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ON GENERALIZED DERIVATIVES AND FORMAL POWERS
FOR PSEUDOANALYTIC FUNCTIONS

PETER BERGLEZ

We consider pseudoanalytic functions depending on two or three real
variables. They are characterized by the corresponding Bers-Vekua equa-
tions. In the case of two dimensions we use the complex notation whereas
for the case of three variables the concept of complex quaternions serves
for our investigations. In a particular plane case we give an explicit repre-
sentation of formal powers with which a complete system of solutions of
the corresponding Bers-Vekua equation can be given. By an example we
show how the concept of formal powers may also be applied to the case
of three variables.

1. Introduction

The definition of the pseudoanalytic functions in the plane by L. Bers [2] is
based on a derivation with respect to a pair of complex functions thereby assign-
ing the role of the complex units 1 and i to two arbitrary functions. I.N. Vekua
[9] considered a generalized Cauchy-Riemann system which led him to genera-
lized analytic functions.

Such pseudoanalytic functions in the plane have many applications.
For example V.V. Kravchenko [4], [5] succeeded in treating the Schrödinger
equation in two dimensions using the theory of pseudoanalytic functions
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recently. He constructed a complete set of solutions of this equation using for-
mal powers.

In the following we give some definitions and results from Ber’s theory.
Let Ω be a simply connected domain in R2. A pair (F,G) of two complex
functions with real Hölder-continuous first derivatives is called a generating pair
if it satisfies the condition ℑ(F̄G) > 0 in Ω. The functions

a(F,G) =
Fz̄Ḡ− F̄Gz̄

FḠ− F̄G
, b(F,G) =

FGz̄−Fz̄G
FḠ− F̄G

A(F,G) =− F̄Gz−FzḠ
FḠ− F̄G

, B(F,G) =
FGz−FzG
FḠ− F̄G

are called the characteristic coefficients of the pair (F,G).
Every complex valued function w defined in a subdomain of Ω admits the

unique representation w = ΦF + ΨG with real valued functions Φ,Ψ deter-
mined uniquely by w. The (F,G)-derivative ẇ(z0),z0 ∈Ω, is defined by

ẇ(z0)≡
d(F,G)w(z0)

dz
:= lim

z→z0

w(z)−Φ(x0,y0)F(z)−Ψ(x0,y0)G(z)
z− z0

. (1)

A function w(z) = Φ(x,y)F(z)+ Ψ(x,y)G(z) for which the limit (1) exists for
all z0 ∈ Ω is called a (F,G)-pseudoanalytic function or short a pseudoanalytic
function. The (F,G)-derivative exists if and only if Φz̄F + Ψz̄G = 0 which is
equivalent to the so called Bers-Vekua equation

wz̄ = a(F,G)w+b(F,G)w̄ .

The derivative can be written in the form

ẇ = ΦzF +ΨzG = wz−A(F,G)w−B(F,G)w̄ .

Consider two generating pairs (F,G) and (F1,G1) in Ω. The pair (F1,G1) is
called successor of the pair (F,G) and (F,G) is called predecessor of (F1,G1) if

a(F1,G1) = a(F,G) and b(F1,G1) =−B(F,G) .

It follows that if w is a (F,G)-pseudoanalytic function and (F1,G1) is a successor
of (F,G) then ẇ is a (F1,G1)-pseudoanalytic function.

A sequence of generating pairs {(Fl,Gl)}l∈Z is called a generating sequence
if (Fl+1,Gl+1) is a successor of (Fl,Gl). If (F0,G0) = (F,G) we say that (F,G)
is embedded in the sequence {(Fl,Gl)}.

Using a generating sequence in which (F,G) is embedded we can define
the higher derivatives of a (F,G)-pseudoanalytic function w by the recursion
formula

w[0] = w , w[l+1] =
d(Fl ,Gl)w

[l]

dz
, l = 0,1,2, . . .
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Now formal powers Z(n)
l (a,z0;z) with center z0 ∈Ω, coefficient a and expo-

nent n can be introduced by the following relations

Z(0)
l (a,z0;z) = λFl + µGl , λ ,µ ∈ R with λFl(z0)+ µGl(z0) = a (2)

Z(n+1)
l (a,z0;z) = (n+1)

∫ z

z0

Z(n)
l+1(a,z0;ζ )d(Fl ,Gl)ζ , n = 0,1,2, . . .

Here the (F,G)-integral is given by∫
Γ

w(ζ )d(F,G)ζ =
1
2

(
F(z1) ℜ

∫
Γ

G∗wdζ +G(z1) ℜ

∫
Γ

F∗wdζ

)
where Γ is a rectificable curve leading from z0 to z1 and the functions F∗ and
G∗ are defined as

F∗ =− 2F̄
FḠ− F̄G

, G∗ =
2Ḡ

FḠ− F̄G
.

