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STABILITY OF CONSTANT EQUILIBRIA IN A
KELLER-SEGEL SYSTEM WITH GRADIENT DEPENDENT
CHEMOTACTIC SENSITIVITY

S. KOHATSU - T. YOKOTA

This paper deals with the Keller—Segel system with gradient depen-
dent chemotactic sensitivity,

w=Au—xV-(ulVv[P=2Vy), x€Q, t>0,
vi=Av—v+u, xeQ, >0,

where Q C R” (n € N) is a bounded domain with smooth boundary, and
X >0, p € (1,00) are constants. The purpose of this paper is to establish
stability of constant equilibria under some smallness conditions for the
initial data.
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1. Introduction

In this paper we consider the following Keller—Segel system with gradient de-
pendent chemotactic sensitivity:

u = Au—xV-(uVv[P2Vv),  xcQ,t>0,
vi=Av—v+u, xeQ, t>0,
Vu-v=Vy.-v=0, x€dQ, >0,
u(x,0) = up(x), v(x,0) =vo(x), x€Q,

(1.1)

where Q C R” (n € N) is a bounded domain with smooth boundary dQ, y > 0,
p € (1,00) are constants, v is the outward normal vector to d€, ugy and vy satisfy
up €C(Q), up>0inQ and uy#0, (1.2)

vo €WH=(Q) and vy >0 inQ. )

In recent years, chemotaxis systems with the term —xV - (u|Vv|P~2Vv) have
been studied, where the unknown functions u# and v describe the density of
biological species and the concentration of chemical substances, respectively.
When p = 2, the problem (1.1) is reduced to the classical Keller—Segel system
proposed in [6], and there are a lot of work on large-time behavior of solutions.
In the case n = 1, Osaki and Yagi [12] investigated asymptotic behavior of so-
lutions. When n > 2, Winkler [15] and Cao [2] established large-time behavior
of solutions, that is,

lu(- 1) — ol =) = 0 ast— oo, (1.3)

under smallness conditions for ||uy| and [|Vvo | 1r(q), where g := ﬁ Jo uo-

L2(Q
For the case that Q = R”", see [10] and( [%]. Considering these results, our focus
will here be on how do the solutions of (1.1) behave in the case p # 2, especially
whether (1.3) holds true or not.

We first review previous works for some related systems with the chemo-
tactic term —xV - (u|Vv|P~2Vv). To the best of our knowledge, such systems
were initially studied by Negreanu and Tello [11], where they considered the
simplified parabolic—elliptic system

{u, = Au— V- (u|Vv[P72Vy), x€Q, >0, 14

0=Av—1uy+u, xeQ t>0.

They proved uniform boundedness of u(-,7) in L”(Q) when p € (1,00) (n=1),
and p € (1,-2+) (n > 2). They also showed existence of infinitely many steady

' n—1
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states in the case that p € (1,2) (n = 1). On the other hand, Tello [13] proved
that a solution to (1.4) blows up in finite time when p € (;-5,2) (n > 3). Wang
and Li [14] studied the parabolic—parabolic system

u=Au—V-(u|Vv|P2Vv), x€Q,t>0,
vy = Av —uv, xeQ >0,

where p € (1,2). They showed global existence of weak solutions in the case
that 2 < n < 2221

, and established global existence of renormalized solu-

tions in the complementary case n > (7”1_1)

We next focus on the problem (1.1) and state known results and our purpose.
The problem (1.1) was studied by Yan and Li [17]. They obtained global exis-
tence and boundedness of weak solutions in the case p € (1,.%;) (n >2). We
note that, following their proofs in [17], one can establish the same result in the
case p € (1,2) (n=1). However, large-time behavior of weak solutions to (1.1)
has not been investigated yet. The purpose of this paper is to reveal behavior
of solutions to the problem (1.1) for general p € (1,00), especially we focus on
the asymptotic stability (1.3). Inspired by [8, 9], since boundedness was already
obtained, we will impose some smallness conditions for [|uo||.1 (q)

Before we state main results, we give a definition of weak solutions to (1.1)

introduced by Yan and Li [17, Definition 2.1].

Definition 1.1. Let u and vy satisfy (1.2). Let 7 > 0. A pair (u,v) of functions
is called a weak solution of (1.1) in Q x (0,T) if

() ueL>(Qx[0,T)),veL>(Qx[0,T))NL*([0,T);W'?(Q)),
(ii)) u>0ae. onQx(0,T),v>0ae. onQx(0,7),
(i) |Vv[P=2Vv e L2(Qx [0,T)),

(iv) u has the mass conservation property

/u(',t):/uo fora.a.t >0,
Q Q

(v) for any nonnegative ¢ € C2(Q x [0,7)),

T T
/ /uq), /uo(p /0 /QM-A(p—i-)(/O /Qu|Vv|p72Vv-V(p
T T T
/ Jyro— froocor== [ [vv-Vo— 7 [ vos [ [ uo

hold true.
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If (u,v) : Q x (0,00) — R? is a weak solution of (1.1)in Q x (0,T) forall T > 0,
then (u,v) is called a global weak solution of (1.1).

