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FEASIBLE SETS FOR VERTEX COLORINGS OF P;-DESIGNS

P. BONACINI - L. MARINO

A Py-design of order v is a system X = (X, ) where X has v vertices
and B is a set of copies of P4, called blocks, decomposing the complete
graph K, on X. A BPs-design is a P;-design X endowed with a coloring
of the vertices of ¥ in such a way that in any block there are at least two
vertices with the same color and two vertices with different colors. The
feasible set Q(X) of X is the set of integers k for which X is k-colorable.
The minimum and maximum of Q(X) are, respectively, the lower and
upper chromatic number of X. In this paper the study of BPs-designs is
initiated, giving a lower and upper bound for feasible sets of BP;-designs
and showing the existence, for any admissible integer v, of BP;-designs
of order v with the largest possible feasible set. Some results are obtained
for small values of v.

1. Introduction

Let G = (V,E) a graph on n vertices and let K, be the complete graph on v
vertices. A G-design of order v is a couple X = (X,B), where X is a set of v
vertices and B is a set of copies of G, called blocks, decomposing the complete
graph K, having X as set of vertices. The spectrum of G-designs is the set of all
integers v for which there exists a G-design of order v.
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In this paper we will consider P;-designs, whose spectrum is well known
(see [1]): a P4-design of order v exists if and only if v=0,1 mod 3, v > 4. We
initiate the study of vertex colorings of P4-designs, in the sense due to Voloshin’s
work on mixed hypergraphs (see [16—18]). A k-coloring of a G-design X =
(X,B) is amap ¢: X — C, where C is a set of k colors. A k-coloring is strict
if exactly k colors are used. From now on, we assume that all our colorings are
strict. It is possible to consider these type of colorings:

* colorings such that any block of B contains at least two vertices of a com-
mon color; if ¥ admits such a coloring, we call it a CG-design;

* colorings such that any block of B contains at least two vertices of dif-
ferent colors; if X admits such a coloring, we call it a DG-design (this
corresponds to the usual definition of a coloring of a design);

* colorings for which X is, at the same time, a CG and a DG-design; if X
admits such a coloring, we call it a BG-design: this is the type of coloring
we are interested in.

Given a G-design X = (X, B), the feasible set of ¥ is:
Q(X) = {k| 3 a k-coloring of X}.

The system X is uncolorable if Q(X) = 0. If X is colorable, the minimum and
the maximum of Q(X) are the lower and upper chromatic number of £ and we
denote them by, respectively, ¥ (X) and ¥(X).

Given a colorable G-design ¥ = (X, 3) and denoted by X; the set of vertices
of X with color i forany i =1,... k, X; is called color class.

Voloshin colorings has been considered for Ps-designs (see [6—8]), Steiner
Triple Systems (see [4, 5, 11, 13-15]), S(2,4,v) (see [9]), SOS(v) (see [12, 14])
and also in the case of hypergraph designs (see [2, 3]).

In this paper we determine sharp bounds for the lower and upper chromatic
numbers of colorable BPs-designs and we show that, for all admissible values v,
there exists a BPy-design with the largest possible feasible set. In the last section
we also prove a few results for BP;-designs of small orders.

2. Feasible sets for BP;-designs

Let T ={a,b,c,d}. We denote by (a,b,c,d) the path P, with T as set of vertices
and with edges {a,b}, {b,c} and {c,d}.
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For any v € N let:

PIZJ ifv=0,1,3 mod 4
Xv =
3V4_2 ifv=2 mod 4.

Theorem 2.1. Let ¥ = (X, B) be a colorable BPy-design of order v. Then 2 <
X(X) <X(E) < %

Proof. Let Xi,..., X, be color classes in a coloring of ¥ and let |X;| = n; for
i=1,...,s. Suppose thatn; =1fori=1,...,rand m; >2fori=r+1,...,s,
for some r <s,sothatv=r+Y3 . n. LetalsoX;={x;} fori=1,...,r.

