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FORMAL (g-)EULER INTEGRALS OVER THE UNIT
HYPERCUBE AND OVER TRIANGLES IN HIGHER
DIMENSIONS FOR MULTIPLE (¢g-) HYPERGEOMETRIC
FUNCTIONS

T. ERNST

This article contains both multiple hypergeometric functions and cor-
responding g-analogues. First we present integral expressions for multi-
ple hypergeometric functions over the unit hypercube and over triangles
in higher dimensions.

Then we extend these integrals to the g-case by using the g-real num-
ber Rgp,. The g-binomial theorem, the g-beta integral and their gener-
alizations to higher dimensions are used in the proofs. Also confluent
forms with the Euler g-exponential function are proved. Reduction for-
mulas for Kampé de Fériet functions are proved by using Euler integrals,
Beta integrals and hypergeometric transformations. Finally, Euler integral
representations for Horn functions and g-Euler integral representations of
g-Kampé de Fériet functions are proved.
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1. Introduction and basic definitions

The classical theory for the hypergeometric functions and basic hypergeometric
functions (or g-series) are important and well-known. There are many exten-
sions of this classical theory, for example, by by H.M. Srivastava [18] and by H.
Exton [13], [14].

This paper, which is based on the notes of the late Per W. Karlsson, who
together with Hari Srivastava wrote a book on the subject [19], is part of a
series of papers on multiple (g-)hypergeometric functions. The other papers
were about g-difference equations, g-integral representations [9], meromorphic
continuations [12] and other solutions to corresponding systems of g-difference
equations [11]. The general approach by Karlsson for multiple hypergeometric
functions, which is introduced in this paper has not been used before, expect for
by Exton in his books [13] and [14]. It leads to proofs with a common notation,
which simplifies the understanding of the long formulas.

The paper is organized as follows: In section 1 we repeat the necessary g-
calculus from [7]. In section 2 we summarize the theory of g-real numbers and
convergence regions defined by them. In section 3 we find formal g-analogues
of double integrals over the triangle u +v < 1 in the first quadrant. In section 4
we extend the previous formulas to dimension zn. The purpose of section 5 is to
prove a number of (g-)Euler integrals for higher-order functions of two variables
by using the g-beta integral, the g-binomial theorem and related formulas. Then
several reduction formulas for Kampé de Fériet functions are proved.

In section 6 Euler integrals for Horn functions are proved in a similar way.
Finally, in section 7 we shall g-deform some formulas from Exton’s book [14].
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We now repeat some notation from [7]. In many formulas we put B=Y"" | b;
etc..

Definition 1.1. Let 6 > 0 be an arbitrary small number. We will always use the
following branch of the logarithm: —7 + § < Im(logq) < w+ 6. This defines
a simply connected space in the complex plane.

The power function is defined by

qu = ealog(q)‘ (1)
The following notation is often used when we have long exponents.

QE(x) =4". 2

Definition 1.2. [7, p.19] The g-analogues of a complex number a, a natural
number # and the factorial are defined as follows:

(alo= - geC\(0.1} G

(=Y. ¢!, {0},=0, ge C\{0.1}, @
k=1

() = [Tt (041 = 1, g C\{0.1). )
k=1

Definition 1.3. The g-shifted factorial [7] is defined by

n—1

(@q)n=[T(1=¢""™). (6)
m=0
Sometimes we also use
n—1
(a;q)n = H(l—aqm). @)
m=0

There are three other types of g-shifted factorials [7]: in the equations (11) to
(16) we assume that (m,l) = 1.

C
Definition 1.4. In the following, 7 will denote the space of complex numbers

mod%. This is isomorphic to the cylinder R x ¢2™®_ @ € R. The operator

~C_C
7L
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is defined by the 2-torsion

arsat > @®)
logqg
By (8) it follows that
n—1
(@q)n =TT +4"™), 9)
m=0

where this time the tilde denotes an involution which changes a minus sign to a
plus sign in all the n factors of (a;q),. Furthermore we define

(a;q)n = (a@;q)n- (10)

The generalized tilde operator

F.CC
Y/
is defined by
i
arsat 2 (11)
llogqg
We also need another generalization of the tilde operator.
n—1 k-1
dasghn= [T ). (12)
m=0 i=0
Formula (12) is used in (17).
The following, simple congruence rules [7] follow from (11).
Theorem 1.5.
o m 2mi
tatb="T(atb) <m0d ), (13)
logg
n — ~— n 2 .
Yita=Y +a (mod i > (14)
k=1 k=1 logg
__man 2mi
Ma=52" (moa 221 (15)
/ [ logg
QE(*4) = QE(a)e ™", (16)
2ri

where the second equation is a consequence of the fact that we work mod

logg®
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Definition 1.6.