It would be possible to choose uy € L”(€) in Definition 1.1, however, for
sake of simplicity, we here assume that 1 is continuous.

We now state the main theorems. The first theorem is concerned with sta-
bility of constant equlibria ug.

Theorem 1.2. Let n € N. Assume that uy and vg satisfy (1.2). Let ug := ﬁ Jo 1o
and m := ||uo||11(q)- Suppose that

€ (1,2) ifn=1,
€ (1,”> ifn>2. (15
n—1

Then there exist a global weak solution (u,v) of (1.1) and t; > 0 such that
u(-,1) = | 1=(q) < CmP(1+m* +mP)  forallt > 1, (1.6)

where C > 0, o > 0 and B > 0 are constants. In particular, one can find ng > 0
such that for all n € (0,M0), whenever ug fulfills

[uollL1 ) < M,

u satisfies
(-2 )—MOHU« y<n forallt>1.

The second theorem gives asymptotic stability of ug.
Theorem 1.3. Suppose that
n=1 and pe€[2,0).

Assume that ug and vy satisfy (1.2), and uo € Uge(,1)C 9(Q). Then there exist a
global classical solution

(u,v) € (CO(Q % [0,00)) NC2 (@ x (0,00)))°

of (1.1) and t; > 0 such that the estimate (1.6) holds for all t > t,. Moreover,
one can find N > 0 such that for all n € (0,n), whenever ug fulfills

[luollLi) <M,
u satisfies
(-, 1) = Tag]| 1=y < Me™ he=n) - forallt > 1, (1.7)
where h > 0 is a constant. In particular,

(1) ~ i@y 0 ast .
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Remark 1.4. As we consider u —M and v — M instead of u and v in Theorem 1.3,
where M := min, 5 uo(x), the stabilization (1.7) can be established even when
uo fulfills

luo —M11(@) <
which means that the variation of ug in Q is sufficiently small.

Remark 1.5. It is unknown whether asymptotic stability of &g under the condi-
tion (1.5) holds or not.

The proofs of the main theorems are based on [9]. As to the proof of Theo-
rem 1.2, we consider a regularized problem of which global classical solvability
is known, and construct a weak solution by taking the limit of solutions of the
regularized problem. In order to prove (1.6), we first obtain

[ue (- 1) = U] | 1= () < CmP (1 +m™ +mP) forallt>n

with some #; > 0 which is independent of €, where u; is the first component
of solutions to a regularized problem. Then we let € — 0 and construct a weak
solution which satisfies (1.6). However, unlike in [9], we cannot obtain the
estimate for ||Vve | 1q(q) with large g (Lemma 3.2), so we need to modify their
proofs. With regard to the proof of Theorem 1.3, we first obtain the estimate
(1.6). Next, to prove (1.7), we put

S:={T >t | ||u(-,1) = || =) < Me "™ V1€ [, T]}

and define 7" := sup S € (f2,°0]. Then, since the power of m” in ( 1.6) is greater
than 1, we can obtain the sharper estimate ||u(-,#) — ||~ (o < Ineh=1) for
t € (1,T*), and hence we have T* = oo, which shows exponentlal decay of
u(-,1) —Tp.

This paper is organized as follows. In Section 2, we give some useful in-
equalities. Section 3 is devoted to the proofs of stability of uy (Theorem 1.2). In
Section 4, we show asymptotic stability of ug (Theorem 1.3).

Throughout this paper, we put m := ||ug||1(q), and we denote by ¢; generic
positive constants.

2. Preliminaries

In this section we collect some inequalities which will be used later. The fol-
lowing lemma provides an estimate for certain integral, which is established in
[15, Lemma 1.2].
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Lemma 2.1. Let k <1, 6 <1, y>0, u >0, and y # U. Then there exists a
constant C = C(x, 8,7y, 1) > 0 such that
t . .
/O (1 + (l’ _s)fk)efy(tfs)(l _’_S75)efus ds < C(l +tmln{0,17K75})efmln{y,u}t
forallt > 0.

We next recall LP-L? estimates for the Neumann heat semigroup on bounded
domains. We refer to [15, Lemma 1.3] for the proofs (see also [2, Lemma 2.1]).

Lemma 2.2. Let (¢"*);>0 be the Neumann heat semigroup in Q, and denote by
A1 > 0 the first nonzero eigenvalue of —A in Q under the Neumann boundary
condition. Then there exist constants Cy,...,Cqs > 0 which depend only on Q
such that the following hold:

(i) If 1 < g <r< oo, then

||€tAW

ey < Cl+1 3G D) e Myl o) forallt >0
holds for all w € L1(Q) with [ow = 0.

(ii) If 1 < q <r < oo then

n(l

IVe™ W) < Co(1 4172 3G )Myl i) forallt >0
is valid for all w € L1(Q).
(iii) If2 < q < oo, then
Ve W]l L) < Cse M ||VW|aq) forallt >0
is true for all w € Wl’q(Q).