Any block of B must contain at most one of the edges {x;,x;}, for i, j =
1,...,r,i# j. So, in any block containing one of these edges there exist y, z € Xy,
y # z, for some k € {r+1,...,s}, such that the block is of one of the following

types:
L. <xiaxjayaZ>7
2. <V, XiyXj,2 >

Let a denote the number of blocks of type 1 and b denote the number of blocks
of type 2, for any i, j. Then we have the conditions:

()

<)

i=r+1
r(v—r)

<
bs 2

This clearly implies that:

@ = ,-_él @) +0, ()

Now, given my,...,m, integers such that n > 1 and m; > 2 for any i, it is easy to
prove by induction the following inequality:

" m; nomi—2n+2
< —1.
i—1<2>_< 2 o
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So by equation (1) we get:

(1) = (B 262 o 1)

2 2 2
—2s5+2 -
_ <v+r i s+ >+S_r_l+”("2 ”).
This implies:
P4 r(ds—3v—2) <V’ 445> —4sv+3v—4s. @

Suppose that s > %. Then, since v=r+Y; . ;n; and n; > 2 for i = r +
1,...,n, we have v > 25 —r, so that r > 25 — v > 0 and equation (2) implies:

(25 —v)2 + (4s —3v—2)(2s —v) < V2 + 45> —4sv+3v —4s
= 8s% — 10sv—|—3v2—v§0.

Since s > % and 3V4—+2 > %v, we get easily a contradiction:

3v+2\?  3v42
8( vt ) s a2 <=2 <0.

4 2

This shows that it must be s < 3V4+2, which proves the statement. O

Now we prove that the above bounds are sharp. More precisely, we prove
that:

Theorem 2.2. For any v € N, v=0,1 mod 3 and v > 4, there exists a BP;-
design of order v having as feasible set the complete interval of integers [2, X,].

Proof. Let v=12h, for some h € N, h > 1. Let X = {x,...,x¢5} and ¥ =
{>1,.-.,Yen} be disjoint sets. We want to construct a BP; design of order 12h
having X UY as vertex set and satisfying the conditions of the statement.

Let B, be the set of the following blocks:

o (VitksXis Xitok, Vivks3n) fori=1,...,6hand 2k € {1,...,3h —1};
Yitht3hsXis Xiy2k+1,Yivk) fori=1,....6hand 2k+1 € {1,...,3h —1};

(
o (Vi,Xi,Xit3n,Yir3n) fori=1,...,3h;
(

. xi—i7yi7yi+3h7xi+3h—ﬁ> fori=1,...,3h and with
3h
— if h is even
- 2
k p—
9h—1

> if h is odd
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* (VitksYisYivk+n,Yiyan) fori=1,...,6h and k =h+1,...,2h — 1 (in the
case h > 2);

o (VisYithsYit3hsYigon) fori=1,...,2h;
* (VitshsYit3hsYiran,yi) fori=h+1,...,2h;

* YVithYitsn,Yivan,yi) fori=2h+1,...,3h.

It is easy to see that X = (X UY,Byy;) is a Py-design of order 12h. Moreover, it
is s-colorable for any s € [2, x124] = [2,9h]. Indeed, it is not difficult to see that:

* for s = 2 we can take as color classes the sets {xi,...,X¢n,V1,---,y3,} and
{V3nt1s-- 5 vents

» for s = 3 we can take as color classes {x,...,Xen}, {¥1,...,y3,} and
VRS PN VT

o fors=4,...,9h we can take as color classes Ay,..., Ay, Bi,...,B,, Cy,...,
Cy. Di,..., Dy, withme {1,...,6h}, p,g,r €{1,....,h} and m+p+q+
r = s, where:

- Ajy,..., Ay is any partition of {xy,...,Xen};

- Bj...., By isany partition of {y1,...,ys} U{y3p+1,--.,y4} such that
{yi,y3n4i} forany i = 1,..., h is contained in some of the Bj;

- Ci,..., C, is any partition of {yni1,...,Y20} U{Vaht1,---,Ysn} such
that {y;,y3p+;} forany i = h+1,...,2h is contained in some of the
Cj;

- Dy,..., D, is any partition of {y2+1,...,y31n} U{Yspt1,---,Yen} such
that {y;,y3y4;} forany i =2h+1,...,3h is contained in some of the

D;.

Letv=12h+1, forsome h € N, h > 1. Let X = {x;,...,x¢p+1} and ¥ =
{y1,.-.,Y6n} be disjoint sets. We want to construct a BP; design of order 122+ 1
having X UY as vertex set and satisfying the conditions of the statement.

