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REGULARITY RESULTS FOR NONLINEAR ANISOTROPIC
PARABOLIC EQUATIONS WITH MEASURE DATA

A. SABIRY - G. ZINEDDAINE - A. KASSIDI - L. S. ZHADLI

This study focuses on a class of nonlinear anisotropic parabolic equa-
tions involving measurement data. We prove, under which condition on
si(y), some existence and regularity results for solutions in anisotropic
Sobolev spaces using compactness arguments and convergence results.

1. Introduction

This paper discusses existence and regularity results for weak solutions of the
following problem

N
‘3: — ; 9i[ai(t,y,v) (1 +|v]) |9 |P0)"29w] =
inQ:=(0,T) xQ,
v(t,y) =0 on (0,7) x dQ,
v(0,y) =vo(y) in Q,
ey

where Q is a bounded domain in RN (N > 2, T > 0) characterised by a smooth
boundary dQ. The vector field 4;(z,y, v) satisfies the conditions given below, 1
is a bounded Radon measure on Q, and vg belongs to L! ().
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The classical model represented by the problem (1) simplifies to the well-
known anisotropic evolving p-Laplacian equation. Such problems have received
increasing attention in recent years due to their importance in modelling physi-
cal and mechanical processes in anisotropic continua. Although it is impossible
to provide an exhaustive list, several studies have addressed these issues, as re-
ported in [17] (see also the cited references for further investigation). It should
be noted, however, that the parabolic operator of the problem (1) can degenerate
once the solution is no longer bounded. In this case, the diffusion coefficient
may tend towards zero as the solution v increases, indicating a slow diffusion
effect. There is already evidence for the existence of such cases in stationary and
evolving settings, assuming that the growth conditions are isotropic. For exam-
ple, the isotropic elliptic case, where p; = p fori = 1,2,... N in the problem
(1), was first studied in [6] and further investigated in [10, 15]. In the isotropic
parabolic case, the existence and regularity results for problem (1) were estab-
lished in [18] (and also in [7, 16, 25, 30, 31]), and the study of problem (1) with
non-zero initial data is addressed in [24].

In a recent study [14], an attempt was made to investigate the regularity re-
sults associated with weak solutions within the anisotropic elliptic context of
the problem (1). The work presented in [2] dealt with the existence and regular-
ity of entropy solutions for the stationary problem (1) with lower order terms.
However, it is noteworthy that, to the best of our knowledge, there is a signif-
icant gap in the literature concerning the existence and regularity of nonlinear
anisotropic parabolic equations with measure data.

Therefore, the primary objective of this paper is to address highly compli-
cated issues, specifically nonlinear p(y) anisotropic parabolic problems. The
idea used to establish our main results relies on a fusion of compactness es-
timates and convergence results within variable exponent Sobolev spaces, ex-
ploiting certain approximate problems. Consequently, a key aspect of the main
results is the derivation of a priori estimates, initially using weak solutions. To
obtain global estimates, it becomes necessary to introduce additional assump-
tions on s;(y) in order to obtain approximate estimates.

The remainder of this paper is organized as follows. In Section 2, we give
some preliminary results and state the main results. Section 3 is devoted to give
some technical results. In Section 4, we give the proof of our main result.

2. Preliminaries and Statement of the Result

To deal with problem (1), we will employ certain definitions and fundamen-
tal characteristics of anisotropic variable exponent Lebesgue-Sobolev spaces
such as L) (Q) and Wol’p i )(Q), along with the properties of parabolic ca-
pacities. It’s worth noting that we will only revisit essential findings that will
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be subsequently applied, and for a more comprehensive exploration, we refer to
[1,9, 11-13].

2.1. Variable Exponent Spaces

Let Q denote a bounded open subset of RV, where N > 2 and Q denote its clo-
sure. We define a real-valued continuous function p as log-Hdélder continuous
in Q if it satisfies the condition

_ 1
|p(z) — p(y)| < ———— forall z, y € Q such that |z — y| < =,
[log|z—y| 2

where C is a constant. We denote the set of such log-Ho6lder continuous func-
tions as

Ci(Q)= { log-Hblder continuous function p : Q — R
with 1 < p~ < p(y) < p™* <N},
where
p = min{p(y) 'y € 5} and p* = max {p(y) (y€ ﬁ}.
The Lebesgue space with a variable exponent is defined as

LPY)(Q) = {v : Q — R is measurable such that / v(y)[PWdy < —i-w},
Q

which is equipped with the Luxembourg norm

—i . @p(w
Hva(y)—lnf{g>0,/Q| > ay<1}.

It’s important to note that we will use the following inequality

. - + - +
min {10, < 1150, } < | 07y < max {vlig, < vl )

Additionally, if 1 < p~ < oo, then L”(y>(Q) is reflexive, and its dual is denoted

as L"'0)(Q), where ﬁ + ﬁ = 1. Forany v € LP®)(Q) and w € L”'V)(Q), the
Holder-type inequality holds

1 1
dy<|——+ /() -
sty < (o545 )l Il
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Next, when p(y), p'(y) € C+(Q), we can apply Young’s type inequality, defined
as
) ab) ')
ab < — + ——,
ry) P’

! =1, for any positive values of a and b.

