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ON THE RADIAL SOLUTIONS OF A NONLINEAR
MATUKUMA-TYPE EQUATION WITH DOUBLE SINGULAR
TERMS

A. BOUZELMATE - H. EL BAGHOURI

This paper is concerned with the positive solutions of a Matukuma-
type nonlinear equation with double singular terms,

Apu+ [x™ ud + |x|™ u® =0, x € RY,

where p>2, N> 1,86>6>1, —p<my<m; <0and —N < my <
mp <0.

Our objective is to generalize a Matukuma-type equation since its im-
portance in both geometry and physics. In this context, we prove the
existence of singular solutions and we present their explicit behavior near
the origin.

1. Introduction

We are considering the next elliptic equation involving the p-Laplace operator
Apu+ x)™ u® x| u® = 0, x € RY, (1)

where p >2,N>1,6,>0,>1,—p<my<m; <0and —N <my <m; <0.
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We restrict our considerations to radial solutions of the previous equation.
That is, we will study the subsequent equation

N—-1
(e |P~2) + = | [P~ 2 4 P 4 P2u® =0, >0, 2)
r

where p>2,N>1,0>86>1, —p<my <m; <0and —N <my <my <0.

The study of elliptic equations having singular coefficients has been the sub-
ject of recent research by many authors. In the case p =2, Lai, Luo and Zhou
[14], studied the next equation

N —

1
u’ (r) + W' (r) + 7" ud 4+ 7"u® =0, r> 0, 3)

where N >3,1< 0 < & and —2 <mp <m; <O0.
They gave the behavior near the origin and infinity of positive solutions. More

N N+2+2
precisely, they showed that if N+ ’Zl <61 <&, 01 # % and &, #
N+2+2 2 2
M, then lim 7 &1 u(r) and lim PO u(r) always exist.
N-2 r—0 r—r+eo
If m; = my and 8; = &, rescaling, equation (3) is reduced to
N—-1
W' (r) + = (r) + "M u® = 0. (@)
r

Equation (4) has been extensively discussed in the literature, originating from
the realms of both physics and mathematics, particularly in the field of astro-
physics. It represents a generalization of Matukuma’s equation, which was in-
troduced in 1930 to describe the dynamics of globular clusters of stars [17], to
delve deeper into this specific equation type, readers are encouraged to consult
the following research studies [10, 13, 16, 18]. If m; = 0, the equation (4) is

known in astrophysics as the Emden-Fowler equation, as shown in [11]. More-

N-+2
over, in geometry, if N > 3 and 6; = N7+2’ (4) is recognized as the conformal

scalar curvature equation. The first existence results of equation (4) are due
to Ni [19] in 1982, he proved that (4) has an infinite number of positive solu-
tions, all of which are bounded by positive constants from below. Li and Ni
[15] showed that, since u is a positive solution of (4), then rl_i)rfoou(r) still exists.

The behavior of positive solutions of (4) was described by Li [17]. Interesting
results about this equation can be found in [1, 7, 8, 12, 19-21].
We observe that if m; = my = 0, equation (3) reduces to:

u” (r) + W (r)+u® (r) +u®(r) =0, >0 )
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Equation (5) was recently investigated by Bamon, Flores, and Del Pino [2],
under the assumption that the exponents &, and &, are subcritical and super-
critical, respectively, i.e., 1 < 8 < §; N +2 < &,. They demonstrated that when &,
is fixed and O; approaches the crltlcal Value %*%, equation (5) admits multiple
radial solutions. Similarly, an analogous result holds when &; > NN 5> and &
approaches N+2 Furthermore, they proved that equation (5) has no solutions if
) approaches v While &, remains fixed.

For the general case p > 2, Bouzelmate and Gmira [5, 6] established that
equation (2) admits an explicit positive solution under the conditions N > p,
o> NI(\,p__pl), and either m; = 0 with & = 0 or mp = 0 with 6; = 0. Further-
more, they provided significant results regarding the existence, nonexistence,
and asymptotic behavior of singular solutions to equation (2) near the origin,
specifically those solutions satisfying }51(1) u(r) = +oo.