Let Bj;,11 be the set of the following blocks:

* <yk,xi,xi+k,yk+3h> fori = 1,...,6h+1 and k = 1,...,3h;

¢ <yi+kayiayi+k+hayi+3h> fori=1,...,6hand k=h+1,...,2h—1 (in the
case h > 2);

o (Vig2nYir Yirsn,Yivsn) fori=1,...,3h;

* VisYithsYivon,Yivan) fori=1,... handi=3h+1,...,4h.
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It is easy to see that ¥ = (X UY, B+ 1) is a Py-design of order 12k + 1. More-
over, it is s-colorable for any s € [2, X125+1] = [2,9h+ 1]. Indeed, it is not diffi-
cult to see that:

* for s =2 we can take as color classes the sets {X1,...,Xes+1,V1s---, Y31}
and {yspi1,---,Yen}s

* for s = 3 we can take as color classes {x1,...,X¢n+1}> {V1,---,y3n} and
{3nsts- 5 Yents

» for s =4,...,9h+ 1 we can take as color classes Ay,...,Ap, Bi,..., By,
Ci,...,Cy, Dy,..., Dy, withm € {1,...,6h+ 1}, p,g,r € {1,...,h} and
m-+p—+q-+r=s, where:

— Al,...,Ap is any partition of {xi,...,xen+1}3
- Bi.,..., By is any partition of {y1,...,y,} U{Y3n+1,-..,y4} such that
{yi,y3n4i} forany i = 1,... h is contained in some of the Bj;

- Ci...., C, is any partition of {ypt1,...,Y20} U{YVah+1,--.,¥sn} such
that {y;,ys3p;} for any i = h+1,...,2h is contained in some of the

Cj;

— Dy,..., D, is any partition of {y2h+l yeen 7y3h} U {y5h+17 ... ,yéh} such
that {y;,y3p+} forany i = 2h+1,...,3h is contained in some of the
D;.

Let v=12h+3, forsome h € N, h > 1. Let X = {x},...,x¢p1} and ¥ =
{»1,..-,v6n} be disjoint sets and let £ = (X UY,Bj2,41) be the previous BPy-
design of order 12A+ 1. Let us consider two elements oo}, 00y ¢ X UY, 00] £ 005,
Let C be the set of the following blocks:

o (yi,01,Yitn,000) fori=1,....hand i =3h+1,...,4h;

Viy002,Vitan,oo1) fori=1,...,hand i =3h+1,...,4h;

X3i41,%1,X3i42,902) fori = 0,...,2h —2;

X6h—2,%°1,X6h—1,%2)}

(
{
* (X3i41,%0,X3i13,001) fori=0,...,2h—2;
(
{

X6h-+1502,X6,%°1);

* (X6ht1,901,%2,X64-2)-

Then it is easy to see that ¥’ = (X UY U{eoy, 005}, Byoj1 UC) is a P4-design of
order 12+ 3. Moreover, it is s-colorable for any s € [2, x124+3] = [2,9h 4 2].
Indeed, it is not difficult to see that:
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* for s =2 we can take as color classes {xi,...,X¢s+1,Y1,---,Y3h,°°1} and
{V3nt15- -5 Vons o2}

« for s = 3 we can take as color classes {x1,...,Xen+1}s {V1,---, 30,901}
and {y3p+1,- -, Y6h,%2};

e for s =4,...,9n+2 we can take as color classes Ay,...,A;, By,..., B),
Ci,....,Cy, Dy,..., Dy, withme {1,...,6h+1}, pe{1,...,h+1} q,r €

{1,...,h} and m+ p+q+r=s, where:

— Ajy,..., Ay is any partition of {xy,... ,Xent1};

- Bj...., B, is any partition of {yy,...,yn,%1} U{y3nt1,.--,Yan,2}
such that {y;,y3;4;} forany i = 1,...,h and {0y, o0, } are contained
in some of the Bj;

- Ci,..., C, is any partition of {yni1,...,Y2n} U{Vant1,--.,¥sn} such
that {y;,ysp+;} for any i = h+1,...,2h is contained in some of the
Cj;

— Dy,..., D, is any partition of {y2h+17 ... ,y3h} U{y5h+1, ... 7y6h} such

that {y;,y3s4;} forany i =2h+1,...,3h is contained in some of the
D;j.

Letv=12h+4, forsome h € N, h > 0.

Let 1 = 0, so that v = 4. In this case, it is easy to see that any P;-design of
order 4 is a BP;-design which is s-colorable for any s € [2, y4] = [2,3].

Let h> 1 and let X = {xl, e ,x6h+2} and Y = {yl,. .. ,y6h+2} be disjoint
sets. We want to construct a BP; design of order 124 +4 having X UY as vertex
set and satisfying the conditions of the statement.

