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SOME APPLICATIONS OF TWO MINIMAX THEOREMS

M. AIT MANSOUR - J. LAHRACHE - N. ZIANE

In this note, we present further applications of two results of Ricceri
([3, Theorem 1.1]) and [4, Theorem 2.4]). In particular, we prove the
following: Let (T, F, i) be a finite non-atomic measure space, let [c¢,d] C
R be a compact interval and let @, Y : [c,d] — [0, +oo[ be two continuous
concave functions such that w(d) =0, y(c) < y(d) and

sup oW _

x€e,d| W(x)

Set
_ o)
v(d)—yl(c)

and, if y(c¢) > 0, assume that

Varl_s< )

v(c)

Denote by X the set of all measurable functions u : T —|c,d[. Then, we
have

U () dp) + (r wdu ol
(. )i ) =2/ T
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1. Introduction and preliminaries

Let X,Y be two topological spaces and f: X XY — R be a given function. In [2],
Ricceri obtained the equality supy infy = infy sup, assuming, for the first time,
that the sub-level sets of f(-,y) are connected. However, because of the great
generality of such an assumption, a price has necessarily to be paid: ¥ must be
a real interval. In any case, despite such a restriction, Ricceri’s result has suc-
cessfully been applied to obtain many significant consequences. In particular,
in [3] and [4], Ricceri applied his minimax theorem to two specific classes of
functions: the functions of the type ¢ + v, where @ is a non-zero continuous
linear functional on a Banach space and v is a Lipschitzian functional whose
Lipschitz constant is equal to the norm of ¢; functionals on L? spaces. In turn,
consequences of the results of [3] and [4] have been obtained very recently by
D. Giandinoto in [1].

The aim of this note is to present new applications of the results of [3] and
[4], in the spirit of the ones of [1].

2. Infimum of certain functionals on Banach spaces

Throughout this section, X is a real Banach space whose norm is denoted by
||l ¢ : X — R is a non-zero continuous linear functional and y : X — R is
a Lipschitzian functional whose Lipschitzian constant L is equal to ||@||x+, X*
being the dual space of X whose norm is denoted by || . |

X*-

Now, we will apply the following result established in [4] with concrete
examples :

Theorem 2.1. Ler y: [—1,1] — R be a continuous function which is derivable

in]—1,1[. Assume that ' is strictly increasing in ] — 1, 1[, with ¥/ (] — 1,1]) = R.

Denote by 1 the inverse of the function Y . Then, one has

max { i (p(0) w9~ 70-1). I 000+ w109 ~ (1) | = inf(9(6) (W) V) - (W)
We start by the following result

Theorem 2.2. We have
i — i _ y(x)
inf (p(x) + [y()]) = inf (@(x) — w(x) +2log(e"™ +1)).

Proof. Consider the function y: [—1, 1] — R defined by

(1+2A)log(1+A)+(1—A)log(1—-A) if |A| <1

Y(A) = Y(—1) =¥(1) =log(4).
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Clearly, 7 is continuous in [—1, 1] and twice derivable in | — 1, 1], also we
have, foreach A €] —1,1],

70 =tog (177 )

()=

Hence, the function ¥ is strictly increasing in | — 1, 1[, with Y (] — 1, 1[) = R.
Moreover, 1, the inverse of ¥, is given by

et —1

n(u) =

So, for each x € X \ w~!(0), we have

eV 1
nWEvE —vn(v() = S v - (1+n(y()leg(l+n (v ) - (1-n(y(x)))log(l —n(w(x))

V) _q 2eV(x) 2eV(x) 2 2

T v v - 01 By v IOg(ewM + 1)
eV 2eV(x) 2 2eV(x)

B IS RAATE a log( eVl 11 )- eV 11 ) - V) 11 log(ew(x) + 1)

2 2
= —yx)- V) 1 IOg( v 1+ 1 )(1 +e‘I’(X))

= —yx) - log4+210g(e"' +1).

Consequently, by Theorem 2.1, taking account that y(—1) = y(1) = log(4), we
get

max{ inf(p(x) ~ ¥(2)) ~log4. inf (90 + y() ~Tog4

xeX

= inf((x) + 1 (y(x)y(x) = ¥(n(y(x)))-

Taking into account Theorem 4 of [4], this implies that

inf () + | W(x)]) —log4 = inf (p(x) — W(x) — logd + 2log(e? +1),

xeX xeX

which is the conclusion.
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Remark 2.3. In [4], it was observed that
; —; —|w()|
inf ((x) + [(@)]) = inf (@(x) + | w(x)| + V).