Equation (2) has been studied in [9] with lin% u(r) =a € (0,4). We es-
r—
tablished that lirr(l) 1w |P=24/ (r) = d for some d € R and so we analyzed the
r—

problem

(o [72u') + Lol P2 P e =0, 5 >0
‘ limu(r) =a, limrN =[P4/ (r) = d,

r—0 r—0
where p >2,N>1,6>86>1, —p<m<m <0,-N<my<m; <0,a>0
and d € R. In that work, we demonstrated the existence of a regular solution of
problem (F,), while avoiding the challenging case of singular solutions at the
origin.

The primary objective of the current study is to extend the results obtained
by Lai, Luo, and Zhou [14] to the case p > 2, with a particular focus on the
more difficult scenario where a singularity at the origin is present. Specifically,
we investigate the existence and asymptotic behavior of singular positive solu-
tions near the origin for equation (2) under the condition }gr(l) u(r) = +oo. More

precisely, we prove that for any solution u of (2) satisfying lirr(l) u(r) = oo, the
r—
limit lir% rrtdl (r) = 0 holds when N > p. Consequently, our aim is to investi-
r—
gate a solution u defined on the interval (0,+0), such that u € C!(0,+o0) and
U/ |P=2u’ € C'(0,+o0) and satisfies
(| 17=2u) 4+ Y=L |P=2 it P2u® =0, 1 >0

limu(r) = 400, lim r%u’(r) =0,
r—0

r—0

where N >p>2,86 >0 >1and —p <my <m; <0.
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The structure of this paper is organized as follows. In Section 2, we present
preliminary results related to singular solutions, which lay the foundation for the
subsequent analysis. Section 3 focuses on the asymptotic behavior of singular
solutions for problem (P) near the origin. In Section 4, we address the existence
of singular solutions of problem (P). Finally, in Section 5, we summarize the
findings and discuss potential perspectives for future research.

2. Preliminaries and Basic Results

In this section, we present some foundational results.

Proposition 2.1. Assuming that N > p and u is a solution to (2) under which
lin(l) u(r) = oo, Then u is strictly decreasing on (0, +co).
r—

Proof. Since lir% u(r) = +o0 and u is continuous, there exists n > 0 sufficiently
r—

small such that u(r) > 0 for all r € (0,7).
Suppose, by contradiction, that u oscillates on (0,7), and let o be the first
zero of ' in (0,1). Substituting into equation (2), we obtain:

(la'|7~2) (r) = =™ ud (r) — "2 (r), ©6)

which implies that (|u’]”*2u’)/ (ro) < 0 and thus «/(r) < 0 near r = 0.
To show that u is strictly decreasing on (0, +o0), assume, by contradiction,
that there exists r; > 0 such that «/(r) = 0. This would imply

(le|P~2u’) (1) > 0.
However, this contradicts equation (2), which gives
(|72’ (r1) < 0.
Thus, we conclude that «'(r) < 0 for all r > 0. O

Proposition 2.2. Assuming that N > p and &, > 8 > p — 1. Considering a
solution u to (2) under which lir% u(r) = oo, it follows that for any r > 0, we
r—

have
—(my+p)
u(r) <M(N,p,6,ma)r 217, (7
where
~(p-1)
[N\ F (] BN R
M(N,p,&.,m) = |(&+1—p) [ ———— s .
Wopdems) = (841 p) (200 (220

®)
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Proof. Employing (6), we derive the following inequality for all » > 0
(rN—1|u/|p—2u/)/ < 7rmz+N—1u52(r)' (9)

Integrating (9) over the interval (%, r) for any r > 0, we obtain

N—1 r r
N PR () — I [P (=) < —/ NS (O ds. (10)
(3) (3)<-.

