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ON HADAMARD ALGEBRAS

CARLOS C. PENA

Topological algebras of sequences of complex numbers are introduced,
endowed with a Hadamard product type. The complex homomorphisms on
these algebras are characterized, and units, prime cyclic ideals, prime closed
ideals, and prime minimal ideals, discussed. Existence of closed and maximal
ideals are investigated, and it is shown that the Jacobson and nilradicals are
both trivial.

1. Introduction and topological preliminaries.

Nowadays there is an increasing attention in research in Fractional Calcu-
lus applied to certain classes of analytic functions. Fractional operators such as
Riemann - Liouville, Weyl and Kober, and their various generalizations among
others have successfully been applied in obtaining characterization properties,
coefficient estimates, distortion inequalities, convolution structures for various
subclasses of analytic functions, etc., ([2], [4], [5], [6]). Recently various distor-
tion theorems were established on certain subclasses of the class A of functions
f(z) defined by

(D f(z)=z—Za,,z", a, >0, neN
n=2
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which are analytic in the complex unit disk. Moreover, if f(z) is given by (1)
and belongs to one of these subclasses, and

oo
g()=2z— anz”
n=2
belongs to another subclass, then their Hadamard product

oo
(f*)@)=2—Y anb, 7"

n=2
belongs to a third such subclass (see [1]). More generally, let us consider the set
Aq of complex sequences a = (a,),=o such that the number p(a) = lim |a,|"/"
is finite . Given a = (a,)u=0, b = (by)p=0 € Ao, ¢ € C and a sequence
& = (&p)n>0 such that |¢,| = 1 for each n > 0 we define ¢ -a + b € Ay
and a ©; b € Aq as

{-a+ b= (é‘ an + bn)nzO and a O b= (8,, ay bn)nzO-

Proposition 1. The set (Ag, +, -, O.) is an abelian - unit - complex algebra.

Proof. With the above notation, will show that if a, b € Ay and ¢ is complex
then

2 pla+b) < p(a)+ p(b),
3) p&-a)=pa) if ¢#0,
“ pla O b) < p(a) p(b).

For (2) we observe that |a, + b,|"/" < |a,|'/" + |b,|"/" for all n € N and hence
lim |a, + b, """ < Tim[la,|"/" + 1b,]""] < Tim|a,|"/" +Tim |b,] /",

Since lim |a, b,|"/" < lim |a,|"/" lim |b,|"/" the inequality (4) holds. Moreover,
if {sp}n>0, {tn}u>0 are sequences of non negative numbers, the first convergent
to a finite limit and lim#, < 400 then E(sn t,) = lims, limz,. Thus 3)
follows. Now it is clear that we get a complex abelian algebra which has the
element £* = (€,),>0 as unit. O

Remark 1. If r is nonnegative let An(r) be the set of analytic functions in the
open circle D(0, 1/r) with center zero and radius 1/r. In particular, An(0)
denotes the set of entire functions. Since the family {An(r)},>¢ is increasing
with respect to inclusion we can write Ay = lim An(r).

! Since we are concerned with superior limits the evaluation of nth radicals causes
no trouble in the case n = 0.
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Remark 2. We shall consider An(r) with the topology of uniform convergence
on compact subsets, i.e. the compact open topology. On the other hand, let
Ao(r) be the set of those elements a € 4 such that p(a) < r. There is a natural
map

I, . Ag(r) — An(r),

L@@ =) an ',
n=0

which is clearly injective. If p[(f™(0)/nV),=0] > r > 0 for f € An(r), we
would choose a number ¢ such that 1/(o[(f™(0)/n").=0]) < ¢ < 1/r and
|zl p[(f(0)/n)u=0] > 1if |z| = ¢, which contradicts the absolute conver-
gence of f on compact subsets of D(0, 1/r). Hence p[(f™(0)/n!),=0] < r
and T, [(f™(0)/nY)=0] = f. Analogously, p[(f(0)/n!),=0] = 0 if f is
an entire function 2. Now, given (@nns=0 S Ag(r),a € Ag(r) we shall write
a, — a if and only if I',(a,) — [',(a) in An(r), i.e. +Ay(r) has the topology
with respect to which I', becomes an homeomorphism. In particular, #Ag(r) is a
complete space as can be seen by standard arguments.