(iv) If1 < q <r<oo then

1€V Wl < o141 2™ ]| yq) forallt >0

holds for all w € (L4(Q))", where e!*V- is the extension of the operator
AV on (CZ(Q))" to (L1(Q))™

We also recall the Gagliardo—Nirenberg inequality in the following lemma,
which is the special case of [4, Proposition A.1].

Lemma 2.3. Let g >0, r € (0,q), and s € [1,%] such that 1 — 1 < é. Then

there exists a constant C = C(Q,s,r,n) > 0 such that for all u € L"(Q) with
VueL*(Q),

lullzoe) < ClIVallfs g llull 7 +Cllullee)

~1=
=

where a :=

~1—

Si—
|

-
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3. Stability of o when p € (1,2)ifn=1,and p € (1,-2) ifn>2

n—1
In this section we will show Theorem 1.2. In the following, we let A; > 0 be the
first nonzero eigenvalue of —A in Q under the Neumann boundary condition.
Also, we suppose that 1 and vy satisfy (1.2), and p satisfies (1.5).

3.1. Regularized problem of (1.1)

According to the idea from [17], we consider the regularized problem
(Mg)t:Aug_xV'<u£(|vv8|2+8)%v‘}£>, xeQ, >0,
(Vg)t:AVg_Vg+ug, xGQ.,t>0,
Vug'v:VVg'v:O, )CE&Q,Z‘>O,
ug (x,0) = up(x), ve(x,0) = vo(x), xeQ,

3.1

where € € (0,1). Global existence of classical solutions to (3.1) has already
been proved in [17, Lemma 2.2 and Lemma 4.1]. Hereinafter, we let (u¢,ve) be
the global classical solution of (3.1). We first note that u, satisfies

e ()1 (@) = lluoll1q) =m forallz >0and e € (0,1). (3.2)

The next lemma asserts that the solution of (3.1) is uniformly bounded with
respect to time and €. For the proof, see [17, Lemma 4.1].

Lemma 3.1. Suppose that p satisfies (1.5). Then there exists a constant C > 0
such that

e (1) |L=() < C (3.3)
forallt >0and € € (0,1).

3.2. [’-estimate for u. in terms of mass

We give an L"-estimate for u. in terms of mass m which will be used later
(Lemma 3.4). To this end, we first employ semigroup techniques to estimate
Vve in L1(Q) for some q.

Lemma 3.2. Let g satisfy
qce [1 ) oo) lfl’l = ]7

g€ [1, n:) ifn>2. 34

Then there exists a constant C > 0 such that
[Vve(s)lnaey < C(1+172)e” M 4-Cm
forallt >0and € € (0,1).
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Proof. Since v, solves the second equation of (3.1), it follows that
ve(-,1) —e’(Al)vo—i-/ote(’c’)(Al)ug(-,c)dO'
forallz > 0and € € (0,1). Thus,
Ve (1) | za(o) < eftHVetAVOHLq(Q) +/0t e 70| Vel oAy, (., 0)llza@ do
(3.5
forallt >0 and € € (0, 1). Here, according to Lemma 2.2 (ii), we have
e [Vevolla) < er(1+172)e™ R g |1y (3.6)
for all # > 0. Moreover, invoking Lemma 2.2 (ii) and (3.2), we can see that
[ DN, 0) sy o
<o [ (140-0) H07D) e R (0| g do
= czm/t 1+ 07%7%(17%))6_(1+11)6d0

<sz 533 1*’))((1”‘)60'0 (3.7

forallz > 0and € € (0,1). Since the integral [ (1+ 67%77(175)) ~(+h)o g
is finite according to (3.4), the claim follows from (3.5), (3.6) and (3.7). ]

From Lemma 3.2 we prove an L"-estimate for u, in terms of mass m.

Lemma 3.3. Suppose that p satisfies (1.5). Let r € (1,00). Then there exists a
constant C > 0 such that

_t=1 2(p—1) 2(p—1)
”ue(.’t)HLr(Q) SC@ r -l-Cm —|—m r +mr1 r(1—a)

forallt > 1and € € (0,1), with some a € (0,1).

Proof. Letr € (1,0). Multiplying the first equation of (3.1) by u. !, integrating
by parts yield, and noting that p < 2, we obtain

ld/ ry
rdt

‘ =(r—1) x/ (|Vve|* +¢) PT(va Vue)ug

<(r—1) X/Q\va|p*1|Vu£\u§*1

2(r—1 ror
= (r)"/ (Vve P~ Vi |u (3.8)
r Q



STABILITY OF KELLER-SEGEL SYSTEM WITH GRADIENT DEPENDENT 221

forall# >0 and € € (0,1). Here thanks to the Young inequality, we can see that

2(r—1 Lot
2r—L)x M/ Ve P~ | Vidd |u?

