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CONTROLLABILITY OF NON-AUTONOMOUS MEASURE
DRIVEN INTEGRODIFFERENTIAL EVOLUTION EQUATIONS

WITH NONLOCAL CONDITIONS

M. NIANG - M. P. LY - A. A. NDIAYE - M. A. DIOP

This research delves into the exact controllability of semilinear mea-
sure driven integrodifferential systems in nonlocal settings.
We give enough controllability requirements using the measure of non-
compactness and the Mönch fixed point theorem without making any as-
sumptions about how compact the evolution system is in relation to the
linear part of the measure system. We find results here that both general-
ize and improve upon many prior findings.

1. Introduction

Measure differential equations, sometimes called measure-driven equations,
help to represent dynamical systems with discontinuous trajectories. They may
model results that contradict classical physics rules, such as Zeno trajectories
and the effects of quantum mechanics. However, the main distinction between
this type of equation and the more common impulsive differential equation is
that the former permits unlimited discontinuous points within a finite time in-
terval. For more details, check out [10, 25, 34].
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According to Byszewski’s works [13], nonlocal initial conditions are more
effective at addressing physical concerns than the traditional initial condition
u(0) = u0. Deng et al. [12] looked at how a small amount of gas moved through
a clear tube and used the nonlocal conditions u(0) = ∑

n
k=1 cku(tk) to get more

accurate results. More precise measurements at tk,k = 1,2, . . . ,m are possible
with the initial condition u(0) = ∑

m
k=1 cku(tk) as opposed to just measuring at

t = 0.
However, control theory relies on controllability. Using the allowed controls

to go from any starting state to any given ending state makes a dynamic control
system controllable. Because of its centrality in control theory, its importance
in physics, and its practical implications in engineering, it attracts the attention
of many mathematicians and engineers. Various scientific and technical sectors
have recently shown a strong interest in controllability (for more reading, see
[1, 16, 38]).

Beyond that, it’s important to note that most previous work focused on sce-
narios where the operators had no bearing on the passage of time. When dis-
cussing specific parabolic evolution issues, the operators rely on the time vari-
able t. It is common for applications to employ this category of operators [27–
30, 32]. Recent studies have focused on improving measure-driven evolution
systems. The research conducted by Cao and Sun [41] investigated the exact
controllability for the following evolution system:{

dx(t) =
[
A(t)x(t)+Bu(t)

]
dt + f (t,x(t))dg(t), t ∈ J,

x(0)+ p(x) = x0,
(1.1)

where J = [0,b] with b > 0. The state variable x(·) takes values in Banach space
X with the norm ∥ · ∥. A(t) is a family of linear operators which generates an
evolution system {U(t,s) : 0 ≤ s ≤ t ≤ b}.

Based on those earlier studies, this study looks into the controllability of
mild solutions for the following semilinear measure-driven integrodifferential
system with nonlocal conditions: dζ (t) =

[
A(t)ζ (t)+

∫ t

0
∆(t,s)ζ (s)ds+Vu(t)

]
dt +δ (t,ζ (t))dh(t),

ζ (0)+g(ζ ) = ζ0,
(1.2)

where t ∈ I = [0,a],a > 0. The state variable ζ (·) takes values in a Banach
space X endowed with the norm ∥ · ∥. A(t) : D(A) ⊂ X → X is a family of
a closed linear operator with a fixed domain D(A). ∆(t,s) : D(∆) ⊂ X → X
is a closed linear operator with domain D(∆) ⊃ D(A) for each pair (t,s) with
0 ≤ s ≤ t < ∞. The nonlinear function δ : I ×X → X and nonlocal function
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g : R(I,X)→ X will be specified later, where R(I,X) denotes the space of all
regulated functions on I in which we will consider the problem. The control
u(·) belongs to L2(I,K), which is a Banach space of admissible control func-
tions with K a Banach space. V : K→X is a bounded linear operator. h : I →R
is a left non-decreasing discontinuous function, and dh denotes the distribu-
tional derivative of the function h. We must investigate the controllability of
the measure-driven system in regulated functions, as it differs from the spaces
of continuous and piecewise continuous functions. The impulses in measure-
driven equations, which depend on the measure h, are intrinsic and possibly
note prefixed. We are aware of no previous reports on the measure-driven evo-
lution of integrodifferential systems under nonlocal circumstances (1.2). This
work aims to fill this knowledge gap by addressing the controllability of the
aforementioned measure-driven integrodifferential system (1.2). The solution
to autonomous evolution equations is considerably more straightforward than
non-autonomous ones, as is well known. We take our inspiration from [2]. The
operator families establish relationships between the resolvent operator and the
evolution family. Using A(t) to make sure that the system has a mild solution
is possible, and this can be done even if the resolvent operator R(t,s) for the
linear part of the system (1.2) is not compact. As a result, we prove our findings
by utilizing the noncompactness measure and the Mönch fixed point theorem.
Based on the method proposed by Grimmer [20], we will assume that the norm
continuity of the resolvent operator is equal to the norm continuity of the evo-
lution family. The work that we have done can be seen as building upon and
expanding upon the ideas presented in [41] and similar works. Below are the
key points, significance, and originality of this article:

1. A mild solution to the system (1.2) is established for the first time by ap-
plying an integral equation given in terms of the resolvent operator. Then,
we obtain some sufficient conditions to ensure system controllability by
using the theory of evolution family, the measure of noncompactness and
Mönch fixed point theorem .

2. The significance to study the MDEs is that one can model Zeno trajecto-
ries because h as a function of bounded variation may exhibit infinitely
many discontinuity points in a finite interval. Such systems arise in game
theory, non-smooth mechanics, and other systems [22, 24].

3. As the authors of [19, 21] state, MDEs are pretty challenging to deal
with because they are less continuous or smooth than ordinary differential
equations. Since MDEs are only continuous and confined, future studies
will be more challenging.
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4. The findings from our derivation expand upon the prior findings of Cao
and Sun [41].

5. Lastly, we provide an application to back up the study’s validity.

The following is an outline of our paper’s content. We devote the section 2 of
this paper to introducing and reviewing some fundamental notations, prelimi-
nary concepts, and lemmas that will be useful throughout the rest of the work.
The solvability and controllability of the nonlinear system will focus our at-
tention in Section 3. Section 4 presents an example to illustrate our primary
findings.

2. Preliminaries

2.1. Integrodifferential equations

Grimmer’s resolvent operator plays a central role in solving integrodifferential
equations of the type we are studying here (1.2). To recall the basic properties
of this resolvent operator, we’ll make a few additional assumptions. Let Y be a
Banach space formed from D(A) with graph norm

∥y∥Y := ∥A(0)y∥X+∥y∥X for y ∈ Y.

As A(t) and ∆(t,s) are closed linear operators, it implies that A(t) and ∆(t,s)
are in the set of bounded operators from Y to X, B(Y,X), for 0 ≤ t ≤ a and 0 ≤
s ≤ t ≤ a, respectively. We further suppose that A(t) and ∆(t,s) are continuous
on 0 ≤ t ≤ a and 0 ≤ s ≤ t ≤ a, respectively, into B(Y,X). Let’s now investigate
the subsequent homogeneous linear equation : ζ ′(t) =A(t)ζ (t)+

∫ t

0
∆(t,s)ζ (s)ds f or t ∈ [0,a],

ζ (0) = ζ0 ∈ X.
(2.1)

Definition 2.1. [20].
A family of bounded linear operators on X with the form {R(t,s),0 ≤ s ≤ t} is
referred to as a resolvent operator for Eq. (2.1), if the following properties are
true :

(i) R(t,s) is strongly continuous in s and t, R(s,s) = idX (the identity map of
X), 0 ≤ s ≤ t ≤ a and ∥R(t,s)∥ ≤ Meγ(t−s) for some constants M and γ ,

(ii) R(t,s)Y⊂ Y and R(t,s) is strongly continuous in s and t on Y,
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(iii) For every ζ ∈ Y, R(t,s)ζ is strongly continuously differentiable in s and
t and nonempty

∂R

∂ t
(t,s)ζ =A(t)R(t,s)ζ +

∫ t

s
∆(t,r)R(r,s)ζ dr,

∂R

∂ s
(t,s)ζ =−R(t,s)A(s)ζ −

∫ t

s
R(t,r)∆(r,s)ζ dr.

(2.2)

with
∂R

∂ t
(t,s)ζ and

∂R

∂ s
(t,s)ζ strongly continuous on 0 ≤ s ≤ t.