Given that u is strictly decreasing by Proposition 2.1, it follows that

—my—N
NP () < e N (). (11)
my+ N
Thus, for any r > 0, we find:
1
1 =27 N\ T ms1 5
W (r) < — (+N> FeT w1 (r). (12)
ny

Since u is strictly positive and 8; > p — 1, we deduce

1
p—1 p-g-1\’ 1 =27 NN 7T et
u pI < - — rr-1 13
p—6—1 < > ( my +N (13)
Consequently
1
51 1—p (1=27m"N\PT mu
<uppl ) L otlop ( ) P (14)
p—1 my+N
Integrating inequality (14) over (%, r) for r > 0, we conclude
L mytp
p—8—1 1 _ 27m27N p—1 1 — 2_ﬁ my+p
u =t (r)>(6h+1- _— — | rrt. 15
0> @1-p) (S0 <m2+p> (15)
As a result, inequality (7) is verified. Ul

Proposition 2.3. Assuming that N > p and &, > 01 > p — 1. Let u be a solution
of (2) with lir%u(r) = +oo. Then
r—

lim rN =P/ P~V () =0, 1lim AN/ DY () =0 (16)

r—0 r—0

and
N—p

p—1

u(r)+ru'(r) >0 for small r.
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Before giving the proof, let us define for all real & # 0 the following function
Hs(r) = ou(r)+rd' (r), r> 0. (17)
It is evident that for each r > 0,

(ru(r)) = r° 'Hs(r). (18)

Therefore, the analysis of the variation of r° u(r) hinges on the sign of Hy(r).
We obtain, by referring to equation (2) and for all r > 0 verifies u/(r) # 0, that

(0= VP 2H (1) = (p—N-+ 0(p— ) P2 (r) =
8 (19)
If we have Hs(p) = 0 for a certain p > 0, then we can deduce that
(p—D)[""*Hg(ro) = (N—p—0(p—1)) [6]" 6 g ulPu(ro)
— r6"‘+1 ud (ro) — r6"2+1 u® (ro). (20)
Proof. Using 2.2 we have r"2+7)/(&=P+1) i5 bounded near the origin and since
N)(p—1 N —
g > MtNp—1) y  mtp p

N-—p hH+1-p p-1
lim F(N=P)/(P=Dy(r) = 0. Now, by relation (6), we get that liII(l) rWN=D/=10y/ (7)
r—

r—0
exists and by the Hospital’s rule we have lim rN=D/(=1)y/ (r) = 0 (because
%

, hence we obtain

lirr(l) u(r) = +o0 and N > p). Next, based on equation (19), we have HN p( ) <0
r—
for small r, since u > 0 and «’ < 0 near the origin. Consequently, HN p( )#£0

for small r. Given that 11n(1) rN=p)/(P=Ny(r) = 0, it is necessarily the case that
r—

N —
Hy- ,,( ) > 0 for small r, that is P
Pl p—1

u(r)+ru'(r) > 0 for small r. O

Thanks to the previous results, we are able to examine the problem (P).

Proposition 2.4. Let 8, > 0 > p — 1 and consider a solution u to problem (P).
If r°u(r) is bounded for small values of r and for some & > 0, then r° 14/ (r) is
also bounded for small values of r.

Proof. Using Proposition 2.3, we know that Hy—, (r) > 0 for sufficiently small
I

p
r. Since u is strictly decreasing, it follows that:

N_
rlud () b

u(r) for small r.

Given that 7°u(r) is bounded for small r, it immediately follows that r+14/(r)
is also bounded as r approaches zero. O
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We now adopt the logarithmic transformation introduced in [3, 6], which
serves as a crucial tool in proving the subsequent theorems. For every r > 0, we
define

z6(t) = ru(r), where t = —In(r). (21)
So z, verifies
Q5 (1) = s Qo (1) + ¢ P20 (1) + ¢ %23 (1) = 0, (22)
with
lo(t) = 25 (t) + 020 (1), (23)
Qs (t) = |lcf|p_216(f)a (24)
Os =0Osnp,=N—p—0c(p—1), (25)
BG:(m1+p)—G(51+1—p) (26)
and
05 = (my+p)—0o(&+1-p). (27)
‘We remark that
Io(t) = —r" 1 (r). (28)

(mi+N)(p—1)
N—-p

Proposition 2.5. Let & > 6; > and consider a solution u to

my+p
bH+1-p

ot/ (r) also converges as r — 0.