<= / Vuz [+ (r— )2 /Q Vv 2P~V (3.9)

72

Besides, by the Holder inequality, we infer that

2(p—1) s=2(p—1)

[ vver g < [/QWVSP] S Uguﬂ”] BN ERT)

where
s€(2(p—1),00). (3.11)

From (3.8), (3.9), and (3.10) we have

ld/ -
rdt
2(p-1) 372({371)

(r—1)x [/ \va]s] ' [/ugz("”]
o

and hence,
1)/ ‘Vué‘z

d p . 3(r
E/%+/%+
2(p—1) s=2(p—1)
r(r—1)x V |Vve !S] [/ g - ”} +/u; (3.12)
Q Q

forallt > 0 and € € (0,1), with s satisfying (3.11). We now estimate the first
term on the right-hand side of (3.12). According to Lemma 3.2, we know that

2(p—1)

R s 2p—1
| T =19

<cl((l+t—%)e—(1+xl)t+m)2(p_1)
< cp(14+m*PY) (3.13)

forall7z > 1 and € € (0,1), where s satisfies (3.11) and

s€[l,0) ifn=1, and se[l,n]> ifn > 2. (3.14)
P
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Moreover, the Gagliardo—Nirenberg inequality (Lemma 2.3) shows that
s—2(p—1)

s : s r
[ ey
Q L5201 (Q)

512a 512(1—-a) 2
<3| Vug ”LZ Q) | ueg HL%(Q) +C3H”£ H @)

= ¢3||VuZ 178 ™+ cam”, (3.15)

where s fulfills (3.11), (3.14) and
s € (n(p—l)’oo)’ (316)

s=2(p—1)

r
anda: —Z,f
+ ES

(3.16), because the condition (1.5) implies

(0,1). Here we can choose s satisfying (3.11), (3.14) and

n(p—1) < Ll for n > 2. (3.17)

Now, invoking (3.13), (3.15) and the Young inequality, we obtain
2(p=1) s=2(p—1)

vz | [ k| | [

< ca(14+m* P 0)||Vaig |78 g™ ) 4 ca(1+m>P=D)m’
2(r
<

2(r—1 : -
L2 )/ (Vi [P+ com’ (14 m2P=D 1m0 (3.18)
r Q

1 r
)/ ‘Vué’2+C5(1+m2(l’*1))ﬁmr+c4(l+m2(p71))mr
Q

for all + > 1 and € € (0, 1), with s satisfying (3.11), (3.14) and (3.16). Next,
again by using Lemma 2.3 and the Young inequality, we have

r 302
| = 30

< crl|Vied B i I3 ) +erlld I
ZC7||VugHi[2’(Qm( ) 4 cm”
-1 r
gr /‘Vu§|2—|—08mr (3.19)
roJo

for allz > 0 and € € (0,1), where b := jr_ 2+ € (0,1). Plugging (3.18) and
2

(3.19) into (3.12), we finally derive the d1fferent1a1 inequality
d
dt

/u£+/u£§(:9m (14 m20~) ) (3.20)
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forallr > 1 and € € (0, 1). Integrating (3.20) over (1,7) and applying (3.3), we
have

2(p—1)

/QME(‘,Z‘) < ei(tfl)/gug(‘,1)+C9mr(1—|—m2(1’*1)+mﬁ)

(p—1)
< 010|Q|e_(t_1) +69mr(l +m2P-1) —l—m%)

forallt > 1 and € € (0, 1), which leads to the conclusion. O

3.3. Boundedness of u:; — g in the large-time limit

‘We now derive an L”-estimate for us — ug, which is crucial to obtain (1.6). In
order to compute more directly, we introduce

Ug(x,t) := ug(x,t) — up,
Ve(x,t) :=ve(x,t) —up

fore € (0,1),x € Qandr > 0. Then (U, V¢) satisfies the following problem:

(Us),:AUg—xv-(ug(\vvg|2+e)”%2vvg), XxeQ,1>0,
(Vi) = AVe — Ve + U, x€Q, 1>0,
VU, v=VV,-v=0, x€dQ, >0,
Ug(x,0) = up(x) — g, Ve(x,0) =vo(x) —tg, x€Q.

(3.21)

Lemma 3.4. Suppose that p satisfies (1.5). Then there exist C > 0 and t; > 0
such that

|Ue (1) || 1=() < CmP(1+m* +mP)  forallt > 1) and € € (0,1)
with some o > 0 and B > 0.
Proof. Rewriting the first equation in (3.21) as
Ue(-,1) = VAU (-, 1)

t o
_x/l e(t_O-)AV(ug(,O‘)(‘VVE(,o‘)’z—i—g)%VVS(,G))dG,
we have

[Ue (1) || =(0)
< [l VAU (., Dlz=(0)
t 2
+X/l ||€([_°)AV‘(Ms('>0)(|VVs(',G)|2+3)pTVVs('aG))||L°°(Q)dG
(3.22)
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forall7r > 1 and € € (0, 1). Here, in view of (3.2) we employ Lemma 2.2 (i) and
(3.3) to derive

e DAUe (-, D= < ere MU (1) 120
< ey P (3.23)

for all # > 1 and € € (0,1). From now on, we estimate the second term on
the right-hand side of (3.22). We can apply Lemma 2.2 (iv) and the Holder
inequality to see that

t —2
1 [ 1 (e (,0) (VVe(-,0)F +) % VVe(-,0)) 1=(0 do

1
<e /1 6) ") M lug (-, 0)| Ve (-, 0) " |y oy 4O
1 _
<o [ (1= 0) ) MO0 g e 0 iy
(3.24)

forallz > 1 and € € (0,1), with k; > n and k, > n to be fixed later, and k > n
satisfying % = % + é In view of the obvious identity VV, = Vv, Lemma 3.2
implies that

[VVe (k1) g < cale™ P70 ™ (3.25)

forallz > 1 and € € (0,1), where

n

1
p=1(p—-1)(n-1)

1
kle[,oo> ifn=1, and k| €
p—1

> ifn>2.
(3.26)

We can actually choose k; > n as in (3.26), since the relation (3.17) ensures that

n< - ———— — forn>2.