Remark 3. If r < s the topology of An(r) is stronger than that induced on
it by An(s). In particular, the inclusion ¢, : An(r) — An(s) is continuous.
Of course, the same holds if we replace An(r) and An(s) by () and Ag(s)
respectively.

Remark 4. Given an unbounded strictly increasing sequence {r,},>; of non
negative numbers we have Ay = lim Ag(r,). We shall consider 4 as a
countable union space in the sense of Gelfand and Shilov [3]. So, a sequence
{ar}i>1 is said to converge to a in A if all the a; and a belong to some
particular ¢ (r,) and {ai}r>1 converges to a in +Ag(r,). As usual, this concept
of convergence is independent of the sequence {r,},>;. Indeed, the space Ay
has a Fréchet structure .

Theorem 1. Let a, = (aum)m>0, n =0, 1, ... be a sequence of elements of A.
The following assertions are equivalent:

(i) a, — 0in Ay.

2 In particular, we can improve (2) by observing that p(a 4+ b) < max{p(a), p(b)} if
a, be Ao.

3 The same conclusion holds for the space Ug = lim An(r) of analytic functions at
Zero.
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(ii) I'y(a,) — 0in An(r), r > 0.
(iii) There isr > 0 such that p(a,) <r for n > 0 and for all 5 > 0O there exist
ng such that |a,,| < §r™ if n > nyg and m € Ny.

Proof. Clearly (i) < (ii). Moreover, if (i) holds there is r > 0 such that
pla,) < r forn > 0 and I'y(a,) — 0 in Ag(r). So, given § > 0 and
0 < s < 1/r there exist ng such that |, (a,)(z)] < §if |z] =s and n > ng. If
m > 0 and n > ny we get

|anm| =

/ﬂ [ (a,)(s exp(ix)) exp(—imx)dx
2as™ J_,

g

Ty (a,)(s exp(ix))|dx < §s™ ™.

Letting s — 1/r on the right, we see that (iii) holds. Finally, let us assume
(iii), we show that (ii) holds. For, let & > 0, (m,),>; be an increasing sequence
of positive integers such that sup |a,,|'"/" < r forn = 1,2, ... Therefore, if

m>my
lz| <s < 1/r, we can write

my—1
©) T (an)(2)| < Z | | 121" + Z (rs)".
There is ny € N such that
6) m; (rs)" <&/2 and |ap| < @ r"

for m € Ny and n > ng. Using (5) and (6), we have

T, (@) (@)| < FS)S Z s é

forn > ng and |z] < s < 1/r. Since s is arbitrary, therefore I',(a,) — 0
uniformly on compact subsets of the circle with center zero and radius 1/r.
O

Proposition 2. (A, +, -, ©,) is a topological algebra.
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Proof. Letr,s € Rxg, a € Ao(r), b € A¢(s) and W be a neighborhood of a + b
in . There are positive numbers §; and compact subsets K; of D(0, 1/(r+s)),
1 < j < n, such that

n

ﬂ {h € An(r +s) : sup | (a) + Ts(b) — h| < Sj} C Iy (W).
Kj

j=1
But An(r) 4+ An(s) C An(r + s) and if we write

= A : I (a)—h iy
U D {h € An(r) szljp T (a) | < > }

V= he An(s): sup |Ts(b) —h| < L ¢,
D{ (5): sup |(b) — 2}

then (I',)~'(U) and (I'y)~!(V) are neighborhoods of a in #(r) and of b in
Ao(s) such that (T,)~'(U) + (T'y)"'(V) € W. Now, let y € C, ¢ € A(t) and
S be a neighborhood of y - ¢ in Ay(#). Let {Cr}i<k<m a be family of compact
subsets of D(0, 1/¢) such that

m

N {h € An() : sup |Ti(y - ) = h| < nk] C Ty(S)
k=1 G
for certain positive numbers 7y, ..., n,,. If € C and b € A(t), then we have

Ty -c)=T(B-b) < |B—y | [IT(c) =T (D) + T ()] + |y (T (c) = Tt (D).