(P). If rPu(r) with0 < o < converges as r — 0, then the function

my+p
O+1l-—p
26(t) = r°u(r) is bounded for sufficiently small . From Proposition 2.4, it
follows that I5(¢) = r°*1u/(r) is bounded for sufficiently large . Consequently,
Qo (t) = |I5(t)|P~215(t) is also bounded when ¢ is large.

Suppose, for contradiction, that there exist two sequences {k;} and {s;}
such that both k; and s; approach +oo as i — +oo, where k; corresponds to
a local minimum and s; to a local maximum of Qs(f). Assume further that
kj <sj <k for all i, and that the sequences satisfy:

Proof. Using the transformation (21) with 0 < ¢ < , the function

0< I}gningo(t) = lim Qg(k;) < lim Qg(s;) =limsupQq(t) < +oo, (29)

[—>-o0 I—rtoo t—o0

and

O (kj) = Qs (sj) =0. (30)
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From equation (22), we have

— 0o Qo (k) + e %kiz%2 (k) + e Pokizd (k) =
— 05 Q0(s)) +e %22 (s;) + e Prizd (s)).

Since zs converges, and given that otz > 0 and B > 0 (due to 0 < 6 <
my+p

hL+1-p

, & >0 > % and m, < my), we deduce

lim Qg (k;) = lim Qg(s;). @31

i—-o0 i—rtoo

This contradicts equation (29). Therefore, Qs (¢) converges as t — —+oo.

Consequently, 7°*1u/(r) converges as r — 4o with 0 < 6 < Lﬂ
SH+1-p
Proposition 2.6. Assuming that Let &, > 01 > % Suppose that u is a
solution of (P) satisfying
. my+p

limr&+ =P u(r) = 0.

r—0
Suppose there exists 0 < 6y < 52 5 50 that

lim r®u(r) = oo,
r—0
then
Hpy 1 p))(8+1-p)(r) >0 and  Hg,(r) <0 for smallr.

Proof. Since

my+p
limro=ry(r) =0 and limr®u(r) = oo,
r—0 r—0

it suffices to show that H,,, ) /(5,+1—-p)(r) # 0 and He, (r) # O for small r.

Step 1. H(m2+p)/(52+1,p)<r) 7é 0 for small r.
Suppose there exists a small r such that H,,, ;) /(s,+1-p)(r) = 0. Taking 6 =

my+p
&h+1—p

in (20) and multiplying by r%(~1) we obtain

(p= ) D P2 51 (1) =

p—1
oo(p—1), p—1 N—p— my+p 1 >< my+p )
T < e pt ) A

_ yo0(p=1),,p—1 {rm1+pu5u+1fp + ,mz+pu52+lfp} .
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mpy+p mj+p
Since limr&* =7 y(r) = imrd+=ry(r) = 0 and lim r®u(r) = oo, it follows
r—0 r—0 r—=0
that

H(,m2+p)/(52+1_p)(r) >0 for small r.

That is H(;, 4 ) /(5,+1—p) (1) 7 O for small r.

Step 2. Hg, (r) # 0 for small r.

In the same way as Step 1, assume there exists a small r such that Hy, (r) = 0.
According to (20) with 6 = oy, we have

(p—)r?= V|72 He, (r) =

w! {(N_p —0oo(p—1)) (GO)p_l —pmtpyditlop rm2+Pu52+lfP} .

Multiplying this equality by r° (»=1) we obtain
(p = DD 2 HE (1) =
rG()(p—l)up—l {(prf Go(p* 1)) (G())pil _ ,ml+pu5|+l—p _ ,mz-l-pu&—i-l—p} .

Taking into account our hypothesis and the fact that 0 < oy < Sﬁ:—p
-p

;f, we deduce that H, (r) > 0. Consequently, we have He, (r) # 0 for small

p—

r. .

We now present the following lemma, which is a classical result due to
Gidas and Spruck.

Lemma 2.7 ([12]). Let F be a positive differentiable function satisfying the
following conditions:

+o0
i) / F(t)dt < oo for some ty > 0,
fo

ii) F'(t) is bounded for sufficiently large .

Then
lim F(r) =0.