L A+r
A @hin = (A(g:k:A)iq)n =[] <Tm;q>n Xk (= g A7)
m=0

We also use the notation A(g;k;A) as a parameter in g-hypergeometric func-
tions.

If A is a vector, we mean the corresponding product of vector elements. If
A is replaced by a sequence of numbers, separated by commas, we mean the
corresponding product, as in the case of g-factorials.

The last factor in (17) corresponds to Kk,

With this notation, g-hypergeometric function- and hypergeometric function
equations become very similar.

Definition 1.7. The g-derivative is defined by

(p()(cz :2)(5)6), when g € C\{1}, x #0;
(Dy9) (x) = d—f(x), when g = 1; (18)
d—f(O), when x = 0.

Definition 1.8. The g-integral is the inverse of the g-derivative.

b b a
| readon= [ read0- [ frode. wper a9

where
/0 f(t.q)dy(t) =a(1—q) Y faqd",q)q", 0<|q| <1, a€R. (20)
n=0

Definition 1.9. The g-binomial coefficients [7] are defined by

n (L:q)n
= I p—01,...n 21
<k>q (L)L q)n—r " @D

Theorem 1.10. [7]: The g-binomial coefficient (Z)q is a polynomial of degree

k(n—k) in g with integer coefficients, whose sum equals (Z)

Definition 1.11. If || > 1 V0 < |g| < 1,|z| < |1 —¢|~', the g-exponential func-
tion E,(z) is defined by
|
E,(2)= Y ——7. (22)
©=2 1w,

k=0
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Definition 1.12. We shall define a g-hypergeometric series by

P [621, ‘Htfl():|_
p+p' Vr+r b],--- H]g]( ) (23)
y <d1;q>k---<ﬁp;q>k [( kg )T“*“ v ILifilh)
= (1,b1;q)k... (briq)i ng,(k)
where —
a=avaviaviav A(gLA). (24)

In case of A(g;l;4) the index is adjusted accordlngly It is assumed that the
denominator contains no zero factors, i.e. bk Ty l()gq , k= Lnl,meN.

We assume that the f;(k) and g;(k) contain p’ and #’ factors of the form (c@ Q) k
or (s(k);q)x respectively. In a few cases the parameter a in (23) will be the real
plus infinity

(0 < |g| < 1). They correspond to multiplication by 1.

The following definition, like in the one-varible case, allows easy limits for
parameters to oo,

Definition 1.13. [7, p.367 f]. Let the vectors X and ¢ have lengths n. To simplify
notation for the g-exponential, let m denote m V k. In these cases, m does not
equal ) m;. Let the vectors

(Cl), (b)7 (gi>a (hi)a (a/)v (b,)v (gl,)7 (h;)
have lengths
A,B,G;,H;,A",B' |G H_.
Let
1+B+B +H+H —A-A"-G,—G.>0,i=1,....,n

Then the generalized g-Kampé de Fériet function is defined by
A+A":G1+G;...;G+G), (A) (gAl) (gﬂ) |q)—é|| (al) : (gll);"';(g:1)
BHBUH HH . sHH | (Y (hl) () (B () (h
y ((a);q0)m(a) (g0, k) Ty ({(8)):1)m, (&) (4:k;)]") y
i 13) c10>m( )(q0, ) ITj= 1(<(h )3q)m; (W) (4, k) (154 ) m;)

(- 1)): _ymj(1+H;+H]~G;~G+B+B —A-A")

o (-0 (2) )

n .
« TTQE (1+HJ-+HJ/-—G.,-—G;~)(n;]>,qj>,

Jj=1

i

X

(25)
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where N

a=avaviaviaVvA(glLA). (26)
It is assumed that there are no zero factors in the denominator. We assume that
(a’}(qo,k), (87)(q),k;), (8")(q0,k), (h)(q;,k;) contain factors of the form
(a(k):q)k> (s:q); (s(k):q)r or QE(f(11)).
The numbers in front of the colon denote the number of g-shifted factorials with
index m+ k in numerator and denominator. The numbers after the colon denote
the number of g-shifted factorials with index m; in numerator and denominator.
Equally, the numbers after the semicolon denote the number of g-shifted facto-
rials with index k; in numerator and denominator. We can skip G; if it is equal
to G for two variables etc. Every co corresponds to multiplication with 1.

