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EXTREMAL FUNCTIONS AND UNCERTAINTY PRINCIPLES
FOR FOURIER MULTIPLIERS ON THE LAGUERRE
HYPERGROUP

A. CHANA - A. AKHIIDJ - S. ARHILAS

The main purpose of this paper is to introduce the Fourier multipliers
operators on the Laguerre hypergroup and to give some new results related
to these operators as Parseval’s, Plancherel’s, Calderén’s reproducing for-
mulas and Heisenberg’s, Donoho-Stark’s uncertainty principles. Next,
using the theory of reproducing kernels we give best estimates and an in-
tegral representation of the extremal functions related to these operators.

1. Introduction

Let HY := C? x R be the (2d + 1)-dimensional Heisenberg group with multipli-
cation law
(z,0) (1) = (z+ 2,1+ —1Im (zZ)),

where 77/ = Y'¢_, 22, is the usual positive definite Hermitian form on C?. If
weput T = % and
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Then the system 7', Z;,Z; forms a basis of the left invariant vector fields of A,
the complexification of the Lie algebra &, of H,, where

9_9 49 9 _9 .9
aZj B a)Cj 8yj’ 821 B an 8yj'

Set
d d Y. — d
ox, Yige Y=oy,
Thus Xi,...,Xy,Y1,...,Y,, T is a basis of h;. A function f on Hy is said to
be radial if it is invariant under the action of the unitary group U (d). Let

0
X;= tivs j=1...d.

L0y (BY) = {f € L7 (B f(v2.0) = £z.) forall v € U(@)}.

The theory of harmonic analysis on L? , (H,) was developed by many au-
thors (one can consult [5, 9, 13, 14, 17, 18]). When one considers the problems
of radial functions on the Heisenberg group H¢, the underlying manifold can be
regarded as the Laguerre hypergroup K := [0,00) x R. In [17, 18] the authors
introduced a generalized translation operator on K and established the theory of
harmonic analysis on L? (K,d ), where the weighted Lebesgue measure i,
on K is given by ,

a+1

dite(x,1) = M, o >0, (1)
and I' is the Gamma function.
In their seminal papers [6, 12], Hérmander and, respectively, Mikhlin initiated
the study of boundedness of the translation invariant operators on R?. The
translation invariant operators on R? characterized using the classical Euclidean
Fourier transform JF(f) therefore they also known as Fourier multipliers.
Let 1 < p < o and given a measurable function

m:RY— C
its Fourier multiplier is the linear map 7,, given for all A € R¢ by the relation
F(Tn(f))(A) =m(A)F(f)(4) 2

The Hormander-Mikhlin fundamental condition gives a criterion for bounded-
ness of Fourier multiplier 7, in terms of derivatives of the symbol m, more
precisely if

10)m(A)| ST for 0<|y|<[;1]+1 3)
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Then, 7, can be extended to a bounded linear operator from L”(R¢) into itself .
The condition (3) imposes m to be a bounded function, smooth over R?\ {0}
satisfying certain local and asymptotic behavior. Locally, m admits a singular-
ity at O with a mild control of derivatives around it up to order [4] + 1. This
singularity links to deep concepts in harmonic analysis and justifies the key
role of Hormander-Mikhlin theorem in Fourier multiplier L,-theory, this condi-
tion defines a large class of Fourier multipliers including Riesz transforms and
Littelwood-Paley partitions of unity which are crucial in Fourier summability or
Pseudo-differential operator.The boundedness of Fourier multipliers is useful to
solve problems in the area of mathematical analysis as Probability theory see
[11], Stochastic processus see [3],and the study of nonlinear partial differential
equations see [8].

The general theory of reproducing kernels is stared with Aronszajn’s in [1] in
1950, next the authors in [10, 15, 16] applied this theory to study Tikhonov reg-
ularization problem and they obtained approximate solutions for bounded linear
operator equations on Hilbert spaces with the viewpoint of numerical solutions
by computers. This theory has gained considerable interest in various field of
mathematical sciences especially in Engineering and numerical experiments by
using computers see [10, 16] for more information.

