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AN EXPLICIT LOWER BOUND FOR LARGE GAPS BETWEEN
SOME CONSECUTIVE PRIMES

K. SONO

Let p, denote the nth prime and for any fixed positive integer k and
X > 2, put

Gi(X) := max min{pui1—Pu,---sPntk — Pntk—1}-

Pn+k <X

Ford, Maynard and Tao [6] proved that there exists an effective absolute
constant ¢z > 0 such that

Ge(X) > ¢ logXloglog X loglogloglog X
K=" logloglog X

holds for any sufficiently large X. The main purpose of this paper is to
clarify the numerical value of the constant ¢z such that the above in-
equality holds. We see that c; is determined by several factors related
to analytic number theory, for example, the ratio of integrals of functions
in the multidimensional sieve of Maynard [14], the distribution of primes
in arithmetic progressions to large moduli, and the coefficient of upper
bound sieve of Selberg. We prove that the above inequality is valid at
least for some ¢z > 2.0 x 10717,
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1. Introduction

For a positive integer k and a real number X > 3, put

Gk(X) = maXXmin{pn+l —Pns--sPntk — pn+k—1}

Pk <

and in particular, put G(X) := G (X), which denotes the largest prime gap be-
low X. The prime number theorem yields the number of primes below x is
asymptotically x/logx, so the average gap of consecutive primes below x is
(I+0(1))logx. Hence we get the trivial lower bound

G(X)>(1+o0(1))logX.

Harald Cramér [1] constructed a simple probabilistic model of the set of prime
numbers, and following his model, he conjectured that G(X) ~ (logX)?. (See
also refinements of Cramér’s model by Granville [8], Firoozbakht [20], p.185
and Wolf [24].) In 1931, Westzynthius [23] made the first quantitative improve-
ment on the trivial bound and proved

logXlogy X

G(X —_—

(X)> log, X
where log, denotes the n times composition of the logarithmic function, i.e.,
log, X := (logo---olog)X. In particular, it follows that G(X)/logX — o as
N—

n
X — o0, 80 G(X) can be arbitrarily large compared with the average gap. In

1934, Ricci [21] slightly improved this and showed G(X) > log X log; X. Erdds

[2] improved on Westzynthius’ result and obtained

log X log, X

G(X —_ .
W% Mog )2

Rankin [18] made a further improvement and showed that

logXlog, X log, X

G(X) > (c+o(1)) (log, X)°

(1.1)

holds with ¢ = % Several mathematicians improved on the value of the coeffi-
cient ¢ above (see Schonhage [22] with ¢ = %e”, Rankin [19] with ¢ = e, Maier
and Pomerance [13] with ¢ = 1.31256¢”, and Pintz [16] with ¢ = 2¢%). Erdss
conjectured that (1.1) holds with arbitrarily large c. This problem had been un-
solved for a long time, but Maynard [14] and a team of Ford, Green, Konyagin,
Tao [5] independently solved at almost the same time in August 2014. Several
months later, in a joint work [4], they obtained

logXlog, X log, X

G(X) > (1.2)

logy X
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This was the first quantitative improvement of Rankin’s bound (1.1) in almost
80 years.

Let k be a fixed positive integer. The G;(X) above has also been studied for
a long time. Following the argument of Cramér, it is conjectured that Gy (X) =<
%long . Erd&s [2] considered the case k = 2 and proved

G2(X)/logX — oo

as X — oo, Maier [12] showed

log X, log, X, log, X,

Grl¥a) > (logz Xn)?
n

by combining his famous Maier matrix method and Pintz’s ideas in [16], where
(X,) is some monotonically increasing sequence such that X, — oo as n — oo.
Pintz [17] improved on Maier’s result and proved

i) (

log X, log, X, 1og, Xn>
) —> 00,
(10g3 Xn)

An issue of Maier’s argument is that one has to avoid (possible) Siegel zeros,
and this is the reason why the results of Maier and Pintz above are restricted to
a special sequence (X)), rather than all sufficiently large X.

