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EXISTENCE OF HOMOCLINIC SOLUTIONS FOR TWO
CLASSES OF DIFFERENTIAL SYSTEMS WITH
p—LAPLACIAN

M. TIMOUMI

In this paper, we are concerned with a class of periodic differential
systems with p—Laplacian when the potential is with superquadratic or
asymptotically quadratic growth at infinity in the second variable. Us-
ing the monotonicity trick of Jeanjean and the concentration compactness
principle, we prove the existence of homoclinic solution. Some recent
results in the literature are generalized and significantly improved.

1. Introduction

Laplacian and p—Laplacian systems are mathematical models used to describe
a wide range of phenomena in fields like physics, biology, and engineering.
Laplacian systems, being linear, are typically applied in problems such as heat
conduction, fluid dynamics, image processing (e.g., image denoising), and geo-
metric modeling. Conversely, p—Laplacian systems are nonlinear and are par-
ticularly relevant in situations where nonlinear effects play a significant role,
such as in modeling the flow of non-Newtonian fluids, phase transitions in ma-
terials, and the analysis of complex biological systems. In this paper, we will
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investigate the existence of homoclinic solutions for the following differential
p—Laplacian system
(DV)
%(!u(t)l”_zu(t)) +q(e) [a()["2a(e) =V (o) lu()|"~ ult) + VW (1, u(t)) = 0
where p > 1, ¢,V € C(R,R) and W : R x R¥ — R is a continuous function,
differentiable with respect to the second variable with continuous derivative
VW (t,x) = %—Y(r,x). A solution u of (DV) is said to be homoclinic (to 0)
if u(t) — 0 as |t| — +o0 and u # 0. Furthermore, if u minimizes the energy
functional of (DY) among all possible nontrivial homoclinic solutions then u is
called a ground state homoclinic solution.
Many problems arising in science and engineering call for the solving of partial
or ordinary differential equations and systems. These equations or systems are
difficult to solve, and there are very few general techniques that can be applied
to solve them. In the last fourth decades, critical point theory and variational
methods have been highly successful in solving nonlinear problems in partial
and ordinary differential equations and systems.
If p =2, the p—Laplacian system (DV) reduces to the following Laplacian
system

i(t)+q)u(t) =V u(t) + VW (t,u(t)) =0, t € R,

which is a special case of the classical differentrial system
i(t)+q(t)ut) —L(t)u(t) + VW (t,u(t)) =0, t € R, (1)

where L € C(R,RV 2) is a symmetrick matrix. We should mention that only a
few authors have studied homoclinic solutions for system (1), see [1,5,17,18,37-
41,44.45].

When p =2 and ¢ = 0, then (1) reduces to the following second-order Hamil-
tonian system
(1) —L(t)u(t) + VW (t,u(t)) = 0,t € R. (2)

With the development of critical point theory, the existence and multiplicity of
homoclinic solutions for system (2) have been widely investigated by many au-
thors, see [2-4,6-9,11-13,15,16,19-21,23,25,27-28,30-34,,43,46,47] and the ref-
erences cited therein.

However, when p > 1 is arbitrary and g = 0, the system (DY) takes the form

% (yu(t)yp—zu(;)) V() |u(e)” 2 ult) + VW (t,u(t)) = 0. (3)

During the last decades there has been a growing interest in studying the ex-
istence and multiplicity of homoclinic orbits for system (3), see for example
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[24,26,29,35,36,42,48,49,50] and the references therein.

In recent years, Du [10] studied the existence of nontrivial homoclinic solu-
tions for system (DV) when ¢(t) = c is a constant, V is coercive and W (¢,x) =
a(t)U(x) with a € C(R,R) and U € C' (R, R) is subquadratic.

Motivated by the above papers, we are interested in the present paper to the
existence of homoclinic solutions for (DV) when the nonlinearity W (¢,x) is
superquadratic or asymptotically quadratic at infinity in the second variable,
by using the monotonicity trick of Jeanjean and the concentration compactness
principle. To the best of our knowledge, it seems that no similar results are ob-
tained in the literature for differentrial systems.

The remaining of this paper is organized as follows. Section 2 is devoted to
some preliminary results. In Section 3, we study the existence of ground state
homoclinic solution for (DY) under superquadratic growth. In the last Section,
we prove the existence of homoclinic solution for (DY) under asymptotically
quadratic growth.

