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UNCERTAINTY INEQUALITY AND APPROXIMATE
INVERSION FORMULAS FOR -WEIGHTED FOCK SPACES

F. SOLTANI

We introduce r-weighted Fock space .#,.5 which generalizes some
previously known Hilbert spaces, and study the multiplication operator
M, and its adjoint. A general uncertainty inequality of Heisenberg type
is obtained. We also consider the extremal functions for the r-difference
operator D, on the space and obtain approximate inversion formulas.

1. Introduction

Fock space .% (see [1]) is the Hilbert space of analytic functions f on C such
that

1 e '
713 = [1f@Pe Fdxdy < oo, z=x+in

The space % is called also Segal-Bargmann space [2] and it was applied in
many works [4, 20, 21, 30]. Precisely, Chen and Zhu [4] proved an uncertainty
principle of Heisenberg type for the Fock space .%; and recently the author of
the paper [20, 21] studied the extremal functions for the difference and primitive
operators on the Fock space .% . In this paper we are going to prove a generalized
uncertainty principle and to examine the theory of extremal functions in the
context of r-weighted Fock spaces.
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We introduce the weighted Fock space 7, . which is the set of all analytic
functions f in C, with f(z) = Y»_ya,Z", such that

11, = Zﬁnr\an\ <o,

where B = {B,,} is a positive sequence so that limsup,_,..(B.,) /" = eo.

The space .7, g is a reproducing kernel Hilbert space (RKHS) that gives a
generalization of some Hilbert spaces of analytic functions in the complex plane
C like, the Bessel type Fock space .7, o (see [5, 26]), the Airy type Fock space
3.y (see [14, 23]), and the hyper-Bessel type Fock space %, (see [22, 24]).

For f € #,p with f(z) = X7y a,z"™, we define the multiplication operator

M, f(z) =7 f(2) Zan 12",

and its adjoint operator

Lgnﬁf(z) = Z ﬁn+l r Zrn

B,
These operators satisfy the commutation rule
Bl r
[L/,57M] BOrl—i_Erﬁ’

where [ is the identity operator and E,. g is the operator given by

ﬁn,r anl,r BO r

Thanks to this commutation identity, we deduce the following uncertainty
inequality for the space .7, g, that is

Er,Bf(Z) — Z ﬁn+1 r ﬁn,r Bl r Zm

B,
Iy +Lg,y =)l |~ L7y = D)fll 7y 2 G2 @b EC.
Let D, : #,3 — #,p be the r-difference operator given by

D@ = U@ -10). f€F,

Building on the ideas of Saitoh et al. [16—18], we find the minimizer (denoted
by F} j, (h)) for the extremal problem:

: 2 2
Jint {5, + Do =,
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where i1 € 7, g and A > 0. We prove that the extremal function Fy’ ;, (/) is given
by

Fip, () = (%) 5,,.

where
(Z) r(n+ 1)

Z 2fﬁn—‘,—l r+Bnr

Moreover, we establish approximate inversion formulas for the r-difference op-
erator D, on the r-weighted Fock space .#,.5. A pointwise approximate inver-
sion formulas for the operator D, are also discussed.

The paper is organized as follows. In Section 2 we introduce the r-weighted
Fock space .7, . In Section 3 we establish a generalized uncertainty inequality
of Heisenberg type for the space .#,5. In Section 4 we examine the extremal
functions for the r-difference operator D,. Finally, in Section 5, we establish ap-
proximate inversion formulas for the operator D, on the r-weighted Fock space

Frp-

we C.

2. The r-Weighted Fock space

In this work r is a positive integer (r > 2)and & = (0, .., Q,_1) a vector having
(r—1) real components with |ot| = &) + ...+ 0.

We begin by recalling some results about trigonometric functions of r-order
and Bessel functions of vector index [13].