Let B4 be the set of the following blocks:

 (VitkoXir Xiy 2kt 1, Virk+3h+1) fori=1,...,6h+2and 2k +1 € {1,...,3h};
* (Vitkt3h+1,XisXitok, Virk) fori=1,...,6h+2 and 2k € {1,...,3h};
* (Vit3hr1,%i Xipan1, i) fori=1,...,3h+1;

(

X VisYitsht 1, %34 1) fori=1,...,3h+1 and with:

3
Eh if h is even

I
I

M if i is odd

* VitksYisYivktn,Yirsn1) fori=1,...,6h+2and k =h+1,...,2h.
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It is easy to see that £ = (X UY, Bioj14) is a Py-design of order 12h. Moreover,
it is s-colorable for any s € [2, X125+4] = [2,9h + 3]. Indeed, it is not difficult to
see that:

* for s = 2 we can take as color classes {xi,...,Xen+2,V1,---,Y3n+1} and
{y3h+27 cee ,)’6h+2};

* for s = 3 we can take as color classes {x,...,X¢n+2}, {¥1,---,y3n+1} and
{3nt2s-- 5 Yeni2}s

e for s =4,...,9h+ 3 we can take as color classes Aj,... Ay, By,..., By,
Ci,...,Cq, Dy,..., Dy, withme {1,...,6h+2}, pe{l,...,h+1} q,r €
{1,...,h} and m+ p+q+r =, where:

- Ajy,..., Ay is any partition of {x,... ,xXen42};

- Bi,..., By isany partition of {y1,...,yn1}U{y3n+2,--.,Yans2} such
that {y;,y3p+14:} forany i =1,... A+ 1 is contained in some of the
Bj;

- C1,..., C; is any partition of {yn12,..., Y201} U{Yant3,---,Ysni2}
such that {y;,y3p41+;} for any i = h+2,...,2h+ 1 is contained in

some of the Cj;

- Dj,..., D, is any partition of {y2j42,...,Y3n+1} U{¥5n+3,---,Yent2}
such that {y;,y3p+14:} forany i =2h+2,...,3h+ 1 is contained in
some of the D;.

Let v=12h+6, for some h € N. If 1 =0, then consider the system X =
({0,1,2,3,4} U {eo},B), where o ¢ {0,1,2,3,4} and B is the set of blocks
(o0,i,i+ 1,i+43) for i =0,1,2,3,4. Then, L is clearly 2 and 3-colorable. It is
also 4-colorable, since we can take {e0,0,1}, {2},{3} and {4} as color classes.

Leth > 1. Let X = {x1,...,xen+2} and Y = {y1,...,yen+2} be disjoint sets
and let £ = (X UY,Bja,14) be the previous BPy-design of order 124+ 4. Let
us consider two elements ooj,00p ¢ X UY, oo) # o0y, Let C be the set of the
following blocks:

o (yi,%01,Yith+1,002) fori=1,... hand i =3h+2,...,4h+ 1 (in the case
h=1);

o (yi,%02,Yitont1,001) fori=1,... hand i =3h+2,...,4h+ 1 (in the case
h=1);

o (Xj,%01,Xi1pi1,000) fori=1,...,hand i =3h+2,...,4h+ 1 (in the case
h=>1);
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o (xi,00,Xi1opt+1,001) fori=1,... hand i =3h+2,...,4h+ 1 (in the case
h=>1);

¢ <xh+17°°1,°°2,x4h+2>;
* (%01, Yht1,%2,Xp41)3

* (000, Ya4ht2,%01, Xap12)-

Then it is easy to see that ¥’ = (X UY U {0y, }, Biop14 UC) is a Py-design of
order 12h + 6. Moreover, it is s-colorable for any s € [2, X121+6) = [2,9h + 4].
Indeed, it is not difficult to see that:

* for s =2 we can take as color classes {x1,...,X6n+2,V1,---,V3n+1,°°1 } and
25 Y6nt2,%02};

* for s = 3 we can take as color classes {x1,...,X¢n12}> {V1,---»Y3n+1,1}
and {y3p+2;- -+, Y6h+2,%2};

e for s =4,...,97+4 we can take as color classes Ay,..., Ay, Bi,..., Bp,
Ci...., C4, Dy,..., Dy, with m € {1,...,6h+2}, p,g e {l,....h+ 1},
re{l,....h} and m+ p+q+r=s, where:

- Aj,... Ay, is any partition of {xj,...,Xen42};

- Bj....,Bpisany partition of {y1,...,ynr1}U{y3n+42,--.,Yant2} such
that {y;,y3p+1+:} forany i =1,...,h+ 1 is contained in some of the
Bj;

- Ci,..., C, is any partition of

Dns2y s yanr1,901 P U{Dane3, - Y52, %02}
such that {y;,y3p41+i} forany i =h+2,...,2h+1 and {0}, 00, } are
contained in some of the C;;

- D;,..., D, is any partition of {ysp12,..., Y3041} U{Ysn+3,-- -, Yent2}
such that {y;,y3114} forany i =2h+2,...,3h+ 1 is contained in
some of the D;.