2. Preliminaries

In order to introduce the concept of fast homoclinic solutions for (DV) conve-
niently, we firstly describe some properties of the weighted Sobolev space E on
which the certain variational functional associated with (DV) is defined and the
homoclinic solutions of (DV) are the critical points of such functional. We shall
use LZ(R) to denote the Banach space of measurable functions from R into RY

under the norm 1

July = ([ 2 lute)”ar)”,
where Q(t) = [3 q(s)ds. Similarly, LjH(R) (1 <s <o) denotes the Banach space
of functions on R with values in RY under the norm

1
_ (1) sdt)’
Jully, = ([ 2 a0 dr)

and L°Q°(]R) denotes the Banach space of functions on R with values in R" under
the norm

(1)
Jul 5 = esssup{eQT lu(t)| /1 € R}.
In the present paper, we consider the following condition
(C1) L € C(R,RM") is a symmetrick and positive definite matrix, and L, Q are
T —periodic,
and we introduce the Banach space

E= {u c Lg(nza)//ReW [|u(z)|"+V(t) |u(z)|!’}dz < oo}
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equipped with the norm
Jul” = [ 20 [Jate)? + V() ) ] ar
R

for u € E. It is well known that E is continuously embedded into L, (R) for
p<s<eand E = Ly, (R) is compact for all p <s < eo. Here, Ly ,,.(R) is
the space of measurable functions u : R — R such that [ |u(¢)|' dt < o for all
compact K of R. Hence, there exists a constant 1, > 0 such that

lullgyy < s [luel, Vu € E. (4)

We shall prove that system (D)) possesses a mountain pass type solution. For
this purpose, we will apply a monotonicity trick due to Jeanjean [14] together
with the concentration compactness principle [22].

Lemma 2.1. [14] Let E be a Banach space and I C R™ be an interval. Consider
a family (f3)er of continuously differentiable functionals on E of the form

fa(u) =A(u) — AB(u), VA €1,
where B(u) > 0 for all u € E, A(u) — 4o or B(u) — +0 as ||u|| — . Assume
that there exist two points vi,vy € E such that

)= ;Iellf_trgl[gfli] [ (y()) > max{fy(v1),fa(v2)}, VA €1,

where

I'={yeC([0,1],E)/y(0) = vi,7(1) = v2}.
Then, for almost A € I, there is a sequence (v,) C E such that
(i) (vu) is bounded in E,
(ii) fo.(va) = 2,
(iii) f5(va) = 0 on E'.
Moreover, the map A — c¢;, is continuous from the left.

Definition 2.2. Let (u,) be a bounded sequence in a Banach space. We say that
(u,) is vanishing if, for each R > 0,
y+R

lim sup 2O |y, ()P dt =0
=R Jy—R

and (u,) is nonvanishing if there exist c > 0, R > 0 and (y,) C R such that

Ynt+R

liminf 20 |y, ()|P dr > o.
n—reo yn_R
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In the vanishing case, we have the following result, which is a special case
of Lions [22].

Lemma 2.3. Let (u,) be a bounded sequence, if for each R > 0

y+R
lim sup 20 |y, (1)|P dt =
n= ek Jy-R

then u, — 0 in Ly (R) for p < s < co.

3. Superquadratic growth

In this Section, we are concerned with the existence of ground state homoclinic
solution for the differential system (D)) when W (¢,x) is periodic in ¢ and su-
perquadratic with respect to the second variable not satisfying the global (AR)
superquadratic condition. More precisely, we take the following conditions
(W1) VW (2,x) = o(|x|P~") as x — 0 uniformly in 7, W(z,0) = 0 and W (z,x) > 0
for all (¢,x) € R x RV;

(W) there exist constants pt > p and Cp > 0 such that

VW (t,x)| < Co(1+[x[*7"), ¥(t,x) e R x RY;

W (t,x)

oo |x]”

(W) = +oo, fora.e.t €R;

(Wy) there exists a constant ¢ > 1 such that
W(t,sx) < oW (t,x), V(s,t,x) € [0,1] x R x RY,

where W (r,x) = %VW(t,x) x—W(t,x).
Our main result in this Section reads as follows

Theorem 3.1. Assume that (Cy) and (W) — (Wa) are satisfied. Then system
(DV) possesses at least one ground state homoclinic solution.

It is very important to notice that conditions (W) and (Wy) imply that
W (t,x) is superquadratic both at the origin and at infinity, which is different
from the (AR )— condition.
Let us state the following example to illustrate our Theorem 3.1.