2. Survey of g-real numbers

The g-real numbers give a convenient notation for g-additions in formal power
series, in particular for g-exponential and g-trigonometric functions. There is
a one-to-one correspondence between the convergence regions of the two g-
Lauricella functions CIDX') and CIDE:" ) [8], and the existence of g-real numbers with
n letters (or variables). There are three types of g-real numbers [10] R, , R,
and REEq. The g-real number Rg, . is used in (52), (54), (59), (63), (70), (89) and

(90).

Definition 2.1. [7, p. 24].
Leta,b € R . Then the NWA g-addition is given by

n

(a®,b)'= Y <Z> ab"* n=0,1,2,..., a® b€ Ry, . (27)
k=0 q

In particular, (a ®,b)° = 1. Furthermore,we put
" (n
aS,b)" = <> d(=b)"* n=0,1,2,.... 28
(@b =1 R (28)

Definition 2.2. Let a,b € R. The Jackson—Hahn—Cigler g-addition (JHC) is the
function

(@, by' =Y (k> ) prart
k=0 \"/ q (29)

b
=d"(—=:1q)n, n=0,1,2,..., af b €R,.
a

The JHC g-subtraction is defined analogously:

(a5, b)" = i <Z> q(é) (=b)a"*, n=0,1,2,.... (30)
q

k=0
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The JHC g-addition is neither commutative nor associative. For the com-
mutative monoid Rg, we note the following definitions and formulas:

Theorem 2.3. Assume that ~ means equality on formal power series (see [7,
p. 101]). The g-addition (27) has the following properties, for o, 3,7 € Ry, :

Commutativity:
oDy B~ B, . 3D
Associativity
(@ ®gB) Dy Y~ Dy (BDy7)- (32)
Definition 2.4. Let the JHC g-real numbers Rg, with n+ 1 letters be defined as
follows:

Re, ={18,¢"x18;---B,q"x.}, {a}i €R, a e R, |q| <1,0<g< 1. (33)

When any x; is negative, we replace 5, by H,. This means that the JHC g-real
numbers in (33) are functions of n+ 1 real numbers {x;}, a

The following formula applies for a g-deformed hypercube of length 1 in
R".

Definition 2.5. Assuming that the right hand side converges, and a € R*:

*

a a —a _— - . m; [ —4 " +am
(18,4018,---Byq®x) = Y, [I(=x) ’<m> g B)ram (34
my - ,my=0 j=1

q

Corollary 2.6. A generalization of the q-binomial theorem. The following for-
mula [9] applies to a g-deformed hyper-rhombus of length 1 in R".

(18,¢"x15;-B,q%%)~ Z ,acR". (35)

The g-real number in (33) only exists when the series (34) or (35) converges.

2.1. Series definitions

We shall only define our g-hypergeometric functions. The corresponding (mul-
tiple) hypergeometric functions are defined by taking lim,_.

Definition 2.7. The g-Appell functions are defined by

> ; b; v
D (a;b,b';c|q;x1,x2) = Z (@) +my (3 @) q>m2x’f'x§”2,
oy =0 (L3 @)my (13 @)y (€5.@)my4m (36)

max(|x|,[x2]) <1
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@, (a;b,b';c,c

- <a§‘1>m1+mz<b;Q>m1 <b/;Q>mz my_my
q;X1,X2) = XX,
ml,mz;‘:o (@) m (5 @)ms (3 @)y (3@ ' 72

1| @g [x2| < 1.
(37)

oo

; " b; v,
CI)3 (a,a';b,b';c]q;xl,xz) = Z <a q>m1 <a Q>m2< Q>ml < q>m2 xflm 3127
=0 (@) m (L @)y (S5 @)y 4y

max (x|, |x|) <1
(38)

Dy (a;b;c,c

1 %25

/ _ - <a’Q>M1+nu< >m1+ﬂu my _mp
q:x1,%2) = x
m,%;':o (L@)m (L@ my (3 @)m, (3 @)m, (39)

Vx| @ [vx] < 1.