Let v=12h+7, for some h € N. Let h =0 and let X = {x;,x2,x3} and
Z ={z1,22,23,24} be disjoint sets. Let £ = (Z,B) a P4-design of order 4 and let
C be the set of the following blocks:

o (21,X1,%2,22);

° <Z2,X1,X3711);
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° <Z1,X2,)C3,Z2>;
° <x17Z37x27Z4>;
* (x1,24,%3,23)-

Then &' = (X UZ,BUC) is a Py-design which is r-colorable for r =2,3,4,5.
Indeed, we can take as color classes:

* {x1,21,22} and {xp,x3,23,24} for r = 2;

o {x1,x2,x3}, {z1,22} and {z3,24} for r = 3;

o {x1,m2}, {x3}, {z1,22}, {23, 24} for r = 4;

o {x1}, {m}, {x3}, {z1,22} and {z3,24} for r =5.

Leth>1.LetX = {xl,. .. ,x6h+3}, Y= {yl, .. ,y6h} and Z = {Zl,Zz,Z3,Z4}
be pairwise disjoint sets and let £ = (Z,3) be a Ps4-design of order 4. Let C be
the set of the following blocks:

. yk,xi,xi+k,yk+3h> fori=1,...,6h+3andk=1,...,3h;
o (z1,Xi,Xi43n+1,22) fori=1,...,6h+3;
X3i41,23,X3i+2,24) for i =0,...,2h;

X3it1,24,X3i+3,23) for i =0,...,2h;

Vir22j+2,Yiv2n:22j+1) for j=0,1,i=1,...,hand i =3h+1,...,4h;
YitkoYisYirk+h>Yiran) fori=1,...,6handk=h+1,...,2h— 1,

Vit 2k, Yis Yit3hs Yivsh) fori=1,... 3h;

(
(
{
{
o (Visz2j+1,Yitn,22j4+2) for j=0,1,i=1,...,hand i =3h+1,...,4h;
(
(
(
(

YisYithsYitanYisn) fori=1,... handi=3h+1,...,4h.

Then it is easy to see that ¥’ = (X UY UZ,BUC) is a Py-design of order 12k +7.
Moreover, it is s-colorable for any s € [2, x12117] = [2,9h+5]. Indeed, it is not
difficult to see that:

» for s = 2 we can take as color classes {x1,...,Xen+3,V1,---,Y3,21,23} and
{3nt1s- -0 Y6, 22,24}

* for s = 3 we can take as color classes {xi,...,xen+3}> {V1,---,V30,21,23}
and {y3+1, .-, Y6h: 22,24 };
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e for s =4,...,9n+5 we can take as color classes Ay,... Ay, By,..., B),
Ci...., Cq4, Dy,..., Dy, with m € {1,...,6h+3}, p,g e {l,....h+ 1},
re{l,...,h} and m+ p+q+r=s, where:

- Aj,... Ay, is any partition of {xj,...,xen43};

- By,..., Bp is any partition of {yl yeus 7yh}U{y3h+la ... ,y4h}U{Zl,Zz}
such that {y;,y3y4;} forany i=1,... h and {z;,z,} are contained in
some of the Bj;

- Ci,..., C, is any partition of

{nsts- oy U ansts - ysn U{zs,za}

such that {y;,y3,4;} forany i = h+1,...,2h and {z3,z4} are con-
tained in some of the Cj;

- Dy,..., D, isany partition of {y2+1,...,y31n} U{Yspt1,---,Yen} such
that {y;,y3,4;} forany i = 2h+1,...,3h is contained in some of the
D;.

Let v=12h+9, for some & € N. Let us consider two disjoint sets X =
{x1,...,xen+st and Y = {yi1,...,yen+4}. We want to construct a BP; design of
order 122+ 9 having X UY as vertex set and satisfying the conditions of the
statement.

Let Bjan+9 be the set of the following blocks:

o <yk,x,~,xi+k,yk+3h+2> fori=1,...,6h+5andk=1,...,3h+2;

o VitksVisYitk+hsYiesntz) fori=1,...,6h+4andk=h+2,....2h+1 (in
the case h > 1);

o (Vitht1:YisYit3ht2,Viranss) fori=1,...,3h+2.