Example 3.2. Let g(t) = sin(3£1), V(1) = (3 +cos(%t) ) Iy and W (t,x) = (1+
sin(22t)) |x|” In(1 + |x|7) for all (t,x) € R x RV, Itis easy to check that o, L
and W satisfy all the conditions of Theorem 3.1. However, since W( ,X) =0
for all x € RY, it does not satisfy the (AR )—condition.
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3.1. Proof of Theorem 3.1

Now we are going to establish the corresponding variational framework to ob-
tain the existence of ground state homoclinic solution of (DV). For this end,
define the energy functional f associated to system (D))

gty = [ O+ e) u(r)” |de — [ W (r,u(0))ds

defined on the Banach space E introduced in Section 2. By (W) and (W), for
any € > 0, there exists a constant C; > 0 such that

VW (2,2)] < elx]”™" +Ce |x*! (5)

and
Ce

€
0<W(t,x) <= |x|” + = |x* 6
(t,x) p|| li|| (6)

for all (t,x) € R x RY. Hence, it is well known that f € C'(E,R) and
Fla= [ o0 [P0 500 + Vo) )P ute) (0]
- /R COTW (1,u(t)) - v(1)dr

for all u,v € E. Moreover, the nontrivial critical points of f on E are homoclinic
solutions of (DV). Now, we define on E the family of functionals

fa(u) =A(u) —AB(u), A €1,2]
where
A(u):f/ReQ(’)[\u(t)\p+V(t)\u(t)\p di
and

B(u) = /R CLOW (1,u(t))dt

and we present some lemmas which will be used in the subsequent discussion.

Lemma 3.3. Assume that (Cy) and (W) — (Ws) are satisfied. Then
(i) There exists uy € E \ {0} such that f3 (up) < 0 forall A € [1,2],

(ii) e = %2;,2}3’1‘] Fa(y(t)) > max{f3(0), fa(uo)}, VA € [1,2],

where

I'={yec((0,1],E)/7(0) = 0,y(1) = uo} .
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Proof. (i) Let g € C7(R) \ {0}. By (W3), the fact W(¢,x) > 0 and Fatou’s
lemma, we have

Wt
llm fl(se()) S 11 fl(seo) ||eO”P_ hm eQ(l‘)i( ,sf’O)
§—00 sP S—r00 sP p $—00 Jeo#£0 ‘Se()’

‘60|pdt = =%

for all A € [1,2]. Hence, there is so > 0 large enough such that fj(soep) < 0.
Then, setting uy = spep, we obtain f3 (up) < fi(up) < 0 and (i) holds.
(i) By (4) and (6), we have

8n i
/eQ() (t, u)dt<fH ullgy + H H < EM s TS
R u

hence i
1 21, C,
fa(u) > fo(u) > (; —en?) ||ull” — % [

By taking € small enough, we deduce that there exist constants & > 0 and 0 <
p < ||luo|| such that

gy, = 0 for all A €[1,2], where By ={uc E/ |lul| <p}.

Letting I' = {y € C([0,1],E)/y(0) =0,y(1) =up}. Since, for any y € I, we
have y(0) =0 < p < ¥(1) = |Juo||, then there exists t, €]0, 1 such that p = y(ty)
and so

)= %2%21[3’1{] fr(y(1)) > a > max {f;(0), f1(uo)} .

The proof of Lemma 3.3 is completed.

Combining Lemmas 2.1,3.3, we obtain

Lemma 3.4. Assume that (Cy) and (Wy) — (W3) are satisfied. Then, for any
A € [1,2], there exists a bounded sequence (u,) C E such that f) (u,) — ¢ and
[ (n) = 0asn— oo,

Lemma 3.5. Assume that (Wy) and (W) are satisfied. Then, for any bounded
vanishing sequence (u,) C E, we have

lim [ COW (t,u,)dt =0

n— JR
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Proof. Using (5) and (6), we obtain
ol Ev o o Cey
/Re W o) <l =

and

/ LOVW (t,u,) - undt
R

<€ ||”nHIZS +Ce H”n”IZié
Since (uy,) is vanishing, Lemma 2.3 implies that
/ COW (t,uy)dt — 0 and / LOVW (t,u,) - updt — 0
R R

as n — oo, and the proof of Lemma 3.5 is completed.
O

Lemma 3.6. Assume that (W;), (W) and (Wy) are satisfied. Then, for all
bounded sequence (u,) C E satisfying

0 < lim f3 (un) < ¢y and lim f; (uy) =0,
n—yoo n—yoo
there is (y,) C Z such that, up to a subsequence, u,(t) = u,(t +y,T) satisfies

iy —uy # 0, fi(uy) < ¢ and f; (uy) = 0.