Let ay, k =1,...,r, the r-th roots of unity

o = 2=/
Let z € C. A function f(z) is called r-even if
flaxz) = f(z), k=1,...,r

For example, the r- hyperbolic cosine [13] given by

cosh,( Z

is r-even and satisfies | cosh,(z)| < el

We suppose now that the components of the vector ¢ satisfy

k
o> —1+-, k=1,...r—1.
r



426 F. SOLTANI

The r-modified Bessel function given by

oo 7"
I, = , 1
OC(Z) ,;)Cn(raa) M
where
r—1
F a 1
a(ro) =r"n! irnt >, @)

T +1)

is r-even and satisfies

I.a(z)] < € ﬁ (o —i/r+1)

i=1 (o +i/r)
We consider a sequence 8 = {,,}, with B, , > 0, such that

_l/n:OO

limsup(f,,,)

n—oo

The r-weighted Fock space .7, is the set of all analytic functions f in C,
with f(z) = Y a,2™, such that

11, = Zﬁnr\an\ <o,

It is a Hilbert space when equipped with the inner product

oo

(fs g>ﬁ,ﬁ = Z ﬁn,ranay
n=0
where f,g € F,.g with f(z) = Y7 _ga,2™ and g(z) = Y7o ba2™.
The set { S
©se V ﬁn.r n=0

Kz, 2 € C, given by

forms a Hilbert’s basis for the space .#,5. The function

rﬁ»z ; ﬁnr weC,

is a reproducing kernel for the r-weighted Fock space .7, 5.

If B, = (rn)!, the r-weighted Fock space denoted by .%, is the set of all
analytic functions f in C, with f(z) = Y~ a,z"", such that

oo

2 . 2
1F1%, = Y (rm)tan]* < oo

n=0
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This Hilbert space has the reproducing kernel
Kz, .(w) =cosh,(wz), w,zeC.

= w{ ocl +n+1)
1 T(o+1)
Fock space is the hyper-Bessel type Fock space %, introduced in [22, 24].
This Hilbert space has the reproducing kernel

If By = cu(r,x) =r"n! , the corresponding r-weighted

Kg)}mz(w) =1L.q(wz), wzeC,

where I, 4 is the r-modified Bessel function given by (1).
We note that, the space .%; 4 is introduced by Cholewinski in [5], and the
space .#3 y is intoduced by Nemri et al. in [14], and by Soltani in [23].

For f € Z,p with f(z) = ¥;_0a,2"" we define the operators M, and Lz 5
on %, by

Mrf( =2 f Z anflzma 3)
and 5
1, 7
Lz, f(z) = Z B+ Lap1 2", @)
The operators Lz, , and M, satisfy the commutation rule
L,;,M,] = g;rHErﬁ, 5)

where / is the identity operator and E, g is the operator given by

Bn,r ﬁn— 1,r ﬁO r

If By, = (rn)!, then Ly, f(z) = A, = & and [A, M,] = r!I + E, 5.

Er,ﬁf(z)::i Purir  Bur  PBuis @

r—1
I'(o 1
If Bur = cu(r,a) = r"n! ,—i—in—i—) then Lz, is the hyper-Bessel
i1 T(e+1) ‘
operator [7, 12, 13] given by
B — ir @ﬂ dr-1 g o = (a o )
r,OC_er z er_l Zr_l dZ7 - 15009y Ur—1),
where
k )k*] r—1
Ak = ‘Hral"i'.] :la ,I’—l,
= i=1

JlJ_l _
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and
-

—1
B, M) =r" [](0i+ 1)I+E,p.
i=1

1

We note that, when r = 2, we obtain the classical Bessel operator [5, 26]

& 2a+14d
Boy=—+—-—— —1/2
2,a dZ2+ Z dZ7 > / )

and we have d
[Bz7a7M2] = 4(0{ + 1)]—|—4de2.

When r =3, oy = —2/3 and o, = v — 1 /3, we obtain the generalized Airy
operator [8, 14]

Biy= -t~ v>0,
v4

and we have

2

d 5 d
[B3 V,Mv,] = 3(3V+2)I+ 18(V+ I)Zdi +9Z ﬁ

In the next of this paper, we suppose that the sequence {f3, ,} satisfies the

condition
ﬁn—‘r 1,r ﬁn,r ﬁl r

ﬁn,r ﬁn— 1,r ﬁO r

The condition (6) is verified in the precedent three cases: in the Bessel type

Fock space .7, ¢, in the Airy type Fock space .%#3 ,, and in the hyper-Bessel type
Fock space %, 4.

n>1. (6)

3. The generalized uncertainty principle

Heisenberg [10] demonstrated that the position and momentum of a particle can
not be determined simultaneously with arbitrary precision.This principle has
been formulated by the following inequality

Gpr Z E’

where h represents Planck’s constant and oy, o), signify the errors of the posi-
tion and the momentum of the particle respectively. There exist many similar
uncertainty principles, in quantum physics and in mathematics [3, 4, 6, 11, 25—
27]. In this section we are going to prove a generalized uncertainty principle for
the r-weighted Fock space .7, 5.
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We define the Hilbert space OZ/r(Bl) as the space of all f € 7,5 with f(z) =
Y —oanZ" such that

oo

||f|@/(ﬁl> =Y Busilanl® <o

n=0

We define the Hilbert space %r(ﬁ) as the space of all f € Z, g with f(z) =
Yo ganz™ such that

B}’l }"
1 Bu

By condition (6) we obtain the inequality

!n!2<

{2,2/ ﬁ1r|a0|2+ Z

e

Therefore, we have the continuous inclusion %r(é) - %r(é ).
In this section we establish an uncertainty inequality of Heisenberg type for

the space .7, 5. We will use the following three lemmas.