From Theorem 2.2 we get

inf (9(x) + [w(x)]) = inf (@(x) + |y(x)| + 2log(e V@ 1 1))

xeX

This is an improvement of the result in [4] since e™" < 2log(e™" + 1) for all
t>0.

In particular, since infcx (@ (x) + || @]

x+||x||) = 0, from Theorem 2.2 we get:

Corollary 2.4. We have

inf(o(x) — [l9

o+ 2log(el 4 1)) = inf(o(x) + [l
xe

X+ x+|x]]

+2log (eIl Xl 4 1)) = 0.

3. Infimum of functionals in L” spaces

Let (T,F,u) be a o-finite non-atomic measure space, E a real Banach space,
whose norm is denoted by ||.||, p € [1,+eo[. As usual, L’(T,E) denotes the
space of all (equivalence classes of) strongly y-measurable functions u : T — E
such that [, [Ju(t)||Pdp < oo, equipped with the norm

el = ( f |Pdu)

Aset D C LP(T,E) is said to be decomposable if, for every u,v € D and every
A € F, the function

1= xa(t)u(t) + (1= 2a (1))v (1)
belongs to D, where x4 denotes the characteristic function of A. A real-valued

function on T x E is said to be a Carathéodory function if it is measurable in T
and continuous in E.

Theorem 3.1. , [4, Theorem 2.4]). Let (T, F, L) be a G-finite non-atomic mea-
sure space, E a real Banach space, p € [1,+e[, X C LP(T,E) a decomposable
set, [a,b] a compact real interval, and y : [a,b] — R a convex (res. concave) and
continuous function. Moreover, let @, W, @ : T x E — R be three Caratheodory
functions such that, for some M € L'(T),k € R, one has

max{|@(z,x)[, [y (t,x)|, | @, x)[} < M(&) +kl|x]|”



SOME APPLICATIONS OF TWO MINIMAX THEOREMS 409

forall (t,x) € T X E and

@) [ wtu)du+a | ofu0)dnye) [ wieu)du+b [ ofun)ap.

for all u € X such that, [;y(t,u(t))du >0 (resp. [;y(t,u(t))du <O0). Then,
one has

sup inf ([ (p(t,u()du+YA)W(r.u(t)) + Ao (t,u(0)di) = inf sup ( [ (p(e,u(1)+¥(A)wle,u(0) +2a(t.u(r)dn).

A€lab)UEX UEX ) ¢a,b]

From now on, we assume that (7)) < +eo. Let I C E be a non-empty set.
We denote by .4; the class of all pairs of continuous functions @, y : I — R with
o(x) > 0 and y(x) > 0 for all x € I, such that

(0()| + W)

< oo,
el LA (X[l

Moreover, we denote by B; the family of all decomposable subsets X of
LP(T,E) such that u(T) C I for all u € X, and containing each constant function
taking its value in /.

Remark 3.2. Notice that, if (@, y) € A;, we have

o) _ fown)ds _ o)
2y = Trv)dr = Sy

Now, we apply Theorem 3.1 to get the following result:

forall u € X.

Theorem 3.3. Let (0,y) € A; and X € By. Then, one has

Jp o@u())du

. elrvum)de 1
inf(2log | ———— /"’ )dp = /

= (1) sup inf (A0(x) —((1+4)l0g(1+4) + (1~ ) log(1 = A) ().

Proof. First of all, to simplify the writing, for each u € X, we put A, = W
We apply Theorem 2.1, with [a,b] = [0,1], ¢ =0 and

—(14+A)log(1+A)—(1—A)log(l—A) if A €][0,1]

VR = —log4 if A=1.
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Since yis concave and [ y(u(t)du > 0 for all u € X, all conditions of Theorem
3.1 are satisfied, and hence

sup mf?L £)du+y(A /T.ty( u(t))du) = inf sup /l/ t))du+y(A /w du). (1)

2€0,1] uex u€X) e0,1]

Fix u € X. The function F : A — A [ @(u(t))du +y(A) [ w(u(t))du is con-
cave in [0, 1] and its derivative is given by

2= [ s i —log(; /u/ )i,

which vanishes at the point Ay = 5— in [0, 1[. Consequently, we

eMut 1
have
. 26t 2 2
jof e ( (r [ onau+ ) [ wundn) = int(S [ oo - (3 toel o)+t et ) [ wlat)dn)
. 20M +2 2
- 'ex % /w<u<t = +l/w(u D5 g(m)/rw(um)du)
- nf( / o(u(o))dp -+ (log(* +1)2) ~log(@) [ wiu

On the other hand, X contains each constant function taking its value in /, which
implies that for all 4 € [0, 1]

inf( [ o+ 1) [ wia u) p(T)inf(Aoo(x) + Y(A) ()

ueX

Hence, we have

sup inf (4 [ @(u()du+7(2) [ wlu(®)dn) = a(T) sup inf(Aol)+ V). @
ZEOluE T AE[OI]XG

Now, the conclusion follows directly from (1) and (2).