1—>oo

3. Behavior of Singular Solution near the origin

This section explores the asymptotic behavior near the origin of singular so-
lutions to the problem (P). To conduct this analysis, we utilize concepts and
results found in the works [3, 4, 6].
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Theorem 3.1. Let &, > §; > m+N)(p=1) Suppose that u is a solution of (P).

N—p
If 6, # w then u exhibits one of the following behaviors near the
origin
(i)
1
—1\ &+
g my +p m+p \"
1 52‘*’1*17 = N— — — 1 .
lim 55 () (( e o-0) () )
(32)
(if)
lim r®u(r) = C, where € >0and 0 < 0y < m. (33)
.. . my +p
Proof. As a consequence of the transformation in (21) with o = &T’ we
-p
my+p
have z5(1) = pHiT u(r), so the function z satisfies the present equation
Q5 (1) — 0o Qo (1) + e o'z (1) +232(r) = 0, (34)
where 4
my -+ p
O =N—-p——F(p— 35
and n
my—+p
= (m + o +1— 36
o= (mi+p) 5oy (Bt 1 —p). (36)
Next we define the following energy function related to (34)
p— 1 p
Is(1) :7“6(’)‘ — Q0 (1)z6(1) (37)
& my+p % AL
O | & 1) %
62+1
38
eI 8

Since z4(t), I5(t), and Qs () are bounded for sufficiently large z, it follows that
I5(t) is bounded as t — oo.

Additionally, we have the following expression for the derivative of I5(¢):

IL(t) = <5:$1+fp - occ> Yo(t) — e P20 ()2 (1) (39)
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where

1o(0) = (20(0)- 0 10a(0)1% ) (5~ culQa(l).  @0)

We will divide the remainder of the proof into three distinct steps.

Step 1. I5(¢) is convergent as t — +-oo.
By integrating (39) over the interval (7,¢) for sufficiently large 7', we obtain:

- my+p _
lo(t)=Ia() + (5272~ ) 8200 @)

a / t e Pozd (s)25(s) ds
T
_ (62”:%1—’1 — (X(F) /Tte_ﬁo'szgl (S) <(X(§2|Q6(s)|5lz _ZG(S)> ds’
(42)

where

/= /T Yo(s)ds. 3)

Since the function s — s% is increasing, Y5(z) is positive, and therefore
S (1) is positive and increasing. We now demonstrate that S (¢) is bounded as
t — oo. Given that &, # w , we have 0 — m2+fp # 0, and thus

-r 0+l
1
So(t) = Zp——— Us(t) = 1(T)) +
&H+1-p Oo
1 eiﬁat Z5|-‘r1 € —PoT 51+1 / —Bgs 51+1 ds

&mﬂf’p_ac 6 +17° S +1°° 51+1

t €L 1
+/T eiBGSVSI (Olgz ’Q(;(S)’52 —Zg(S)> ds. (44)

Recall that z5(2), Qg (2), and I5(¢) are bounded as ¢t — oo, and 65 > 0. Hence,
Ss () is bounded as t becomes large. Consequently, Ss(7) is convergent as
t — +-oo. Therefore, I5(f) converges as t — +oo.

. / -
Step 2. [113100 0s(t) =

Note that for any 1 < 1 < 2, there exists C; > 0 such that
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<\K1 !6727(1 - !K2|572K2> (k1 — K2) > Cy (k1 — 62)2 (|’ | + !Kzl)a_z (45)

for any K, K € R such that |k |+ |kz| > 0. In particular, for 1 = % there
exists C; > 0 such that

(z(,() 5100 ()| )(z?m el 0a(1)]) 2 €, (250) ~ el Qa(0)])

-1

N

(20 + 6100 1))
(46)

Knowing that Q4 () is strictly negative for large ¢, we use (34) to obtain

(2 + 100 0))) " Yolt) > G (05 1) +e 123 (1)) .

Using the fact that z5(7) and Qs (¢) are bounded for large ¢ and that 6, > 1,
there exists C, > 0 such that for large ¢,

(Q’G (1) + e*ﬁ"fzf; (t)) ’ < CY4(1).

This leads to the inequality

/Tt (Q/o'(s) e Poszd (S)) ds < CiSs(t).