Lemma 3.1. The operators M, and L .5 satisfy the following properties.
(i) Dom(M,) = 62/,%) and Dom(Ly, ;) = 02/(?

.. 2 '
(ii) For f € ?/r’(é) and g € %r,(ﬁ)’ we have <M,f,g>3,:rﬁ = <va97r,ﬁg>3’7n/3'

Proof. Let f € #,p with f(z) = Y,7_(a,z™. From (3) and (4) we have

1.1, = X Bussslanl = 1710,
n=0

and

5001, = ¥ B a2 = 1112~ s

n=1 n—1 s

Consequently Dom(M,) = %, (B) and Dom(Ly, ;) = %r(é).

On the other hand for f € % B) and g € %( with f(z) =Y ganz™ and g(z) =
Yo obnZ™, we have

(=

<Mrfag>y Z ﬁn rdn— lbn = Z ﬁn+l7ranbn+l = <f,Ly,‘ﬁg>y,ﬁ.

n=1 n=0

The lemma is proved. O
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We define the Hilbert space .7, ([13) as the space of all f € 7,5 with f (z) =
Yo o anz™ such that /

- (ﬁnﬂ r) 2
£, = |an|~ < oo.
7Yy ;0 By "

We define the Hilbert space .7, (123) as the space of all f € .7, g with f(z) =
Y o_oanZ" such that '

(B, ) (Bn,r)
IFI2, 0 = 5 F+Z "’zuﬁ<w
13 ﬁ 0,r n= 1 nfl r)
By condition (6) we obtain the inequalities
Po,
HfH )< I, M1l < -
B ﬁ 1,r

Therefore, we have the continuous inclusions .% 1) Cc¥ 2) and .7 1) CY (1).
B B B = “rp

Lemma 3.2. We have Dom(Lz,,M,) = 5”:;),) and Dom(M,Lz,,) = yr%).

Proof. From (3) and (4) we have

8

B+1
Lz, M, [(z) Z —a,?", MLz f(z)

Therefore

2 - (B}H—lr 2
15,5115, = X =g anl” = 17150,

and

oo 2
My 1y = X B0 = 1112 - B

n=1 n—1 r
Consequently Dom(Lz, ,M,) = yr%) and Dom(M,Lz, ) = yr(é)‘ =

Lemma 3.3. [See [9], Proposition 2.1]. Let A and B be self-adjoint operators
on a Hilbert space 7€, then

(4 =a) 1Ll (B =)l = 5 [ABL fhoel.

forall f € Dom([A,B]) and all a,b € C.
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Theorem 3.4. Let f € #,5. Forall a,b € C, we have

Blr

(M, + Lz, —a)fll 7,5 (Mr =Lz, —b) [ 7,5 > ||f||2 ™

Proof. Let f € .#,p. First the inequality (7) is true for f ¢ 5’ . Now, let A

and B be the operators defined for f € ) by

B

A=M+Lz,)f, Bi=iM,—Lg,)f.

By (5), Lemma 3.1 and Lemma 3.2, the operators A and B possess the following
properties.

(i)A*=Aand B* =B
.. . 1,r
(i) [A,B] = —2i[M,,Lz, ;| = (B

Bo.r

I—i—E,B)

(iii) Dom([4, B]) = .~}

nB

Thus, the inequality (7) follows from Lemma 3.3 and the fact that

(Eqpfif) 7,5 >

This completes the proof of the theorem. OJ

In particular cases we obtain.

Remark 3.5. If f € .%, and a,b € C, we have
|(M; + Ay —a) fl| 2, | (My — A, = b) f|| 2, > rU| £ 3.