For its importance the theory of Fourier multipliers has been generalized in dif-
ferent sets for example in the Dunkl set [19-22], in the Sturm-Liouville hy-
pergroup [23], this paper focuses on the generalized Fourier transform on the
Laguerre hypergroup K := [0,00) x R , more precisely we consider a system of
partial differential operator A; and A, defined on K := [0, 4-o0) X [0, +0c0), by

2 2
Api=25+ 20518 1320, x>0

dx? X

{A1:=§t; a>0, t>0

Where o is a nonnegative number and for @ = d — 1 the operators A, is the
radial part of sublaplacian on the Heisenberg group H“. The Fourier-Laguerre
transform Fy generalizing the usual Fourier transform F and it is defined on
Lg(K) by

Fal £)m) = [ - an(e.00f (r0)dpa(rr),  for (2.m) €K

where K is the dual space of K, g is the measure on K given by the relation
(1) and @, ,, is the character of the hypergroup K given later. Let o be a func-
tion in L2 (K) and B > 0 be a positive real number, the Laguerre L2-multiplier
operators is defined for smooth function on K as

Tog(N)(x,0) := Fo' (0pFalf)) (x,1) )
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where the function o is given by
op(A,m) :=c(BA,m) (5)

The operators (4) are a generalization of the classical Fourier multiplier opera-
tors given by the relation (2). The remainder of this paper is arranged as follows,
in section 2 we recall the main results concerning the harmonic analysis on the
Laguerre hypergroup, in section 3, we introduce the Laguerre L -multiplier op-
erators 75 g and we give for them a Plancherel’s, point- wise reproducing formu-
las and Heisenberg’s, Donoho-Stark’s uncertainty principles. The last section of
this paper is devoted to give an application of the general theory of reproducing
kernels to Fourier multiplier theory and to give best estimates and an integral
representation of the extremal functions related to the Laguerre L2, multiplier
operators on weighted Sobolev spaces.

2. Harmonic Analysis on the Laguerre Hypergroup

In this section we set some notations and we recall some results in harmonic
analysis on the Laguerre hypergroup, for more details we refer the reader to
[5, 13, 14].

In the following we denote by

¢ L5(K),1 < p < oo, the space of measurable functions on K, satisfying

Ul = 4 Ul f@0Pdpa(e)? <o, 1< p <o,
PHe =) esssup |f(x,1)] < o = oo,
(x,t)eK ) P

* C.(K) the space of continuos function on R?, even with respect to the first
variable.
* C...(K) the subspace of C.(KK) formed by functions with compact support.

. L',Ena)(x) is the Laguerre function defined on [0, 4o by

where L,(na) is the Laguerre polynomial of degree m and order o given by

S(—DfT(m+a+1)  xf

(1)
Lm = .
() k;, Tk+a+1) K(m—k)!

K= [0,4o0) x N equipped with weighted Lebesgue measure ¥, given by

/Kg(l,m)dya(l,m) = iLy(na)(O)/Rg(l,m)VL’aJrldl.

m=0
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where dA is the classical Lebesgue measure in R .
o L5 (K) with p € [1, 0] the space of measurable functions on K satisfying

=

<oo, 1< p<oo,
007

el :_{ (i JeRm)Paya(,m)
W s

ess Sup(y e [8(A,m)| <

2.1. The Eigenfunctions of the Partial Differential Operators A
and A,

For (A,m) € K we consider the following Cauchy problem
Ay (u) = ilu,
(S) . Az(l/l =
From [14], the Cauchy problem (S) admits a unique solution given by
Q1) =MLY (JAP)  for (x,1) €K and (A,m) € K,

The function ¢, ,, is infinitely differentiable on IR?, even with respect to the first
variable and we have the following important result

sup | @ u(x,1)] = 1. (6)
(xr)eK

2.2. Fourier Transform on the Laguerre Hypergroup

Definition 2.1. The Fourier-Laguerre transform F, defined on L} (K) by

Fal0)am) = [ @-am(x0)f(v1)dpalrr),  for(m) € K.