(p—1D(n—=1)

Recalling Lemma 3.3, we have

_t=1 2(p=1) 2(p—1)
e (-, 0)l] o @) < €5 {e 2 +m(1+m 2 +m"2““>)] (3.27)

forallz > 1, € € (0,1), with some a € (0,1). Using (3.25) and (3.27) in (3.24),
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we derive that

t n—2
1 [ 16 (e, 0) (VY (-, 0) P+ €) T VWil 0) -y do

§C6/[(1+(I— ) 1 H)ehl—0),” (mp-1+ ) 0-1) 4o
1

2(p=1) 2(p—1)
+C6m <l+m ky +mk2 a)>
X /t (1 +(t—o)*%*%)efll(tfc)e%l(pfl)(aq)dG
1

t o
+cemP™! / (1+(t— CT)féfﬁ)e*}”(’*")e_T1 do
1

2(p—1) 2(p—1) t "
+C6mp <1+m Ikz _|_mk2(1a)>/ (1+(t_6)—%—ﬁ)e—l1(t—6)do
1

—1) 20p=1).
::c611(~,t)+66m<1+m o mhkl- )12( 1)

. w1 2p)
+eemP  L( 1) Feemf | 1+m 2 +mR0-9 ) I4(-1) (3.28)

forallz > 1 and € € (0, 1), with some a € (0,1). Here, by virtue of Lemma 2.1,
we deduce

t—1
11(-,t):/ (14— 1= FH)ehom=0, (- 05) g
0
< C7(1—|—(l‘— 1)min{0,17%72”7})e—min{ll711(17—1)4‘%}(’—1)

_ 2c7e*mi“{’1"l‘ (P-4 1) (3.29)

for all # > 1, with k; satisfying

1
M#h(p—1)+ (3.30)
2

Since A;(p — 1) < A; according to (1.5), we can also estimate »(-,) by using
Lemma 2.1 as

—1
Iz(wt)zf (14 (= 1—7) 2 %) e M0 M7 gg
0
<cg (1 +(r— )mm{o -3 % )e_min{klvll (p—1)}(t—1)
— 2Cg€7)'1 (p—1)(t—1) 331
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for all # > 1. Similarly, we utilize Lemma 2.1 again to obtain

-1 n B
13(.,t):/ (14 (t—1—7) 2 %) hili-1=7), A0
0
§C9(l+(t—l)mi“{OJ—%—i})e*mm{lué}(tfl)
_ 2cge Mt} (3.32)

for all r > 1, provided that

1
M%E' (3.33)

On the other hand, recalling that k > n, we see that

1_n

L) < / (1+0 2 %)e %40 < oo (3.34)
0

for all > 1. Now, let k; > n be as in (3.26), and take k, > n large enough so
that k, satisfies (3.30), (3.33) and % + é < % Then, by plugging (3.29), (3.31),
(3.32) and (3.34) into (3.28) we can derive that

t p—2
2 [ 1078 (1 0) (WVel- o) +6)F VWe(.0) - do

. 1
< Cloe—mm{},l A (p—l)-‘rg }(t—l)

2(p—1) 2(p—1)

+ciom <1—|—m ky +mkz(1a)> e Mp=1)(=1)

2(p=1) 2(p-1)

B 1
+Cl()mpile_mm{kl75}(t_])+C10mp <1+m & +mk2(lu)> (3.35)

forallt > 1 and € € (0,1), with some a € (0,1). Combining (3.23) and (3.35)
with (3.22) yields

|Ue (-,1)|| (0 < c2e” M1V + cloe_mi“{l"l‘ (p=1)+4 1)

2(p—1) 2(p—1)
+crom <1 +m * +mk2<1a>> e~ M(p—1)(=1)

—mi 1l 2(p=1) 2(p—1)
_i_clompfle mm{/ll,kz}(t 1)+Clomp (1+m & +mk2(lu))

forall # > 1 and € € (0,1), with some a € (0,1), and hence we arrive at the
conclusion. O
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3.4. Proof of Theorem 1.2

The following lemma provides global existence of weak solutions to (1.1) and
some convergence results, which were already shown in [17, Theorem 1.1 and
Lemma 4.3].

Lemma 3.5. Suppose that p satisfies (1.5). Then there exist a global weak
solution (u,v) of (1.1) as well as a sequence (&)ren such that

ue —~u in L™(Q x (0,00)) (3.36)
and

e —u inCl, ([o,oo); (W()“(Q))*> (3.37)
as € =& \,0.