In [6], Ford, Maynard and Tao succeeded in handling this difficulty and gave
a lower bound for G;(X) for any sufficiently large X. Concretely, they proved
that

1 logXlog, Xlog, X
k? log; X

Gr(X) >

holds as X — o, and the implied constant above is absolute and effective. In
other words, there exists an absolute computable constant c;g > 0 such that

Ge(X) > crg logXlog, Xlog, X
B =T log; X

(1.3)

holds for every sufficiently large X. In addition to the technique to handle the
possibility of the existence of exceptional zeros of L-functions, their result relies
on hypergraph covering theorem, the construction of multidimensional sieve
weight, and very clever and highly technical probabilistic arguments in [4].
Though the lower bound in their theorem is effective, the explicit value of
crc (resp. the implied constant of (1.2)) is not mentioned in [6] (resp. [4]).
(In the blog on the paper [4], Tao says “we manage to avoid the use of the
(ineffective) Siegel-Walfisz theorem by deleting an exceptional prime from the
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multidimensional Selberg sieve, leading to an effective (but quite small) value
of ¢.” ) However, clarifying the value of ¢, seems to be significant because it
has the merit of making clear which parameter affects the coefficient c;¢ and
how. With this reason, the main purpose of this paper is to clarify what value
is appropriate as the coefficient ¢z in (1.3) and how several factors in analytic
number theory are related. It is fully expected that this attempt might be a clue
to establish a new quantitative improvement on the lower bound of G (X). We
prove that one can take

B C]%APGC[7J€47
73728000010g 5 CypM (1 + Dy} p)*(25Cyp +20eYM)

CLG

(see Theorem 3.6), where 0 is a parameter which describes how primes are
equidistributed in arithmetic progressions (see [14], Hypothesis 1), ¢7; is the
ratio of integrals of functions (see (2.3)) in the multidimensional sieve of May-
nard [14], Cpap and Dpyp are constants in the statement on distribution of primes
in arithmetic progressions to large moduli (see Assumption 3.2), and Cyp, Dyp
are the constants of upper bound sieve of Selberg (see Assumption 3.4) and
M := max{Dpsp,Dyp}. In Sections 2-3, we will see that unconditionally one
can take 0 = %, Ccrj= %, Cpap=1-— 672, Dpap =160, Cyp = 8¢2¥ and Dy >0
arbitrarily. Numerically, one can take

cg>2.0x 10717,

Obviously, this value is not the best that can be obtained with current tech-
niques and could be improved to some extent with some effort, for example, by
applying recent results on zero density estimates and explicit zero free regions
of Dirichlet L-functions. In any case, however, as long as we rely on current
methods, the coefficient is likely to have to be fairly small.

2. Notation

Let ¢ > 0 be a fixed constant (to be determined later) and x a sufficiently large

real number. Put I
xlogxlogsx . s 2.1)

y:i=c
log, x
Let By be either 1 or a prime number satisfying

logx < By < x. (2.2)
Define three disjoint sets of primes S, P and Q by

S :={s:prime | log?°x < s <z, s # By},
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) X
Pi={p:prime |5 <p<x, p#Bo},

Q:={q:prime |x< g <y, q#Bo}.

For vectors of residue classes d@ = (a, mod s)cs, 1 = (n, mod p),ep, put
S(@):={n€Z|n#a;(mods), Vs € S},

S(#):={ne€Z|n#n, (modp), Vp € P}.
Let 0 < 6 < 1 be a parameter of Hypothesis 1 of [14]. In our situation, uncon-
ditionally one can take
1
0=
3
(see [4], Section 8).
Next, for r € Z>,, we denote by F, the set of square-integrable symmetric
functions F : R” — R supported in

Rri={(x1,...,x) €ER" | xq, ...,x, > 0,x1+...+x, < 1}

For F € F,, put

/ /Fll, . 2dl1 -dt,,
/ / (/ Ftl, dl‘r> dty---dt._;.

We suppose that for some positive constant c; s, the inequality

sup ) c,,k’% (1 +o <1>> 2.3)

reF, I(F) logr

holds as r — co. Maynard showed that one can take c¢; ; = % (see (8.27) of [14]).

3. The sieve of intervals and the explicit lower bound for G, (X)

For X > 1, we denote by [X] the set of integers in the interval [1,X].

Proposition 3.1. Let A > 1 be an arbitrarily fixed constant and x sufficiently
large real number. Let y be a parameter defined by (2.1) with

9C17]

=—" 3.1
128001og5 D
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Let By be either 1 or a prime number with logx < By < x. Then, for any prime
number p < x with p # By, there exists a residue class a, (mod p) for which the
set

T :={ne y\[] | n#ap (mod p), Vp <x, p # Bo}

satisfies the following three conditions.