Some basic properties of this transform are as follows, for the proofs, we
refer the reader to [4, 15].

Proposition 2.2.
(1) For every f € L., (K) we have

1F o (M oo gy < N1 g1 @

(2)(Inversion formula) For f € (Ly NL%) (K) such that Fo(f) € L, (K) we have

f(xvf):/K<Px,m(x7t)fa(f)(l,m)dya(l,m), ae (x)eK. (8)
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(3) (Parseval formula) For all f,g € L%(K) we have

/ S8 diaxr) = [ FalH)hm Fole)(hmidya(2im) — ©)

In particular we have
12 pa = 1 Fa(F)l2y, - (10)

(4) (Plancherel theorem) The Laguerre-Bessel transform Fy can be extended to
an isometric isomorphism from L% (K) into L2 (K).

2.3. The Translation Operators on the Laguerre Hypergroup
Definition 2.3. Let f € C, .(K). For all (x,) and (y,s) in K, for & > 0 we put

(xl) o 2r -1 . 2 oa—1
f(,s) = A f((x,y)rﬂg,s—i-t+xyrsm9)r(1—r) drd9,

where (x,y),.¢ 1= \/x2 +y2 + 2xyrcos 6. The operators ‘L'éx”), are called gener-

alized translation operators on K.

The following proposition summarizes some properties of the translation
operators see [14, 18].

Proposition 2.4. For all (x,1),(y,s) €K, f & C.(K) we have:

(1)
7" (F)03) =7 () (o). (a
(2)
/K 1 (F)(09)dpa(y.5) / f(:8)dpa(y,s). (12)
(3) for f € LE(K) with p € [1;+o0] o )(f) € L(K) and we have

SO <l (13)
il

W

(4) For f € LL(K), o (f) € L (K) and we have

Fa (000) (om) = 92 (e Fal ) Rom), V(A,m) €R. (14)

By using the generalized translation, we define the generalized convolution
product of f,g € S.(K) by

( #a8) (rr) = [ 36 (F)0.9)80:5)dbalr:s),

with f(y, s) = f(y,—s). This convolution is commutative, associative and its
satisfies the following properties see [13, 14].
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Proposition 2.5.

(1)(Young’s inequality) for all p,q,r € [1;+oo] such that: % + é =1+ % and for
all f € L5(K),g € LL(K) the function f xq g belongs to the space L}, (K) and
we have

e < I

(2) For f,g € L%(K) the function f xq g belongs to L2(K) if and only if the
function Fo(f)Fo(g) belongs to L2 (KK) and in this case we have

1f *a 8 ptte 181l g 1 (15)

Fo(f*ag) = Falf)Falg) (16)

(3) For f,g € L%(K) then we have

[\ g0 dpa(en) = [, 1FalF)(0m) [Falg) (2m) P dva(dm),
' ' (17)

where both integrals are simultaneously finite or infinite.

3. Fourier Multipliers on the Laguerre Hypergroup

The main purpose of this section is to introduce the Laguerre L%x-multiplier
operators on K and to establish for them Calderon’s reproducing formulas and
some uncertainty principles.

3.1. Calderon’s Reproducing Formulas for the Laguerre Multiplier
operators

Definition 3.1. Let ¢ € L2 (K) and 8 > 0, the Laguerre L2-multiplier operators
are defined for smooth functions on K as

Top (1) = Fo' (0pFa(f)) (x.1), (18)
where the function o is given by
Gﬁ(lam) = G(ﬁkvm)a

for all (A,m) € K.
By a simple change of variable we find that for all § > 0,0p € L2(K) and

1
losll,., = —a=z o2 (19)

B
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Remark 3.2. According to the relation (16) we find that

Top(f) (1) = (Fo' (0p) *a f) (x,0), (20)
where
1 X
Fyl (0p) (x,1) = ngl(o) <\/31t3> . @1)

We give some properties of the Laguerre L2-multiplier operators.
Proposition 3.3. (i) For every 6 € L% (K), and f € L., (K), the function Ts.5(f)
belongs to L2,(K), and we have

1
1708 llop, = gazliololflue:

(ii) For every 6 € L% (K), and for every f € L2,(K), the function To,p(f) belongs
to L2,(K), and we have

176.8(F)l5, < N0 loo el 1112120 (22)

(iii) For every & € L2,(K), and for every f € L2 (K), then Tsp(f) € L5(K), and
we have

Top(P)r) = [ o(BRm)@m(x.) FalF)Am)dpa(hm)  (23)

and

1
I7e5(Dl. s, < Galolosl e
Proof. (i) By the relations (15),(20) we find that
_ 2 _ 2
1To 8D, = 17" (08) %a £l < IR e 17 (05) [

Plancherel’s formula (10) and the relation (19) gives the desired result.
(i) Is a consequence of Plancherel’s formula (10).
(iii) By using the relations (10), (15),(19) and (3.3) we find that

1
anﬁ (f)Hoo#a < Ba?”GHZ,YaHfHZ\,IJG

on the other hand the relation (22) follows from inversion formula (8). L]

In the following result, we give Plancherel’s and pointwise reproducing in-
version formula for the Laguerre L% -multiplier operators.
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Theorem 3.4. Let 6 € %, (K) satisfying the admissibility condition:

/Om\aﬁ(x,m)zd;_l, (A,m) e K. (24)

(i) (Plancherel formula) For all f in L%‘ (K), we have
Ve 0Panaten) = [ Tap )y, G- eS)

(ii) (First calderon’s formula) Let f € L., (K) such that Fo(f) € L. (K) then we
have

°° —— d
) = [ (gt aFallop) (-0 ae (u) .
Proof. (i) By using Fubini’s theorem and the relations (17) and (20) we find that

/o""H%ﬁ(f)H;“ach Z/OW [/K{%ﬁ(f)(xﬁ)\zdua(x,;)] dé}

- [ [t o) st P
N TE

the admissibility condition (24) and Plancherel’s formula (10) gives the desired
result.

(i) Let f € L} (K) such that F,(f) € L. (KK), by Fubini’s theorem and the rela-
tions (8),(9),(14) and the admissibility condition (24) we find the result O

To establish the second Calderon’s reproducing formula for the Laguerre
L2 -multiplier operators, we need the following technical result.

Proposition 3.5. Let 6 € L2, (K) ML (KK) satisfy the admissibility condition (24)
then the function defined by

2dp

)
q>%5(z,m)_/y o (4.m)* G

belongs to L2,(K) NL2(K) for all 0 < y < § < oo,

Proof. Using Holder’s inequality for the measure %, we get
8 dp .,
2 4
350, m)[* <log(3/7) [ lop(am)[* G (m) e &
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Then using Fubini’s theorem, we obtain

dB

9]
|73, <tox(3/Pllol2, | Io1B,,

by using the relation (19) we find that

‘Sdﬁ

2
[®y5]15.,, <log(8/7)llo]2 015, | pars <=

So @, 5 belongs to L2 (K), furthermore by the relation (24) we get HCID%(; Hm S
1 therefore @, 5 belongs to L2 (K) N L:(K). O

Theorem 3.6. (Second Calderén’s formula). Let f € L%(K),c € L% (K)N
L3 (K) satisfy the admissibility condition (3.7) and 0 < y < § < o. Then the
Sfunction

o) = [ (Tog() el (op)) e (e
belongs to L2,(K) and satisfies
i [l flh, =0 26)

(7,6)—

Proof. By a simple computation we find that
Fyse) = [, @5 ()@ (5.) Fal ) (Rm)d¥a(Rm),

by proposition (3.5) we have @, 5 € L (K) then we have fys € L3,(K) and
Fo (fys) (A,m) =@y s(A,m)Fo(f)(A,m)

on the other hand by Plancherel’s formula (10) we find that

2 . 21— 2
i = f = im () m) (1= @y5(2m) d

by using the admissibility condition (24), the relation (26) follows from the
dominated convergence theorem. O

