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SOME RESULTS ASSOCIATED WITH A GENERALIZED
BASIC HYPERGEOMETRIC FUNCTION

RAJEEV K. GUPTA - SHIREEN TABASSUM - AMIT MATHUR

In this paper, we define a q-extension of the new generalized hyper-
geometric function given by Saxena et al. in [13], and have investigated
the properties of the above new function such as q-differentiation and q-
integral representation. The results presented are of general character and
the results given earlier by Saxena and Kalla in [14], Virchenko, Kalla and
Al-Zamel in [15], Al-Musallam and Kalla in [2, 3], Kobayashi in [7, 8],
Saxena et al. in [13], Kumbhat et al. in [11] follow as special cases.

1. Introduction

From the point of view of statistical distributions, the generalized form of the
hypergeometric function 2F1(a,b;c;z) has been investigated by Dotsenko [4],
Malovichko [12] and others. Recently, Kumbhat, Gupta and Surana [11] intro-
duced a new generalized basic hypergeometric function in the following form:

2Φ
τ
1 (a,b;c;τ;q,z) =

Γq (c)
Γq (b)

∞

∑
n=0

(a;q)n Γq (b+ τ n)zn

Γq (c+ τ n)(q;q)n
(1)
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where a,b and c are real or complex numbers, τ ∈ R, τ > 0, c 6= 0,−1,−2, . . . ,
|z|< 1, |q|< 1, Γq (b+ τ n) and Γq (c+ τ n) are finite for integer n.

Its q-integral representation is given by :

2Φ
τ
1 (a,b;c;τ;q,z) =

Γq (c)
Γq (b)Γq (c−b)

∫ 1

0
tb−1 (qaztτ , tq;q)

∞

(ztτ , tqc−b;q)
∞

dqt (2)

where Re(c) > Re(b) > 0, τ ∈ R, τ > 0, |z|< 1, |q|< 1.
As q→ 1 in (1) and (2), we get the generalized hypergeometric function (cf.

Virchenko et al. [15]).
The generalized basic hypergeometric series rΦs(.), (cf. Gasper and Rah-

man [5]) is :

rΦs

 a1, . . .ar

; q,x
b1, . . .bs

=
∞

∑
n=0

(a1, . . .ar;q)n
(q,b1, . . .bs;q)n

{
(−1)n q

n(n−1)
2

}1+s−r
.xn (3)

where the convergence of the series (3) is true for |q|< 1, for all x if r ≤ s, and
for |x|< 1 if r = s+1.

For real or complex a, |q|< 1, the q-shifted factorial is defined as

(a;q)n =
{

1 ; i f n = 0
(1−qa)

(
1−qa+1

)
. . .
(
1−qa+n−1

)
; i f n ∈ N

(4)

In terms of the q-Gamma function, (4) can be expressed as :

(a;q)n =
Γq (a+n)(1−q)n

Γq (a)
, n > 0 (5)

where

Γq (α) =
(q;q)

∞

(qα ;q)
∞

(1−q)α−1 (6)

Indeed, it is easy to verify that

Lim
q→1−

Γq (a) = Γ(a) (7)

and

Lim
q→1−

(qa;q)n
(1−q)n = (a)n (8)
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where

(a)n = a(a+1)(a+2) . . .(a+n−1) , n≥ 1 (9)

The q-binomial theorem is

1Φ0 (a;−;q,x) =
(ax;q)

∞

(x;q)
∞

, |x|< 1 (10)

The fractional q-derivative of arbitrary order λ > 0, for a function f (x) = xµ−
1, is given by :

Dλ
q,x
(
xµ−1)=

Γq (µ)xµ−λ−1

Γq (µ−λ )
(11)

where µ 6= 0,−1,−2, . . . .
For λ = 1, the equation (11) reduces to

Dq,x
(
xµ−1)=

Γq (µ)xµ−2

Γq (µ−1)
=

(
1−qµ−1

)
xµ−2

(1−q)
(12)

The q-Beta function (cf. Gasper and Rahman [5]) is

Bq (x,y) =
Γq (x)Γq (y)
Γq (x+ y)

(13)

=
∫ 1

0
tx−1 (tq;q)

∞

(tqy;q)
∞

dqt,

where Re(x) > 0,Re(y) > 0.
The paper will be organized as follows. In section 2, we define a q-extension

of the new generalized hypergeometric function and derive its q-integral repre-
sentations. Certain analytic properties of this special function are described in
section 3.

