LE MATEMATICHE
Vol. LXIV (2009) — Fasc. I, pp. 147-159

ON THE SYMMETRIC BLOCK DESIGN WITH PARAMETERS
(153, 57, 21)

REXHEP GJERGIJI

In this paper it is proved that:

A) Up to isomorphism and duality there are exactly two possible or-
bital structures for a putative symmetric block design with parameters
(153,57,21) constructed using the Frobenius group Fi7.16 = (p,u/p'”" =
u'® = 1), where the collineation p operates fixed-point-free and the colli-
neation p operates as u = (1)(2,3,4,5,6,7,8,9).

B) Up to isomorphism and duality there are exactly 16 possible or-
bital structures for a putative symmetric block design with parameters
(153,57,21) constructed using the collineation group G = (p,u/p' =
u? = 1), where the collineation p operates with one fixed point and the
collineation p operates as follows pt = (0)(1,2,3)(4)(5)(6,7,8).

1. Introduction

Investigations of symmetric block designs have found increasing interest in the
field of combinatorics during the last two decades. A few methods for the con-
struction of symmetric block designs are known and all of them have shown
to be effective in certain situations. Here, we shall use the method of tactical
decompositions, assuming that a certain automorphism group acts on the design

Entrato in redazione: 13 marzo 2009

AMS 2000 Subject Classification: 05B05
Keywords: Symmetric Block Design, Collineation group, Frobenius group, Orbital structures.



148 REXHEP GJERGJI

we want to construct. This method has been suggested and used by Zvonimir
Janko [5] (see also [6]).

We assume that the reader is familiar with the basic facts of design theory.
For introductory material see for instance [1], [2] and [7]. Briefly, a symmetric
block design with parameters (v,k, ) is finite incidence structure consisting of
two disjoint sets &2 and %, where the elements of & are called points and the
elements of . are called blocks or lines; further | 2| = |#|. In addition, every
block is incident with precisely k points and every two points are incident with
precisely A blocks. In this paper, for the sake of simplicity and without loss of
generality, we shall say that point lies on a block or that block passes through a
point if the point and the block in question are incident.

If g is an automorphism of a symmetric design & with parameters (v,k,A)
then g fixes an equal number of points and blocks; see [7, Theorem 3.1, p.78].

It is also known that an automorphism group G of symmetric design has
the same number of orbits on the set points & as on the set of lines %; see [7,
Theorem 3.3, p.79].

Let 2 be a symmetric design with parameters (v,k,A) and let G be a sub-
group of the automorphism group Aut(2) of %. Denote the point orbits of G
on & by P, HP,,..., P, and the line orbits of G on & by B, %,,...,%, . Put
|Z| = o, and | 2| = Q. Obviously,

t t
Za)r:v and ZQi:v.
r=1 i=1

Let %, be the number of points from &2, which lie on line %;. Clearly, this
number does not depend on the particular line chosen. Similarly, let I';; be the
number of lines from %; which pass through a point from 7. Then, obviously,

t t
Y vr=k and ) Tj =k
r=1 j=1

By [2, Lemma 5.3.1, p. 221], our partition of the point set & and of the block
set # forms a tactical decomposition of the design & in the sense of [3, p. 210].
The integer n = k — A is called the order of the symmetric block design 2.

In our case, the symmetric block design with parameters (153,57,21) is fi-
nite incidence structure consisting of two disjoint sets & and %, where points
of & and blocks of A satisfy the following equality | 27| = | 2| = 153. Further-
more, every block of 4 is incident with precisely 57 points of & and every two
points of & are incident with precisely 21 blocks of A.

There are 18 possible parameter sets (v,k, A ) for symmetric designs of order
n = 36, but up to now a few results are known. Among these are the parameters
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of the projective plane of order 36, which is the first projective plane of square
order, the existence of which is still undecided.

Due to the fact that symmetric designs of order 36 have a large number of
points (blocks), the study of sporadic cases is very difficult, except, possibly,
when the existence of a suitable collineation group is assumed.