Definition 2.8. The convergence regions are extended depending on ¢g. E.g. an
octahedron is increased to a g-octahedron for n = 3. The g-Lauricella functions
[8] are

n L a; mB; ﬁz)_gm
cbg)(a,b;cyq;x)zZM, 1| By .. By lxa| <1, (40)
o (L
(n) _ <_'72;;(’I>_‘£ﬁ1
dy7(d,b;c|g;X) = = , max(|x], -, |x]) <1, 41)
’ ; q)m{1;q)
. a,b;q bk
30 bcig) = L ey o vEl <1 @

DT AT max (i, ) < 10 (43)

3. Formulas with the double A, integral

The purpose of this short section is to find formal equations for g-analogues of
the following double integral.

Theorem 3.1. [2, p.29]. Let [, | du dv denote the double integral for 0 < u <
,0<v<landu+v <1. Then we have

/ /u"’*lv“l(l—u—v)’*1 dudv
A

s,r 44
:1" p’ Y .
pt+s+r
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Proof. Change variable and use the Beta integral. O

Definition 3.2. A g-analogue of (44). The A, integral in dimension 2 is defined
as follows:

/ /up_lvs_l(l B,q' uB,q" ) dudy
A,
q 45)
= rq p7 S’ r X
p+s+r
Theorem 3.3. Integral representations of two q-Appell functions. A g-analogue
of [2, p.28].
/ /ubilvblfl(l B, ¢“ux8, qvy) ™
Ayg

% (1 Equl-‘rb-‘rb’—cu Eq q1+b+b’—cv)c—b—b’—1 dqbt qu (46)

/ _ _/
Erq[b,b,c b—b

C
/ / u =V quxiq)—a(qvyiq)—a
Ay
« (1 Equleran’fcM Equl+b+b’fcv)cfbfb’fl dql/l dqv (47)
/ _ _ 1/
=T, [ bb,e—b=b }%(a,a’;b,b’;dq;x,y)-

c
Proof. Use (45). ]

} D (a;b,b";c|q;x,y).

4. Formulas with the multiple A\, integral after Exton

The purpose of this section is to find formal equations with g-analogues of a
multiple integral over a hypertriangle. All vectors in this section have length ».

Theorem 4.1. [13, (2.3.2)] Let [, [ dii denote the multiple integral for 0 <
ui <landy! u; < 1. Then we have

-1 _ 1 =
/ /ufl Ny = —w,) " di
An

(48)
_r[ PlseewsPusT ]

P+r

Definition 4.2. A g-analogue of (48). The A, , integral in dimension n is de-
fined as follows:

-1 — —r —r r— =
/ /u’f‘ et (18, ¢ By By g u,) " dyi
Ang

p Pn,t “9)
— 17"" ny
:Fq[ P+r }
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Theorem 4.3. g-Integral representations of two q-Lauricella functions. A g-
analogue of Exton [13, p.48-49].

/ / by — 1 B (1 Elq q1+chul Elq . Eq q1+chun)chfl
An,g

X (18, ¢“uix1 By 4" ... B, q"unx,) * dgii

(50)
=T, [ bjcc_B ]q)gz)(aj;dq;f)'
/ /M7171 . .Mznfl(qulxl;q),bl . (qunxn;Q)fbn
Nn,g
><(1E|q6]1+A—"u1 Hy .. E|q‘]1+A “up ) A dqli G
a,c—A ) (= b
:Fq[ ¢ ]@1(3'1(“ ).
Proof. Use (49). -

The following integral formulas are proved in the same way by using (49)

Theorem 4.4. g-Integral representation of a q-Kampé de Fériet function with
Re,. A g-analogue of [14, p.121, (6.1.1.2)]. Assume C =D+ 1.

/ / - 1...uﬁ"il(lEquHA*bulElq...EIquA*bu,,)b*Afl
A,n,q

X C(I)D[ ; ..@qxnun} dgii
q;fc’] .

. ab—A ¢:ay;...;a
=r | W ot For
Theorem 4.5. g-Integral representation of a q-Kampé de Fériet function. A
g-analogue of [14, p.122, (6.1.2.2)]. Assume C=F, D =G+ 1.

(52)

/A /u‘l”fl 7 (| B, gy, B,...5, qlJrA*bu,,)b*A*1
n.q

¢:dl.. . dn
q;)_c’].

q;lZX] dqﬁ (53)
o (71’, —A C+1:D+1 E’,w:Jl,al;...;J",a
:Fq [ } CDFH :G+1 f _é;’l oo !

f: Lo g
b

—

. on
58,
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Theorem 4.6. Integral representations of the fourth q-Lauricella function. A
g-analogue of the corrected version of [14, p.233, (A.9.2.1)].