- (Upper bound)
#T§5A(1—|—0(1))@. (3.2)
- (Lower bound)
#TZA(I—H)(I))@. (3.3)
- (Upper bound in short intervals) For any fixed 0 < a < B < 1, we have
#(T 0 (0. By]) <SACIB —al +e)(1+o(1) >~ ()

logx

We will prove this proposition in subsequent sections. We now give a lower
bound for G (X) as a consequence of this proposition. Let Q > 100. Then it is
known that there exists a positive integer Bp which is either 1 or a prime number
with

Bp >log, 0 3.5

such that if a Dirichlet character y with conductor less than Q and coprime to
By satisfies

Lio+it,y)=0 (o,teR),

then
CZFR

%= log(@(1 + 1))

holds for some absolute constant czrr > 0. We introduce the following two
assumptions on distribution of primes in arithmetic progressions.

1— (3.6)

Assumption 3.2 (Assumption PAP). Suppose that all L-functions associated to
Dirichlet characters ¥ modulo ¢ do not have any zero in the region (3.6) (with Q
replaced by g). Then, there exist absolute constants 0 < Cpap < 1 and Dpgp > 1
for which for any positive integers a,q with (a,q) = 1 and x > ¢P?, one has

#{p :prime | p <x, p=a(modq)} > Cpap(1+0(1)) 3.7)

®(q)logx’

Remark 3.3. Later we will show that the above assumption is valid uncondi-
tionally for Dpyp = 160, Cpap = 1 — 2.
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Assumption 3.4 (Assumption UB). There exist absolute constants Cyp > 1,
Dyp > 0 for which the following holds. For any sufficiently large x and a posi-
tive integer By which is either 1 or a prime number with

logx < By < x, (3.8)

put P := P(x)/Bo, where P(x) := [],<, p denotes the product of all primes equal
to or less than x. Then, for any Z > PPUs and a,b € [P] with a # b, one has

1 2
#{z€ [Z] | Pz+a, Pz+b: prime} < Cyp(1+o(1)) (1;’:;) zZ. (39

Here, the o(1) term is independent of @ and b.

Remark 3.5. Later we will show that one can unconditionally take Cyp = 8e?Y
and Dyp > 0 arbitrarily.

With these notations, we have the following theorem.

Theorem 3.6 (An explicit version of the theorem of Ford, Maynard and Tao
[6]). Let k be a fixed positive integer. Let 0 be a parameter of Maynard’s sieve
in Hypothesis 1 of [14], c; j a constant satisfying (2.3), Cpap and Dpap constants
in Assumption PAP and Cypg,Dyp constants in Assumption UB and put M :=
max{Dpap,Dyp}. Then we have

Gu(X) > C2,p0¢; e 1 logXlog, X log, X
= 73728000010g5 CysM (1 + Dplp)*(25Cy5 +20eTM) K2 logs X
(3.10)

for any sufficiently large X.

Lemma 3.7. Assume Assumptions PAP and UB. Let By be a positive integer
which is either 1 or a prime number satisfying (3.8). Put P = P(x)/By. Then,
for any Z > PPmr and a € [P] with (a,P) = 1, we have
#{ze (2] Pota:prime} > — 5 (14 0(1)) 28
z Z+a: pri > — 0
1+ ;AIP logZ

Z. (3.11)

Here, the o(1) term is independent of a.

Proof. We apply the Assumption PAP with a zero free region (3.6) with Q =
P(x) =[I,<p- In the Assumption UB, we set By = 1 if Bp(,) > x and otherwise
put By = Bp(,). Note that in the latter case, due to the condition (3.5) and a
consequence of the prime number theorem (P(x) ~ eI+o()xy it follows that

By = Bp(y) > log, P(x) = log, H p ~log, e =logx,

p<x
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so (3.8) is satisfied. Therefore, by the condition (3.7), for Z > PPP7_ we have

#{z € [Z] | Pz+a: prime}
=#{P+a<p<PZ+al|p=a(modP), p:prime}
PZ+a

> Cpap(1+0(1)) ¢o(P)log(PZ+a)

—#{p<P+a|p=a(modP), p:prime}.

(3.12)
By Mertens’ formula, we have

P P _ !
o(P) PlTp<x.p2B, (1 - %) Mp<cpzsy (1 B %>

Hence the first term of the last line of (3.12) is asymptotically

~ellogr.  (3.13)

PZ zZ e’ logx
—— >e'logx — = — )
@(P)log(PZ) log (ZHW) 1+ Dy, plogZ

On the other hand, the second term of the last line of (3.12) is at most

2P ZPpar logx
# P | p:pri < ——<2D = Z].
{p<P[p:prime} < logP — FAP logZ ¢ <logZ >

Combining these estimates, we obtain (3.11). ]

Let us prove (3.10). We write [P for probability and E for expectation. Put
Z = PM, where M := max{Dyg,Dpap}. Let z be a random variable in [Z] which
is chosen uniformly and y, 7" and a, (mod p) are those in Proposition 3.1. By
Chinese remainder theorem, there exists m € [Z] such that m = —a, (mod p)
holds for any p < x, p # By. Therefore, the interval zP +m+ T exactly consists
of elements of zP + m + [y]\[x] which is coprime to P. In particular, all prime
numbers in zP + m + [y]\[x] are contained in zP+m+ 7. By (3.11) and Z =
PM — ((1+o())Mx (e have

Cpppe?