Theorem 3.4. Let (0,y) € A;, X € Byand g > 1. Set

en(5) - o (5

and suppose that b < +-oo. Then, one has

9 _q_
1

in},[;((q—1)(fTw(u(t))d W) +(f£w(u(t)du)q*') ~ u(T) swp inflgra()
“e (Jr w(u(t)dp)s Aclabe
+(1 =AMy (x)).
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Proof. By Remark 3.2, we have

1

fr o)\ F
(fTwum > = b forall weX.

Since X contains each constant function taking its value in /, we clearly have
forall A € [a,b]

g;(qx [ owan+1-29) [ v u) u(T)inf(gAa(x) + (1~ A1)y ().

Hence, we obtain

sup inf (2 [ @(u()dy+(1-37) [ wu)du) = (1) swp inlghot) +(1-29w(0). @)

A€[a,p]HEX A€la, bl

We can apply Theorem 2.1, with ¢ =0, y(1) = 1 — A7 (and g instead of ®),
obtaining

sup inf (q/l/ o(u(t)du + l—lq)/Tq/(u(t)du) inf sup (ql/ o(u(t)du + l—lq)/Tl[/(u(t)du). @)

?LE[ab“EX “Exleab

Fix u € X. The function F : A — gA [, o(u(t)dp + (1 —A9) [ w(u(t)du is
concave in [0, 4o and its derivative is given by

—q/w 1)du — ql‘“/w 1y,

1
which vanishes at the point (%) ! which lies in [a,b]. Consequently,

we have
i sup (M/ )i+ 1_)Lq)/ w(u())dy) = in)g((qf1)(frw(u(t))d#)qTl +(£V/( u(t)d u)ﬁ)
ueX ) ela,b] ue (Jr w(u(t)dp)s?

which, jointly with (3.3) and (3.4), gives the conclusion.

Now, from Theorem 3.4, we get the following result
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Corollary 3.5. Let E =R, I =]c,d|, and let (0, y) € A;. Assume that ®,y are
continuous and concave in [c,d] and that o(d) =0, y(c) < y(d) and

up O _
xell) (x)
Set ©
L w(c
* =@ -
and, if y(c) > 0, assume that
Vel —s< @)
y(c)

Then, for every X € By, one has

o ((Ur @@®)dp)’ + (frw(u@dp)* _ B
ue;f(< 7 w(u(r)du > = 2#(”&@ o)y(d) .

Proof. Fix A € [0,1]. Since the function 2A® + (1 — A?)y is concave in [c,d]
its infimum is attained either at ¢ or at d. That is to say (recalling that ®(d) = 0)

inf(240(x) + (1= 22)y(x) = min{2A0(c) + (1= 22)y(c), (1= 2%)y(d)} .
On the other hand, we have

220(c) + (1= 22)y(c) < (1-A%)y(d)
if and only if A < —& ++/82 + 1. Consequently

2A0(c)+(1-A2)y(c) if Ae [0,75+ NE 1]

in X -2 y(x) =
xeg(2ka)( )+ (1=27)y(x)) (1-A2)y(d) if Le [75+\/527+1,1} .

From this, it clearly follows that

sup infA@(x) + (1 - A2 y(x)) =28(V/82+1—-8)w(d) .

Aelo,1]¥€l

Now, the conclusion follows directly from Theorem 3.4 applied with g = 2.
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Remark 3.6. Concerning Corollary 3.1, it is very important to observe that the

Ur@@®)dw?+(Jr y(undpn)? o
Jrw(u(t)du

set of all constant functions taking their values in ]c,d[ (say X) can be strictly

larger than 2 (7T)8(v/ 62+ 1— 6)y(d). To see this, it is enough to consider the

following setting: [c,d] = [0,1], @(x) = 1 —x?, y(x) = x+ 1. Indeed, in this

case, we have § = 1 and

o (Jr (U —u(0)dp)® + (Jr (un) + 1Ddp)*\ 50 _
(ST 0T %)

infimum of the restriction of functional u —
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