1
OO tive val
Extending a variable exponent p : Q — [1,4+e0) to Q = Q x [0,T] by set-
ting p(y) := p(t,y) for every (y,¢) € Q , we may also consider the generalized

Lebesgue space

subject to the condition

)
LPY)(Q) = {v : Q0 — R; measurable such that / ‘v(y,t)‘p ’ dydt < oo},
Qo

endowed with the norm

Vo0 :inf{g>O;/Q)V();,t)‘p(y)dydt< 0

This space maintains the same properties as LP() (Q). Furthermore, the variable
exponent Sobolev space is defined as

W) (Q) = {v cL’V(Q);

V| € LPV) (Q)},
endowed with the norm

IVllpe) = Vlpe) + VY1)

and satisfies

IVllp0) :inf{g > 0;/Q (‘V\’g(y)‘p(y) N ‘v(gy)‘p(y)>dy - 1}‘ 2

We define W, 20)(Q) as the closure of C*(Q) in W*0)(Q). Assuming p~ > 1,
it follows that both WO1 P0) (Q) and W'»0)(Q) are separable and reflexive Ba-
nach spaces. Additionally, we adopt the standard notation for Bochner spaces.
For ¢ > 1 and D as a Banach space, L?(0,T; D) denotes the space of strongly
measurable functions v : (0,7) — X such thatz — ||v(¢)||p € L9(0,T). Further-
more, C([0,T]; D) represents the space of continuous functions v : [0,7] — D
endowed with the norm ||v[|¢(0,7);p) = max,ejo,r [[v(?)|D-

We also define

L? (0, T;Wol’p(y)(Q)) = {v :(0,T) — Wol’p(y) () measurable with

T _ L
p P 0o
(/ V1)l < oo}
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Lemma 2.1. [fwe denote p(v) = [ [v|PV)dy, for all v € LPO)(Q). Then

L Py <l(=1L>1)epl) <l(=1>1)
- +
2. |v|p(y) >1= |V|Z(y) < p(v) < ‘V|Z(y),
- +
3 Plpyy <1= Mﬁ(y) >p(v) = Mg(y)’
4. |y = 0 p(v) =0, because p* < oo,
Proof. See [11, Theorem 1.3]. O

2.2. The anisotropic variable exponent Sobolev space

We now introduce p;(y) : Q — (1,00) as a continuous function for all
i=1,...,N. The anisotropic variable exponent Sobolev spaces are then defined
as

WP (Q) = {v e LPO)(Q) | v € L7V )(Q‘)}’

W (@) = {vewy @) ave (@)},
There are Banach spaces equipped with norms defined as
Ivlli = ||V||LP[(.V)(Q) + HaiVHLp[(v)(g) , i=1,...,N.

We can now state the following lemma, often referred to as the Anisotropic
Sobolev inequality, originally found in [28, 29].

Lemma 2.2. Let Q be a cube in RN with faces aligned with the coordinate
planes. If p; > 1 fori=1,...,N and v belongs to ﬂﬁvzl WULPi(Q) spaces, then
the following inequality holds

1

N N
Mo < KT (Wi +19win0)

5 1
where s = p* = NN—%, if p < N such that p is defined by — N):l 1 [1 The
p 1

constant K depends on N and the values of p;. Moreover, if p > N, the inequality
holds for all s > 1, and K depends on s and the volume of Q.

Theorem 2.3. Suppose a bounded domain Q@ C RN and continuous functions
pi(y) > 1. Consider that p;(y) < p*(y), fori =0,...,N where

+oo,  ifp(y) = N.
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Then, the following Poincar-type inequality holds
y Al o)
||V||Lp,-+<y>(g> <Cy 0Vl () >  Sforallv e W, "(Q).
=1 i=1

where C is a positive constant independent of v. Thus, Y | |0v| o) (q) s an
A

equivalent norm on ﬂ W, Pil) (Q).
i=1

Proof. See [21, Theorem 2.3 ] and [13]. ]
We naturally introduce the functional space
Wo = {v e L (0,T,W,"Y(Q)), |aw| € L") (Q)},
which endowed with the norm
HVHWO = H&iv”Lm(y)(Q)a
or, the equivalent norm

[Vl = 197 iy + I

is a separable and Banach space.

Remark 2.4. . Let QCRY 0= (0,7) x Q, and p; : Q — (1,0) be a continuous
function. We have the following continuous dense embeddings

Lri <07T;LP1’(Y) (Q)) s LPO)(Q) s LP7 (O’T;Lpi(Y)(Q)) )
Proof. See [3, Remark 3.1]. O

2.3. Measures and parabolic capacity

Let Q = (0,T) x Q for each fixed T > 0. It is worth noting that
N
V= ﬂ WO] Pil) (Q) N L*(Q) equipped with its appropriate norm || - [
0

i=0
[-1lz2(q)» the space W, (0, T) setting by

Wy(0.7) = {v € L7 (0,7,V); 9w € (L7)(Q))" and

v € LPD'(0,T,V"), for all i = 1,...,N},
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equipped with the following norm
M0 = 17155 g+ 190 amouys + 94l

Note that W),,,)(0,T) < C([0,T],L*(Q)) continuously. We introduce the (gen-
eralized) parabolic capacity of a set D in Q as

capp,y) (D) = inf{||v|]Wm(_‘_)(07T) :DeW,)(0,T), s> xp ae.in Q}.
This capacity can be extended to Borel sets B C Q as
capp,(y)(B) = inf{cappi(y) (D) : D open subset of Q, B C D}.