And, if f € %, 4 and a,b € C, we have

r—1

(M, + Bra — @) f1| 7,4 |(My = Bra = b) fll 7,0 > 7" [ (e + D)IIf11%,-
i=1

4. The r-difference operator

Tikhonov regularization in statistics is the method of ridge regression. In gen-
eral, this method related to the Levenberg-Marquardt algorithm for solving non-
linear least squares problems. Tikhonov regularization has been invented inde-
pendently in many different contexts. It became widely known from its applica-
tion to integral equations [28, 29].
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Let 77 be a Hilbert space, and let T : .#, g — % be a bounded linear oper-
ator from .%, g into . Let A > 0. We denote by (.,.); 7, the inner product
defined on the space .7, g by

(f.802.7,5 = Af,8) 7,5, T (Tf,T8) e

The two norms ||.||.z,, and [|.[|3 7, , are equivalent. In particular, we have

1/2
Ky”ﬁ’Z(Z)] feFg, zeC.

If @I < 112,72, [ P

Then the space .7, g, equipped with the norm |.[[3  , has a reproducing kernel
K 7, e Therefore, we have the functional equation

(/’LI"’_T*T)K)L,ﬁnB,z = Kg‘nﬁ’z, Z€ (C, 8)

where I is the unit operator and 7™ : 7" — %, is the adjoint of T'.

For any h € 2 and for any A > 0, we define the extremal function F;z‘_T(h)
by ’
F;,T(h)(z) = <h7 TKX,,BZ,J;,J%’ ze€C.

Then by (8) we deduce that
FrhG) = (ThKs, ),
= <T*h7 (ll—i_ T*T)ilKgnﬁvz><%lﬁ
= ((M+TT)'T*h K7, 2) 7,

Hence
Fip(h)(z) = (M+T*T)"'T*h(z), zeC. 9)

The extremal function F} ;.(h) is the unique solution (see [16], Theorem 2.5,
Section 2) of the Tikhonov regularization problem
")
j{) .

Let D, be the r-difference operator defined for f € .7, g by

'f{), 2 Tf—h
int (A1, + T

Dof(2) == ~(f(2) — £(0)).

Z

For f € Z,p with f(z) = ¥,;_ya,z™ we have

D.f(z):=) anqiz™ (10)
n=0



UNCERTAINTY INEQUALITY AND APPROXIMATE INVERSION FORMULAS ... 433

From (6), the operator D, maps continuously from .%, g into .%, g, and

ﬁOr
B

Building on the ideas of Saitoh [16-18] we examine the extremal function
associated with the r-difference operator D,.

1D 115, <1/ £l 5.,

Theorem 4.1. (i) For f € F,g with f(z) = ¥, _oanZ"™, we have

Zﬁnlran IZ 7 DDrf Zﬁnlr rn.
(ii) For any h € 7, g and for any A > 0, the problem

'f{)L 2 LD, f—h|% }
int (A1, + I0of =l

has a unique extremal function given by

Fip, () = (%) 5,,.

where
oo (Z) r(n+1)wrn

n=0 ABn—«—l.,r + ﬁn,r ’

Proof. ()1If f,g € Z,p with f(z) = ¥, ¢a,z™ and g(z) = X7 bx2™", then

Y, (w) = weC.

< rf> Zﬁnran+1bn—2ﬁn 1ran n— 1_<f> >

where

D;‘g(z) — Z BELrbanm'
n=1

n,r
And therefore
D;D,f(z)

\Mz

(i) We put h(z) = Yo ohy2™ and F{_’Dr(h)(z) =Y o fu2". From (9) we
have (A1 +D;D,)F; |, (h)(z) = D;h(z). By (i) we deduce that

anl,rhnfl n>1.

=0, fa=fp—F%—> n=
fO f )L‘Bn,r + ﬁnfl,r
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Thus
F* h _ - ﬁn,rhn r(n+1)
2.0, ( )(Z)—Zmz = (h,¥:) 7,5, (11)
n:() n N n,r
where
\r(n+1),,,m
W=y AT e
n=0 /’Lﬁn-ﬁ-l,r + ﬁn,r

The theorem is proved. O

If .7, g is the r-weighted Fock space .%,. For f € .7, with f(z) = ¥ (a,z"
we have

D= Y P o Dy =Y !