It is easy to see that ¥ = (X UY, Bjap49) is a Py-design of order 124+ 9. More-
over, it is s-colorable for any s € [2, X1on+9] = [2,9h + 7]. Indeed, it is not diffi-
cult to see that:

* for s = 2 we can take as color classes {xi,...,Xent+5,V1,---,Y3n4+2} and
{V3h435- > Yenta)s

* for s = 3 we can take as color classes {xi,...,Xen+5}, {V1,---,V3n+2} and
{V3ne3s- - Venrals

e for s =4,...,9n+7 we can take as color classes Ay,...,A,, Bi,..., B,
Ci,..., C4, Dy,..., Dy, withm € {1,...,6h+5}, p,g e {l,....h+1},
re{l,...,h} and m+ p+q+r=s, where:
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- Ay,..., Ay is any partition of {xy,...,Xen+5};

- Bi,..., By isany partition of {y1,...,yn+1}U{y3r+3,--.,Yant3} such
that {y;,y3p424:} forany i =1,... A+ 1 is contained in some of the
Bj;

-Ci,..., Cq is any partition of {yh+27 ... ,y2h+2} U {y4h+47 ... 7y5h+4}
such that {y;,y3p42+;} for any i = h+2,...,2h+2 is contained in
some of the Cj;

— Dy,..., D, is any partition of {y2h+3, ... 7y3h+2} U {y5h+57 ... 7Y6h+4}
such that {y;,y3p40+} forany i =2h+3,...,3h+2 is contained in
some of the D;.

Let v=12h + 10, for some 2 € N. Let us consider three pairwise disjoint
sets, X = {x1,...,xent4}, Y ={y1,...,Yen+a} and Z = {z1,22 }. Let BB be the set
of the following blocks:

. <y,~+k,x,-,x,'+2k,yi+k+3h+2> fori=1,...,6h+4 and 2k € {1, ..., 3h+ 1} (in
the case h > 1);

* (Vitkt3h+2,%is Xiv2k+1,Yirk) fori=1,...,6h+4and 2k+1 € {1,...,3h+
1};

o (VirXiyXit3nt2,Yiysny2) fori=1,...,3h+2;

o (X5 VisYitshi2: X 3p 0 ) fori=1,...,3h+2 and with:

%h—i— 1 ifhiseven

=
|

9h+5

> if & is odd

* (VitksYisVitk+ht1,Yit3nt2) fori=1,...,6h+4 and k=h+1,...,2h (in
the case h > 1);

21, Vi Yitant1,22) fori=1,...,6h+4;

X3i41,21,X3i4+2,22) fori=0,...,2h — 1 (in the case h > 1);

X3i41,22,X3i43,21) fori =0,...,2h — 1 (in the case h > 1);

X6 11521522, X6h+2)

X6+2521,X6h+3522)

{
{
{
{
{
{

X6h-+1522,X6h+4,21)-



FEASIBLE SETS FOR VERTEX COLORINGS OF P;-DESIGNS 417

Then it is easy to see that X' = (X UY UZ, B) is a P4-design of order 12h + 10.
Moreover, it is s-colorable for any s € [2, X121+10] = [2,9h + 7]. Indeed, it is not
difficult to see that:

* for s =2 we can take as color classes {xi,...,Xen+4,V1,---,V3n+2,21 } and
{3ni3s- -5 Yonta, 22}

* for s = 3 we can take as color classes {xi,...,Xen+4}> {V1,---,V30+2,21}
and {y3n+3;- -, Yent4:22};

e for s =4,...,9n+7 we can take as color classes Ay,... Ay, By,..., B),

Ci,..., Cq, Dy,..., Dy, withm € {1,...,6h+4}, p,q,r e {l,...,h+1}
and m+ p+q+r = s, where:
— Ajy,..., Ay is any partition of {x,... ,Xep14};

- Bj...., By isany partition of {y1,...,yn1}U{y3n43,--.,Y4n43} such
that {y;,y3n+2+:} forany i =1,...,h+ 1 is contained in some of the
Bj;

-Ci,..., Cq is any partition of {yh+2, e ,y2h+2} U {y4h+4, e ,y5h+4}
such that {y;,ysp42+:} for any i =h+2,...,2h+ 2 is contained in
some of the Cj;

- Dy,..., D, is any partition of
{on43s - y3n2 F U{Ysnes, - -, Yena y U {21522}

such that {y;, y3p+24i} forany i =2h+3,...,3h+2 and {z1,2,} are
contained in some of the D;.

O

3. BPs-designs of small orders

In this section we get a few results in the case that the P4-designs have small
orders. Let us recall that, given two sets X and Y with X C Y and |X| =+, X is
called an s-subset of Y.