Given ¢ any positive number, let

T =(){heAn@: sup [Te) —h| < —%— 1 ifc=0,
e G e+ 1yl

or let .
ming 1

&= ’
2 maxyc, |I'(c)]

_r : _ Come |
T_Q{heAn(t). sup IT,(c) — h| < 2(8+|y|)} ifc# 0.
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In both cases we get D(y, ) - (I,)"'(T) € S, and the binary operation - is
continuous. In order to show that the Hadamard product is bicontinuous, let
a, — a in Ay(r), b, — b in Ay(s), where a, = (a, )m>0, bn = (D) )m>o0,
a = (a")m>0 and b = (b"™)>0. Since p(a) < r and p(b) < s there are positive
constants A, B such that |a™| < A r™ and |b™| < Bs™ for m € Ny. Given
& > 0, we can choose & > 0 such that £(§ + A+ B) < §. Furthermore, let N be
a positive integer such that |a), —a™| < &r™ and |b) — b"| < &5 ifn > N
and m > 0. Then

(7 @y ©c by —a O b)"| < la,’ —a"| b +1a"| b, — b"|
< &N, r™ +|a™|s™]
<E[AD"[+ &™) r" +|a™|s"]
<E[E+ A" +Br"]r™.

Since the Hadamard product is commutative we can assume that r < s, so that
(7) becomes

(an ©c by —a O b)"| < (5 + A+ B) (rs)" =8 (rs)"

and the conclusion follows by Theorem 1. ]

2. Linear forms and Hadamard homomorphisms.

Proposition 3. Let ¢ : Uy — C be a linear form. Then ¢ is continuous if and
only if for all r > 0 and all s > r there is a positive constant C, s such that
(S, @) < Crs sup <y 1 £ (@I

Proof. The condition is obviously sufficient. Let us suppose the existence of
r >0, s > r and of a sequence { f,,} € An(r) such that

[(fu: @)1 > n* sup |fu(2)].

lzl<1/s

Since ¢ is linear each f, # 0. Let

g @ =n"'Csup |£,D7" fu), n >1, |z] < 1/s.

lzl<1/s

Then {g,} C An(s), and if s < ¢t we have SUP <1/ |g. ()| <1/n,ie. g, —> 0
in An(s). But |{g,, ¢)| > n for all n and so ¢ is not continuous. [l

Lemma 1. Let 0 <r < 1, a = (ay)n>0, a € Ao(r) such that |a,| < 1 for all n.
Then the element * — a is invertible and (¢* —a)™' =Y >°_ a™.
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Proof. 1t will suffice to show that <Znﬂf:0 a’”) is a Cauchy sequence
M=>0

because g is a Fréchet space. For, let ay p = (Znﬂgﬂi(en a,,)’”) , with
n>0

M, P € Ng. We have ay p € #Ag(r) because #Ag(r™) C Ag(r) for all m. Given
6 > 0 let N be a positive integer sufficiently large so that |a,| < r" and
r"! <81 —r)ifn > N. On writing n = SUPy<,<n lan| We can choose
M, € N such that 2n™ < §(1 — n)r" if m > My. Thus, ifn > N, P > 0 we
have

M+P M+P P }"n+M_1

law pm] < Y lay|" < o <y M < —— <",
m=M m=M -r

IfO<n<N,P>0,M=> M, then

ayjlw[l - (Sn an)P+1]

1—c¢,a,

M M
2l 2w

lap, p(n)| = < < <
I—la,| — 1—nq

By Th. 1 we deduce that < Znﬁf:o a’”) is a Cauchy sequence and the result
M=0
follows. U

Proposition 4. If r, s are positive then Ay(r) and Ag(s) are linearly homeo-
morphic.

