)

O
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4.2. Definition of Z;

The goal of this Subsection is to define the constant Zg which appear in Theorem
2.1. We will prove the following result.

Lemma 4.2. For 6 > 0, let ®5 : Rt — R (see Figure 1) be the function defined by

51+6
Ps5(X)=aa—————C2 —8C3 )X”"
s(X) < log9(1+5) N||a0||N/2 N||f||N/2

59 .
| —= vV |a n i )X" i
<10g9(1+3) v Q] | OHN/z 11l L(Q) (4.6)
18
log®(1+6)
where 0 satisfies (2.6), namely 0 < 0 < 1. and where Cy is the best constant in the

Sobolev’s inequality (2.9).
Then, for & >, there exists a unique number Zg such that

1

_ +6
Cy 019 7 Jlaolly )2,

@5(25) = 0, and VX < Z5 : CI>5(X) < 0. (47)

mind, %

Figure 1: The graphs of the functions ®5(X) and ®,(X).

Proof. Let us now study the family of functions ®@5(X) : RT™ — R defined by (4.6),

from the smallness condition relative to § (see 2.11), implies that
5l+9 5 )
————  Cylla —-6C >0

10g9(1 +6) N” 0||N/2 N ||f||N/2 =

Each function ®5 look like the restriction to R* of a “convex parabola”, when
0 < y < § this “convex parabola” has a unique minimizer in X of the function ®g,
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and the minimum of ®g, namely ®g5(Xs) is negative and using the intermediate value
theorem, then there exists Zg such that ®5(Zs5) = 0. O
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