In the following , M;,(Q) represents the set of Radon measures characterized
by a bounded variation on the set Q, while M (Q) is defined as follows

Mo(Q) = {u € My(Q) : u(E) = 0 for every

E C Q such that cap,, ) (E) = 0}.

To better understand the nature of a measure in M (Q), we detail the structure
of the dual space (W),,,)(0,7))".

We can define the Marcinkiewicz space Mg"(y) (Q) for every 0 < g;(y) < e and
fori=0,...,N as the space of measurable functions g satisfying the following
condition

3C >0 with meas{(t,y) €Q |g(t,y)|>h} < hf-'

This space is equipped with the semi-norm

- C\4i0)
Hg”/\/tgi(")(g) = lnf{C > 0:meas{(t,y) : |g(t,y)| > h} < (%) }

It’s important to note that if ¢;(y) > ¢; > 1, we have the following continuous
embedding

LE0) (Q) — MEV)(Q) < L50)7¢(Q), for all £ € (0,4:(y) — 1.
The standard p-capacity of a Borel set E C Q is then defined by

cap,(y)(E,Q) = inf{||v|lw, withv e Wy and v > 1

a.e. in a neighbourhood of E'}.
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A function v is said to be cap,(y)-quasi continuous if for every £ > 0 there ex-
ists an open set E C Q such that cap,,, (E) < € and v|gf is continuous in Q\E.
Moreover, for every v € Wy there exist a cap,(y)-quasi continuous representa-
tive ¥ yielding v = v a.e. in Q.

We will also use the truncation function and its auxiliary function defined by

Ti(r) = max{—k,min(k,r)}, Ok(r) =Ti(r—Ti(r)).

and define Ag(r) = [y Tx(s)ds as the primitive function of the truncation func-
tion.

Proposition 2.5. Any weak solution of (P) with the initial datum vy € L'(Q)
satisfies the following estimates
vl

o) N
pily)—1+ 27 i) - ey

o <Ci, oyl
0 0) My

: <G, 3)

where C;, j =1, 2, are positive constants that depend solely on vy, 1, N, T,
and the range of p;(y) such that p; < p;(y) < pi, fori=0,...,N.

Proof. Let v¥(y,t) as the entropy solution of the initial boundary value problem

=

(VS)I - ai[ai(t,y, Vg,ai\/g)] = Ue in Q7

i=1

ve(t,y) =0 on(0,T)x dQ,
ve(0,y) =v5(y) in Q.

Let us now seek some a priori estimates for the sequence v{ foralli=1,...,N.
Throughout, the symbol C will represent a generic positive constant, which may
vary from one step to another.

To proceed, we fix € and set ¢ = 0 in the entropy formulation for v¥, yielding
the following

N
/Ak(vs)(l)—i—aZ/ 10T (V)| dyd
Q i—0v/ 0

4
< k(11 Lmot) + 175 8)llxce) @

<k (lMMO(Q) + ||Vi||Ll(g)) =Ck

Thus, for any fixed k > 0, starting from the first term on the left-hand side of
(4), and recalling that v{(¢,y) is nondecreasing in #, we can deduce, follow-
ing a similar reasoning to [23, Theorem 1.7], that v{ is uniformly bounded in
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L~ (0,1;L'(Q) ). Moreover, from the second term, we conclude 7 (v¢) is uni-

formly bounded in L7i(¥) (O, l,WO1 pily )(Q)> foralli=0,...,N, and for any fixed

k> 0.
We can obtain a better estimate by using a Gagliardo-Nirenberg type inequality
which allows us to conclude that,

if u € L40) (0, LA (Q)) N L (0,T;LP0)(Q)), with g;(y) > 1,p;(y) > 1
Then u € L%0)(Q) with 6;(y) = ¢;(y) ¥20) and

/w’z dydt<CHul||LwOTLp /yauyfh dyd:

In fact, we obtain

[ 1Ty ayae < cx 5)
0
and therefore we have that
N Pi) ) Pi(y)
RO meas (V] 2k} < [ TP dydr
{Ive|=k}
s/ T )N dydr < Ck
0
thus,
e C
meas {|v;| >k} < ——— (6)

kPi) -1+
As a result, the sequence v{ is uniformly bounded in the Marcinkiewicz space

/\/lgi(y S (Q); This, in turn, implies that, since p;(y) > N+1 he sequence v{
is uniformly bounded L") (Q) for all i = 1,...,N and for every 1 < m;(y) <

pily) = 1+ 2%

Next, we focus on a similar estimate for the gradients of the functions V. It is
important to note that these estimates apply to any function satisfying (4), and
therefore we will omit the index € for simplicity. First, observe that

meas{|dv| > A} < meas{|div| > A;|vi| <k} + meas{|dv| > A;|vi| >k} (7)
foralli=1,...,N. Now, for the first term on the right-hand side of (8), we get

1
[PV d 8
APi0) /{av|>x \v,\<k}| Vil Y ®

1 Ck
—_ Pi y 17!
APi() /{vigk} ‘ ’ dy = _/ |a 7}6 | — Apriy)

meas{|dv| > A;|v;| <k} <
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For the second term in (8), by applying (6), we obtain

C
meas{|dv| > A;|v;| >k} <meas{|v;| >k} < o0
where 6;(y) = pi(y) — 1+ £ ’( ) Thus, combining both terms, we infer

meas{|dv| > A} < kf + Aik

A better estimate can be achieved by minimizing the right-hand side with respect
to k. The optimal value of & is given by