With the eventual resolvent operator, we will use this latter fact to define a
mild solution to (1.2) (see below).

Lemma 2.2. [20] If A(t)≡A and ∆(t,s)≡ ∆(t− s) and there exists a resolvent
operator R(t,s), then R(t,s) = R(t − s,0).

Definition 2.3. Let (A(t))t∈[0,a] be a family of infinitesimal generators of C0-
semigroups. (A(t))t∈[0,a] is called stable if there exist constants M0 ≥ 1 and α0
such that ∥∥∥∥∥ n

∏
k=1

(A(sk)−λ idX)−1

∥∥∥∥∥
L(X)

≤ M0

(λ −α0)n

for all λ >α0, and for every finite sequence 0≤ s1 ≤ s2 ≤ . . .≤ sn, n= 1,2,3, . . .

Let F = BUC(R+;X) be the space of all bounded uniformly continuous
functions defined from R+ to X. Let ∆(t), t ≥ 0 be defined as the linear operator
from Y into F and given by (∆(t)y)(s) = ∆(t + s, t)y for s ≥ 0 and y ∈Y. Let Ds

be the differentiation operator defined on F by Dsℓ= ℓ′ on a domain D(Ds)⊂ F.
Then, Ds is the infinitesimal generator of the translation semigroup (T (t))t≥0
defined on F by

(T (t)ℓ)(s) = ℓ(t + s) for ℓ ∈ F and t,s ≥ 0.

Due to Grimmer’s work [20], with the help of the above notations, we make the
following assumptions in order to prove the existence of the resolvent operator
of the equation (2.1).

(C1) (A(t))t∈[0,a] is a stable family of generators such that A(t)ζ is strongly
continuously differentiable on R+ for ζ ∈ Y. Additionally, for ζ ∈ Y,
∆(t)ζ is strongly continuously differentiable on R+.

(C2) ∆(t) is continuous on [0,+∞[ into B(Y,F),
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(C3) ∆(t) : Y → D(Ds) for all t ≥ 0 and Ds∆(t) is continuous on R+ into
B(Y,F).

If all three of the above conditions are met, the condition (R) is said to be
satisfied.

Remark 2.4. Under the conditions A(t)≡A and ∆(t,s)≡ ∆(t − s), we say that
∆(t)∈B(Y,F) is constant, which implies that conditions (C1)-(C3) are satisfied
if A generates a C0-semigroup.

Lemma 2.5. [20] If the statement (R) is true, then Eq. (2.1) admits a unique
resolvent operator.

Let’s consider the following evolution integrodifferential equation: ζ ′(t) =A(t)ζ (t)+
∫ t

0
∆(t,s)ζ (s)ds+h(t) f or t ≥ 0,

ζ (0) = ζ0 ∈ X,
(2.3)

where h ∈ Lloc(R+,X).

Definition 2.6. [20] A function ζ : [0,+∞[→ X is said to be a strict solution of
(2.3), if

(i) ζ ∈ L([0,+∞);R)∩L([0,+∞);D(A)),

(ii) ζ satisfies the following equation:

ζ (t) = R(t,0)ζ0 +
∫ t

0
R(t,s)h(s)ds, t ∈ R+. (2.4)

where {R(t,s) : 0 ≤ s ≤ t ≤ a} is resolvent operator of equation (2.1).

The following theorem ensures the existence of the strict solution to equa-
tion (2.3).

Theorem 2.7. [20] Assume that condition (R) is satisfied. If ζ0 ∈ D(A) and
h ∈ C1(R+,X), then equation (2.1) has a unique strict solution given by (2.4).

Definition 2.8. A function ζ : [0,+∞[→ X satisfying (2.4) is called a mild so-
lution of equation (2.3)

According to definition 2.1 and the uniform boundedness principle,

1 ≤ Ma := sup
0≤s≤t≤a

∥R(t,s)∥< ∞.
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2.2. Norm-continuity of the resolvent operators

In the follow-up, we create an adequate requirement to obtain the norm conti-
nuity of the resolvent operator for the system (2.1). Consider the subsequent
Cauchy problem:{

ζ ′(t) = A(t)ζ (t), 0 ≤ s ≤ t ≤ a,
ζ (s) = l ∈ X. (2.5)

Assume the following conditions on the operator (A(t))t∈[0,a], taken from [31,
chapter 5, Theorem 6.1] (and also in [35]).