Proof. We set ©,; : Aog(r) — Ao(s), Prsl(an)ns0] = ((s/r)'an)n=0. Since
pl®,s(a)] = s/r p(a) < s the function P, is well defined and it is clearly
linear. Indeed, let a,, — 0 in Ag(r). If § > O, there is N such thatif n > N and
m € Ny then |a,,,| < §r™, i.e. (P 5(an))m| < 6™ and &, 5(a,) — 0 in Ag(s).
Finally, we have [, = D, . U

Corollary 1. Every complex valued Hadamard homomorphism is continuous.

Proof. First assume that 0 < r < 1. We shall denote U, for the set of elements
a = (ap)n>0, a € Ao(r), such that |a,| < 1 for all n. Let us suppose that
|x(a)| > 1 for a Hadamard homomorphism x : A9 — C and a € U,. Since
pla/x(a)) = p(a), then a/x(a) € Ao(r) and |a,/x(a)] < 1 for n > 0, i.e.
g* —a/x(a) € ker(x) and it is invertible, which is absurd. Thus |y (a)| < 1 if
a € U,. We observe that (a) = sup,- |a,| is finite if a € A(r). Moreover, if
a # 0 then |a,|/u(a) <1 forall n,ie. [r/u(a)]-ac U, ie. |x(a)| < ula)/r.
In particular, this inequality holds even if a = 0. By applying Th. 1 we see that
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u(a,) — 0if a, — 0 in Ag(r) and so x(a,) — 0. For the general case, if
a, — 01in Ay(r) we choose 0 < s < 1/r. We can write

X(an) =X [(S _m)mzo OB (Dr,rs (Em anm)sz]

=X [(S _m)mEO] X [q)r,rs (gm anm)sz]-

Indeed, by Prop. 4 we know that ®, (€, dum)m=0 — 0 in Ag(rs), ie.
x(a,) — 0. O

Remark 5. With the above notation, if f € An(r), g € An(s) it is natural to
define f ©, g = I [(T) "' f ©s (Ty)"'g] (see (4) and Remark 2). If r < s
we already know that I'y| 4,y = I',, so that f O, g is a well defined element of
Up.

Corollary 2. For every non zero Hadamard homomorphism x : Uy — C there
is a unique p € Ny such that (f, x) = ¢, FP0)/p!, feUp.

Proof. Given f € Ay, letr > 0 such that a € An(r). Since its Taylor expansion
f(@) =Y 02, f™(0)/n!z" is convergent on compact subsets of D(0, 1/r), we
have

o0

®) (fix) =D F70)/n! (x,2").

n=0
But ¥ ©, 7" = &, 81, ", where § denotes Kronecker’s delta function. Thus
(¢, 2) e, ") = (o6, 2 ©c 2) = ek S (¢, 2),

so for k, h € Ny we have (x, z%) (x, ") = 0 if k # h and (x, 2°)> = &; (x, Z*).
Since » # 0 there must be a unique p € Ny such that (x, 7X) = &p Okp, k € Ny
and the conclusion follows from (8). U

Remark 6. Let x, : A9 — C be the complex homomorphism y,(a) = ¢, a,,
p > 0. Then ker(),) is a maximal closed ideal of . Indeed, it is cyclic and

ker()(p) = (((1 - 8pn) En)nzO)-

Corollary 3. The Hadamard ring (Uy, +, O,) has a trivial Jacobson radical.
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3. On Hadamard units.

Theorem 2. An element a € Ay is a unit, i.e. a € U(Ay), if and only if a, # 0
for all n and lim |a,|'/" > 0.

