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ANALYTIC SEMIGROUP GENERATED BY AN ELLIPTIC
OPERATOR WITH DISCONTINUOUS COEFFICIENTS

GIUSEPPE DI FAZIO - PIETRO ZAMBONI

We consider the generation of analytic semigroups by elliptic operators
with discontinuous coefficients.

1. Introduction.

The semigroup approach in the study of parabolic equations is very well
known. The basic step consists in proving a generation result in a suitable
topology. This is achieved proving a particular estimate for an elliptic operator
depending on a complex parameter A

Lu—Ju=f in€,

where 2 is a bounded domain in R" and proper boundary conditions are
imposed on the solution .
The point is an estimate of the type

(1.1) ANl Loy + VM Dull Loy + 1D*ull oy < cll fll -

Usually (1.1) is proved assuming the coefficients a;; of the leading part of the
operator L continuous at least (see, for example [3] and [4]). Here we show
a case in which (1.1) holds true with a;; ¢ C%(Q). The class to which the ajj
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belong to is the Sarason class VMO introduced in [7] for other purposes. Later
solvability of the Dirichlet problem with a;; € V.M O N L> was proved (e.g. [1],
[2], [8], [9] and [5]). In proving this, suitable a priori estimate was established.

We shall prove (1.1) using a classical method due to Agmon and an
estimate for elliptic equations with discontinuous coefficients.

2. Notations and preliminary results.

We say that a locally integrable function f is in the space BM O if

1

sup—/ () = faldx = [ flls < 400
paTIIA

where B ranges in the balls of R” and f denotes the average of f over B.
If feBMO andr > 0 we set

1
sup — f G = fldx = n(r).
AT A

We say that a function f € BM O belongs to the space VM O if, in addition,
lim+ n(r) = 0. In the sequel we shall refer to n(r) as the VM O modulus of f.
r—0

Let © be a bounded open subset of R” (n > 3), with 3Q € C"-! and let be
L the elliptic operator

2.1 Lu =— Z aij(x)uxixj
ij=1
where
(2.2) a;j(x)e VMO N L*(R") i,j=1,...,n;
(2.3) a;j(x) = aj;(x) i,j=1,...,na.e.x €

Q4  Fv>0:vEP <) aykig <vlEfaexeQ VEeR"
i,j=1

Our estimate will be an easy consequence of the following result by Guidetti

[5].
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Let
n
(2.5) Mu=—" by,
i, j=1
with
bij Q- C

bounded measurable.

We assume that

n

(2.6) Iu>0: | > bkl = ulEl> ae.xeQ VEER"

i, j=1
Theorem 2.1. (see Proposition 3.1 in [5]) Let Q2 be an open subset of R" with
Qe C!. Consider the Dirichlet problem

Mu = f in Q
ue WrP(Q) N W, P(Q), feLP(Q) with pe]l, +ool

where the operator M satisfies (2.5) and (2.6). Assume b;j € VM O(2). Then
there exists a positive constant ¢ such that for any solution of the problem (2.7)
we have

2.7

llwllw2rynwrre) < Ul fllzr@ + lullLr@)-

Theorem 2.2. (see Proposition 4.1 in [5]) Let Q2 be an open subset of R" with
0Q e CY!. Consider the Dirichlet problem

MM = f in Q
ue WrP(Q) N W, P(Q), feLP(Q) with pell, +ool

where the operator M satisfies (2.5) and (2.6). Assume b;j € VM O(2). Then
the Dirichlet problem (2.7) has a unique solution u. Furthermore there exists a
positive constant ¢ such that

2.7)

HMHWZP(Q)QWO]"’(Q) < cllfllr)-

Our main result is

Theorem 2.3. Assume hypotheses (2.2), (2.3) and (2.4) be true and p €
11, +o0[. Then there exist two positive constants & and c¢ such that if ReA > §
we have

M Null Loy + v/ 1M Dull Loy + | Dl Loy < cllhu — Lull Loy,
for every u e W»P(Q).



118 GIUSEPPE DI FAZIO - PIETRO ZAMBONI

3. Proof of Theorem 2.3.

In this last section we outline the proof of our result.
Let us define the operator

, — b4
Ly:=L+¢%D,, xeQ teR, |0 < 5

It is easy to see that Ly satisfies the ellipticity condition (2.6) with constant
n= %min(u, 1).
Let ¢ € C°(R) be a cut off function such that ¢(z) = 1 if [¢] < % o) =0
if |¢] > 1. Set
v(x, 1) = @(t) e u(x), xeQ,reR,

with u € W>P(Q2) and r > 0. Then
n
Lov(x,t) = — Z a; jUx,x; (X, 1) + e Dyv(x, 1) =
i j=1
=¢0)e" [Lu—r*¢u] + & [¢"(1) + 2irg' ()] u.
Using Theorem 2.1, we have
lvllw2r@xr) < € (”U”LP(QXR) + ||L9U||LP(S2><R)) .
Now, recalling that
lvllLraxry = llull L)l @ll ey,
and
I LovliLr@xr) < IllLow (L — r2eyull o) + lull Loy l¢” + 2ird |l Loy,
we easily obtain
3.1 ”U”WZP(QXR) = C{||M||LP(Q)||¢||LP(R) +
+ 1@l Lo I(L — reYull Loy + lull Loy |9 + 2ird | Low)} <
< c{llullLrlll@l Loy + 2r 1 | Low) + 10" | L)l +

+ L = eyl Lr@ll@ll Lrw)) <

< cifllullr@(l +7r) + [ILu —reull ooy},
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where ¢; = cmax{||@|l Lrw), 2119 Lr®)}-

On the other hand, since ¢ = 1 in [— 1, we have

L1
2°2

(3.2) ”U”WZP(QX]—%,%[) :/ Z |Da(”(x)€irt)|pdx¢h =
Qx]—

L l[
202 <2

n n
=f {Iul”(l P ) 27 Y g+ Y |uxix,|"}dx >
Q

j=1 i j=1
2 2
> rPull oy + P IDullf gy + 1D ull] g
(€2) (€2) (€2)

From (3.1) and (3.2) we have
2r2lull Loy + 11D ull Loy + 1D ull Loey <

< 2ci{llull Loy +7) + ILu+r?eull ooy}

Choosing r in such way that
22 —2ci(1+r)=1r?
and taking A = r2e’’ we have

(Al lull ey + VIAD wll ey + ||D2M||LP(S2) < |[Lu~+ Xullpr ).
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