(E1) A(t) is closed and the domain D(A(t)) = D(A) is independent of t and
is dense in X.

(E2) For each t ≥ 0, the resolvent R(λ ,A) = (λ I −A(t))−1 exists for all
λ ∈ C with Reλ ≤ 0, and there exists M1 > 0 such that

∥R(λ ,A(t))∥L(X) ≤
M1

(|λ |+1)
.

(E3) There exists 0 < θ ≤ 1 and M2 > 0 such that

∥(A(t)−A(s))A(r)−1∥ ≤ M2|t − s|θ for all t,s,r ∈ [0,a].

Lemma 2.9. [31, chapter 5, Theorem 6.1] Assume that (E1)-(E3) holds. Then,
there exists a unique evolution system {S(t,s) : 0 ≤ s ≤ t ≤ a} generated by the
family {A(t) : t ≥ 0}.

When discussing the existence of mild solutions for non-autonomous systems,
the theory of evolution family becomes indispensable.

The following is the definition of the evolution system.

Definition 2.10. A family {S(t,s) : 0 ≤ s ≤ t} of linear, bounded operators on
a Banach space X is called an evolution family for (2.5) if

(i) S(t, t) = I and S(t,s) = S(t,r)S(r,s) for every 0 ≤ s ≤ r ≤ t ≤ a,

(ii) The mapping {(t,s) ∈ R2 : s ≤ t} ∋ (t,s) 7→ S(t,s) is strongly continuous,

(iii) ∥S(t,s)∥ ≤ Nexp(ω(t − s)) for some N≥ 1,ω ∈ R and all t ≥ s ∈ R,

(iv) For each z∈Y, S(t,s) is strongly continuously differentiable in t and s with

(∂/∂ t)S(t,s)z = A(t)S(t,s)z,

(∂/∂ s)S(t,s)z = −S(t,s)A(t)z.
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Lemma 2.11. [35] Consider the family of linear operators (A(t))t∈[0,∞) on a
Banach space X and the corresponding non-autonomous Cauchy problem (2.5).
Then, the following assertions are equivalent.

(i) Eq. (2.5) is well posed (with exponentially bounded solutions).

(ii) There is a unique strongly continuous (exponentially bounded) evolution
family {S(t,s) : 0 ≤ s ≤ t ≤ a} on X solving Eq. (2.5).

As (A(t))t∈[0,∞) is a stable family of generators and A(t)ζ is strongly con-
tinuously differentiable on [0,+∞), so Eq. (2.5) has a strict solution [8, p.120].

The following section takes into account the perturbation of equation (2.5) : ζ ′(t) = A(t)ζ (t)+
∫ t

s
∆(t,u)ζ (u)du, 0 ≤ s ≤ t

ζ (s) = l ∈ X.
(2.6)

Combining the resolvent operator of (2.6) with the variation of constants for-
mula linked to (2.5) provides a clear relationship between the resolvent operator
and the evolution family. See Diop et al. [2] for more details.

Definition 2.12. The resolvent operator {R(t,s) : 0 ≤ s ≤ t ≤ a} is said to be
norm-continuous if the function (t,s) 7−→R(t,s) is continuous by operator norm
for 0 ≤ s < t.

Theorem 2.13. [2, Theorem 2.9] Assume that (R) and (E1)-(E3) are valid.
Let {R(t,s) : 0 ≤ s ≤ t ≤ a} be the unique resolvent operator of equation (2.1)
and S(t,s) the unique evolution system generated by the family A(t), t ≥ 0.
Then, the resolvent operator R(t,s) for equation (2.6) is norm-continuous for
a> t−s> 0 if the evolution family S(t,s) is norm-continuous for T > t−s> 0.

We end this section by the following useful lemma introduced by Ezzinbi et
al.[17].