2. Definition and q-integral representations of 3Φτ
2 (.).

A new generalized basic hypergeometric function is defined in terms of series
representation in the form:

3Φ
τ
2 (λ ,a,b;c,d;τ;q,z) =

Γq (c)Γq (d)
Γq (a)Γq (b)

∞

∑
n=0

(λ ;q)n Γq (a+ τ n)Γq (b+ τ n)zn

Γq (c+ τ n)Γq (d + τ n)(q;q)n
(14)

where |z|< 1, τ ∈ R, τ > 0, |q|< 1, and
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3Φ
τ
2 (λ ,a,b;c,d;τ;q,z) (15)

=
Γq (d)

Γq (a)Γq (d−a)

∫ 1

0
ta−1 (tq;q)

∞

(tqd−a;q)
∞

2Φ
τ
1 (λ ,b;c;τ;q,zt)dqt

where Re(d) > Re(a) > 0, Re(c) > Re(b) > 0, τ ∈ R, τ > 0, |z|< 1, |q|< 1.

It is interesting to note that for b = d, (14) reduces to the generalized basic
hypergeometric function studied by Kumbhat et al. [11].

If we let q→ 1− and make use of the limit formula (8), (14) reduces to the
generalized hypergeometric function studied by Saxena et al. [13].
Proof of (15) :
To prove (15) we have :

3Φ
τ
2 (λ ,a;b;c,d;τ;q,z) =

Γq (c)Γq (d)
Γq (a)Γq (b)

∞

∑
n=0

(λ ;q)n Γq (a+ τ n)Γq (b+ τ n)zn

Γq (c+ τ n)Γq (d + τ n)(q;q)n

=
Γq (d)

Γq (a)Γq (d−a)

∞

∑
n=0

(λ ;q)n Γq (c)Γq (b+ τ n)zn

(q;q)n Γq (b)Γq (c+ τ n)
Bq (a+ τ n,d−n)

Applying the property of integral of q-Beta function (13), we obtain :

Γq (d)
Γq (a)Γq (d−a)

∫ 1

0
ta+τ n−1 (tq;q)

∞

(tqd−a;q)
∞

·
Γq (c)Γq (b+ τ n)(λ ;q)n zn

Γq (b)Γq (c+ τ n)(q;q)n
dqt

Interchanging the order of integration and summation; we get

Γq (d)
Γq (a)Γq (d−a)

∫ 1

0
ta−1 (tq;q)

∞

(tqd−a;q)
∞

∞

∑
n=0

(λ ;q)n Γq (c)Γq (b+ τ n)zn

Γq (b)Γq (c+ τ n)(q;q)n
· (ztτ)n dqt

After some simplification, we get :

Γq (d)
Γq (a)Γq (d−a)

∫ 1

0
ta−1 (tq;q)

∞

(tqd−a;q)
∞

2Φ
τ
1 (λ ,b;c;τ;q,ztτ)dqt

which completes the proof of (15).
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3. q-Differentiation Formulas of 3Φτ
2 (·)

Dq,z [3Φ
τ
2 (λ ,a,b;c,d;τ;q,z)] =

(λ ;q)Γq (d)Γq (c)Γq (a+ τ)Γq (b+ τ)
Γq (a)Γq (b)Γq (c+ τ)Γq (d + τ)

· (16)

·3Φ
τ
2 (λq,a+ τ,b+ τ;c+ τ,d + τ;τ;q,z)

Dq,z

[
zλ

3Φ
τ
2 (λ ,a,b;c,d;τ;q,z)

]
= (λ ;q)zλ−1

3Φ
τ
2 (λq,a,b;c,d;τ;q,z) (17)

Dn
q,z

[
zλ+n−1

3Φ
τ
2 (λ ,a,b;c,d;τ;q,z)

]
= (λ ;q)zλ−1

3Φ
τ
2 (λqn,a,b;c,d;τ;q,z)

(18)

Dn
q,z [3Φ

τ
2 (λ ,a,b;c,d;τ;q,z)] =

Γq (c)Γq (d)Γq (a+ τ n)Γq (b+ τ n)(λ ;q)n

Γq (a)Γq (b)Γq (c+ τ n)Γq (d + τ n)
·

(19)

·3Φ
τ
2 (λqn,a+ τ n,b+ τ n;c+ τ n,d + τ n;τ;q,z)

Proof of (16) :
To prove (16) we see that the left hand side of (16) can be written as :

Γq (c)Γq (d)
Γq (a)Γq (b)

∞

∑
n=0

(λ ;q)n Γq (a+ τ n)Γq (b+ τ n)
Γq (c+ τ n)Γq (d + τ n)(q;q)n

·Dq,z (zn)

=
Γq (c)Γq (d)
Γq (a)Γq (b)