Consequently, we obtain

/ 0. (s)2ds < C'So (1) —2 / B30l (5)23 (5)ds.

Since S5 (1), z5(t), and Q/(¢) are bounded for sufficiently large z and 5 > 0,

it follows that
t
/ Q'(,(s)zds
T

is bounded. Furthermore, since [; Q% (s)2ds is increasing, we conclude that

—+oo
QL (t)%dt < +oo.

On the other hand, by differentiating equation (34), we get
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Q5 (1) = 06 Qs (1) + &:2¢ ' 25(1) — Boe P23 (1) + Sre~Po' 23~ (1) 25 (1) = 0.
(47)
Since Q/; (1), 7 (1), and z4(¢) are bounded for large ¢, it follows that Q' (¢)
is bounded for sufficiently large #. Thus, by Lemma (2.7), we conclude that

lim O (1) =

t—+o0

Step 3. z(¢) converges as r — oo,
Since z4(7) is bounded, llir+n Q.(t) =0, and B > 0, we get from (34) that
— o0

lim (—aGQG(t)+zg2(t)) —0. 48)

t—rtoo

Now, assume for the sake of contradiction that z(¢) oscillates for large ¢.
Then, there exist two sequences {1;} and {{;}, both tending to +oco as j — oo,
such that 7); and (; are the local minimum and maximum of v(¢), respectively,
satisfying 1; < {; < nj4+1. Moreover, we have the following relations:

0< lim zc(n])—hmmfzg() p1 < hm zG(CJ)—hmsusz() P2 < oo
Jj—rtoo t—r+oo

Since z;(N;) = z5(&;) = 0, we have

my+p my+p
lo(n)) = 5 r(n) and la(§)) = $25z0(E)).

This implies

p—1
0un) = (22 ) " 2 () ang

p—1
o) = (5252 G

Combining with relation (48) and letting i — +oo, we get

-1
oitp _(y_,_ Mmtp )( my+p )p _0

and
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-1
p—1[ &+1-p my+p my+p )p
—(N—p——="F (p—1 _— =0.
%) (Pz < p 52+1_p(l7 ))<52+1—p

Since p; < py, it follows that p; = 0, and

1

B m+p ! . m+p ar
p2_<<52—|—1—p> <N P g1 p” 1)>) |

Using (37), we obtain

e

and

- \_ —(m+p) [ mtp et
jLHEwIG(CJ)_ (&1 1) <62+1_p> py <0.

This is a contradiction, as I5(¢) converges as t — +oo. Hence, z5(f) con-
verges as t — +oo. Now, using Proposition 2.5, we have that /() converges,
and by (23), the limit of z;(¢) must be zero as t — +-co.

Let
my+p
limr&=ru(r) = ay,
r—0
then
. (my+p)
lim [5(t) = ———
t—l>1:Ii-l°° G() 62+1—pa1’

and by relation (24), we have

-1
. o m+tp \TT
Jim Qo (1) = (aM) a -

Since both z4(¢) and Q(r) converge, from equation (34), we see that Q' (1)
must converge to 0. By letting t — 40 in (34), we obtain

p=1 [ otl—p [ M2FP mtp \")
a (“1 (N D 62+1_p(l7 1)) (52+1—p> >—O-
(49)
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Thus, a; =0 or

p—1\ 5317
a1:(<N—P_52m_i—1Ffp(P—1)) <62m_i—1'—fp> ) .

Step 4. If a; = 0 we show that lim r®u(r) =C > 0, where 0 < 6y < mtp
r—0 &H+1—p
It is sufficient to prove that r®u(r) is bounded for small r, that is, zg,(¢) is

bounded for small ¢.
By contradiction, suppose that

IETOOZGO (t) = +°°t

my+p
b+1-p
We have Hg,(r) < 0 and H(y,,1 ) /(5,+1—p) (1) > 0 for small r.
Hence, using the fact that «’(r) < 0 for small r, we get

Since 0y < we use the Proposition 2.6.