3.2. Uncerainty Principles for the Laguerre L%-Multiplier opera-
tors

The main purpose of this subsection is to establish Heisenberg’s and Donoho-
Stark’s uncertainty principles for the the Laguerre L% -multiplier operators Ts.p-
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3.2.1. Heisenberg’s uncertainty principle for 7; g

In [2], using method based on ultracontractive properties of the semigroups
generated by the differential operator L given by

2 2a+19d ,0?
Get 5 ut e
the authors proved the following Heisenberg’s inequality for F, there exist a
positive constant ¢ such that for all f € L2,(K) we have

L:=—

|(Am)| 2 Falf)

112 e < € NG Nl 27)

2%

1
(xr,0)|k = (x*+412)*
and |(A,m)|x = (m+ O‘TH).The main purpose of this subsection is to gen-
eralize the inequality (3.10) for the Laguerre multipliers T g.

Theorem 3.7. There exist a positive constant ¢ such that for all f € L2(K) we

have
| [ ieomools,, %)
2%

\|<z,m>r§gfa<f>

(4, m)! Faolf

112 e <

Proof. Suppose that +f(;°H!(XJ)|K7},ﬁ(f) ;

e HZ,ua

dB _ o
B <

by using the relation (27) we have

[ Teap () ) Pdptalet) < [ |50 < Top (1), || (o) £ GpFa()

27’)/05
, integrating over |0, +-oo[ with respect to measure % and we get
oo d oo 1 d
[ Lo Pasaten| G <e [0l |2 miknFan] G

by using Plancherel’s formula for 75 g. (25) and Schwartz’s inequality and the
admissibility condition (24) gives the desired result. O

3.2.2. Donoho-Stark’s uncertainty principle for 7; g

Building on the ideas of Donoho and Stark In [4], the main purpose of this
subsection is to give an uncertainty inequality of concentration type in L(%(K)
where L} (K) is the space of measurables functions on ]O +oo[x K such that

e, = | [ 118 B, 2]
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We denote by 0y, the measure defined on |0, +oo[xK by
p
ﬁ b
Definition 3.8. [4] (i) Let E be a measurable subset of K, we say that the func-
tion f € L2,(K) is e-concentrated on E if

d0u (B, (x,1)) = dug(x,1) ®

I f=1ef

1210 < €[l fll2,0 (28)

where 1 is the indicator function of the set E.
(ii) Let F be a measurable subset of |0, +-oo[ XK, we say that the function 75 g(f)
is p-concentrated on F if

175.8(f) = 1rT5 (2.6, < P T55(f)

2.6, - (29)
We have the following result

Theorem 3.9. Let f € L%(K) and o € L%(K) N L. (K) satisfying the admissi-
bility condition (24), if f is €-concentrated on E and T g(f) is p-concentrated
on F then we have

=

16110 (1(E)) [/ 0 (B, (x.1))]?

Bo+4 }221—(8—1—[)).

Proof. Let f € L(K) and ¢ € L2(K)N L (K) satisfying (24) and assume that

Ua(E) < oo and fF%“St)) co

According to the relations (28),(29) we have
1T5.6(f) = 1T p(Lef) 2,00 < P T8 (F)l2.00 + 1 T (f = 1ES) 2,60
by Plancherel’s relation (25) we get

176,8(f) = 1FTop(1Ef) 2,00 < (€4 P)I|f1]2.1t0
So we get
175,812,600 <1T5p(f) = 1rTs8(1ES) 2,0, + 117 T5 8 (1ES)]]2,64
< (e+P) I l2pe + 11 To g (1ES)]]2,60 (30)

on the other hand by the relation (23) we have

1
[ Top(1ef)* < W!\f\liﬂallcllimu(E)y
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so we find that

=

117 Tep (12 g, < e lolha @Dt | [ o]

ﬁ4oc+4 :| ’ (31)

by the relations (30),(31) we deduce that

(e+p)+ |01y, (1(E))?2 [/F W] 2]

Plancherel’s formula (3.8) for 7}7  gives the desired result. O

176 (F)ll2.60 < 112,110

4. Extremal Functions Associated with the Laguerre L2 -Multiplier oper-
ators

In the following, we study the extremal function associated to the Laguerre-
Bessel L2 -multiplier operators.