P(zP+m+a : prime) > mipfl(l +o(1))
1+ Dpyp

CpApeY logx

= W(H‘O(l))T

(3.14)

for any a € T. On the other hand, by Brun-Titchmarsh type estimate

2
n(x;q,a) < u

_m (Vx> q)
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and Mertens type estimate (3.13), we have
1
P(zP+m+a: prime) = E#{Z € [Z]| Pz+m+a : prime}

1
< E#{ngZ—l—m—i—a |p=m+a(modP)}

—_—

< E#{p <2PZ|p=m+a(modP)}
1 2.-2PZ (3.15)
~ Zo(P)log (47)

~ log(22)
4e’logx  4e’logx

logZ M x

Furthermore, by Assumption UB,

logZ

Cus logx 2
=Y 14001)) (=2

1 2
P(zP+m+a, zP+m+b : prime) < Cyp(1+o(1)) < ng)
(3.16)

for any a # b € T. Let N denote the number of primes in zP +m+ T (hence in
zP +m+ [y]\[x]). By (3.14) and (3.3), we have

. Cpape”
EN= ) P(zP+m+a:prime)> (14+0(1))——m—A.
a;— (1+DPA]P)M

On the other hand, by (3.15), (3.16) and (3.2),

(3.17)

EN*= Y P(zP+m+a,zP+m+Db: prime)

a,beT
C 1 2 4V 1
< VB (1 1 0(1)) ("gx) T+ - (14 0(1) 28T
M X M X (3.18)
25A2Cyp  20Ae" ’
< (PR 2 ) o)
2 20e"M
SM(I—!—O(I))AZ.

M2

(The first term of the second line is an upper bound for the contribution of the
terms with a # b, and the second term is that of the terms with a = b. In the last
line, we used A > 1.) Suppose that 0 < o < B < 1 satisfy f —a <2¢efor0 < e <
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1. Then by (3.16) and (3.4), the probability that the interval zP + m + [cty, BY]
contains at least two primes is at most

X )2 Cus <logx>2 < 90082A2CUB

<6A(4£ +¢€) ogx) 2\ x Ve

We cover the interval [0,y] by intervals
I, =10,2¢y], L = [ey,3¢y], ..., L, = [(ne — 1)&Y,y],

where ne = [1]. Then two elements a,b € [0,y] with |[a — b| < €y are contained
in the same interval /; for some 1 < j < n.. Therefore, the probability that ”The
interval zP + m + [y]\[x] contains at least two primes with gap at most €y” is
equal to or less than the probability that ”some of the n. intervals

zP+m+10,2¢y|, zP+m—+ [€y, 3¢y, ..., ZP+m—+ [(ng — 1)€Y,y

contains at least two primes”, and by the above consideration, this probability is
at most

900e2A%Cyp  1800€A%Cyp
ng e < e R
since ng = E] < % We take

M? e

&€= .
1800A2Cyp 4(1+ Dpyp)2(25Cy 5 +20e"M)

(3.19)

(Later we will see that € < 1 with an appropriate choice of A.) Then the above
probability is less than

e?r
4(1+Dpip)2(25Cyp +20e"M)

In other words, all primes in zP +m + [y]\ [x] are separated more than €y to each
other with probability greater than

2y
1 — —— : (3.20)
4(1 +DPAP)2(25CUB + ZOeYM)

On the other hand, for any fixed ¢; > 0, by Cauchy-Schwarz inequality, we have

EN < c;AP(N < ¢1A) + ENlInsca < 1A+ (EN2)ZP(N > ¢1A)2.
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Therefore, by (3.17) and (3.18), we have

2 2
LA _ A) (u - M)
P(N > c1A) > (EN—c1A)? > ((1+D;A’P)M 1 _ oy, c1

ENZ2 = (25CUB+22067M)A2 25Cyp +20e"M ’
M
(3.21)
. Cpape?
provided that ¢; < (Hg‘m. We take
Cpape?
Ccl = PP E— a——
2(14Dpyp)M
Then,
e
P(N>cjA) > (3.22)