In the following proposition we make a few easy remarks:

Proposition 3.1. Letv € N, withv=0,1 mod3 andv >4, and let s € [2,x,].
If ¥ is a BPy-design of order v, then:

1. if X is 2-colorable, it is also 3-colorable;

2. ifLis a s-colorable, with s > %, then L is also (s — 1)-colorable.



418 P. BONACINI - L. MARINO

Proof. 1t is obvious that a 2-colorable Ps-design is also 3-colorable. If X is a
is s-colorable for some s > 7, then in any s-coloring of ¥ there exist at least
two color classes X; and X, such that 2 < |X; UX;| < 3. Then X admits an
(s — 1)-coloring with color classes X; UX>, X3,...,X;. O

Proposition 3.2. Lerv € N, withv=0,1 mod3 andv >4, and let s € [2, ).
Then:

1. forv=4andv = 6 any BPy-design of order v is s-colorable, for any s;

2. forv =" any BPy-design of order v is s-colorable for s =2,3,4 and there
exists a BPy-design which is not 5-colorable;

3. forv =9 any BPy-design of order v is s-colorable for s =2,3,4 and there
exists a BPy-design which is not s-colorable for s = 6,7;

4. for v =10 any BPy-design of order v is s-colorable for s = 2,3,4.

Proof. Let £ = (X,B) be any P4-design of order v. We denote by r(x,y) the
number of blocks of B € B having x and y among its set of vertices.

If v =4, then the statement is trivial. If v =6, the cases s =2 and s = 3
are immediate. We just need to prove the case s = 4. Let X = {0,1,2,3,4,5}.
If there is a triple, say {0, 1,2}, which is not contained in any block, then {0},
{1}, {2} and {3,4,5} are the color classes of a 4-coloring of £. Otherwise,
since |B| = 5, any triple in X is contained in exactly just one block of B. So,
if {0,1,2,3} = V(B) for some B € B, then {0}, {1}, {2,3} and {4,5} are the
color classes of a 4-coloring of X.

Let v="7. Then |B| =7 and so, clearly, there exists a 4-subset X; of X
which is not the set of vertices of some block of B. This means that X; and
X \ X; provide a 2-coloring of X. Moreover, any partition of X in 3 nonempty
subsets, all of cardinality at most 3, provides a 3-coloring of X.

Now we want to show that X is 4-colorable. Let X = {0, 1,...,6}. We know
that:

Z r(x,y) =6-7=42.
x,yEX xF£y
Then, we can suppose that (0,1) < 2. If {0,1,2,3} and {0,1,4,5} are the set
of vertices of blocks containing 0 and 1, then {0}, {1}, {2,3} and {4,5,6} are
the color classes of a 4-coloring of X. This holds also if only {0,1,2,3} is the
set of vertices of the only block containing 0 and 1. If {0,1,2,3} and {0, 1,2,4}
are the set of vertices of two blocks containing 0 and 1, then {0}, {1}, {2,3,4}
and {5,6} are the color classes of a 4-coloring of X.

Now, let ¥ = {0,1,...,6} and let X' = (¥,C) be P4-design of order 7 with

base block (0,1,3,6). It is easy to see that any 5-subset of ¥ contains a triple



FEASIBLE SETS FOR VERTEX COLORINGS OF P;-DESIGNS 419

i,i+1,i42 for some i =0,1,...,6. From this we easily get that any 5-subset
of Y contains some block of C, which implies that ¥’ is not 5-colorable.

Let v=9. Then |B| = 12, (Z) = (g) = 126 and there exist at most 60 5-
subsets of X containing the set of vertices of at least one block of B. So, clearly,
there exists a 5-subset X; of X which does not contain the set of vertices of some
block of BB and such that X \ X; is not the set of vertices of some block of B. This
means that X; and X \ X; provide a 2-coloring of £. Moreover, any partition of
X in 3-subsets, all of cardinality 3, provides a 3-coloring of X.

Now we want to show that X is 4-colorable. Let x = {0,1,...,8}. Since
|B| = 12, we can say that there exist two vertices, say 0 and 1, such that 7(0,1) <
2.

Suppose that {0,1,2,3} and {0, 1,4,5} are set of vertices of the two blocks
containing 0 and 1. If {2,3,4,5} is not the set of vertices of some block, then
¥ is 4-colorable, since we can take {0}, {1}, {2,3,4,5} and {6,7,8} as color
classes of a 4-coloring.

Suppose that {0,1,2,3} and {0,1,4,5} are set of vertices of the two blocks
containing 0 and 1 and that two of the remaining vertices, say 6 and 7, are not
contained in a block with 2 and 3, for example. Then, {0}, {1}, {2,3,6,7} and
{4,5,8} are color classes of a 4-coloring of X.