Proof. Since f; (u,)u, — 0, one has

. ~ . 1 .
r}gl}o}t REQ(t)W(l‘,un)dt = ,}gl;lo (fl(”n) - ;f)/L (”n)”n) = nlgrolofl (un) >0
which with Lemma 3.5 implies that (u,) is nonvanishing. Hence, there exist
constants ¢ > 0, R > 0 and a subsequence (y,) C R such that
Ynt+R
liminf 20 |y, |Pdt > 6 > 0.

n—reo ynfR
Choose (y,) C Z such that, letting u,,(¢) = un(t +y,T),
2R

liminf [ €20 [@,[Pdr > 2 > 0. (7)
n—eo J_2R 2

Since Q(¢), V() and W (z,x) are T —periodic in ¢, then ||u,|| = |ju,
Ja (un) and

> fl(ﬁn) =

f3.() = 0as n— oo. (8)
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Indeed, for any v € E, set v,(t) = v(t —y,T). It is clear that ||v,|| = ||v|| and

@l = QO " v V@) [P 2 v — AVW (2,8,) - v] dr
A R

/ 220 {mn‘l’*z ly -V + V(1) \un\pfz Up - vy — AVW (t,uy) 'vn} dt
R

= |5 a)va| < || £ ) || 10all = || £2. ) || W] = O,

which implies (8). Since (i, ) is still bounded, up to a subsequence if necessary,
there exists u, € E such that

u, ~uy; inkE,
ln = uy, in Ly 1, (R) for s €]p,ee], 9)

U, —uy a.e.inR,

and uy # 0by (7). We claim that for all compact K C R, VW (¢t,u,,) — VW (t,u;)
in L’é (K). Arguing indirectly, we may assume that there exist a constant & > 0
and a subsequence (i, ) such that

[ ¢ W 2,72~ VW (1,0, dt > g0, V€ N, (10)
K

By (9), we can assume that

1;1 Hﬁnk - u)LHLg(K) < coand k;l H’/~‘nk - ul”Lg(”*l)(K) < oo,

Let w(t) = Y2, liin, (1) — up (¢)| for all 1 € K. Then w € Ly(K)NLH™ "V (K).
By (5), there holds for all k € Nand t € R

VW (i) = YW (1031”277 (VW (1,0, 4+ VW (13| )
<27 (el | + Ce i, |*! )”/
el +Colunp )]
Scl|:|’/A[nk‘p+|ﬁnk’pl(“_l)+|ul|p+’ul|pl(“_l):|
<[t —al + 1))+ (i,
tlua) P+ 0

<o ol + w40 g [ |
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where Cy,C; are positive constants. Combining this with (9), Lebesgue’s Dom-
inated Convergence Theorem implies

lim [ 20 |VW(t,i,, ) — VW (t,uy)|" dt =0
k—oo JK

which contradicts (10). Hence the claim above is true. It follows that

lim eQ(’)(VW(t,ﬁn)—VW(t,u,l))l;/dt 0, Yy € C3(R,RY)

n—o JR

which implies that f; is weakly sequentially continuous. Hence, by (8), we
deduce

fr(up) =0. (11)
Now, by (W,) and Fatou’s lemma, one gets
. 1,
2 lim (f2n) = £ ()i

= hml COW (¢, i) dr

>/I/ tu;L dt
ZfA(MA)—;fi(MA)MA
= fa(up)

The proof of Lemma 3.6 is completed.
As a consequence of Lemmas 3.4,3.6, we have the following
Lemma 3.7. Assume that (Cy), (W), (Wa) and (Wy) are satisfied. Then there
exist (A,) C [1,2] and (u,) C E \ {0} such that
A= 1, fo, (un) < ¢y, and f//l,, (uy) = 0.
Lemma 3.8. Under the assumptions of Theorem 3.1, the sequence (u,) obtained

in Lemma 3.7 is bounded.