4(1+ Dp,p)2(25Cyp +20e™)

Since the sum of (3.20) and the right hand side of (3.22) is equal to 1, it fol-
lows that there exists some integer z € [Z] such that the interval zP + m + [y]\ [x]

contains at least

e’A
ClA = P TN
2M (14 Dpyp)

primes and all of them are separated at least

B yM2 627
~ 180042Cyp 4(1 + Dplp)?(25Cy 5 +20e"M)

€y

to each other, where

xlogxlogs x Ocry
= C— C=— ——————=.
log,x 128001og5
We take
A=2e"CoLM(1+Dpl0)k. (3.23)

Then, the interval zP +m+ [y]\ [x] contains k consecutive primes which are sep-
arated at least €y to each other. Therefore,

Gy (ZP+m+y) > €y
_ Ocy M? e’ xlogxlogz x
~ 12800log5 1800A%Cy5 4(1 + D3, )2 (25Cys +20e'M)  logyx

Since
ZP—I—m—l—y S 27P = 2PM+1 — 26(1+0(1))(M+1)x < el.SM)C

f— )
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by putting X = ¢! M, we have
Gu(X) > Ocry M? e (1+0(1)) 2 logXlog, Xlog, X
k 1280010g5 1800A2Cy 5 4(1 + D)) (25Cy 5 + 20e7M) 3M log, X
Ocry M? e 1 logXlog, Xlog, X

~ 1280010g5 1800A%Cyp 4(1+ D, )2 (25Cy 5 +20eYM) 2M logs X

Finally, by substituting (3.23), we obtain (3.10).

4. Possible values of Cyp and Dyp in Assumption UB
To establish the upper bound (3.9) in Assumption UB, we use the following

theorem.

Theorem 4.1 ([9], Theorem 5.7). For g € N and integers a;,b; (i=1,...,g),
suppose

ﬁ [1 (abs—ab,)#0.
i=1

l<r<v<g

For any prime number p, let p(p) denote the number of solutions n (mod p) of
the equation

(ain+b;)) =0 (mod p),

:OQ

1

and suppose that p(p) < p holds for any primes p. Then, for any 1 <y <x, we
have

#{n|x—y<n<x,an+b;:primefori=1,...,¢}

<2gg!H<1p(p)_l> <11>g+1 Y (1+0((logy) ' (log, 3y +1og, 3|E|))) -
-k p—1 p log®y g 2

We apply this theorem with x =y =2, g =2, a; =a, = P, and b; = q,
by = b. Then, E = P*(a—b) # 0 and

E| < PZ < 2tz

Note that since a,b € T C [y]\[x], we have |a — b| <y = o(xlogx). We will use
this later (see (4.5) below).

We need to compute p(p). First, for p < x with p # By, if either p|a or p|b
holds, then

Pn+a=0 (modp) or Pn+b=0 (modp)
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holds for any n € N, so
#{ze€[Z]| Pz+a,Pz+Db: prime} = 0.

Therefore, it suffices to assume that p t ab (Vp < x) or p = By (in case of By:
prime).
I) If p < x, p # By, then the condition

(Pn+a)(Pn+b)=0 (modp)

is equivalent to
ab=0 (modp)

which does not hold due to our assumption. Hence p(p) = 0.
II) If By is a prime number and p = By, then the equation

(Pn+a)(Pn+b)=0 (mod p)

has two solutions. Hence p(By) = 2.
II0) If p > x, then the number of the solutions n (mod p) of the equation

(Pn+a)(Pn+b)=0 (mod p)

is 1 if a=b (mod p), and 2 if a # b (mod p).
Consequently,

#{z € [Z] | Pz+a,Pz+Db: prime}

gzz-zzg <1+Pil> (1_119>_1 [<1_B01_1> (1_1.‘310>_1

p#Bo
I 05) ()
p>x p—1 p p>x p
pt(a—b) pl(a=b)
V4 log, Z+1
<oy (1ro(PBRERE),
log“Z logZ
“.1n
Here, the factor [- - -] in the second line appears only when B is prime. Now,

1 1\ ! nN? L,
[T1+—)(1-=) <JJ({1—-=) ~e7log’x, 4.2)
p<x p—1 p p<x P
p#Bo

1 1\ !
FaE)(d)
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I1 (1—1> (1—1>_1<1 (4.4)
o p—1 p) ~ '

ptla—b)
and

1! 1 2 2w(|a—b|))
1—— =exp| — log|{1—— <ex — | <exp| ———= | ~1,
I (1) =ow = Z w1y Jsow| X <en (™0
pl(a—b) pla=b) pl(a=b)
4.5
where @(n) denotes the number of distinct prime factors of n. Substituting
(4.2)-(4.5) into (4.1), we have