If the above conditions don’t hold, then we can say that the following sets:

{2,3,4,5},1{2,3,6,7},{2,3,6,8},
{2,3,7,8},{4,5,6,7}, {4,5,6,8}, {4,5,7,8}

are sets vertices of some blocks of X. This implies that all the edges of K53, g}
are contained in these blocks. So, the remaining 5 blocks must al contain both
0 and 1, which is not possible, because r(0,1) < 2.

If {0,1,2,3} and {0,1,2,4} are set of vertices of the two blocks containing
0 and 1, we can note that there exists at least one vertex in {5,6,7,8}, say 5,
that is not contained in any block together with 2,3,4. So, {0}, {1}, {2,3,4,5}
and {6,7,8} are color classes of a 4-coloring of X.

If only {0,1,2,3} is the set of vertices of some blocks containing 0 and 1,
then we take any vertex in {4,5,...,8}, say 4, and proceed as above.

Now, we show that there exists a BP4-design of order 9 which is not 6 and
7-colorable. LetY ={0,1,...,6} and we take the P4-design £’ = (¥, C) of order
7 we base block (0, 1,3,6), which we know is not 5-colorable. Let ooy 005 ¢ Y,
o0] £ o0y, Consider the family D of the following blocks:

<07°°17°°271>7 <17°°1727°°2>7 <07°°2737°°1>7 <47°°1757°°2>7 <47°°2767°°1>‘

Then £ = (Y U {eoy,00,},CUD) is a a Py-design of order 9 which is not s-
colorable for s = 7, because Y’ is not 5-colorable. It is immediate to see that it is
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not 6-colorable, because in a 6-coloring we must have {eo; } and {eo;} as color
classes, which implies that {0,1,2,3} and {4,5,6} are color classes and this is
not a 6-coloring.

Let v=10. Then |B| = 15, so that there exist at most 90 5-subsets of X
containing the vertex set of some block in B. Since (150) = 252, there exists
a partition of X into two 5-subsets X;, X, that don’t contain the vertex set of
some block in 3. This shows that ¥ is 2-colorable. By Proposition 3.1 it is also
3—colorable.

Let X = {0,1,...,9}. Now we want to show that X is always 4-colorable.

We know that:
Y, rxy)=6-15=090.

x,yEX x#£y
Suppose that (0,1) = 1 and let {0,1,2,3} be the set of vertices of the only
block containing both 0 and 1. Since % =5and (g) = 15, there exist at least

10 4-subsets of {4,5,...,9} that are not the set of vertices of some block in 5.
Since it must be r(2,3) < 8, we can suppose that both {2,3,4,5} and {6,7,8,9}
are not sets of vertices of some blocks in B. This means that the sets {0}, {1},
{2,3,4,5} and {6,7,8,9} provide a 4-coloring of X.

We can suppose, now, that r(x,y) = 2 for any x,y € X, x # y.

Suppose that {0,1,2,3} and {0,1,4,5} are the set of vertices of the blocks
containing both 0 and 1. Since r(x,y) = 2 for any x,y € X, x # y, we can
suppose that {2,3,6,7} and {4,5,8,9} are not the set of vertices of some blocks
of £. This means that the sets {0}, {1}, {2,3,6,7} and {4,5,8,9} provide a
4-coloring of X.

Suppose that {0, 1,2,3} and {0,1,2,4} are the set of vertices of the blocks
containing both 0 and 1.

If there exists the block with set of vertices {2,3,4,5} (and only one block of
this type can exist), since r(x,y) = 2 for any x,y € X, x # y, then we can suppose
that {2,3,4,6,7} doesn’t contain any block of X. So, {0}, {1}, {2,3,4,6,7} and
{5,8,9} provide a 4-coloring of X.

Otherwise, we can anyway take, as above, 6 and 7 in such a way that
{2,3,4,6,7} doesn’t contain any block of ¥. And again {0}, {1}, {2,3,4,6,7}
and {5,8,9} provide a 4-coloring of X.

In the case that {0, 1,2,3} is the only set of vertices of the blocks containing
0 and 1 we take 4 in such a way that the triple {2,3,4} is not contained in any
block and we proceed as above. O

Remark 3.3. In [10] (see note at page 156) it is stated the existence of Steiner
systems S(2,4,25) with lower chromatic number 3. This, together with the
existence of a P;-design of order 4, imply the existence of BP4-designs of order
25 which are 3-colorable, but not 2-colorable.
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