Proof. If the condition holds we write b = (€,,/(¢, a,)n>0. Since

lim |b, """ = lim |a,| ™" = (lim|a,|"/")™" < +o0,
it is clear that b is the multiplicative inverse of a. Reciprocally, if the equation
a ®. b = ¢&* is solvable in Ay it is immediate that a, # O for all n. If

lim |a,|'/" = 0 there is an infinite sequence (n;) such that |a,,|'/"* — 0. But it
yields lim |b,|'/" = lim|a,|~"/" = +o00, a contradiction. O

Example 1. Let f € Uy be given as f(z) = z 'log(l — z)~!. If |w| = 1 and
£ = (@")n=1 then f € U(Uy), its inverse being f~!(z) = 1/(1 — z/w?)*. Here
we have f € An(1) and I'1(¢*)(z) = w/(w —z) is the Hadamard neutral product
element, i.e. g ©, I'1(e*) = g forall g € Uy.

Proposition 5. Let a € Ay, M,(b) = a O, b, be Ay. If p(a) > 0ands > 0
then

(i) M, : Ay(s) = Ag(p(a)s) is injective if and only if a, #~ 0 for all n > 0.
(ii) It is surjective if and only if a € U(A,.
Proof. 1If ap = 0 for some k > 0 then M, [((S,,k),,Z 0] = 0 and M, is not
injective. Since the condition is obviously sufficient (i) holds. On the other
hand, let a € U(Ay). Given ¢ € Ag(p(a) s) let b be the Hadamard inverse
of a. Thus p(b ®, ¢) < (lim|c,|"")/p(a) < s, My(b ®, ¢) = ¢ and the
condition in (ii) is sufficient. If M, : Ag(s) — Ag(p(a) s) is surjective it is
immediate that a, # O for all n. Let us suppose lim|a,|'/” = 0 and let (n;)
be an strictly increasing subsequence of N such that lim |a,, |V =0.If s > 0
there is b € o(s) such that M,(b) = ((rs))u=0. S0 |by, | = (rs)/lay, |,
ie. |by|'"" — 4o00. Nevertheless p(b) < s, i.e. thereis N € N such that
|b,|'" < s if n > N and so lim|a,|"" > 0. Finally, if s = 0 let ¢ = (c,),>0,
where ¢, = A, if p=mnj,c, =0if p # n;forall j, p=20,1,... Then
c € Ay(0) — Im(M,). O

Corollary 4. If p(a) > 0 and s > 0 then M, : Ao(s) — Ag(p(a) s) is a linear
homeomorphism if and only if it is surjective.

Remark 6. If a € Aq will write Supp(a) for the set of those n € Ny such that
a, # 0. Then
1/n

(a) = b e Aq : Supp(b) € Supp(a) and lim, 4,20

<—|—oo}.

n
An
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4. On certain ideals of (A, +, ©,).

We already know that kernels of non zero complex Hadamard homomor-
phisms are closed maximal cyclic ideals. In particular, all maximal ideals that
contain those elements a € A such that @, = 0 for all but a finite number of
indexes n's are dense in .

Proposition 6. Every prime cyclic ideal of Aq is the kernel of a complex
Hadamard homomorphism.

Proof. Let a € A such that (a) is a prime ideal. If there are indexes p, ¢
such that ap = dq = 0, p # q, then (8np)n20 Oe (8nq)n20 € (a), (anp)nzo ¢ Ao
and (8,4 )n=0 & 0. If a, # 0 for all n then lim|a,|'/" = 0. As before, let
(n;) be an strictly increasing subsequence of N such that lim |a,, V% =0.1f S
is an infinite subsequence of (n;) such that its complement is also infinite, we
consider b = (xs(n) €,)n>0, Where xg(n) = 1 or 0 according as n belongs or
does not belong to S respectively. Thus b ®, (¢ —b) € (a), but b nor ¢ —b do not
belong to {(a). E.g. if b € (a) let ¢ € A suchthat b = a O, c. Thena, ¢, =1
ifnes,ie. 1imneS,n—>oo |Cn|1/n = limneS,n—mo |an|_1/n = +o00. But (|Cn|1/n)n
should be bounded because ¢ € Aqy. So there must be an only index r such that
a, =0 and {(a) = ker(x,). U

Proposition 7. All proper closed prime ideals 7w of Ay are maximal.