Z
#{z€[Z] | Pz+a,Pz+b: prime} < 8627’10g2x1 2Z(l +o(1))
0g

1 2
=8¢X(1+0(1)) <1§§;) z,

(4.6)

provided that logx = o(logZ). Since Z > PPvs = ¢(1+0(1))Dusx this condition
is valid for any Dyp > 0. Consequently, the Assumption UB is valid for
Cyp = 8¢ 4.7)

and arbitrary Dyp > 0.

5. Possible values of Cpsp and Dpsp in Assumption PAP

To establish an inequality in Assumption PAP, we need some results on zero-
free regions of Dirichlet L-functions. We use the following results by McCurley
[11]. For a positive integer ¢, let £,(s) be the product of ¢(g) L-functions
associated to Dirichlet characters modulo g. Write s = ¢ + it, where 0,t € R.

Proposition 5.1 ([11], Theorem 1). Let M := max{q,q|t|, 10}, R =9.6459....
Then L4(s) has at most one zero in

1
= it >1- .
{s o+it|o> RlogM}

The only possible zero is a real zero of the L-function associated to a non-
principal real character modulo q.

Proposition 5.2 ([11], Theorem 2). Fori= 1,2, let x; be a real character mod-
ulo q; such that X1 # x> and B; be a real zero of L(s, x;). Put

My —max {9213} g = 2
17 15— 10v2
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Then we have
1

i <l——=—
mln{ﬁljﬂZ} R] IOng

For O > 100 and ¢q1,¢2 < O, let x1, x» be distinct primitive characters mod-
ulo g1, g> respectively. Suppose that for j = 1,2, L(s, ;) has a zero p; = B; +1iY;
in the domain

. 1
R-%=G+M°Zl‘mn%@u+w»}

Then for M( ;) := max{q;,q,[t|,10} (j = 1,2),

1 1
1— <1-
RlOgM(j) o 4R110g<Q(1+M))

holds. Hence by Proposition 5.1, p; is a real zero of L(s, ;) for j =1,2. By
Proposition 5.2, we have

1

i <l—-— 5.1
min{f;, B} < Riloght;’ 5.1

where M| = max{%#% 13}. However, since

1 1
l-—<1——,
R logM, 4R logQ

the inequality (5.1) contradicts our assumption that both p; = B; and p» = 3>
lie in R. Combining this and an argument in the proof of Corollary 1 of [6], we
have the following conclusion.

Proposition 5.3. Put

1 _ 1 15—10v2
c = — = .
AR 24\ T 4R 45— V5)

Let Q > 100 be a fixed positive integer. Suppose that L(s, ) = 0 holds for some
primitive Dirichlet character modulo at most Q. Then either

CZFR

12 e 1)

(s=o0+it,0,t €R)

ort=0and y = Xg is a real character which is determined uniquely by Q.
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Gallagher [7] proved that there exist some absolute constants a,b > 0 for

which
logx
h — 5.2
< exp< alogQ) (5.2)

*

Y )

q<Q x(mod q)

x+h

Z% )log p

holds uniformly for x/Q < h < x, exp(x% logx) < Q < x*. We need to make
clear the value of a. Due to the above consideration, the L-functions associated
to primitive characters modulo at most 7 do not have zero in

3czrr

o>1-—
- logT’

f<T

with at most one exception, and if the exceptional zero exists, then it is a simple
real zero. Hence one can take ¢; = 3czrg in [7], (26). The estimate of [7], (30)
yields

*

Y X

q<Q x(mod q)

x+h
Z x(p)logp

<<h<z Z Y P+ ) (5.3)

9<Q x(modg) B

where 3 runs over zeros of non-trivial zeros of L(s, ) in 6 < 1 —3czpg/logT,
|t| < T. Due to the argument of [7], we have

ﬁ 1 _13czFR
Z Z Zx << X 2 logT |
q<0 x(mod q)
Therefore, by putting 7 = Q°, the right hand side of (5.3) is at most
ox 3 logx
p 10 CZFRT A log 0