And for any i € %, and for any A > 0, one has

Fy b, (h)(2) = (h,¥2) 2.,

where
(Z) r(n+ 1)

el Zl rn+r)'+(rn)

If 7, g is the hyper-Bessel type Fock space .Z,.4. For f € %, 4 with f(z) =
YopanZ" we have '

being c,(r, &) the constants given by (2). And for any & € .%, 4 and for any
A > 0, one has

Fy p,(h)(z) = (h,¥?) 7.,
where
oo (Z) r(n+1) w'n

() = .
:(w) L F 1 (r,0) + cn(r, )
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5. Approximate inversion formulas

In this section we establish the estimate properties of the extremal function
F} j, (h)(z), and we deduce approximate inversion formulas for the r-difference
operator D,. These formulas are the analogous of Calderén’s reproducing for-
mulas for the Fourier type transforms [15, 19]. A pointwise approximate inver-
sion formulas for the operator D, are also discussed.

The extremal function Fy (h) given by (11) satisfies the following proper-
ties.

Lemma 5.1. If A >0 and h € 7, then
(i) |F} p, () (2)] < 507 (K,,..(2) |1l 7,

(ii) D, () (2)] < \/ 525 (K7, ()2 ] 7,5,

(iii) |Fy p, (W7, < 507 10ll7,
Proof. Let A >0 and h € 7, g with h(z) = ¥ h,2™. From (11) we have
[Fyp, (B) (@) < 1¥:l7,4 || Al 7,5 -

Using the fact that (x +y)? > 4xy we obtain

G2 ZB i Ly P 1
e | <o =
Frp " Aﬁn-‘rl,r + ﬁmr 4)~ =0 ﬁn-‘rl r 4/1 Trb
This gives (i).
On the other hand, from (10) and (11) we have
D,F; , (h)(z) = i Mzm = (h,®,) # (12)
rYA.D, = Afﬁn+l,r+ﬁn,r Z, B
where . (w2
wz
b, (w) = —_
Z( ) n=0 }Lﬁn—i-l,r"i_ﬁn,r
Then
|DFy. p, (0)(2)] < [|P:l.2,, [|7]l.2, -
And by (6) we deduce that
o rn 2 1 ‘Z’2rn B
PI2 — r[m]< < DO ko (7).
H ZHyr‘ﬁ n;oﬁm )LBnJrl,r'f'BnJ OBnJrl r 4Aﬁl AB’Z( )
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This gives (ii).

Finally, from (11) we have
15700015, = B | 150 |
7 "B mr Aﬁn,r‘Fanl,r '
Then we obtain
1 & 1
2 2 2
177 p, (W)l 7,, < ﬂgﬁn—u!hn-ll = 7 1l

which gives (iii) and completes the proof of the lemma. 0

We establish approximate inversion formulas for the operator D,.

Theorem 5.2. If A >0 and h € #,, then
() Jim |D,F5 , ()=, =0

(ii) lim ||Fy p, (Drh) —holl 7, , = 0, where ho(z) = h(z) — h(0).
A—0t e ’
Proof. Let A >0and h € 7, g with h(z) = Y7o h,2™. From (12) we have

- )LBn—l—lr n rn

D,F; , (h)(z) —h(z 13)
Lo Q) h@) = Y g
Therefore
Bt ]?
D F* h 2 |: n+1,r|'tn
|| r A,D || Z ﬁn r A/Bn+17r+ﬁn_’r
Again, by dominated convergence theorem and the fact that
lﬁnJrl r‘hn‘ :|2 2
et ot st LA B B2,
ﬁn,r |:Afﬁn+l,r +ﬁn,r - ﬁn,r’ n’
we deduce (1).
Finally, from (10) and (11) we have
- lﬁnr n
F;  (D:h)( 7. (14)
AD( Zlﬁnr""ﬁn 1,r
So, one has
2B |1 r
F; , (Dyh) —h — .
15700 ol = T B | g
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Using the dominated convergence theorem and the fact that

A B
2fﬁn,r + Bn—l,r

we deduce (ii). [l

B, { ]2 < Bulil.

We deduce pointwise approximate inversion formulas for the r-difference
operator D,.

Theorem 5.3. IfA >0and h € 7., then
) lim D,F;  (h = h(z),
(i) tim D,Fy p, (h)(z) = h(z)

(i) lim F 5, (D/h) (@) = ho(2).

Proof. Let h € 7, g with h(z) = ¥, _oh,z™. From (13) and (14), by using the
dominated convergence theorem and the fact that

)’ﬁn-&-l,r‘hn‘ |Z‘rn /’Lﬁ”7”|hn| ’Z|rn < ‘h Hz‘rn
) f— n )
A’Bn+17r+ﬁn7r )’ﬁn,r_{'ﬁnfl,r
we obtain (i) and (i1). O
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