Proof. Suppose by contradiction that ||uy|| — o0 as n — co. Set w,, = H nE Then

|lwn|| = 1, and by Lion’s concentration compactness principle [22], either (w,) is
vanishing or it is nonvanishing. Hence the proof of the lemma will be completed
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if we show that (wy,) is neither vanishing nor nonvanishing. Assume that (w;,)
is vanishing. Let (s,) C [0, 1] be a sequence such that

I, (Snttn) = qlél[g’ﬁf/l (sttn).

For any M > 0, let v, = (HM i )un = 24/Mw,. Since (v,) is vanishing and
bounded, by Lemma 3.5 and (5), one has

/ LOW (t,v,)dt — 0 as n — oo,
R

Now, for n large enough, % €]0, 1], and by the definition of s,, we deduce
that

ﬁﬁwgzhmﬁﬂM—M/£WWmmm2M
R

which implies that
fa, (Sntty) — 400 as n — oo (12)

Since f;, (0) =0and f; (u,) < cy, <ci, thens, €]0,1[ and
f/l (Snttn)Snttn = sn (f/l (su )>‘S=S =0. (13)
Therefore, using (12) and (13), we deduce that

[ LT st = 3 () =, ()

1
= 2, (Snltn) — +ooas n — oo.
An

However, it follows from (W,) and Lemma 3.7 that

/eQ(’)W(t,snun)dt < G/ COW (1,u,)dt
R R
1

< o V) = 1, ()

—fmwﬁsf%gmmeN

A~

yielding a contradiction.
Assume that (w,,) is nonvanishing. Then, as in the proof of (10), by the transla-
tion invariance of system (D)), one has w, — win E and w, () — w(z) a.e. in R
for some w € E\ {0}. On the set Q = {r € R/w(t) # 0}, one has |u, (t)| — +oo,
and then by (W3),

W(t,uy)

Jun]”

[Wal? — 4o0 as n — oo.



38 M. TIMOUMI

Therefore, taking into account meas(€2) > 0 and using Fatou’s lemma, we obtain

Wt Wt
/ eQ(z) ( ,”;z)dt > / eQ(z) ( a;‘n |wn’pdt — +o0 as n — oo,
R ||Mn|| Q |un|

On the other hand, since 0 < f; (u,) < ¢;, < c1, we deduce that

lim [ W) 1
n—eo JR [ || p

a contradiction. The proof of Lemma 3.8 is completed.
O

Now, we are in the position to complete the proof of Theorem 3.1. By
Lemmas 3.7, 3.8 and (5), we have for any v € E

I (un)v = 5 (un)v+ Ay — 1)/ LOVW (1,u,) - vdt — 0 as n — oo.
" R
Hence f’(u,) — 0. Combining (5) and Lemma 3.8 yields

lun |l = A / VW (t,up) - updt
§8H“n”LZ+CeH”nHLg (14)

< enp lluall” +Cenf [lun|*

which implies that ||u,| > d, ¥n € N for some constant d > 0. If (u,) is van-
ishing, Lemma 2.3 and (14) imply that u, — 0, a contradiction. Hence (u,) is
nonvanishing. Proceeding as in the proof of Lemma 3.7, we can obtain a se-
quence (y,) C Z such that if u,(¢) = u,(t + y,T), then u,, — u and f'(u) = 0.
Therefore system (D)) possesses a nontrivial homoclinic solution.

Finally, we prove the existence of ground state homoclinic solution of (DV). Set
K={uec E\{0}/f (u) =0} and m = inf f(u). Using (W4) and the fact u € K,
we get 0 < m < f(u). By the definition of m, there exists a sequence (v,) C K
such that f(v,) — m as n — co. Following the same procedures as in the proof of
Lemma 3.8, we have (v,) is bounded. Since (v,) C K and f’(v,) = 0, similar to
(14), we obtain ||v,|| > d; > 0 for all n and (v,) is nonvanishing. Hence, arguing
as in (9)-(11), there exists v € E \ {0} such that f'(v) = 0 and f(v) < m. Noting
that v € K, one has f(v) > m. Thus f(v) = m. This ends the proof of Theorem
3.1.
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4. Asymptotically quadratic growth

In this Section, we are concerned with the existence of homoclinic solution for
the differentrial system (D)) when W (z,x) is periodic in ¢ and asymtotically
quadratic with respect to the second variable. More precisely, we assume that
W (t,x) is of the form

1
W(t,x) = ;S!x\p—l-V(t,x)

where S is a positive constant and we take the following assumptions:

(Ws) W(t,x) > 0, V(r,x) €R x RY,
(We) There exist positive constants ¢, r and it > p such that

VW (t,x)| <clx|* ', Vvt eR, |x| <r,

(W7) V(t,x) = o(|x|"™") as |x| = oo,

(W) W(r,x) = I%VW(t,x) -x—W(t,x) > 0forall (,x) € R x R, and there are
positive constants a,b > 0, R > r and « €]1, p| such that

", a|x|“,VteR, |X|§I",
>
Wit,x) 2 { bi|% Vi€ R, x| > R.