These formal powers have the following properties:

(P1) Z(n)
l (a,z0;z) is a (Fl,Gl)-pseudoanalytic function of z,

(P2) for a = a1 + ia2,a1,a2 ∈ R, we have

Z(n)
l (a1 + ia2,z0;z) = a1Z(n)

l (1,z0;z)+a2Z(n)
l (i,z0;z) ,

(P3) d(Fl ,Gl)Z
(n)
l

dz
= nZ(n−1)

l+1 ,

(P4) Z(n)
l (a,z0;z) = a(z− z0)n +o((z− z0)n) for z→ z0 .

With such formal powers we can build the series

w(z) =
∞

∑
n=0

Z(n)
0 (an,z0;z)

which is uniformly convergent in some neighbourhood of z0. The limit is a
(F0,G0)-pseudoanalytic function again. The series can be differentiated term
by term giving

w[r] =
∞

∑
n=r

n(n−1) . . .(n− r +1)Z(n−r)
r (an,z0;z)
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from which the Taylor formula for the coefficients an is obtained as

an =
1
n!

w[n](z0) .

Although the principle of constructing the formal powers is obvious, there
exist only few explicit representations of such a complete system of solutions of
a Bers-Vekua equation.

2. Formal powers for a class of pseudoanalytic functions

Here we consider the differential equation

wz̄ =
m
η

w̄ , m ∈ R, η = z+ z̄ .

A generating pair of the pseudoanalytic functions described by this equation is
given by F = ηm ,G = iη−m leading to the characteristic coefficients

a(F,G) = 0 , b(F,G) =
m
η

, A(F,G) = 0 , B(F,G) =
m
η

.

The pair (F,G) can be embedded in the generating sequence {(Fl,Gl)}l∈Z with

F2k = η
m, F2k+1 = iηm, G2k =

i
ηm , G2k+1 =− 1

ηm , k ∈ Z

with the corresponding characteristic coefficients

a(Fl ,Gl) = 0 , b(Fl ,Gl) =
(−1)lm

η
, A(Fl ,Gl) = 0 , B(Fl ,Gl) =

(−1)lm
η

.

Now for the formal powers Z(n)
l = Z(n)

l (a,z0;z) we can formulate the properties
(P1)–(P4) in the following way:
(P1) leads to the differential equation

∂

∂ z̄
Z(n)

l = (−1)l m
η

Z(n)
l (3)

and property (P3) gives

d(Fl ,Gl )
Z(n)

l

dz
=

∂

∂ z
Z(n)

l − (−1)l m
η

Z(n)
l = nZ(n−1)

l+1 . (4)

Combining (3) and (4) we have(
∂

∂ z
− ∂

∂ z̄

)
Z(n)

l = nZ(n−1)
l+1 . (5)
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Using for the complex derivatives the relations ∂

∂ z = 1
2

(
∂

∂x − i ∂

∂y

)
and

∂

∂ z̄ = 1
2

(
∂

∂x + i ∂

∂y

)
eq. (5) can be written as

∂

∂y
Z(n)

l = inZ(n−1)
l+1 . (6)

For the sake of simplicity we choose z0 = α,α ∈ R+. In view of property (P2)
it is sufficient to determine the formal powers Z(n)

l (1,α;z) and Z(n)
l (i,α;z) .

First let us compute the formal powers Z(0)
l (a,α;z),a = 1, i, for which we

have from (2) the conditions

a = 1 : λ (2α)m +µ
i

(2α)m = 1 , a = i : λ̂ (2α)m + µ̂
i

(2α)m = i , for l even ,

a = 1 : λ i(2α)m−µ
1

(2α)m = 1 , a = i : λ̂ i(2α)m− µ̂
1

(2α)m = i , for l odd ,

which gives the desired result:

Z(0)
l (1,α;z) =

( x
α

)(−1)lm
, Z(0)

l (i,α;z) = i
( x

α

)(−1)l+1m
.

Now from equation (6) in connection with (3) and considering the property (P4)
we get the formal powers

Z(k)
0 (1,α;z) = k!

k

∑
l=0

1
l!

(i y)l
ϕk−l(x)

with

ϕ0(x) =
( x

α

)(−1)km
, ϕl(x) = x(−1)k+lm

∫ x

α

ξ
(−1)k+l+1m

ϕl−1(ξ )dξ , l = 1, . . . ,k

and

Z(k)
0 (i,α;z) = i k!

k

∑
l=0

1
l!