Therefore, one can take

3
a= ECZFR
in (5.2).
Next, by Theorem 6 of [7], for some constant czp > 0,
Y Y NaTx) < ree(=% (5.4)
g=<T x (mod q)

holds uniformly for 0 < a < 1. Here, N(a,T, x) denotes the number of zeros
of L(s,x) in the domain o0 < R(s) < 1, |3(s)| < T. With this ¢zp, Theorem 7

of [7] is valid for 77> < x%, T = Q. Therefore, for exp(log%x) <0< x@,
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(5.2) holds for x/Q < h < x. Therefore, the proof of Lemma 2 of Maier [12] is
valid for x > Q'0czp,

In [12], the contribution of the terms with ¥ = xo to y(x;q,a) is (1 +
o(1))x/®(q), whereas that of the terms with y # xg is O<(xe P /¢(q)). Here,
f(x) = O<(g(x)) means that |f(x)| < g(x) holds for any sufficiently large x.
Therefore, we have

:g.a — e 0 o
v(x:q,a) > (1 )(1+ (1))(P(q)

provided that D > 0. Hence one can take Dpap = 10czp, Cpap =1 —¢
Next, we evaluate czp above. Put

—aDpap

N (e,T,0):=) ) ' N(a,T,y).

g<Q x(mod q)
By Theorem 1 of Jutila [10], for any fixed € > 0,
N*(a,T,Q) < (Q*T)>He)1-0)
holds uniformly for % <a<1,T>1.Put Q=T. Then it follows that
Yy Y ' N(a,T,y) < TO+e1-a), (5.5)
g<T yx (mod q)
On the other hand, if 0 < o < %, by using the trivial estimate
N(o,T,x) < TlogT,
which holds uniformly for ¢ < T', we have
Yy Y ' N(a,T,x) < Y qTlogT < T3logT < TU3H1-@) (56
q=<T x (mod q) q<T
By (5.5) and (5.6),
Yy Y : N T, z) <, T(5+€)(1-0)
g<T yx (mod q)

holds uniformly for 0 < ¢ < 1. Therefore, one can take czp = 16. Consequently,
one can take
Cpap=1—e"2, Dpap =160 (5.7)

as the values of Cpsp and Dpyp.
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6. Proof of Proposition 3.1

Proposition 3.1 can be derived from the following proposition.

Proposition 6.1 (An explicit version of Theorem 3 of [6]). Let A > 1 be an
arbitrary real number and x be a sufficiently large real number and By be a
positive integer. Put

xlogxlogsyx Ocr g
C——————, = o
logyx 128001og5

and let S(d), S(7i) be the subsets of 7 defined in Section 2. Then, there exist
A" = A'(x) and ! = ¢/ (x) satisfying

A ~dA, 1<<5

and choices of vectors a = (a; mod s),es, I = (n, mod p),ep such that for
arbitrarily fixed 0 < oo < B < 1,

. . X
#QNS(E) NS() (@ By) ~ A8 — ol 6.
holds with probability 1 — o(1). The implied constant of o(1) in the probability
may depend on A, a, B, but that of (6.1) doesn’t.

(Proof of Proposition 6.1 = Proposition 3.1) Let 0 < € < 1. We decompose
the interval (0,1] into O(e~") disjoint intervals (o, Bi]ic; of lengths between
€/2 and €. We apply Proposition 6.1 with (e, ) = (e, ;) (i € I) and (@, B) =
(0,1). Then there exist A", ¢ with

A ~dA, 1<<5

and some vectors of residue classes @ = (a, mod s),es, 71 = (n, mod p),ep for
which

- o ;) X
#(QﬂS(a)ﬂS(n))wA@ (6.2)
and .
#(QNS(a@)NS(i) N (o4, Biy]) SA’8(1+0(1))@ (6.3)

hold. For any real numbers 0 < o < 8 < 1, the interval (ety, By| can be covered
by at most | 2 ||B — ct| + 1 intervals (y, B;y]. Hence by (6.3) we have

#ons@ns( (@ pol) <4’ (| 2] 18-al+1) (1o

log.x
<A2|B—al+e)l +0(1))$.
(6.4)
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We extend d to (ap),<x by

a4, = n, (peP)
"Tl0 (pegSuP),

and set
T :={n€ )\ |n#a, (mod p),Vp <x,p # Bo}.

Following the argument of Section 4 of [6], we see that the set 7 only differs
from QN S(a)NS(7) by aset R consisting of z-smooth numbers in [y] multiplied
by powers of By, and that R = o(x/logx). Consequently we obtain Proposition
3.1 O

Hence to prove the main theorem, it suffices to prove Proposition 6.1. This
proposition can be derived from the following two propositions.