2. main results

A). Denote by Z a symmetric block design with parameters
(v,k,A) = (153,57,21)

admitting a collineation group which is a Frobenius group of order 272 with
Frobenius kernel of order 17. Let p be a chosen collineation generating the
Frobenius kernel. Since p acts fixed-point-free, we may assume for p the fol-
lowing form p = (1gly---116)(2022++-216) -~ (9091 - - -916) where the capital
numbers 1,2,...,9 are the so called orbital numbers while the small subscripts
0,1,2,--+, 16 are the so called indices of the points of Z.

Letl} =142,3.445.677,8,9; be the first p— invariant block, where num-
bers a,b,...,i denote the multiplicity of appearance of orbital numbers in the
orbital block /. Since k =57, we havea+b+c+d+e+ f+g+h+i=57.

The block /; must satisfy a condition on the Hamming length, namely

[H(L)=(]p|—1)-A =336, ie.
ala—1)+bb—1)+c(c—1)+d(d—1)+e(le—1)+
+f(f=1)+g(g—1)+h(h—1)+i(i—1) =336.

From the last relation, for the multiplicity of appearance in the block /;, we have
these reductions 0 < a,b,c,...,i < 12. In order to reduce isomorphic cases that
may appear in the orbital structures at a later stage, we may assume that the
inequalitiesa < b <c <d <e < f < g < h <ihold for the block /;.

Using the computer we have found that there are exactly 29 orbital types for
the block /; that satisfy the above conditions (a program in the C** program-
ming language performing this task is attached in the Annex 1 at the end of the
paper).

Now, consider the collineation u, which operates on orbital numbers as

u=(1)(2,3,4,5,6,7,8,9).
Only one of the 29 p—invariant orbital types is g —invariant. That case is

I =112737475767778797.
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We continue the construction of the orbital structures with the Frobenius
group
17 16
Fizi6 = (p,u/p " =p° =1).

For the reduction of isomorphic cases we use the involutions

and their product

o-B=(1)(2)3,7)(4)(59)(6)(8).

Considering the action of the collineations u, ¢, B and ¢ - 8 the form of possible
orbital structures is:

L =1y 24, 3a; 4a; Sas 6as Tas 8a; Yas
lé‘ =13 =1lg 243 34, 443 Sa, 643 Tas 8as 9,
B =1y =1a, 24 3a; 4ay Sas 6ay Tas Sas 9as
B =15 =1a, 24 30, 4as 5y 60y Taw 8ay a5 (1)
B =l =14 24 3as 4as Sas 6 Tas 80y e
B =1 = 1a, 24, a5 4as Sy 6as Tay 8as 9
B =l =14, 24 3a; 4as Sas 60, Tay Sar 9as
léﬂ =1lo =14 243 30, 443 Sas 643 Tas 8az 9ay

The above blocks must satisfy Game products ‘11 N lgx‘ =21,x=0,1,2,...,7.
Le. Sp(l1,l) = 372 and

2 3 4
Sp (I, 1) = Sp (zz,zg‘ ) — Sp (12,15‘ ) —Sp (12,15‘ ) —|p|-A =372.

The other Game products between blocks of (1) are ensured by the action
of the collineation u on the block /5.

Conditions involving the multiplicity of appearance of orbital numbers in
the block I, and its u—images yield:

a1 +ay+4ay+2a4+as =57
aj +7(a2—|—4a3—|—2a4+a5) =357
a2 + a5 +4d3 +2a% + a% = 393
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a% + 2asa3 + 4azas + 2azas = 357 (2)
a% +2ara4 + 4a§ + 2a4as5 = 357

a% 4+ 2aras +4azaq + 2azas = 357

@ + 2aras + 4a3 + 2a5 = 357

From the condition H (I) = 336 we obtain the reductions 0 < ay,az,as < 18,
0 <as <13 and 0 < a3 <9. Solving the system of equations (2), according to
the a1, as,as,aq,as and having in consideration 0 < aj,az,as < 18,0 < a4 <13
and 0 < a3 <9, we have found exactly two distinct orbital structures, up to
isomorphism and duality:

S 52

17 7 7 7 7 7 7 7
7177 7 7777

710 7 4 7 4 7 4 7
7771 7 7777

7 7 10 7 4 7 4 7 4
7771 7 7777

7 4 7 10 7 4 7 4 7
7777 1 7777

7 7 4 7 10 7 4 7 4
7777 7 1777

7 4 7 4 7 10 7 4 7
7777 7 7177

7 7 4 7 4 7 10 7 4
7777 7 7717
S e e a1 1 7 4 7 4 7 4 7 10 7

7 7 4 7 4 7 4 7 10

(Respective program in the C** programming language is attached in the An-
nex 2 at the end of the paper). In this way we have proved the following:

Theorem 2.1. Up to isomorphism and duality there are exactly two orbital
structures for a symmetric block design with parameters (153,57,21) admit-
ting the Frobenius Group Fi7.16 = (p,pu/p"" = u'® = 1) of order 272 as a
collineation group.

The fixed-point-free collineation p of order 17 fixes all orbital numbers,
whereas the collineation L operates as L = (1)(2,3,4,5,6,7,8,9).

Note. The actual indexing of these two orbital structures in order to produce
an example is still an open problem.

B). Denote by 2 a symmetric block design with parameters (v,k,A) =
(153,57,21) admitting a collineation group G = {p,u/p'® = u®> = 1). The
collineation p of order 19 acts on the 153 points of & with one fixed point
and eight orbits of length 19 each. If we denote by oo the fixed point of p and
by 1,2,...,8 the orbital points of length 19, we may assume for p the following
form

p = (o0)(Tol1 -+ 118) (2021 -215) -+~ (8081 - - 813).

We may assume that p acts on orbital numbers as follows:

1= ()(1,2,3)(4)(5)(6,7.8).
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The orbital form of the p—fixed line /; can be written in the form:
Iy =119219319.

There are exactly three p—orbits of blocks of length 19 passing through
the fixed point o. Considering the action of the collineation pt on the orbital
numbers we can write

[y =o 1a1 2a2 3a3 4a4 5a5 6a6 7a7 8a3

I =13 =014 24 3a, 4ay Sas Oas Tag Sas
2

B =1y =00 14y 245 30, 4a; Sas 6ar Tag Sa

The multiplicity of appearances of orbital numbers satisfies the following
condition
a)+ar+az+as+as+ag+ a7 +ag = 56.

Because |} Nl;| = 21 we have a; +ay + a3 = 21, and consequently a4 +
as +ag + a7+ ag = 35. Through the fixed point e and every other orbital point
there pass exactly A = 21 blocks, so we have a4 = 7,as = 7. Consequently
ag+a7+ag =21.

For the reduction of isomorphic cases for the line /; we use the collineations
&=1(1,2,3),n1=1(6,7,8), { = (4,5) and v = (1)(2,3)(5)(6)(7,8) which cen-
tralize u.

The line [, must satisfy Hamming length

H(b) = (Jp|— 1) (2 — 1) = 360
and Game products

Using the computer we have proved that there exist only four different types
for the line /, satisfying the above mentioned conditions:

1) 122001329394757677787
2) [y = 00142731047 576573 83
3)  lh=001427310475766 7689

If we denote by /5 and /g the two other y—invariant blocks, we can write:

Is = 1p, 2, 3p, 4, Sy 60, Ti, 8,
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le =1¢, 2¢, 3¢, 4¢, S¢; 6¢, Tey 8cy

Appearance multiplicities by, ...,b4,c1,...,c4 satisfy the following condi-
tions which follow from Hamming lengths and Game products

H(ls)=H(lg) =378, Sp(ls,1y) = Sp(ls,1;) = 399

and

Spllisl)) =399 (i# j,i € {5,6}, j € {2,3,4,5,6}).