(i y)l
ψk−l(x)

with

ψ0(x) =
( x

α

)(−1)k+1m
, ψl(x) = x(−1)k+l+1m

∫ x

α

ξ
(−1)k+lm

ψl−1(ξ )dξ , l = 1, . . . ,k .
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3. Pseudoanalytic functions in the space

To consider three dimensional problems and pseudoanalytic functions defined
there we use the algebra of complex quaternions which are called biquaternions
also. This algebra is denoted by H(C) and defined by

H(C) =
{

a : a =
3
∑

k=0
ak ik , ak ∈ C

}
where the ik are the standard basic quaternions with i3 = i1i2 , and the complex
imaginary unit i commutes with the ik,k = 1,2,3. The quaternionic conjugation
is given by ā := a0 − a1i1 − a2i2 − a3i3 . Denote by Hk,k = 1,2, the set of
reduced complex quaternions which have the form a = a0 + akik , a0,ak ∈ C.
H.R. Malonek [7], [8] extended the concept of generating functions introduced
by L. Bers [2] for the representation of pseudoanalytic functions in the space in
the following way:

Let F,G∈C1(Ω0) be two arbitrary functions defined in Ω0 ⊂R3 with values
in H1 and M,N ∈C1(Ω0) two arbitrary functions defined in Ω0 with values in
H2. Neither F,G nor M,N belong to the set of zero divisors and we require

G(x) F̄(x)− Ḡ(x)F(x) 6= 0 and N(x)M̄(x)− N̄(x)M(x) 6= 0 for x ∈Ω0 .

The pair (F,G) is called the H1-generating pair H1 while (M,N) is named the
H2-generating pair H2.

Following Malonek a H(C)-valued function w : R3 →H(C) written in the
form

w(x) = F(x) [M(x)Φ(x)+N(x)Ψ(x)]+G(x) [M(x)µ(x)+N(x)ν(x)]

is said to be (left) pseudoanalytic in the space with respect to the generating
pairs H1 and H2 if the auxiliary function

W (x) = w(x)−
[
F(x) [M(x)Φ∗+N(x)Ψ∗]+G(x) [M(x)µ∗+N(x)ν∗]

]
with Φ∗ = Φ(x∗),Ψ∗ = Ψ(x∗),µ∗ = µ(x∗) and ν∗ = ν(x∗), (which is zero at x∗)
satisfies the condition DW (x∗) = 0 for x∗ ∈Ω⊂Ω0 arbitrary but fixed. Here D
denotes the Dirac operator defined by

D :=
3

∑
k=1

ik ∂k with ∂k =
∂

∂xk
.

This leads to the generalized Bers-Vekua equation

Dw = aw+bJ1(w)+ cJ2(w)+dJ1J2(w) . (7)
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The linear mappings Jk : H(C)→H(C) are defined by their action on the basic
quaternions: Jl(il) =−il, l = 1,2, Jk(il) = il,k 6= l,k, l = 1,2. The characteristic
coefficients a,b,c and d in (7) are given by

a = D[FM]N̄ABḠ−D[FN]M̄ABḠ−D[GM]N̄ABF̄ +D[GN]M̄ABF̄

b = −D[FM]N̄ABG+D[FN]M̄ABG+D[GM]N̄ABF−D[GN]M̄ABF

c = −D[FM]NABḠ+D[FN]MABḠ+D[GM]NABF̄−D[GN]MABF̄

d = D[FM]NABG−D[FN]MABG−D[GM]NABF +D[GN]MABF

Such generalized pseudoanalytic functions appear for example in connection
with the Dirac–equation with a vectorial electromagnetic potential (see e.g. [3],
[6]). The Dirac equation with vector potential is related to the normal Dirac
equation without potential like pseudoanalytic functions are related to holomor-
phic functions.

In particular in [1] the following generalized Bers-Vekua equation

D∗w =
m
x1

w̄ , m ∈ R , (8)

with D∗ =−i1D was considered. For m ∈N a connection between the solutions
of (8) and the monogenic functions – i.e. those functions which obey the differ-
ential equation D∗

ϕ = 0 – was presented. For the case m = 1 equation (8) can
be given in the form

D∗w =
1

2x1
(−w+ J1(w)+ J2(w)+ J1J2(w))

and the functions

F = 1 , G = i1 and M = x−1
1 (x1− x3i2) , N = x−1

1 i2

represent two generating pairs of the generalized pseudoanalytic functions
described by it. Now we can define a generalized derivative of w in the sense of
Bers in the form

ẇ := D∗w+
1

2x1
(w+ J1(w)− J2(w)+ J1J2(w))

which is a solution of the Bers-Vekua equation

D∗ ẇ =
1

2x1
(−ẇ+ J1(ẇ)− J2(ẇ)+ J1J2(ẇ)) .

That means that ẇ is a pseudoanalytic function again. This could be considered
as a hint to the existence of some generating sequences which could imply the
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possibility to define corresponding formal powers in the case of three dimen-
sions also.
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