Theorem 4.1. Assume that (Cy), (Ws) — (Ws) and the following condition

Je @Ol +V (1) |ue)|")dr

C
() UEE ut0 Jo lu(t)Pdt

<S

are satisfied. Then the differentrial system (D)) possesses at least one homo-
clinic solution.

Remark 4.2. Let

W(t,x) = { (Ls—a(e) ¢ if ¥l <1,

TSI —a(o) x| if |l > 1,

where a € C(R,R) is periodic in ¢, 0 < inf,cg a(t) < sup,cpa(t) < % and 1 <
o < p. It is easy to check that the above function W satisfies conditions (Ws) —
(Wg).
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4.1. Proof of Theorem 4.1

Consider the functional f defined on the space E introduced in Section 2 by

Flu) = ; Ol + VO o)) Jdi = [ 2OW(e,u(0)as
1 ul|P = | 20 u
=l = [ 2OW (t.ute))ar

It is well known that f is continuously differentiable on E and for all u,v € E,
we have

Fa= [ 20l 2u0)60) + VO W)l ule) v(0)] s
_ /R COTW (1,u(t)) - v(1)dr.

Moreover, critical points of f are classical solutions of (DV) satisfying #(t) — 0
as |t| — eo.
In the following, we will reason by successive lemmas.

Lemma 4.3. Assume that (Cy), (Ws) and (W7) are satisfied. Then for any
bounded vanishing sequence (uy) € E, we have

lim [ e?OW(t,u,(1))dt = 0.

n—eo JR

Proof. By (W) and (W7), for every € > 0 there exists a positive constant Ce
such that

VW (t,x)| < € |x|P '+ Ce |x[* 1, V(t,x) e Rx RV, (15)
Since W (¢,0) = 0, we deduce

W (t,2)] < elx]p—i—C:]x]“, V(t,x) € R x RV, (16)
p

Let (u,) C E be a bounded vanishing sequence. Then Lemma 2.3 implies that
u, — 0in LSQ(R) for all s €]p,eo[. Combining this with (15) and (16) yields

ECOVW (1,1,(1)) - un (£)dt| < € ||un||”y +Ce ||ttn]|*s = 0 asn — oo
R Lo Ly

and
(1) E p 7C8 B oo
/Re OW (t,u,(1)) < » ||Mn||L1é+ m ||un||L,é — 0asn— .

Hence [ e2OW (t,u,(t))dt — 0 as n — oo and the proof of Lemma 4.3 is com-
pleted. O
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In the following, we define on E the family of functionals
fl(u) :A(I/t) - AB(H), A€ [1,2]

where
AW =5 [ @O jaw)+ V(0 luto) " ]

and
B(u) = / COW (¢,u(t))dr.
R
Lemma 4.4. Assume that (Cy), (C2) and (W7) are satisfied, then there exists

(
vo € E\ {0} such that fi(vo) = f(vo) <

Proof. By (C;), we can choose a nonnegative function ¢ € E such that

/ 20 |(1)|P dt = 1 and / LOTIp()+ V(1) o))" dr < 5.
R R
Assumption (W7) implies that for all r € R with ¢(¢) # 0

i WS90 o W(so)

see P se [s@(1)[”

1
=—S|o@)|",
SSle)]

which together with (C») and Fatou’s lemma implies

i 2520 2 [ [lg) + v ol |ai - tim [ 2022200y,

s—oo P sP
<3 —/ (20 fig W(1:590()) .
p R

s§—ro0 sP

<2 —/ 20 |o(0)|7 dr =0
P JR p
Consequently, there exists a positive constant sy large enough such that the el-
ement vy = so¢ satisfies vop # 0 and f(v9) < 0. The proof of Lemma 4.4 is
completed.