_1
ko = <GI(C)_))C> o;(")+1 Aq?xi())ll’

which leads to the desired estimate

meas{|djv| > A1} < CA 1)

i(y Npi i(y) =N
where; (y) = pi(y) <6§y()}+)1) = =& (y)l\;rf](y) =pi(y) — 717
Returning to our context, we conclude that for all € > 0,|d;v¢| is equi-bounded
bounded in M (y)(Q), where %(y) = pi(y) — NLH Moreover, since p;(y) >

ZNN—J:“II, we have that |0;v¢| is uniformly bounded in L) (Q) for all 1 < s;(y) <

pi(y) — NLH O

3. Assumptions and technical results

3.1. Assumption and lemmas

Our work is based on the following assumptions. We are concerned with the
problem represented by

Za ai(t,y,v,0v)] =p inQ=(0,T)xQ,
v(t, ) 0 on(0,T)xdR, v(0,y) =vo(y) inQ,

(€))

where 1 is a bounded Radon measure on Q, vo € L'(Q) and a; : Q x [0,T] x
RY xRN - R,i=0,...,N is a Carathéodory function satisfying the following
condition, there exist 6 € L”®)(Q) and &, B > 0 such that, for each (z,y) € Q
and all (v,&) € RV xRV,

ai(t,y,v,&) - & > L(|v])|&"0), (10)



EXAMPLE ARTICLE 309

ai(t,y,,8)| < B[O, y) +L(Iv)I&IPY ], (11)

lai(y,t,v,&) —ai(y,t,v,n)|(& —mn:;) >0 forall & #m;. (12)
Furthermore, the function L satisfies
L(]v)) > >0, forall veR". (13)

In this section, we will present the most important technical results that will be
needed for the rest of the article. In our study we are mainly interested in mea-

surable functions having truncations in the energy space L”i (0,T; WOLP i) (Q)).
To this aim, let us define 761’17 ) (Q) as the set of measurable functions v :

O — R such that T;(v) belongs to L (0,T;W, i) (Q)) for every k > 0 and
i=1,....N.

Lemma 3.1. Letv € 761’17()') (Q), where i =1,...,N. Then, there exists a unique
measurable function u : Q + RN such that 9;Tk(v) = ux|v|<k a-e. in Q for each
k > 0, where xg is the characteristic function of the measurable set E. Further-
more, if

N
y / OT()|POdyds < Clk+1),
=170

then u coincides with the classical gradient of v and is denoted as diu = v.
where v is cap,, () almost everywhere finite, i.e. cap,,{(t,y) € Q : [v(t,y)| =
+oo} = 0, and there exists a capy,(y)—quasi-continuous representative. of v,
namely a function vV such that v = v almost everywhere in Q and v is capp,(,)-
quasi continuous.

Proof. A similar argument to that presented in [4, Lemma 2.1] can be applied.
Based on the proof of this lemma, we have established that the following for-
mula holds

OTi(v) = uiy), < a-e. in Q, (14)

for each k > 0 and for all i = 1,...,N, where v; € Wl’ﬂ(y)(Q) and u; = Jv.

loc
Additionally, for any k,& > 0, we have T (Tiie(vi)) = Ti(v;). Hence, Qy =
[vi| < k, we obtain for almost everywhere 0;Tj¢(v) = ;T (v;). Since Jy-o Rk =
Q, the assertion (14) follows.

We now need to prove that v; € W, i(}’)(Q) if u; € LTV (). Indeed, under

loc loc
Lpi (y )

this condition, 9;T;(v) — u; in L;;;

(Q). Furthermore, we must show that v; €
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L79)(Q). If this were not the case, then there would exist a closed ball B C Q

loc

such that

Sk = ||Tk(u)||LPi()')(B) —r ™
as k — oo. By normalizing, let u¥ = T;(v;) /Si. Then, u¥ — 0 almost everywhere,
k|| i =1, and | Osuk| 1) (gy — 0. This contradicts the compactness of
the embedding W'-7i)(B) c L70)(B). O

Definition 3.2. Let Q C R" be a bounded open subset where N > 2 and u €
My (Q) (the space of Radon measures on Q with total bounded variation). A
measurable function v € C([0,T];L'(Q)) is a weak solution of the problem (1),

if a;(¢,y,v,0v) € LY(Q)N, Ty (v) € LPi (O,T;W()l’pi(y)(Q)) fori=1,...,N, and

! 3 ) e |Pi0)2
A (vt,(p>dt+Z/Qa,~(t,y,v)<1—va\) ‘aiVS‘ ' 3iv£'ai(dedt
i=1

:/f8<pdu, for all ¢ € C2(Q). (15)
Qo

Lemma 3.3. /8 Lemma 7.1] Let g : R — R be a continuous piecewise C'-
function such that g(0) = 0 and g is zero away from a compact set of R.

Let us denote G(r) :/ g(6)ds. Ifve L (0,T;W, Lpily )(Q)) is such that v; €
0
LP)(0,T;W"70)(Q)) + LY (Q) and if w € C*(Q), for i =0,...,N, then we

have

[ tshwa = [ GO - [ Go0)wods - | w6

3.2. Technical results

It is crucial to introduce a key element in our arguments, namely a generalised
existence result that extends the results established in [27] to cases involving
measure data. To achieve this, we need to introduce an approximation problem
for each natural number &, along with its associated properties, which will play
a crucial role in our subsequent analysis. It’s worth noting that both u and v
can be effectively approximated by sequences of smooth functions (u¢) and (v()
generated by convolution. To understand the convolution functions used in our
problem, let’s start by defining the notion of convolution, and then specify the
convolution functions applied to y and vg.