/ / a-1 U lEqu1+A bulEI E,qq1+A—bun)b—A—1
An,g

2@ (¢, bid|g;xiu1 By ... Dy xputy) dgid (54)

a,b—A n, -
=T, [ b ] d)l())(c,a;d]q;x).

Remark 4.7. We note that formulas (52), (53) and (54) have the same I';-factor.
The following formula illustrates a similar proof.

Theorem 4.8.

1 1
/0 /O (18, 4" x B, ¢"uvy) = u" " (qu; @)ey b1V~ (qv3@) ey 1 dgudyy

_r [bhcl—bl,bZ,CZ—bz] o (P13 2min(b2: @)@ @) min
- q
m,n=0

‘hez = <C1;q>2m+n<1;q>m<1,C2;q>n.
(55
Proof.
LHS—= i (g man"y" [b1+2m+n,b2+n,c1—b1,c2—b2 _ RHS
m,n=0 (Lg)m(lsq)n* €1,C2 ’
(56)
O

5. g-Euler integrals for higher-order functions of two variables

In all theorems, except for a few exceptions, which are always pointed out, vec-
tors with Greek letters have length p. The integration variables i, §,7 also have
length p. In these cases, the Greek letters appear as (vector) indices or expon-
tents. Sometimes we write vector B, for vector Beta functions (of length p)
instead of vector I'; functions. Before each g-analogue, we repeat the corre-
sponding hypergeometric formula from [2, p. 154] on three occations.

Theorem 5.1. An integral for a Kampé de Fériet function [2, p. 154]. Assume
that B, B’ € R*. Then

! /P -
[ (1 —xs ---Sp>7ﬁ(1 — VS| ...sp)fﬁ E’O‘*I(l —s)r-a-145
N 57
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Theorem 5.2. A g-integral for a g-Kampé de Fériet function, a q-analogue of
(57) Assume that B,B' € R*. Then

1 1 1 —o—1 NS -
) 5% (98:9)y-a—1 dgs
/5:0 (xs1...5:q)p (¥s1-..5p3q)p/ ymo=l e 58)
- a| a:pip’
= Bq(a’ Y— a)(DZ:O |: ,)7ﬁ [3 qexay:| .
Proof. Use the g-binomial theorem. O
Corollary 5.3. A confluent form.
1 - .
ﬁ _eq(xs1...5pBgysi-..8p) 5 (qS:q) y—a—1 dgS
S_O . (59)
— a7oo
=B,(a,y—a) ,11P, { 7 q;xeaqy] .
Proof. Let 3,3’ — o in (58). O

Theorem 5.4. An integral for a Kampé de Fériet function [2, p. 154]. Assume
that oo € R*. Then

1 —
/ﬁ 6(1—X51...sp—ytl'__tp)fa Eﬁfl
S, 1=

% (1= s)3=B=178""1(1 — 1)3'=B'~1 g5d7

a:ﬁ;ﬁ’
5;5’

(60)
=B(B,6—B)B(B,8'— B')Fy

0:p

x,y] .

Theorem 5.5. A g-integral for a g-Kampé de Fériet function, a g-analogue of
(60). Assume that a € R*. Then

! -
ﬂ_, 6(1 Elq qaxsl . Sp Eq qaytl . 'tp)_a Eﬁ_l
5=

% (g5:q)5-p11° " (qt:q)sr—pr—1 dgSdyt (61)
a: B,ooflieo

—

oo ! 5’6/

=B,(B.8—B)By(B',8' — )@y

1:p

‘I;XO’] :
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Proof. By the g-Beta integral «.

LHS / OC q m+nx Y —»ﬁ T+m
Eﬁ: m,n=0 >n

X (qs;q)(;,ﬁ,ltﬁ *H”(qt;q)g/,ﬁ/,l dgsd,t (62)

by y- < aq > mnX"Y" - B
= L g, BalPm 0= B)By(p'+n,6'=p’) = RHS.
m,nZ:O <1;Q>m<1;q>n q(B B) Q(ﬁ ﬁ )

O
Corollary 5.6. A confluent form.
T z T r
/”?f eq(xs1. .5, Dyys1...5,) 5 (gsiq 5_ﬁ_1tﬁ qt: q)5/ pr—1 dgSdyt
- 2 B (o<} "/ (o)
:Bq(ﬁ75_B)Bq(ﬁlv5/_B/) P-‘rlq)p 78’ q;x p-‘rlq)p 87'/ q.y| -
(63)
Proof. Let o¢ — oo in (61). ]