Definition 4.1. . Let ¥ be a positive function on K satisfying the following
conditions

| A
—c Ly (K 32
” (K) (32)

and
v(d,m)>1, (A,m)ek. (33)

We define the Sobolev-type space Hy(K) by

Hy(K) = {f € Lo (K) : VY Fo(f) € Ly (R)}

provided with inner product

Foghy= [ WOm) Fal A ) Falg) Rom)dya(hm)

and the norm

1Ay =/ v

Proposition 4.2. Let 6 be a function in LZ(K). Then the Laguerre-Bessel L2,
multiplier operators Ty g are bounded and linear from Hy(K) into L2,(K) and
we have for all f € Hy(K)

|55 (), < 116 ol f ]y (34)

Proof. By using the relations (10),(22),(33) we get the result O
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Definition 4.3. Let 1 > 0 and let 6 be a function in L% (KK). We denote by
(f,&)y.n the inner product defined on the space H(K) by

gy = [, () +]op (m) ) Fol) () Fale) K m)ava(2.m),

and the norm

171

yn — <f,f>w,n

In the following results, we show that the norm || - ||yn can be expressed
in function of the norm of the Hilbert space Hy(K) and the norm of Laguerre-
Bessel L%-multiplier operators. Moreover, we show the equivalence between
the norms || - ||y.n and || - ||y

Proposition 4.4. Let 6 be a function in L(K) and f € Hy(K) then
(i) the norm || - ||y satisfies

1120 = 1713+ | Top (), -

(ii) The norms || - ||¢  and || - || are equivalent and we have

VIllAlly < 1 fllyn < /1 + 16112 @l -

Proof. the results follows from Plancherel’s formula (10)and the relation (34).
]

Theorem 4.5. Let o € Ly(K) the Sobolev-type space (Hy(K)),(-,-)y.n is a
reproducing kernel Hilbert space with kernel

_ q’l,m(x’t)q)fl,m(ya S)
vaﬂ((xvt)v(yvs» - & T]l[/(k,m)-i— |Gﬁ(k,m)’2dya(l’m)7

that is
(i) For all (y,s) € K, the function (x,t) — ICy n ((x,1),(y,s) belongs to H (K).
(ii) For all f € Hy(K) and (y,s) € K, we have the reproducing property

f(yvs) = <f’K:l[/,T)('7 (y’s))>l{/ﬂ] .
Proof. (i) Let (y,s) € K, from the relations (6),(32) we have the function

(p—l,m(yv*g)
ny(A,m) +|cg(A,m)[*

8(ys) - (Aam) —
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belongs to L, (K) N L% (KK). Hence the function Cy, , is well defined and by the
inversion formula (8), we obtain
]Cllﬁn ((xat)v (y,s)) = ]:(;I(g(y,s))(xat)

by Plancherel’s theorem for F, we find that Ky p (-, (y,s)) belongs to LZ(K)
and we have

FaKyn (-, (3,5)(A,m) = O_3m(y,s)

w(A,m) + |og(A,m)|’

(35)

by the relations (6),(7),(35) we find that

1
n?

1

IVYFa Ky 38)) 2,70 < v

< oo,
17704

this prove that for every (y,s) € K the function (x,7) — Ky 5 ((x,1),(y,s) be-
longs to H (K).
(i) By using the relation (35) we find that for all f € H(K) ,

<f7,CV/-,17 ('a (yas»y/,n == /K(pk.,m(yas)fa(fxl’m)dya(lvm)a

inversion formula (8) gives the desired result. 0

By taking o a null function and n = 1 we find the following result

Corollary 4.6. The Sobolev-type space (HW(K)) ,(*») ) is a reproducing ker-
nel Hilbert space with kernel

Ko /wmxtrmm(y,)
vl ny(A,m)

The main result of this section can be stated as follows

Theorem 4.7. Let 6 € L3 (K) and B > 0, for any h € L2, (K) and for any 1 > 0,
there exist a unique function fn B where the infimum

dYou(A,m).