Once the conditions for the blocks /5 and /g are obtained, we construct the
last p—orbit of blocks

l7 =14, 24, 34, 44, 545 644 74, 8ag
B =1y =14y 24, 3a, 4a, Sa5 6ds Tds 845

2
B =1y =14, 24, 34, 44, Sa5 67 Tay 84g

Operating as above and keeping in mind the block length k£ = 57, the Ham-
ming length H(l;) = 378, the Game products Sp(l7,13) = Sp(l7,l9) = 399 and
the Game products of the last gt —orbit with the blocks of the other pt—orbits we
have found all orbital structures of Z using the collineation group

G=(pu/p”=p’=1).

Studying isomorphism and duality between the basic structures, we have
found 16 such structures and we list them in the following table:
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11) 12)
19 19 19 19 19 19
4 7 10 7 7 6 6 9 4 7 10 7 7 6 6 9
0 4 7 7 7 9 6 6 0 4 7 7 7 9 6 6
7 10 4 7 7 6 9 6 710 4 7 7 6 9 6
7 7 7 6 12 6 6 6 7 7 7 6 12 6 6 6
7 7 7 12 6 6 6 6 7 7 7 12 6 6 6 6
5 8 8 6 6 11 8 5 6 6 9 6 6 8 11 5
8 5 8 6 6 5 11 8 9 6 6 6 6 5 8 11
8 8 5 6 6 8 5 11 6 9 6 6 6 11 5 8
13) 14)
19 19 19 19 19 19
5 5 117 7 777 s 5 117 7 7 71 7
1 s s 7 7 777 1n s s 7 7 7 7 7
s 115 7 7 777 s 115 7 7 7 7 7
7 7 7 3 6 999 7 7 73 6 9 9 9
7 7 7 6 12 6 6 6 7 7 7 6 12 6 6 6
77 7 9 6 399 77 7 9 6 5 5 11
77 7 9 6 939 7 7 7 9 6 11 5 5
77 7 9 6 99 3 7 7 7 9 6 5 11 5
15) 16)
19 19 19 19 19 19
s 5 117 7 7 71 7 s 5 117 7 7 71 7
1 s s 7 7 7 7 7 nm s s 7 7 7 7 7
s 115 7 7 7 71 7 s 115 7 7 7 7 7
7 7 7 6 12 6 6 6 7 7 7 12 6 6 6 6
7 7 7 12 6 6 6 6 7 7 7 6 12 6 6 6
7 7 7 6 6 4 10 10 7 7 7 6 6 12 6 6
7 7 7 6 6 10 4 10 7 7 7 6 6 6 12 6
7 7 7 6 6 10 10 4 77 7 6 6 6 6 12

In this way we have proved the following:

Theorem 2.2. Up to isomorphism and duality there are exactly sixteen orbital
structures for a symmetric block design with parameters (153,57,21) admitting
the group G = (p,up' = u? = 1) of order 57 as a collineation group. The
collineation p of order 19 fixes one point, whereas the collineation U has the

form p = (e0)(1,2,3)(4)(5)(6,7,8).

Note 2.3. The actual indexing of these 16 orbital structures in order to produce
an example is still an open problem.
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Note 2.4. It is clear that in the orbital structure 4) acts the collineation 7 =
(e0)(1)(2,3)(4)(5,6)(7,8), which fixes 39 blocks (points) of the design Z.
Moreover, the multiplicities of appearance in this orbital structure are =
0, 1(mod3). Because of this fact in orbital structure 4) the collineation u fixes
all p—orbital numbers.
These collineations generate the group G x (1) = (p, i) x (), which oper-
ates as the full collineation group of the design Z. In the orbital structure 16)

operates the collineation & = (1)(2,3)(4)(5,6)(7,8), so it can be indexed by the
collineation group G x (m) = (p, u) x (), where the collineations p, i operate
as described above and the collineation 7 acts as & = (1)(2,3)(4)(5,6)(7,8) on
p—orbital numbers, while it acts fixed-point-free on indices.