/
r
oy < || - my+p
u h+l-—p

Then, using the change (21), we have as t — +oo
p—1
p—1 1-p ny +p
t t _— . 50
(@)™ < a0 < (5L 50

Multiplying equation (22) (for 6 = o0y) by zégp (1), we get

(Qon(0)2ts (1)) + (= 1)U (1)) (1) — (N = P) Qe (1)2ky (1) + Gy 1) =0,
(5D

where
Gan(1) = € Pt 23 7P (1) e O 237 (1),

Since

Y PR N L -
IEToce ﬁo-o tzo-:)+ p(t) - IETooe 960 tZg%+ p<t) = 07
we deduce that Gg, () — 0 as t — +oo.

Let
Xoo(t) = Qo (1) 2, (1) (52)
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Then estimation (50) yields that for  — 4o

my+p )pl

SH+1-p (53)

(o < staft) <
Furthermore, we have by (51)

(o) (1) + (P = 1) (X077 = (N = p) 2y (1) + Gy (1) =0, (54)

Let N
o(s) = sP/(P=1) — 7ps, for s > 0.
p—1
Since g, () > 0 for ¢ large, then

oy (t) = (P = 1) 0(Xo, (1)) + Gy (1)

Using the study of the function , then there exists a constant Xy > 0 so that

_ +p ! N—p\"!
— K for (cp)""! SR )
w(s) < =Ky for (0p)" " <s< <62+1—p < P

As Yo, (t) satisfies (52) when ¢ tends to +eo and tliIJP Gg,(t) = 0. Then from
—r o0
(54), there exists Iy > 0 so that

Ao, (1) > K1, for large ¢. (55)

Integrating (55) on (fy,t) for large fy, we get tlir—P Xo, (1) = +oo. Which gives a
——+o0

contradiction with the fact that x4, () is bounded for large r. Which implies that

Zo, () is bounded for large 7 and as follows zq, (1) converges as t — +oo. That is,
my+p

&+1-p

is complete. O

there exists C > 0 so that liII(l) r®u(r) =C, with 0 < op < The proof
r—

Currently, we describe the behavior of the derivative of u in the vicinity of
the origin.

Theorem 3.2. Let &, > o) > %57) Suppose that u is a solution of (P). If

then the derivative of u, denoted as u (r) exhibits one of
the following behaviors near r = 0:

N(p—1)+p(my+1)
e

(i)
my+p
limrﬁzfl—p“u’(r) ___Mmtpr
r—0 OH+1—p

1
my+p my+p \'TH\ 2
((v-r-gton) (g22,) )
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(ii)
my—+p

limr®*/ (r) = —0pC,  with 0 < 6y < —————— and C > 0.
limr u'(r) oC, wi < O<52+1—p and C >
Proof. Since z5(t) = ru(r) converges as t — +oo for 6 = @mjﬁ’p or 0 = 0y,

by Proposition 2.5, the function I (¢) = r°*!u/(r) also converges as t — oo,
Consequently, we obtain that:

. / -
;ETwZG(t) =0.

Therefore, the following limits hold

. _ m+p
tll)lllmlg(t) &+ 1—p

my+p my+p P ﬁ
(o gzion) (252) )

lim Is(f) = 6C.
t—roo

or

This completes the proof. OJ

We now present the behavior of the singular solution u for problem (P) in

N(p—1 1
the critical case where &, = (p—1)+plm> + )

N-p
N(p—1 1
Theorem 3.3. Assume that & = (p I)V+ plmz + ) Let u be a solution of
4

problem (P). Then we have one of the following behaviors

my+p
i) imr&t=ru(r) =0
r—0
or

1
. ke o my+p my+p P it
}1_1;[(1)1‘524rl Pu(r) = <(N—p_52+1p(p_1)) <82+17p> ’

my+p
ii) r&*-ru(r) oscillates near 0 and satisfies:

P

b N—p\ &7

0 <liminfr&*=ru(r) = p; < (p)
r—0 p

1

my+p 1 N? p W

< limsupr® 7 u(r) = py < ((6” ) < p) ) T 56
r—0 p p
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Moreover, if py =0, then

(5 (52))

my+p

O+1—p

Proof. Since z4(t) remains bounded for o = from Proposition 2.2,

there are two potential cases to examine:

e If z5(f) converges as t — +oo, then Proposition 2.5 ensures that /5(z) also
converges as t — +oo. Consequently, z;(r) — 0 as t — +oo. Using (34) and
(49), this directly leads to the limits stated in the theorem.