The convolution of a function f with a function 1 (often called the convolution

kernel) is defined by :
= [ romo-
Rn
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The function u is approximated by a sequence of smooth functions i obtained
through convolution with a regularizing kernel 7. Generally, the kernel 1 is
used, such that:

ne(s) = (2)

where 7 is a smooth function with compact support, and it satisfies n(y) > 0
for all € R", and [, n(y)dy = 1. Thus, p, is defined by the convolution e =
U *Me. Similarly, the initial function v is approximated by a sequence of smooth
functions v{j obtained through convolution with a regularizing kernel 7. This
means that v = vo * 1.

We will now examine the behaviour of the sequence (v¢) which consists of
solutions to the following problems

N
(V&‘)t - Zai[ai(t7y7 Vg,al'Vg)] = .uS in Q7
(Pe) =1

ve(t,y) =0 on (0,T)x9Q, ve(0,y) =v§(y) in Q.
Proposition 3.4. Let 1 < p;(y) <N, u € Mo(Q) and assume that a;(t,y,s, &)
satisfies (10)-(13). Then, there exists a function v € 761 P0) (Q) with a;(t,y,v,0)
belongs to L%0)(Q) for all q;(y) < pi(y) =0,...,N and v verifies (15)
in the sense of Definition 3.2.

Nyt

Proof. Let ¢ be a sequence of C2°(Q)-functions such that

pe — W tightly in Mo(Q), with [|tte |11y < [[1]lage(0)> and (v§) a sequence
of C(Q)-functions such that v§ — vg in L'(Q), with V6l ) < [vollz @) In
addition, let v¢ be a weak solution of the problem (7P;). Observe that, according
to the results of [20], there is one weak solution for (P;), i.e., a function v, €
L7 (0,T; W, ") (Q)) such that (ve), € LPi (0,T;W~170)(Q)) N L=(Q) an the
following identity holds true

t N ot t
[eor+ ¥ [ [ atsyveame)-apdyds= [ [ gdue.  16)
0 o Jo 0Jo
N —
by taking @ = Ti(ve), for each @ € | L7 (O,T;W()]’p"(y)(Q)) NL?(Q) in (16)

i=1
and integrating in |0, 7 [ we have

Nt
/Q@)k(vg)(t)dy+2/0 /Qai(s,y,vg,(?,-vg)-8iTk(v)dyds
i=1

:/Ol/QTk(vg)d,Ug-i-/Q®k(V(8))d%
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which implies, from (10) and as ||[v§||.1(q) and ||t ||.1(o) are bounded, that

N ot
/ Oclve) (dy+a} / / 10T (ve) |70 dyds
Q =)o Ja

< k(I moe) + M6l @) = Ck.

As Or(¢) > 0 and |O;(¢)| > |¢| — 1, we obtain

N
/ vel()dy+ e} / / 4T, (ve) [P0 dydr
Q i=1/0 JQ
<C(k+1), forall k>0, Vt € [0,T],

choosing the supremum on (0,7) , we have
/ [vel()dy < C, forallt€[0,T], (17)
Q

which gives an estimate of ve in L=(0,T; L' (Q)) and also

N
Z/Q|a,~Tk(v£)|Pf<>’)dydzgc(k+1), fori=0,...,N. (18)
i=1

N
This means that for each k > 0, T;(v) is bounded in ﬂL”f (0, T;W()l’pi(y)(Q)).
i=1

As aresult, there exists a function v € ’761 PO) (Q) such that, up to subsequences,

Ve > va.e. inQ,
Ti(ve) — Ti(v) weakly in L7 (0, T: W, ") (Q)), (19)
strongly in L”i(y)(Q) and a.e. in Q.
¢ I
Choosing ¢ = Ti(B(ve)) with B(¢) = / b(|o|)rt)-Tdo as test function in the
0

weak formulation of (16) for each p;(y) > 1 (which is an eligible choice because
Ti(B(ve)) € LPi (O,T;Wol’p"(y)(Q))). According to the definition of 7;(¢), we
obtain

T N 1
/0 (ve)rs Te(B(ve)))dt + Y /Q ai(t,,ve, dve)dveb(|ve|) FOTT dydi
i=1

< /Q Te(B(ve))d e,
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applying (10), we get (by fixing A(¢ / Ti(B(0))do) that

N
A Ndy -+ / b(|ve) PO |9ive |PO) dydr
J Ao Oy Y e el
< k[lIell o) + | AGE)].
and since [l is bounded in L' (Q) and v§ is bounded in L' (Q) we obtain
/ A(ve(t))dy <C, forallt€[0,T],
Q

which means that |d;B(ve)| is bounded in the Marcinkiewicz space

Pi(y)

" ().