2
int AR+ 1= To s (D5, (36)

is attained. Moreover the extremal function f * B is given by

Sy pa09) = [ o8y (1), ) dbax.)

where ©) g is given by

Gﬁ (Avm)(p/l,m(xvt)(p—l,m(yvs)
ny(A,m)+|og(A,m)[*

Onp((:1),(09)) = |, dYa(2m)
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Proof. The existence and the unicity of the extremal function f;‘ B satisfying
(36) is given in [7, 10, 15, 16], furthermore f;; B is given by '

f$7ﬁ7h(yvs) = <h77;,ﬁ(ICWaﬂ ('> (y,S))>ua

, by inversion formula (8) and the relation (35) we get

Gﬁ(l,m)(p,17m(x,t)(p,17m(y,s)
Top (K (s ) = [, 2 e s dtathom)
:®Tl,[3((x7t)7(yvs))
and the proof is complete. O

Theorem 4.8. ¢ € L3(K) and h € L2, (K) then the function [y p.n satisfies the
following properties /

o (A,m)

v ,m)+lop(,mp- e Wdm 37

Falfypa)A,m) =

and |
1l < 5= 1Al
n.B.hll¥ \/an H
Proof. Let (y,s) € K then the function

Op (A’?m)(Pfl,m(yvs)
ny(,m)+ |og(2,m)[*

k(y7s) : (l,m) —

belongs to L2, (K) N L. (K) and by inversion formula (8) we get

G)nﬁ((x?t)? <y7s)) = ‘Fozl(k(y,s))(xﬁ)

using Plancherel’s theorem and Parseval’s relation (9) we get @, (-, (y,s)) €
L2,(K) and

§ Gﬁ(l m)
fr.pa(:9) _/ ny(A,m)+|og(A,m)}?

Fo(h)(A,m)dYe(A,m)

on the other hand the function
og(A,m)Fo(h)(A,m)

F:(A,m) —
o) = nw(A,m)+|op(A,m)|*
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belongs to L) (K) N L2(K), by inversion formula (8), Plancherel’s theorem we
find that £} 5 , belongs to L2(K) and

Folfypn)A,m)=F (A m)

on the other hand we have

« 2
[ Fa(fnpn)(A,m)|” < 2ny(A,m)

by Plancherel’s formula (10) we find that

[ Fa(h)(A,m)[?

y 1
173.p.ally < Tﬁllh\lz,ua-
O

Theorem 4.9. (Third Calderon’s formula) Let ¢ € L3(KK) and f € Hy(K) then
the extremal function given by

Fr5a00:9) = [ Top(F) (6080 p (050 0]l

satisfies

lim
n—0+

fas 1| (38)

Zua

moreover we have f; g f uniformly when n — 0.

Proof. f € Hy(K), we put h = T g(f) and Iy pn = fy p in the relation (37)

we find that .

Ny (A, m)Fo(f)(A,m)
2

ny(A,m)+|op(A,m)]

Falfypn=F)A,m)= (39)

therefore

On the other hand we have

n? 3
?I/_ /IK ny(A a”i)‘i(‘nggt,m)P ‘Fa<f)(lam>|2d7a(l,m)

2 m 3
nw(g,niméyﬁ a,m),z \Fa()(A,m)[* < w(A,m) | Fa(f)(A,m)*  (40)

the result (38) follows from (40) and the dominated convergence theorem. Now,
for all f € Hy(K) we have Fo(f) € L2(K)NLL(K) and by using the relations
(8), (39) we find that

— A,m)Fo(f)(A,m
R Zal )R] ) s)da(hm)
K ny(A,m)+|og(A,m)|

f;,ﬁ(y,s) _f(yvs) =
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and

< | Fa(f) (A, m)] (41)

—ny(A,m)Fo(f)(A,m) s
| nllf(l,m)+ }Gﬁ(k,m)lz ‘P/l,m(y, )

By using the relation (41) and the dominated convergence theorem we deduce
that

lim
n—0+

f;;,ﬁ(y’S)—f(y,s)’ =0

which completes the proof of the theorem. 0
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