e If z5(¢) oscillates when 7 is large. Thus, there exists two sequences {7;} and

{{;} satisfying n; < {; < ;1 and

P = jETooZG(nj) = ljg}};on'(t) < jgrfmzc(gj) = lisz-l:opZG(t) = p2.

my+p  N-—p
O+l-—p

By equation (34) and the fact that @z = , we have:

0< Gy (m)) = *—L0o(n) < (m)) —e F:2(n)
and Ne
02 0(G) == F0a(8)) 23 (5) ¢ P (§))

Taking the limit as j — +oo in the above relations, we obtain

N—p\&ais
p1 < <p”> < pa. (57)

On the other hand, using relation (41), we deduce

—Bost —BsT
¢ &+1 + € &H+1 Bs te—ﬁo-vzgzﬂ (s) ds.

Sr1e 6H+17° &h+1Jr

Since zs is bounded and s > 0, it follows that I5(#) converges as t — H-oo.
Therefore, by relation (37), we have

Io(t) = Io(T) —

lim I5(t) = @i (p1) = @1 (p2), (58)

t—rtoo

where

&+1 1 /N— P
) (s) = > —< p> s, s>0.
o+l p\ »p
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IR

A straightforward analysis of the function @, reveals

®(0) = oy (((‘2“) (N;p>p) BT
0/(0) = o ((ﬁp)%) o

P
N—p\ &
o] (s) <0 for O<s<<p> ’

p

p
Hence, combining the study of the function @; with relations (57) and (58) we

1
1 N—p\"\ &
get relation (56) and if p; =0, then p, = <<62 + ) < p) > ] . This
p p

P
N—p\ 5T
wi(s) >0 for s>(p> "

completes the proof.

4. Ecxistence of singular solutions

In this section, we focus on establishing the existence of singular solutions to
problem (P). Our principal finding is derived from the work presented in [9].

Theorem 4.1. Assume that & > &; > WJ;\,N*_);”_U

solution of problem (P).

. Then there exists a singular

Proof. We have previously demonstrated in [9] that the problem (F,) has a max-
imal solution defined on (0, Ryyax ) for some R, > 0. By applying the maximum
principle, it follows that a — u, is monotonically increasing. Furthermore, from
Proposition 2.2, we know that u,(r) < M(N, p, 8,my)r~"m+P)/(82+1-P) \yhere
the constant M (N, p, 6,,my) is explicitly given by (8). As a result, u, converges
as a — oo to a solution u, which satisfies the problem (P) on the maximal in-
terval (0, Rmax ). Next, we show that R, = +o0. Assume for contradiction that
Rmax < +o0. We define the following energy function

—1 ym )
P |u/|p+ u51+1+ r 52+1‘ (59)

Alr) = 5+ 51"

Using equation (2), we compute the derivative of A(r):

A =N g My M
r

2—1, 8 +1
& 11 62+1r’" u . (60)
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Since li}en lu(r)| = h]Ien |u’(r)| = 40 and given that N > 1 and my < m; <0,
r max r— max

we conclude that

lim A’(r) =—c0 and lim A(r) = oo,

r—Rmax r—Rmax

which is a contradiction. Therefore Ry,x = +o0. The proof is achieved. L]

5. Conclusion and Perspective

In this paper we have studied a nonlinear elliptic Matukuma-type equation near
the origin. We have established existence results for singular positive solutions
and examined their behavior near zero. More precisely, the singular solution u
exhibits one of the following behaviors:

i)

1
-1\ &+1-p _
my—+p my+p P (my+p)
u\r) ~ N_ - _1 _— r52+1*17'
()0<< eyt )><5ﬁ1p> )

ii)

u(r) ¥ Cr~%, whereCand oy are strictly positive constants.

Also, we demonstrate that the derivative of u has one of the present behav-
iors

ii)

u'(r) ¥ —0pCr~ @+ whereCand oy are strictly positive constants.
The uniqueness of singular solutions remains an open question and will be

addressed in future research.
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