Theorem 5.7. An integral for a Kampé de Fériet function [2, p. 154]. Assume
that By, B € R* and B, B’ have lengths p+ 1. Then

/ / (1—xs1...5,) P (1 =1, .. tp)” Bigp—178-1
Ap
(1 —s—t)V—ﬁ—ﬁ'—l dsdr (64)

:F[ BaglaY;g_B, ]FO:pH [ }’7:: BQE/

p:0

Theorem 5.8. A g-integral for a g-Kampé de Fériet function, a q-analogue of
(64).
Assume that By, B) € R* and B, B’ have lengths p+ 1. Then

/ / 1 1 E’Bilfﬁ/:l
A7p7q ('xsl"’sp;q)ﬁ() (ytl"'tp;q)ﬁé

(18, " 1B+’ E|q21177+l3+l3’;)7*l3*l3/*1 dgsd,t (65)

— B’B'/’,y_ﬁ_’_ﬁl 1| P B;E/ .
—r, | PRTOBB a7 B ]
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Proof. By the g-binomial theorem .
LHS bl*/ / (Bo; 6] ﬁo; In xmynEerﬁfl?nJrﬁ/fl
Apad =0 )m(L:q)n
x (18, q'-rB+F's8, q177+ﬁ+6';)7/713713’71
)y (Bo: 0)m (Bs abox"y" 1. [ B +m, ' +ny—PB — B’
=0 (L@)m(1;q)n ! Y+m+n
= RHS.

(66)

The following integral for a Kampé de Fériet function is new.

Theorem 5.9. Assume that oo € R*. Then

/ /(1—xsl...sp—ytl...tp)_aiﬁilfﬁcl
Ap

(1—s—1)7-B-B'~1 q5d7 67)
x,y} .

B.B.vy-B-PB a: Bip
r)/ P 0 ’T/ : .-

Theorem 5.10. A g-integral for a g-Kampé de Fériet function, a g-analogue of

(67). Assume that o € R*. The notation (p — 1)eo just means p — 1 factors 1.

Then

/ /(lquaxsl...sp B, q%n ...1,) %P 1P
7p7q

(18, gl -rHBHBs E|q_;11—7+ﬁ+ﬁ’t)7—5—/3'—1 dqquf

=T |:B7B,7Y_E_B,] (68)
q —

Y
—1)00: B-E/

®[’p |:a7<p_’ s ;x’:|'

Pt 7 (= e (p— e [P
Proof.
Lus > / / (o CI m+n)C Y N0 Q) minX Y BT ™1
7pq m,n= O q)

(18, ql—v+ﬁ+ﬁ’squl—ww'rw—ﬁ—ﬁ’—l dj5d,f (©9)

by(49) 0 <(X;C]>m+nxmyn . B
- T (1o B +m,8 —B)B,(B'+n,8 — B’
m,nZ:O <1;Q>m<1§q>n q(B B) q(B B )

= RHS.
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O

Corollary 5.11. A confluent form.

/ eq(Xxs1...8p Dgysi...sp) P1gp

Apyg
(1 Eq q17Y+B+ﬁISB q17Y+ﬁ+ﬁ/ )yfﬁfﬁlfl dquq? (70)
3 g . BB/
_r | BBy ~B-p :|q) [4 o: B:p q;x,y]~
"[ 7 POL Y (p+1)oos (p+ 1)eo

Proof. Let By, B} — o in (65) or ot — o in (68). O

Remark 5.12. We note that all the confluent corollaries have the function
eq(xs1...5, By ys1...sp) as first factor in the multiple g-integrals. Formula (58)
used the g-binomial theorem and the g-beta integral exactly in this order in the
proof. Furthermore, the proofs of formulas (61) and (65) used the g-beta integral
and the g-binomial theorem and (35) in opposite order, which led to different
formulas, but formulas (65) and (68) have the same I'; factors from formula
(35). Finally, formula (68) has two g-real numbers in the integrand.

Remark 5.13. In formulas (61), (65) and (68), the numbers of e in numerator
and denominator are equal, a characteristic of g-Kampé de Fériet functions.

For p =1 these four formulas reduce to g-analogues of known integral ex-
pressions for Fy, F», F3 and F; in [2].