We are in a position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. The first half of the proof is similar to that of [16, Lemma
4.2]. By Lemma 3.4 and (3.36), there exists a null set N C [f], o) such that

[u(y1) = 1=() < cimP (1 +m® +mP) forallt € [r,00)\N  (3.38)
for some & > 0 and > 0. Indeed, from (3.36) it follows that
Ue —Tp — u—Tp in L>(Q X [t1,00))

as € = & \(0, and then due to the weak lower semicontinuity of the norm (see
e.g., [1, Proposition 3.13 (iii)]), we infer from Lemma 3.4 that

[l =40 || 1= (1) 00)) < ?i?;&g |tte — U0 || 2= (@ [11 00))
<crmP(14+m*+mP)

for some o > 0 and B > 0, and moreover the measure theory ensures the exis-
tence of a null set N C [t], ) such that

u(-t)—ug € L7(Q) and |[lu(,1) =0l =) < llu — 0|l L= (@x [t o))

forall ¢ € [f;,o0) \ N. We claim that the inequality (3.38) actually holds for every
t € [t;,0). To see this, first, for each ¢ € [f],0) we can find (f)kery C [t1,%0) \ N
such that 7, — ¢ as k — oo, and extracting a subsequence if necessary we also
have

u(- ) = in L°(Q) as k — oo
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with some u € L*(Q) (see [1, Theorem 3.18]). On the other hand, (3.37) implies
u(-,10) = u(-,1)  in (W2 (Q))* as k — oo,

We thus get u = u(-,7), and due to the weak lower semicontinuity of the norm,
we arrive at

lue(-s1) = ol =@ < Timinf [Ju(-, 1) = 0| (e
<eymP(1+m®+mP) foralls e [t),00),

which proves the claim, and hence establishes (1.6). For the latter part of the
theorem, let 1 be such that

el (14§ +nb) <1,

and for each 11 € (0,1o) fix m = [lug||.1(q) such that m < 1. Then we have

_ -1
Ju(-s0) =@l =) < 1 -cmf ™ (1408 +n)
<n
for all + > ¢;, and the proof is complete. O

4. Asymptotic stability of g when p € [2,00) and n = 1

In this section we will prove Theorem 1.3. Throughout this section, we letn =1,
and denote by A; > 0 the first nonzero eigenvalue of —A in Q. Also, we suppose
that ug and vy satisfy (1.2), ug € Upe(0.1)C? (Q) and p € [2,00).

We first give a result on global existence and boundedness of classical so-
lutions to (1.1) without a proof. Thanks to the regularity for ug, local existence
can be proved by standard arguments based on Schauder’s fixed point theorem
(see e.g., [5, 7]); boundedness, and hence globality, can be shown similarly as
in [11, Lemma 2.5] and [17, Lemma 4.1].

Lemma 4.1. Suppose that n = 1 and p € [2,). Then there exists a global
classical solution

(1) € (€@ [0,9))NC>! (@3¢ (0,2)))”
of (1.1) which is bounded in the sense that there exists C > 0 such that

|u(-,0) || =) < C  forallt > 0. 4.1)
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In the following, we denote by (u,v) the classical solution of (1.1) given in
Lemma 4.1. We next establish an L"-estimate for u, which will be used to show
(1.6).

Lemma 4.2. Suppose that n = 1. Let q € [1,00). Then there exists a constant
C > 0 such that

limsup | Vv (-, 1) a(q) < Cm. 4.2)
t—roo

Proof. According to the variation-of-constants formula associated with v, we
see that

t
v(-,1) = Ay, —|—/ =)A=y (. .5)do foralls > 0.
0

Repeating the proof of Lemma 3.2 with ue and v, replaced by u and v, we can
obtain

IVv(,t) ||y < ei(1 +f%)€7(1+xl)tHVOHU(Q) +cim

<c |Q|é(1 +t_%)e_(1+’1‘)t||vo||W1m(Q) +cym forallz > 0.
The claim therefore results by the fact that (14772 )e~(+4) 5 0ass — o0, [

Lemma 4.3. Suppose thatn=1and p € [2,). Let r € (1,00). Then there exists
a constant C > 0 such that

. 2(p-1) 2p=1)
limsup [[u(-,7)|| @) < Cm <1 +m +mr<l—a>) 4.3)

t—oo
with some a € (0,1).