∞

∑
n=1

(λ ;q)n Γq (a+ τ n)Γq (b+ τ n)
Γq (c+ τ n)Γq (d + τ n)(q;q)n

· (1−qn)
(1−q)

zn−1

Replacing n by n+1; we get :

=
Γq (c)Γq (d)
Γq (a)Γq (b)

∞

∑
n=0

(λ ;q)n+1 Γq (a+ τ n+ τ)Γq (b+ τ n+ τ)
Γq (c+ τ n+ τ)Γq (d + τ n+ τ)(q;q)n+1

·
(
1−qn+1

)
(1−q)

zn

After some simplification; we get :

=
(λ ;q)Γq (c)Γq (d)

Γq (a)Γq (b)

∞

∑
n=0

(λ ;q)n Γq (a+ τ n+ τ)Γq (b+ τ n+ τ)
Γq (c+ τ n+ τ)Γq (d + τ n+ τ)

· zn

(q;q)n

Using (14), the right hand side of (16) is obtained.
The proof of (17) to (19) are straight forward and hence are omitted.
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4. Application. The q-distribution

Using the result given by Saxena et al. [13], the q-Laplace type integral

I =
∫

∞

0
eq {−γ (1−q) z} zβ−1

ξ (z) d (z ; q)

Where ξ (z) = 3Φτ
2 (λ , a, b ;c, d ; τ ;q, k z τ)

On using the definition (14), it yields∫
∞

0
eq {−γ (1−q) z} zβ−1 Γq (c) Γq (d)

Γq (a) Γq (b)

·
∞

∑
n=0

(λ ;q)n Γq (a+ τ n) Γq (b+ τ n) (k zτ)n

Γq (c+ τ n) Γq (d + τ n) (q ;q)n
d (z; q)

On interchanging the order of integration and summation and then using the
equation namely [ cf. Abdi [1]],

zβ−1 ⊃
Q

(q ;q)
β−1 q

−β (β−1)
2 s−β Re (β ) > 0

⊃
Q

(q ;q)
β−1

(
−sqβ : q

)
∞

(
−q

s
1−β : q

)
∞

(−s : q)
∞

(
−q

s : q
)

∞

It reduces to

q
(β−β2)

2
Γq (β )

γβ
· 4Φ

τ
2

(
λ , a,b,β ; c, d ;τ ; q,

k q
−τ(2β+τ n−1)

2

γτ

)
Thus the function

f (z ; β , γ, λ , a, b, c, d, τ, k,q)

=
eq {−γ (1−q)z}zβ−1

3Φτ
2 (λ , a, b ; c, d ; τ ;q,k zτ)

q
(β−β2)

2 γ−β Γq (β ) 4Φτ
2

(
λ , a, b ; β ; c, d ; τ ;q, k q

−τ (2β+τ n−1)
2

γτ

)
Where

Re (β ) > 0, Re (γ) > 0, Re (γ) > Re (k) , τ > 0, 0 < |q |< 1, 0 < z < ∞,

c,d 6= 0,−1,−2, . . . , = 0 elsewhere

provides a basic analogue of probability density function.
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The generalized basic hypergeometric function 3Φτ
2 (λ , a, b ; c, d ; τ ;q,k zτ)

can be reduced to basic hypergeometic function 2Φ2 (a, b, c, d ; q, z) by taking
τ = 1 and replacing k by k

λ
then taking the limit λ → ∞. The basic analogue of

probability density function changes to

f (z ; β , γ, a, b, c, d, 1, k,q) (20)

=
eq {−γ (1−q)z}zβ−1

2Φ2 (a, b ; c, d ; q,k z)

Γq (β ) q
(β−β2)

2 γ−β 3Φ2

(
a, b , β ; c, d ;q, k q−2β

γ

)
If we set γ = µ in (20), we obtain q-extension of the function of the type

George and Mathai [6].

f (z ; β , γ, a, c, 1, k,q) (21)

=
eq {−γ (1−q)z} 1Φ1 (a ; c ; q, k z)

q
(β−β2)

2 γ−β Γq (β ) 2Φ1

(
a, β ; c ;q, k q−2β

γ

)
If we take k→ 0 in (20), we obtain two parameters q-gamma density type

function

f (z ; β , γ, q) (22)

=
eq {−γ (1−q)z}zβ−1

Γq (β ) q
(β−β2)

2 γ−β

Indeed, if we let q→ 1− and make use of the relation (8), in (20), we get
known results due to Kumbhat and Shanu [10]. On the other hand, if we put
b = d and q→ 1− in (20), we obtain a known result due to George and Mathai
[6].
Finally if we take k→ 0 or either a = 0 or b = 0 and q→ 1−, we obtain a known
result due to Kumbhat and Shanu [10].
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