Proof. Let mr be a proper closed prime ideal 7w of A, m € Ny such that §,, ¢ 7,
where 8, = (8,m)n>0. Since m is prime we have {5, : n # m} C 7. Since 7 is
closed ker(x,,) € m and w becomes maximal. U

Remark 7. In what follows, we shall analyze relationships between prime
ideals of +Ay and ultrafilters of the class $(Ny) of subsets of Ny. Recall that
if X is a non empty set and ¥ € P(X), F # @, then F is a filter if the
following two conditions hold:

(i) fAeF,B C Athen Be F.

(i) f A,BeFfthen AUBeF.
It is known that a necessary and sufficient condition in order that & be a
maximal filter (or ultrafilter) is
(iii) Forall Ae P(X), Ac F or A F.
Will denote Pr(+A¢) and U f(Ny) for the classes of prime ideals of Ay and
ultrafilters of Ny respectively.

Theorem 3. The following functions are well defined

® : Pr(Ag) — U f(Np)
O(r)={AcPNy):aerm if ac Ay and Supp(a) C A},
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V.U f(No) — PI‘(:A)())
V(F) ={ae A: Supp(a)e F}.

Proof. Clearly ®(m) satisfies condition (i) of filters. If A, B € ®(r) then
AU B e ®(r). In fact, if a € A and Supp(a) € AU B we have

a = (xa—p(n) ap)p=0 + (xp_a(n) ay)n>0 + (G¢anp (M) ay)p=0,

i.e. a can be written as the sum of three elements of = and therefore belongs
to m. Now, if C € P(Ny), C ¢ ®(r) and C° ¢ P() there exist elements
b, ¢ of A not belonging to 7 such that Supp(b) < C, Supp(c) € C¢. But
b ®, c = 0 and it is contradicted the primality of 7. On the other hand, let ¥ be
an ultrafilter of Ny, a, b € W(F). Since Supp(a+b) € Supp(a)U Supp(b) and
Supp(a)USupp(b) € F then Supp(a+b)e F,ie. a+be V(F). If ce V(F),
d € Aq then

Supp(c O, d) = Supp(c) N Supp(d) < Supp(c)

and Supp(c) € F. So Supp(c ©, d) € F and ¢ O, d € V(F). Finally, let
a,b e Ay such that a ©, b € W(F). If they not belong to W(F) their supports
do not belong to . Consequently Supp(a)‘ and Supp(b)‘ belong to ¥ and

Supp(a)* U Supp(b)" = Supp(a O, b)*

is an element of #. But Supp(a O, b) € ¥ and so ¥ is not a proper subclass of
P(Np). Thus W(F) is a prime ideal of Ay. U

Theorem 4. Given i € Pr(Ay) the following assertions are equivalent:

(i) V[O(m)] =m.

(ii) m e Im(W¥).
(iii) Every element of  is supported in a proper subset of N.
(iv) m is minimal.
Proof. Clearly (i) = (ii). If # = V(&) then ¥ contains the supports of the
elements of . Since ¥ is a filter all these supports must be proper subsets of
No and so (ii) = (iii). To see that (iii) = (iv) let p be a prime ideal such that
there is a €e 1 — p. Since Supp(a) ¢ ®(r) we have Supp(a)’ € P(p), i.e. p
contains those elements of +A( whose supports are contained in Supp(a)‘. Thus
a + Otsupp(ay(n) €,)n=0 € w and its support is Ny. Finally if W[®(rr)] # 7 then
W[d(mr)] is a proper prime ideal of 7 and (iv) = (i). [l
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