Theorem 5.14. A reduction formula for a Kampé de Fériet function.
FP2[ (iC: ﬁlﬁ; BLB Z,Z:|
PULY: B+B—3 BB+
— F . . . z|.
“3P“[y3ﬁ+zﬁ—Lﬁ+ﬁ+5 ]

a,2B,2B,B+B
Proof. Use [6, §4.3 (8)] to obtain

(71)

B(at,y— ) x LHS

wi6stael (1 o [ 28,2B.B+8
0 [ 2B+2p 1.5+ +3

=B(a,7— o) x RHS.

szj] l—s)y a1 ds

(72)
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O
Theorem 5.15. A reduction formula for a Kampé de Fériet function.
%, LR
LT BB+ BBt )
_ F 2[ c.,2B.2B.p+p Z]'
PP 2B +2B. BB+
Proof. Use Clausen’s formula. O
Theorem 5.16. Another reduction formula for a Kampé de Fériet function.
= = 1 1 1
p:0 | @i _ a,5(p+0),3(pto—3)
Fp:l { ,}7: p:0 272] = p+2Fp+3 { 7,p,6,p+0‘—1 4z]. (74)
Proof. Use Bailey [6, §4.3 (2)] O

Remark 5.17. Other multiplication formulas give z?/4 and can therefore not
be used immediately. Series transformation shows that you get more general
results with Fg;? of the same form. Then you get

1. for p =2,q = 0 reduction of F4(a,o’; p, 0;7,7) to 4F3 (Burchnall [4])
2. for p =1,g = 0 reduction of ¥, to 3F3 (Burchnall, Chaundy II [3, (66)]

Theorem 5.18. A reduction formula for a multiple hypergeometric function of
n equal variables z. B has length n.

z,...,z]
75
— F av%ZBlv%(l—f_Zﬁl) z ( )
pratptl 77 1 +Zﬁl .
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Proof.
B(c, ;/— o) x LHS

- [ [ zﬁl’ﬁzfll‘l‘l ‘ HSJ} [ 3B 3 (Bu+1) ' ITs }

By +1
(1 )Yalds

)3 . .
_/d < —|—f l—sz]> (1 —s)r-o-1 ds
0

[ e

= B(a,y— o) x RHS.

(76)
O
Remark 5.19. Formula (75) generalizes Srivastava’s three results [17].
Corollary 5.20. A summation formula for a Kampé de Fériet function.
R22 —N,14+a—b: c1,61+%;...;cn,cn+% | 1
1+1172b7N,2+1172b7N: 2C1+1,,2Cn+1 PR (77)
- (b+ ZZCI' — a)N
(b — a)N '
Proof.
by (75) ~N,1+a—b.Y ¢, +Y¢;
LHS "=" 4F3 | |14 b-N 24a—b-N { e
2 ’ 2 ) 1+ ZZCz (78)
by(16,11120)]) (1+a—b—N—2Y¢i)n
= = RHS.
(1 +a—b— N)N
O

Remark 5.21. One can compare with Exton [13, (4.9.14)].

Theorem 5.22. A reduction formula for a multiple hypergeometric function of
n equal variables z. B has length n.

Z,---,Z] ZFﬁé[

n+Y Bi—n

’

Fﬁizl a: B’l+%
p:l ~ - v
2B

<xU KA

Z, —z] . (79
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Proof. We use the Beta integral n times twice.

B(a, ?/— o) x LHS
Blal_'_lﬁl
— [ ,F 2
S

X 591 — syl gy
1 5 711 (30)
(1=z]Ts)) 1+Z §; l—sVO‘lds

=0 ! i)

= _(1=z]]s; BT ) s (1 s) et ds
. j j

s=

3B 1+ 3By
znsj]'”zFl [ 2P 1B 2P
2 n

ZHSJ}

O
Theorem 5.23. A reduction formula for a multiple hypergeometric function of
n equal variables z. B has length n.

Fp;z a: ﬁ 1+2ﬁ
p:l Ve
v 2[3

z, ;z} . (81)
Proof.

B(at,y— o) x LHS
i
:ﬁ_a JF, [ 131,1-1—2[31

x 5971 (1 —siy—a—l ds

- (82)
- 0= (1 ST ) e
5=0

HSJ] { Bn,lzgfﬁn

ZHSJ}

6. Euler integrals for Horn functions

Single Euler integral representations of Horn functions were found in [5]. The
following presentation shows that more such formulas can easily be found
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Theorem 6.1. An integral representation of the third Horn function.