O

Now, let

c; = inf sup f;(¥(t))
Yelielo,1]

where

I'={yeC([0,1],E)/7(0) = 0,7(1) = vo}.
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Lemma 4.5. Assume that (Ws) — (Wg) are satisfied. Then for any sequence
(un) C E satisfying

0 < lim f3 (un) < ¢y and f3 (un) — 0 asn — oo,
n—yoo

there exists a subsequence (uy, ) such that
Ung — uz # 0 with fo,(up) < ¢y and f3 (u) =0.

Proof. Note that

~ 1 1, 1
[ W o)) = [ = )] = 7 lim ) > 0.

n—yoo

Since (u,) is bounded, then Lemma 4.3 implies that (u,) does not vanish, i.e.,
there exist positive constants r,0 > 0 and a sequence (s,) C R such that

lim 20 |y, |Pdr > 8, (17)

n—oo Ir(sn)

where I,(s,) = [sp — 1,5, + r]. From the boundedness of (u,), we can assume,

after passing to a subsequence, that u,, — u, in E and u, — u; in L’éloc(R),

which with (17) implies that u; # 0. By the weakly sequentially continuity of
f» and the fact f; (u,) — 0 as n — oo, we obtain

i (up)v = liﬁm f3.(uy)v=0, Vv €E.

Hence f; (1)) = 0. Combining (W) with Fatou’s lemma yields

1
x> Jim 3 () = lim | fy ()~ f )

— tim A [ COW (1, u,(1))dt > A / COW (¢,uy (1)) dt
R

n—reo R

1
= fa(u) — ;f,{(ux)ux = fa(un)-
The proof of Lemma 4.5 is completed. O

Lemma 4.6. Assume that (Ws) — (Wq) are satisfied. Then for any A € [1,2],
there exists a sequence (v,) C E such that

(vn) is bounded, fy(va) — c; and f3 (va) — 0. (18)
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Proof. For the vy € E obtained in Lemma 4.4, we have f(vo) < 0. It follows
from (Ws) that f; (vo) < f(vo) <O, for all A € [1,2]. By (16) and (4), we get

o) £ llull? u
e\W(t,u(t))dt < ull” + u YuekE.
W (cutw)de < Eng i+ Sl
Since € is arbitrary, then

/eQ(’)W(t,u(t))dt — o(|[ul|”) as u — 0.

R
Hence, there exists a constant 0 < ry < ||vol| such that
1
[ 20w @ale))de < 5l ¥ ] < ro
R 2p

For all y € T, there is s, € [0, 1] such that ||y(sy)|| = ro and

max f3(y(s)) = fa(v(sy))

s€[0,1]

= s = [ LOW e, visp e

rl’
sl =52
= 2p 2p
which implies that
rh A
— inf > 9 50,VAe[l1,2
ea = inf max fu(¥(s) 2 5 [1,2]

and

¢y >max {f3(0), f1(vo)}-

Hence, the family (f3)5c[12) satisfies the hypotheses of Lemma 2.1, which com-
pletes the proof of Lemma 4.6. O

Combining Lemmas 4.5 and 4.6, we deduce that there exist a sequence
(An) C [1,2] converging to 1 and a sequence (u,) C E satisfying

un # 0, f,(un) < ¢z, and f; (up) = 0. (19)
Since

—Hu Il —/1/ W (t,un(1))dt < ¢,

and
HunH”—l/ OVW (1, un (1)) - undi,
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we deduce that

/ QOW (¢,u(1))dr < 2, i € N.
JrR A

It is clear that (%j) is decreasing and bounded by c;, which implies that
/ COW (1,u,(1))dt < c1, ¥neN.
R

Lemma 4.7. Assume that (Cy) and (Ws) — (W) are satisfied. Then the sequence
obtained in (19) is bounded.

Proof. Using (W7) and (Wg) respectively, we can find a positive constant C,
such that

/ 2O \VW (2,1 (1)) |un| di < C) 20 [y, ()P dt
4R Jun (1) 1) (<R lun0)|2r)
(20)
and
/ COW (1,un(1))dt
<R lun0)|2r)
00) 00
= e?W (t,u,(t))dt + 2 VW (t,uy(1))dt
(1R /r<lun (1) <R} <R/ lur (1) 2R)
1 ~
> inf W) / 20 [, (1)|* dit
R* {1eR,r<|x|<R} {1€R/r<|uy ()| <R}
+b/ ) |u, (1)|* dt
(1R lur (1) 2R)
> G 20 |u, (1) “ dt

{t€R/Jun(t)|=r}
(21)
where C; = inf{ R% infep r<|x|<r) W(t,x), b}. By (18), we have for a positive
constant C3