Proposition 6.2 (An explicit version of Theorem 5 of [6]). Let x be a sufficiently
large real number and put

xlogxlogsy x Ocry
=Cc———, (=—— .
log, x 128001og 5

Then, there exist a quantity C = C(x) satisfying

) )
LT (1 40(1)) <C < 1

9600c | <C< Zooc o) 6.5)

and choices of random vectors @ = (a; mod s)scs, i = (n, mod p) ,ep, for which
the following three conditions hold.
- For any vector d in the essential range of a,

1

P(¢g=n, (mod p) | d =a) <xtm (6.6)
holds uniformly for all p € P.
- For any fixed 0 < oo < B < 1,
. X
#(QNS(@) N (ay, Byl) ~ 80c|B —al@logzx (6.7)

holds with probability 1 —o(1).
- We say that a vector d in the essential range of a is “good” if

oL 1
p;)]P’(q =n, (mod p) |a=d) =C+O< <(10g2x)2> (6.8)

holds for any g € QN S(a) with at most x/logxlog, x exceptionals. Then & is
“good” with probability 1 —o(1).
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Proposition 6.3 ([6], Theorem 4). Let x be a sufficiently large real number, and
P, Q' sets of primes in (%,x], (x,logx] with #Q' > (log, x)?, respectively. For
each p € P', let e, be a random subset of Q' satisfying

logxlog; x

#ep§r20< ) (peP). (6.9)

log3 x
Assume the following two conditions.
-Foranype P, qge Q,

1

Plgee,) <x 2710,

=

(6.10)

- For any q € Q' with at most W#Q’ exceptions, there exists some quantity
2

C (which is independent of q) with

5
Zlog5§C<<1 (6.11)
such that
1
P(gee,) =C+0< <> (6.12)
L Face <\ llog,)?
holds.
Then, for any positive integer m with
1
m< 83t (6.13)
log5

there exist random subsets e;, C Q' for each p € P such that
#qgec Q' |qge,VpeP}~5"4Q

holds with probability 1 —o(1). More generally, for any subset Q" C Q' with

#Q" > (#Q')/\/logy
#qec Q" |qd e, VpeP'}~5"#Q"
holds with probability 1 —o(1).
(Proof of Proposition 6.2 N\ Proposition 6.3 = Proposition 6.1 ) Let m be a
positive integer with

< log3x’
~ log5

(6.14)
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and put A’ = 5""80clog, x. If

log ( 80c lAngx)

"= log5 ’

then A < A’ < 5A holds. For this m satisfy (6.14), we need

80c
1l —<1.
< Vi
Write

As g >0
C= —— .
S0k 0, &0

Then by (6.5), it follows that
kQC[J
120A¢

< kQC[J

(I+o(l) <€ =< oxe

(1+0(1)).

This C must satisfy the condition (6.11) in Proposition 6.3. Hence the & must
satisfy

kec”
1 ’ 1 1
<& = 50410g5 L HO)
We take gy = 16]:)3‘%;5. Then
kecu

© 7 12800l0g5

Following the argument in Section 5 of [6], we see that the statement of Proposi-
tion 6.1 is valid with this c.

With the above discussion, all that remains is to prove Proposition 6.2. In
practice, however, we only need to check how the remaining coefficients are
determined following the arguments in [4] and [6].

(Proof of Proposition 6.2) Proposition 6.2 can be obtained by applying the sieve
of Maynard (Theorem 6 of [6]. For the proof, see Section 6 of [4]). In particular,
the constant cq in (6.1) of [6] can be chosen as ¢ = %, following the argument of
Maynard [14]. The quantity C in Theorem 5 of [6] is computed in the following

way. Put
O'ZH(l_l)a y:cxlogxlogyc.
s ) log, x

By Mertens formula, we have

1
oy = <1 +0 (10>> 80cxlog, x.
logy" x
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Following (8.3) of [4], we take

_ @(B)logRrJ,

B logx2l,’

where B is either 1 or prime, so

1 _eB)
<<

~—

N |

Following Theorem 6 of [4], we take R = xg, where 6 > 0 is a constant which
satisfies the condition in Definition 2 of [4]. (As mentioned above, one can take
0= %.) Suppose

log T

r

J, = C]J(l —|—0(1))

holds as r — «. Then

0 0
ECU(I +o(l))logr<u< gcu(l +o(1))logr.

The parameter r above can be chosen as
r=|logx| = Llog% xJ .

Hence

6 0
@cl’](l +o(1))logy,x<u< %cu(l +o0(1))log, x.

Finally, following [6], one can take

ux
o2y’

Hence due to the above estimate of u, the statement of Proposition 6.1 holds if

the parameter satisfies the condition (6.5).
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