—1+

Mgi(y)

Hence b(|ve|)|dive[P®)~! is bounded in the Marcinkiewicz space

1+m( YIN=N+p;(y)

()

and as
{60 sl yve.dme)| >k p € {(0.9): BOGY) +b(lveDwe "0~ > k],

then, a;(t,y,ve,djve) is bounded in L%0)(Q), but we can not yet prove that its
weak limit is a;(¢,y, v, d;v); this will be accomplished by demonstrating that d;v,
converges to d;v almost everywhere. For this, we will employ the technique
used in [26], with minor alterations related to the hypothesis (11). For m, k > 0,
we choose T, (ve — T;(v)) as the test function in the weak formulation of (P;).
Since, ||e|[11() < Co (we will designate from now on by C; positive constants
independent of € and m), we obtain

N
y /Q ai(t,y,ve, Ove) - hT(ve — Te(v))dyds (20)
i=1

=z

>y / ai(t,y, Te(ve), AT (ve)) - HTo(Te(ve) — To(v) )dydi
i=1

=

Z/ >k} \a, t y)Tk—I—m(Vs) aiTk+m(v€))‘|aiTk(V)|dydt,
i=17/{lve
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Using (19), |9;Tk(v)| Xy, |-k converges strongly to zero in LP0)(Q), by tending £
to infinity, the last term goes to zero for each m > 0 fixed. This means, by (20),
that

N
Z/Qai(ta.%Tk(vs))v ain((ve))'aiz—;n(Tk(vS)_Tk(ve))dydt
i=1
< mCy+@y(e). (21)

On the other hand, let’s 0 < g;(y) < 1 and E}* = {(t,y) € Q : |Ti(ve) — Ti(v)| >
m}, we obtain

N
;/Q{[ai(f,y,Tk(ve),a,-Tk(vs))

— ai(l,y, Tk(Vg), 8,~Tk(v)]8,~(Tk(v8) _ Tk(v)):| gi(y)dydt

N
= Z/ [a, (t,9, Tk (ve), 0Tk (ve)) — ai(t,y, Te(ve), 3Tk (v))]

Gi(y)
X ATu(Ti(ve) = Tu(v)) | dydr

N
+ X [ [l Ttve), aTitve)) — e, Tive), AT(0))]

i—1YE}
Gi(y)
X 0i(Ti(ve) = Ti(v))| dydt,

Hence, combined (21) with Holder’s inequality of exponent ﬁ, we get

N
;/Q [[Cli(l‘,y,Tk(Vs),aiTk(Vg))—ai(l‘,y, Tk(V&‘)aaiTk(V))] (22)

< oi(Tilve) = T"(V))} iyt < meas (0)1°¢ [mco + @, (€)
N .

-y / (li(l,y,Tk(Vg),8,'Tk(v))8i];n(Tk(v8)_Tk(v))}GI(Y)dydt
=170
N

+Z’/E’” [(Cli(l‘a%Tk(V£)7aiTk(Vg))—ai(t,y’Tk(v&,% ATy (v)))

Gi(y)
X /(Ti(ve) ~ Ti(v)| ™ dyar,

As Ty (ve) converges to Ti(v) in LPi (0, T;W()l’pi(y) (Q)) By applying the hypoth-
esis (Pe), it is simple to show that the first term on the right hand side of (22)
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becomes zero when € approaches infinity. As a result, the sequence
(Jaste, Tu(ve), ATk (ve)) = ai(t,3. Tu(ve). ATk ()| ) _is bounded in LP0)(Q)
£
for eachm > 0, and foreach i =1,..., N, then by Holder’s inequality, we obtain

N
;/Q [(ai(t,&y,Tk("e)aaiTk(Vs)) —ai(t,y, Tk(vg),aiTk(v)))}

) (Tk(vg) - Tk(v)> ) dydr < meas ()5 [meo + 20 (e)]5
+ci[meas {(1,y) € Q  |Te(ve) = Te(v)| > m}]' 5.

By tending € to infinity and then m to zero, and since T;(ve) converges in mea-
sure to Tj(v), we state that

N
gggzl/g {((ai(t,y, Ti(ve), 0Tk (ve)) — ai(t,y, Tk (ve), 0Tk (v)))

< 3iTu(ve) ~ ()] ™ dydr =0,

we conclude, by reasoning as in [26], for i =1,..., N that d;T;(v¢)a.e. converges
to d;T;(v) for all k > 0, in fact, d;ve converges to d;v a.e. in Q, which proves that

ai(t7y7 Ve, aivs) — ai<t7y7 v, aiv) Strongly in Lqi()’) (Q)7

for all g;(y) < pi(y) — NLH Finally, by passing to the limit, tending v to infinity,

in the weak formulation of (16) for each ¢ € C’(]0,7] x Q) to conclude that v
satisfies (15) in the distributional sense (this means that v is a weak solution of
(9) and this concludes the proof of Proposition 3.4. 0

4. Main result and proof

In this section we define the notion of weak solution to problem (1) and we give
the existence result for such a solution

Theorem 4.1. Assume that a; satisfies (11)-(13), u € Mo(Q) and vo € L'(Q).
Let qi(y) > 1, si(y) >0, 2— Nil < pi(y) < N and suppose that there are positive
constants §{~ and mgy, where

b(lm|) > &~ |m[*),  forallm e R: |m| > my. (23)

Then, (1) has a weak solution v such that

N — — —
(i) if si(y) > 1, thenv € ﬂWO NL5Y)(Q) for each § < (P, N+p}'vflv)(s" )

i=1
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1 S(N—1
(ii) if 0 <s; <s;(y) <s;” <1andp; >2—+s’](v), then we have

v belongs t0 (VLA L5 (0.7 Wg ) (@) for every g, < "),

N

In addition, if W is a function in ﬂLGi’(y)(Q) where 1 < 0;(y) < (pf(y))’, then
i=1