Ja, (n) — %f,lln (ttn )t

An S C37
which with (Wg) and (21) implies
uy) — L (uy)uy -
¢y » Ll = i lenktn [ O (0 0) )
2‘n R
= LOW (t,u,(1))dt + LOW (1,u,(1))dt
{teR/|un(1)|<r} {t€R/|un()|2r}

Za/ eQ(’)|un|“dt+C2/ 20 |y, |* dr.
{r€R/|un(1)|<r} {t€R/Jun(1)[=r}
(22)



HOMOCLINIC SOLUTIONS OF DIFFERENTIAL SYSTEMS 45

Take s €]0, %[, then Holder’s inequality, (22) and (4) imply

/ ) 4, |P dt
{t€R/Jus(r) 21}

- / 20 4, |P* i P19 it
(1R lun(0)] 21}

ps a—ps

o o(1—s)
< / 20 u,|%dt) / 20 Uy = AN
( {tER/|un(1)|2r} e ) ( {teR/|un(t)|2r} e )

< Cy [lun P

where Cy = <g—;> n,,é(ll 9 and M > p. Now, since f; (un)un, =0, then

(We), (20), (22) and (4) 1mply

\uan—l/ OVW (1, un (1)) - (£)dt

<2 LOVW (t,u,(t)) - up (t)dt
{reR/|un (1) <r}
+2 COVW (t,u,(1)) - un()dt
{t€R/|un(1)[=r}
< 20/ 20 |, (1)|* dt +2C, 20 |u, (1) [P dt
{t€R/un (1) <r} {teR/|un (1) |21}
<2¢8 120,64 Jun 70
a
(23)
where p(1 —s) < p. Hence (23) implies that (u,) is bounded and the proof of
Lemma 4.7 is completed. O

Now, we are in position to prove Theorem 4.1. Let (u,) be the bounded
sequence obtained in (19). By taking a subsequence if necessary, we can assume
that u,, — u and u, — u a.e. on R. Using (19), we get for allv € E

lim f'(u,)v = hm [f/l (ttn)v+ (A — 1)/ COVW (1,u,(1)) - v(t)dt | = 0.

n—oo R

We distingsh two cases.

First case: limsup,_,., f3, (#,) > 0. In this case, the result follows from Lemma
4.5.

Second case: limsup,_.., f3, (#,) < 0. Let (s,) C [0, 1] be such that

i (sta) = . £, ().
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we denote by (v,) the sequence defined by v, = s,u,. It is clear that (v,) is
bounded. Using (4) and (15), we getforalln € Nandu € E

S, 0=l = 2 [ LOVW (1)) - (e
> |lul|? — 2/ OVW (¢,u(t)) - u(t)dt
> ull” —2enf ]} —2Cenf u.

Take € = we obtain

4n” >

1
fi, = 3 [1 = 4Cenf lull* ] ]

__1

Letr; = (8C,mﬁ> "= then we have

1
f/{n(u)uz ZHMHP’ Yu € B(0,ry). (24)
Similarly, using (4) and (16), we can find a positive constant r, such that
1
Ja,(u) = 2 [[ull”, Yu € B(O,r2).

Combining (24) with the fact fﬁn (u,) = 0 yields
lun|| > 0, VneN

where 0 = inf(r;, ). Let0 < & < 1,thenforalln e N, §, = éﬁ €]0,1]. Note
that by (4.22)

1 1
nn> _nn>7_p np>7 p’ 2
Frsntn) 2 F, (ttn) = 5% a1 = - (86) (25)

which with f; (0) = 0 implies that s, > 0. Moreover, we have

limsup f(u,) = limsup | f3, (u,) + (A, — 1)/ReQ(’)W(I,un(t))dt}

n—eo n—eo

= limsup f; (u,) <0,

n—soo

which with (25) implies s, < 1. Hence s, €]0, 1[ and then fin (Vn)vy, = 0 for all
n € N and

o [ XM e3n(0)dt = i (30) = 5 () = Fi ).
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Consequently, we deduce from (25)

limsup | e2OW (t,v,(r))dr = limsup f;_(v,) > 0.

n—yoo R Nn—roo
Since (v,) is bounded, it follows from Lemma 4.3 that (v,) does not vanish,

so (u,) does not vanish. By going to a subsequence if necessary, Lemma 4.5
implies that v, — v # 0 with f’(v) = 0 and the proof of Theorem 4.1 is finished.
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