Proof. Let r € (1,0). Testing the first equation of (1.1) with " ! and integrat-
ing by parts give

1d 4(r—1) r
il r \v/
rdt/gu + r2 /g‘ w
_ (r—l)x/ IVV|P2(V - Vi)'~
Q
< (r—l)x/ VP! V!
Q

_ 2(7’1)%/ ’VV’pfl‘Vu%
r Q

2

uz forallt > 0.
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We will modify the argument of Lemma 3.3. Indeed, instead of Lemma 3.2 we
will use the fact that the estimate (4.2) guarantees existence of fy > 0 such that

IVv(-;t) |l oy < cim  forallt >tg and g € [1,0),

and we can follow the proof as in Lemma 3.3 to observe that

2(p—1)

jt/ u —|—/ u < com' (1+m (p— 1)—i—mﬁ) for all t > to
with some a € (0, 1). This will lead to the conclusion. O
As just as in Section 3, we introduce
{U( ,t) :=u(x,t) —Tup,
V(x,t) :=v(x,t) —up
forx € Qand ¢ > 0. Then (U, V) satisfies the following problem:
Uy =AU — xV - (u|VV|P72VV), x€EQ, t>0,
Vi=AV -V +U, xeQ, t>0, @4)
x€dQ, t>0,

VU -v=VV.v =0,
U(x,0) = up(x) —ug, V(x,0) =vo(x) — g, x€Q.

We are now in a position to establish the estimate (1.6).

Lemma 4.4. Suppose that n =1 and p € [2,00). Then there exists a constant

C > 0 such that

limsup [|U(-,1)||=(q) < CmP(1 +m0‘+m3) 4.5)
t—ro0

with some a > 0 and 3 > 0.

Proof. In light of the identity VV = Vv, for all g € [1,) and r € (1,0), the
estimates (4.2) and (4.3) provide #; = #;(r) > 0 such that

IVV(-,0)||a@) < cym forallt > 1 (4.6)

and

p—1 2(p—1)
)i < e (1m0 ) poratizn @)
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with some a € (0,1). We now make use of the representation formula for U to
see that

U(-1) = e("f')AU(-,tl)

t
—x | AV (u(,0)|VV(-,0)[P2VV(-,0))do,
1
and hence,
UG8 |=0) < ||e([_tl)AU('vtl)||L°°(Q)

2 [ 1Y ()Y (.0 2VV (-, 0) 1= 0y do
(4.8)

for all # > 1. Here, in view of the fact [, U = 0, we employ Lemma 2.2 (i) and
(4.1) to confirm that

AU (-, 11) |0 < c2e METVNU 1) 120
< CSe—l 1 (t—11) (49)

for all ¢ > t;. Moreover, we see from Lemma 2.2 (iv), the Holder inequality, and
(4.6) in conjunction with (4.7) that

t
1 [ e (4 @)WV (,0) " VY (-,0)) 1@y do
1

e [ (14 (- 0) e M ul,0) WV (-, 0) | gy do

131

! 3y _ _
<o [ (140=0) e Ol 0) s IV, 0Lt gy 4O

151

_ —1 0o
< csmP (1+m”7'+mﬁ)/ (140 He M0 4o (4.10)
0

for all r > r1, with some b € (0, 1). Therefore, a combination of (4.9) and (4.10)
with (4.8) ensures that this lemma holds. O

In light of (4.2) and (4.5), we can pick #, = t(u,v) > 0 such that
IVV (1)o@ < cim forallt > 1 and g € [1,0), (4.11)
and

1U ()| 1=(0) < cim?(1+m? +mP) forallt>n (4.12)
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with some a > 0 and 8 > 0. We now select 1y > 0 such that
2em (148 +nf) <1, (4.13)

and for each n) € (0,mo) fix m = [[uo|| 1 (q) such that m < n. Then we infer from
(4.12) and (4.13) that

1
U (1) | = < n 2ent (14nd +nf) << (4.14)

[\

for all r > £,. Consequently, we have that
S:={T 20| |UC1)|l=@ <ne ™ VienT]}

is nonempty, where /4 € (0, %)

function 7 — e¢~"(=") that there exists T > 1, such that ne~"(~2) > In for all
t € [ta,T], and by (4.14) we have [|U(-,1)||=(q) < ne "=2) for all € [1,T],
which means that 7 € S.

Now we define

Indeed, we see from the continuity of the

T* :=supS € (f2,9]
and taking account of the definition of S, we observe that

U C,0) || =) < me "7 forallt € [, T7). (4.15)

Then, in order to establish asymptotic stability of ug, it is sufficient to show that
T" = oo,
We first derive exponential decay of VV/(-,7) in the following lemma.

Lemma 4.5. Suppose that n =1 and p € [2,). Let q € [2,00). Assume that
No > 0 satisfies the condition (4.13). Let h € (0, %) Then for all n € (0,Mm9),
whenever u fulfills that m = [luo|| 1) < M, V satisfies that

IVV ()l o) < Cne ") forallt € (1, T*)
with some C > 0, where t, > 0 is the time appearing in (4.11) and (4.12).