(1) has a weak solution v such that
Pi(y)

:i/(y), i=1

L i) o; (1+s; (N—=1))+N(o; —1)
< . _ i i

(iv) if 0 <s;(y) <1 ) and p; > max{l 2— No- }

N — —_ —
then v belongs to [ L% (0, T;Wol’q"(y) (Q)) such that g; = %&i}j).
i=1 i i

(N(p; +1)+p; )o; (s; +1)

N+pl 761._1)!._ (Q)

(iii) if 5i(y)

9

Proof. To prove Theorem 4.1, let 1 € Mo(Q) and vo € L' (Q). Consider the two
sequences (vE) of L*(Q)-functions and (f) of L") (Q)-functions satisfying

Je — p in the weak* topology of measures and || fel|11(g) < C, 24)
v§—vo inL'Y(Q) and V6l @) <C.

Consider that v, is the weak solution of (P;)
N
(= Y lai(t,y,ve) (1+ Ve )"0 |9he POV 2 v = fe

(Pe) " in Q:=(0,T)xQ,
ve(0,y) =v§(y) in @, ve(r,y)=0  on (0,T)x9Q,

—_

where L1 and v are specified as before.
Such a solution is established by well-known results (see [1, 19]) and belongs to

N
ML (0,7;W, "*(Q)) N C(0,T;L%(R)). As {fe} is bounded in L' (Q), and

i=1
according to Proposition 3.4, v, is bounded in 761 PO )(Q) such that

N
ai(t,y,ve, dve) € (L7 (Q)

and v, solves (Pg) in the sense of distributions.

N
for each ¢;(y) < pi(y) — NIl
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Consequently, there is v and a subsequence (still denoted by v,) such that

/ .
Ve —va.e.inQ,

N
Ti(ve) = Ty(v) weakly in (L7 (0,T; W, ") (Q)),
i=1 (25)
N
strongly in ﬂ Lp"(y)(Q) and a.e.in Q.
i=1

On the other side, we take Wy (ve) = T (ve — Tr(ve)), with k > ko where ko €
N, as test function in the weak formulation of (P¢) and given that d;¥;(ve) =
Ve Xik<|ve|<k+1} and Wi (ve) = 0'if [ve| < k, we can obtain easily

k<|ve|<k+1}

T N
/0 ((ve)rs TI(V&‘_Tk(Ve)»d"FZ/{ ai(t,y,ve,0ive) - divedydt
i=1

< / \feldydz, (26)
{Ive|>k}

for every k > k.
Using the integration by parts formula of Lemma 3.1 and from (23), it follows
that the some subsequence {u,} verifies

N
[ ete(@dy+ 6k Y /{ 9hve PO dyds
Q i=1

k<|ve|<k+1}

: /{|v€|<k} ’f£|dydt+/g®k(vs(0))dy, (27)

%
where @ (¢) defined as follows O (¢) = / A(7)d7t. Let us notice that we re-
0

quire to distinguish two cases:
15t case: If 5;(y) > 1. For a.e. t € (0,T), by means (24), (27) and the fact that
fe is bounded in L' (Q) and |6 (v§)| < |v§| a.e. in Q, we can write that

/ Ok(ve)(t)dy < C, for all ¢ belongs to [0,7]. (28)
Q

From now on, we will denote by C any constant that is dependent on particular
variables and whose value can vary from one line to the next, implying the
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estimation of v in L=(0,T; L' (Q)) and

N
Y / |0ve |70 dydt (29)
im1 /< |ve| <k+1}
< i / |a,.Tk0(v£)|Pf<y>dydz+ii_ W dydt

i—170 8T Svelzky k5i0)

N + oo
< ¥ [ 1o e ayar el kLol L

=170 Ci =1 k'
<C[Iullg)+ M6l e (30)

N

These previous results produce a bound for v in ﬂL” (0, T;WO1 PilY) Q)N
i=1

L=(0,T;L'(Q)); as a result, from (25), we obtain a bound for its weak limit v in

N
L7 (0,T:Wy " (@) N L= (0,751 (Q)).

In the same way that the proof of Proposition 3.4, we get a bound of v in

(PiN+p; =N)(s; +1)

N
ﬂ L%0)(Q) for each g; <

(N+1) ’
which is verified, as [ve|"O)*! < C(14+M(v)) and M(v ﬂLq' Q) for each
_ _ N
P TN

¢ i
where M ({) is defined as M (¢) = / b(|y|) 701 dy.
0

2" case: If 0 < s;(y) < 1.
Let I'i(y) € R where I'i(y) > 1 —s;(y) and 1 < ¢;(y) < 2, then, by applying the
inequality of Holder and ( 27) fora.e. € (0,T), fori =1,...,N, we have

a(t, q
Z/\awﬂ% dy = Z/ ’ . y|) FJu0] ~(ve(t.y)| + 1)V aydr

(€29)

q9; I g P —49;

< Bl (oo o)

i=1
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N(p7)—a-
Similar to (29) and integrate over ¢, if I';(y) > 1 —s;(y) and I'; = W
N(s; +1))

—(1=s7)

which leads to g;° < we have by means the Sobolev’s embedding
theorem that
9

/|8Vg|ql dydt < (C‘l‘Zm) b

r q, P 4

(/ (ve(e,y)[+1) 7 dydt)T (32)