Annex 1

#include <stdio.h> void main(){ int
al,a2,a3,a4,ab,a6,a7,a8,a9,hemi; double wz; FILE x*fo;
printf ("*x (153,57,21) Orbital types for the
line L1 **\n\n");
if ((fo=fopen("d153L1.TXT","wt"))==NULL) {
printf("\a\a Can not open the file %s\n","d153L1.TXT");
exit (0);
}
wz=0;
for(al=0; al<=24; al++) {
for(a2=al; a2<=24; a2++) {
for(a3=a2; a3<=24; a3++) {
for(ad=a3; ad<=24; ad++) {
for(ab=a4; ab<=24; a5++) {
for(a6=ab; a6<=24; a6++) {
for(a7=a6; a7<=24; a7++) {
for(a8=a7; a8<=24; a8++) {
a9=57-(al+a2+a3+a4+ab+ab+a7+a8);
if ((a9<a8) | (a9>24)) continue;
hemi=al*(al-1)+a2+*(a2-1)+a3+*(a3-1)+ad*(ad-1)+
ab*(ab-1)+a6*x(a6-1)+a7*(a7-1)+a8*(a8-1)+a9*(a9-1);
if (hemi !'= 336) continue;
WZ++;
printf("%8.0f  %2d %2d %2d %2d %2d %2d %2d %2d %2d \n",
wz,al,a2,a3,ad4,a5,a6,a7,a8,a9);
/xfprintf (fo,"%8.0f  %2d %2d %2d %2d %2d %2d %2d %2d
\n", */
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fprintf (fo,"%8.0f {%2d ,%2d ,%2d ,%2d ,%2d ,%2d ,%2d ,
, %#2d F\n",
wz,al,a2,a3,a4,a5,a6,a7,a8,a9);
} /* for a8 */
} /* for a7 */
} /% for a6 x/
} /* for ab */
} /* for ad x/
} /% for a3 */
} /*x for a2 x/
} /* for al */
fclose(fo);
printf ("End !\n");

Annex 2

#include <stdio.h>
void main()
{
int 01,02,03,04,05,06,07,08,09,hemi,sp21,sp32,sp42, spb52,
sp62;
double wz;
FILE xfo;
printf ("** (153,57,21) - orbital structures **\n\n");
if ((fo=fopen("D153L2.TXT","wt"))==NULL) {
printf("\a\a Can not open file ¥%s\n","D153L2.TXT");
exit (0);
}
wz=0;
for(o1=18; 01>=0; ol1--) {
for(02=18; 02>=0; 02--) {
for(o3=9; 03>=0; 03--) {
for(o4=13; 04>=0; o4--) {
05=57-(01+02+4*03+2%04) ;
if (05<0 | 05>18)
continue;
hemi=0;
hemi=o01*01+02*02+4%03%03+2%04%04+05%05;
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if (hemi != 393)
continue;
sp21=0;
sp21=01+7* (02+4*03+2%04+05) ;
if (sp21 != 357)
continue;
sp32=0;
sp32=01*01+2%02*03+4*03*04+2*03*05;
if (sp32 != 357)
continue;
sp42=0;
sp42=01*01+2*02%*04+4*03%03+2%04*05;
if (sp42 != 357)
continue;
sp52=0;
sp52=01*%01+2%02%03+4*03*04+2*%03%*05;
if (spb2 != 357)
continue;
sp62=0;
sp62=01*01+2%02%05+4*03*03+2*04*04;
if (sp62 != 357)
continue;
wz++;
/* solution */
printf("%8.0f %24 %2d %2d %2d %2d \n",
wz,01,02,03,04,05);
fprintf (fo,"%8.0f  %2d %2d %2d %2d %2d \n",
wz,01,02,03,04,05);
} /% for o4 */
} /* for o3 */
} /* for o2 */
} /% for ol x/
fclose(fo);
printf ("End !\n");
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