Proof. On account of the representation

t
V(1) =AY )+ [ BNy 6)do, 1€ (T,

15}

we infer that
IVV (.0)lza(0)
<e |V AV (1) | a(a) +/t e Vel =AU (-, 0) | e
" (4.16)
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for all ¢ € (t,,T*). We derive from Lemma 2.2 (iii), (4.11) and the relation
m < 1 that
e VeV (1) | i) < cre” TR VY (1) | o
< cyme HAE=R) (4.17)
for all 7 € (t2, T*). Moreover, from the fact h < 2 < 1+ A, we can estimate

the second term on the right-hand side of (4.16) by using Lemma 2.2 (ii), (4.15)
and Lemma 2.1 as

t
[NV 0 0) e,

5]

t
< o3 / (14— 0)"2)e M) U(- 6)| o) dO
2

IN

t
0319\%/ (14t —0)"2)e M|y (. 6)| -0 do
15}

IN

C3]Q|$n /t (1+(t— g)—%)e—(1+ll)(f—6)e—h(6—t2)dG

= c3| Q|4 7 n / (1+(t—1r— ’L’)*%)ef(Hl’)(t*’Z*T)e*hT dt
<eun (1 (- tz)mm{O,l %})e—min{lml,h}(z—tz)
= 2¢4me 1) (4.18)
forall 7 € (t,,T*). The claim follows from (4.16), (4.17) and (4.18). O
Finally we derive T* = oo, which yields that u(-,#) converges to iy as t — co.

Lemma 4.6. Suppose that n =1 and p € [2,0). Let h € (0,4 o). Then there
exists 1Mo > 0 such that for all n € (0,M9), whenever u satzsﬁes the relation
m = |luo||r1(q) < N, we have

U (1) =) < me™"0)

forallt > ty, where t, > 0 is the time appearing in (4.11) and (4.12).

Proof. We choose 1 as in (4.13). According to the variation-of-constants for-
mula for U in (4.4), we have

U0 =@) < HB(FQ)AU(‘JZ)HLM(Q)

2 [ 1R (- 0) [V (,0) 2TV (-,0)) 1-(@) do
(4.19)
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for all t € (,,T*). In view of the fact [, U = 0 and the assumption m < 1, a
combination of Lemma 2.2 (i) and (4.12) ensures that

e 22U (-,12) | 1) < c1e” M TNU (1) | ()
<emP (140 0Pl @20)

for all t € (1, T*), with some o > 0 and B > 0. We now estimate the second
term on the right-hand side of (4.19). An application of Lemma 2.2 (iv) entails
that

t
1 [ 190V - (u(-,0) WV (. )" VV (,0)) 1-(0) do
2

!
§C3/ (1+(t—6)’%’£) “ME=O) (-, 0)|VV (-, )|p71HL2(Q)dG

5]

! N o
<o [ (140-0) D) D ut0) 1@V, 0) )

[5)

(4.21)

for all t € (t,,T*). Here, from the identity u(-,¢) = U(-,t) + up, (4.15) and the
relation m < 7, we see that

() =) < UG )ll=() + 0

< e h—n) 4 ’g‘ 4.22)

forallt € (1, T*). Also, Lemma 4.5 implies
IVV (o 0)llzz0-11 () < came™ 72 (4.23)
forall t € (t,,T"). Inserting (4.22) and (4.23) into (4.21), we can derive that
1
%/[ He(tic)AV : (I/t(, G) |VV() G)|p72VV(-, G)) HL“‘(Q) do
2
t
< 05/ (1+(— 0')7%)6711(1‘70)
15}
y <neh(612) N ’7> Pl hp-Do0) 4
12
B Csnp/t (1 N (t B ),%) 711(1—6)efhp(6712)d6
3
1 _ 1) e M(=0) ,=h(p=1)(c—02) 4
‘Q] — N / +(t 4)e e o
P h(1) (4.24)

=icsM Jl('a ) |Q|
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forall 7 € (£, T*). We estimate the terms J; (-,¢) and J>(-,7). Lemma 2.1 yields

t—1
Ji(-,1) :/O (14 (1= —1)"7)e M=% =7 gg

<co(1+(t— f)min{0.1-3 e minhp} i)

_ 2C6e—l1p(f—lz) (4.25)

for all t € (1, T*), where we have used the fact hp < A, since & € (0, %) Simi-

larly, we can apply Lemma 2.1 again and get

1,
Jo(-,1) = /0 2 (1 +({t—1— T)*%)ef/h(tftg—r)efh(pfl)rdr
<cy (l + (t _ tz)min{O,lfg})efmin{kl,h(pfl)}(t,tz)

= 2¢7¢ M 1l—02) (4.26)
forallt € (t,,T*). Plugging (4.25) and (4.26) into (4.24), we obtain
t
x [ 1699 - (u(-, 0) VY (-, 0)17 29V (,0) (@) do < esnre "o 1e-w)
[5)
4.27)

for all t € (t,,T*). From the fact h < h(p— 1) since p € [2,0), and the relation
h< % < A1, we combine (4.20) and (4.27) with (4.19) to confirm that

U (1) |20y < con?(1+1% + nP)e =)
forall t € (t,,T*). Now, taking 7o in (4.13) such that
2eon (14§ +mf) < 1,
we can see that for all € (0, No), whenever m < 11 we have
1UC0) (@) < %ne‘h("’ﬁ

for all 7 € (£, T*). Therefore, in light of the definition of 7*, we conclude from
the continuity of U that 7% = co. This proves the lemma. O

Proof of Theorem 1.3. In light of (4.12) we see that the estimate (1.6) holds for
all t > t,. The stabilization (1.7) is a result of Lemma 4.6. O
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