/ |ve|4 0 dydt

g P 4

<[] (velel+1)7 - ayar] ™
P —4;

<[ (vee |+ 17 dyar] 7

where Y~ < Lidi
pi—a; "

As a consequence, one may readily get a priori estimates on
X Lai(y) Ns: +N
L350, T;W, " (Q)) for each ;7 < ————.
vgmlﬂ] 0 () %N Tts

We now suppose that the assumptions (11)-(13) and (23) are satisfied, and that

the datum p = f such that f € L%0)(Q) with 57 > 1 — ((?*))
ble to use the results of the above calculations to find the solution’s summability
and its gradient with respect to time and space. Let us consider v, the solu-
tion of problem (11) with (f;) a sequence of regular functions in L) (Q) that

approximate the datum p, by (29) we infer that
N N N
y / Qe PO dydr < Y / \8,-Tk0(v8)]”"(y)dydt+z / 1Opve ") dyds
=170 i i=1 7 {ve|>ko}

then it is possi-

i—1h=1 |>h} h‘
| fe
<C+ / —dydt (33)
l;h;,;, {jSve<+1} 1—((”{%; ’

N o
<
_C+ZZ/{1<VE<JH}IJ”IZ ———— - dyd.

l:1j:0 h (1 +h) (gl*)+
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Lo
As Z ——<Cc(1+ ) 5T with 0 < si(y) < 1, by Holder’s inequality and

=0 (1 +h)*
the Sobolev embedding theorem, we can easily determine that

Z /yvgw dydz) Cin <Z/|av8|m dydt

N
<cy [ve [l (1 mel) iy

i=1

+N|

IN

N 1

C[Z (/Q(Ive+N|)P?(y)dydt) T

i=1

pi 1 . o ,
— > ———. Then, we simply find an a priori estimate of ve in
(pi)~ = (o7) )
N
mLPf (O,T;Wol’pi(y) (Q)).
i=1

Step 1: If 1 — i‘ ((};)) < si(y). Using lPk(|vg|5i(y)vg) = T1<\v£]”(y)vg -

Tk(\vg\sf(y)vg)) as test function in the weak formulation of (P) and remind-

where

ing that s;(y) > 1 — Pi(v) we get, for a. e. 7 € [0, T], that

G; (y)
T .
/0 <(V€)taTl(|V£|S'( — Ti([vel"Vve) ))dt
N
+ s-*—i-l/ vel W a;(t,y,ve, Ove) - dvedydt
;<l (k< g1 +1<k+1}’ e["ai(t,y,ve, dive) - divedy

< eldyar
{0+ 34}

14
Thus, by setting @ii(y) (0) = /0 Ti(|o[ Y o — Ti(|o]"*) ©))do and applying

the integration by parts formula, we obtain

T
A<wahnwumwy4umwmw»Wr

— [ ey [ &1 e) 0)a
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As OF ) (¢) < |¢] and O ) (ve)(T) > 0, then the first member is positive,

N
Z (sf + 1) / \vg]S"(y)a,-(t,y, Ve, 0ive) - Ovedydt
{k<|ve [0 <k+1}

i=1
si(y)
< Q) .
o /{vesi()’)+12k} [feldyet +C/Q v (ve)(O)dy

Hence, from (3.1) and (23), we get

N
Z/ 10i(|ve["ve) [P0 dydr < C \feldydi
S St <k 1y (el 24}

+C/ voldy forallk >k =m ™.
{[veliOF1 >k}
Therefore, we get, as in [5, Theorem 3], the estimate of |vg|* )+1 belngs to

(N(pi(y)=1)+pi(y))0; ()
L N+piy)—0;0)pi ()

and the desired (higher) summability of

Ve € L5i(y)(Q) where 6;(y) = (N(pl(y])\;ill),lgffygy?g)(;l)((;l( s}

pi0y)

*

Step2: If0 <s;(y) <1—

4
Let gi(y) <2, t€[0,T] and I';(y) be a function such that I';(y) < 1 —s;(y). Using
the previous procedure, and taking the supremum for ¢ in (0,7), we obtain

N
CHVs||L°°(o,T;L1(Q))+Z/Q|3ivg|q"(y)dydt
i=1

P —q;

SR ‘f€| ZL: l() ql 123
= (/;J;/{mwkm}hfi@)ﬂi(y)dydt) </(1+‘v8’)pl dydt)

dydz) »

<c{ie [l ) O

P —4;

( )%() -
(/ (14 |ve|) PiI-ai0 dydt) Pi
0
o (lf(s,'(y)JrFi(Y)))Gf(y) ..
SCer”Zoi(y)(Q)</Q<1+’v8|> dydt) pi (09)

r.—q.— p; —4;

([ el o dyar) 7
0
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N(p; —q;)
+

N g where

Here, we choose I';” =

i

~_ (N(p; +1)+p;)o; (s; +1)

@ N+p (l—o7)

to get

Iia; Ng; =
— = = (Q) )
pi—4 N—-q©

which gives that

[Vellz=(0.r:.L1(0)) < C,

and

4q;

N . i N
Z (/Q|Vg\q"(”dydt) W < Z/Qlaivs!qi(y)dydf
i=1 =

1

< c(/Q (1+ |vg|>q?()Y)dydt)pi”f%

N
Therefore, we arrive at the desired estimates of v, in ﬂLqF (0, T;WO1 il )(Q))
i=1
for each o
i < No; (s; +1) '
" N—o (1-5)
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