2y—1
a,ﬁ,Z}/—a—ﬁ—l

1
X / /(1 —duPx — 4uvy) 2 WP (1 — =) %P2 qudy,
A

H3(067B,y;x,y) =r |:

Proof.

1
/ /(1 — 4P x— 4uvy) 2 VP (L — =) B2 Gy
A

bY(:45)1—~|: aaﬁvzy_a_ﬁ_l :| i (a)2m+n(B>n('}/ é)ernmen.

2y—1 =0 (2’}/— 1)2m+2nm!n!

Now equate coefficients to conclude the proof.

Theorem 6.2. An integral representation of the fourth Horn function.

Ha(0, B, 7,85x,y) = { 0 ﬁ]//uzl_ 3

x [(1—=2yux—vy)™ (1+2\/ﬁ—vy) ]VB Y= dudy.

Proof.

[ 102wy (14 2y )]

1 3
u2(1—u)" 2P (1 =) P! dudy

-

e (@ 2y 24 (14 (— 1))

Jo &= kin!
k1
u2" l—u)y 2vB+” "1 =v)% B~ dudv
72// (@)amnx"y"22" (14 (=1)")
(2m)!n!

1
" 2(1 —u)yffv’”"_l(l —v)9 BT dudy

:21"|: 27ﬁ 0— ﬁ :| ( >2m+n(ﬂ) xmyn22m'
m,n=0 m‘nlzzm( ’Y)m((g)ﬂ

Now solve for Hy.

(83)

(84)

(85)

(86)
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Theorem 6.3. Another integral representation of the third Horn function.

1
Hs(a,B,7:x,y) = [273}, ﬁ_}//
x [(1 2\/ﬁ—vy) (14 2v/ux —vy) ™ @7
u%ﬁ (1— V)YﬁZdudv

Proof.
// [(1=2/ux —vy) ™+ (14 2Vux — vy)~¢]
2P~ (I_M—V)Y - 2 dudv (88)
( ’ﬁ Y— ﬁ :| > (a)zm_i_n(%)m(ﬁ)nxmyn
2F 2 ‘
|: '}/ szZ:O (Y)m+n (2m)!n!
Now solve for Hs. .

7. g-analogues of slightly corrected versions of Exton

In this section we shall g-deform some formulas from [14]. The proofs are
simple. Assume C = D and d, b, X are vectors of length 7.

Theorem 7.1. A g-analogue of [14, A 9.1.2]. An integral representation of a
q-Kampé de Fériet function.

1 1
/0 (n)/o ui'” ! ..uﬁ"_l(qul;q)bl_l...(qun;q)bn_l

C,00
><c+1¢1)[ g @ @q'--@qxnun:| dg(ur)...dg(un) (89)
ﬁ,?} 2 ¢: 0, d1;...;99,d, .
:F S (b " — X .
N atb DA [d: ar+bi;...;a,+ by, q,x]

Theorem 7.2. A g-analogue of [14, A 9.1.3]. An integral representation of a
q-Kampé de Fériet function. We assume that we can also do NWA g-addition
for g-shifted factorials.
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1 1
/0...(11).../0 u?*l...uﬁ"il(qul;q)bl,l...(qun;q)bn,l

d
dg(uy)...dy(uy)

a5 |

C, o0
xXc+1Pp { -

gix1ur (7 ur:q)m, By - - @qxnun(qb”un;q)mn}

3°°7a17b1;~--;3°°7an7bl’l
A(g;2;a1+by)s. .5 0(q:25a, + by)

QU ol

=TI q;)‘é} .

(90)

atb

Proof. For simplicity, by NWA on the LHS, we just equate the coefficients of
Y=o ﬁ By the g-beta integral *,

1
[J{S::jﬁ W (G )y 1wy (u7)

bl*l“ a; +m;,b; +m;
1 ai+bi+2m

oD

a;, b; (i, bis @) m;
-T ) : = RHS.
1 [ a; + b; ] (A(g:2:5ai+Di)s q)m,

8. Conclusion

In this paper we have shown that Euler integrals for multiple hypergeometric
functions and multiple g-hypergeometric functions belong together. By using
different g-real numbers we have g-deformed some of our formulas. We re-
peated some formulas from Appell and Kampé de Fériet [2], since this book
is not well-known nowadays. Most of the formulas in our paper are new and
generalize some well-known ones.

9. Discussion

In future papers we will continue on similar themes, the plan is already clear.
We will develop a nomenclature which resemles Kampé de Fériet functions and
also study multiple hypergeometric functions of even number of variables.
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