Lemma 2.14. Let X be a Banach space and (Tn)n≥1 be a sequence of bounded
linear maps on X. Assume that Tnζ → T ζ for all ζ ∈X and for some T ∈L(X).
Then, for any compact set K in X, Tn converges to T uniformly in K, namely,

sup
ζ∈K

∥Tn(ζ )−T (ζ )∥→ 0, as n →+∞.
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2.3. Equi-regulated functions and measure of noncompactness

This section begins with a review of equiregulated functions. Next, we examine
the Hausdorff measure of noncompactness and related facts. Finally, the sys-
tem’s (1.2) mild solution is expressed.
Let X be a Banach space endowed with the norm ∥ · ∥ and I = [0,a] a closed
interval of the real line.

Definition 2.15. [9] A function f : I → X is called regulated on I, if the limits

lim
s→t−

f (s) = f (t−), t ∈ (0,a] and lim
s→t+

f (s) = f (t+), t ∈ [0,a)

exist and are finite.

Throughout this paper R(I,X) denote the space composed of all regulated func-
tions f : I → X. Also, it is obvious that the set of discontinuities of a regulated
function is at most countable and that the space of regulated functions R(I,X)
is a Banach space endowed with the norm ∥ f∥∞ = supt∈I ∥ f (t)∥ (see [37] for
more details). Consider L2(I,K) as a Banach space of all K-valued Bochner
square-integrable functions defined on I endowed of the norm

∥ζ∥L2 =

(∫ a

0
∥ζ (t)∥2

Kdt
) 1

2

, ζ ∈ L2(I,K).

Lemma 2.16. Let f : I → X and h : I → R be functions such that h is regulated
and

∫ a
0 f dh exists. Then for every t0 ∈ [0,a], the function

p(t) =
∫ t

t0
f dh, t ∈ [0,a],

is regulated and satisfies

p(t+) = p(t)+ f (t)V+h(t), t ∈ [0,a),

p(t−) = p(t)− f (t)V−h(t), t ∈ (0,a],

where V+h(t)= h(t+)−h(t) and V−h(t)= h(t)−h(t−). h(t−) and h(t+) denote
the function’s left limit and right limit h at the time t, respectively.

Definition 2.17. [9] A set G ⊂R(I,X) is called equiregulated if for every α > 0
and t0 ∈ I, there is a µ > 0 such that:

(i) if v ∈ G, t ′ ∈ I and t0 −µ < t ′ < t0, then ||v(t−0 )− v(t ′)||< α.

(ii) if v ∈ G, t ′ ∈ I and t0 < t ′ < t0 +µ , then ||v(t ′)− v(t+0 )||< α .
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Lemma 2.18. [9] Let {vn}∞

n=1 be a sequence of functions from I to X. If vn

converges pointwise to v0 as n → ∞ and the sequence {vn}∞

n=1 is equiregulated,
then vn converges uniformly to v0.

Lemma 2.19. [40] Let V ⊂ R(I,X). If V is bounded and equiregulated, then
the set co(V) is also bounded and equiregulated.

Let X be a Banach space . The Hausdorff measure of noncompactness of a
bounded subset U of X is defined as the infimum of the set of all real numbers
α > 0 such that U can be covered by a finite number of balls of radius smaller
than α , that is,

λ (U) = inf{α > 0 : U ⊂ ∪n
i=1B(ηi,ri),ηi ∈ X,ri < α(i = 1, · · · ,n),n ∈ N},

where B(ηi,ri) denotes the open ball centered at ηi and of radius ri.

Lemma 2.20. [11] Let U ,V be bounded subsets of X and κ ∈ R. Then the
following properties are satisfied.

(i) λ (U) = 0 if and only if U is relatively compact;

(ii) U ⊆V implies λ (U)≤ λ (V );

(iii) λ (U) = λ (U)

(iv) λ (U +V )≤ λ (U)+λ (V ), where U +V = {v|v = x+ y : x ∈ U ,y ∈V};

(v) λ (U ∪V ) = max{λ (U),λ (V )};

(vi) λ (κU) = |κ|λ (U) for any κ ∈ R;

(vii) λ (co(U)) = λ (U);

(viii) If the map ψ : D(ψ) ⊆ X→ Z is lipschitz continuous with a constant k,
then λZ(ψΩ) ≤ kλ (Ω) for any bounded subset Ω ∈ D(ψ), where Z is a
Banach space.

Let V be a subset of R(I,X). For any fixed t ∈ I, we denote V(t) = {v(t) : v ∈
V}. Next, we will present some results of the Hausdorff measure of noncom-
pactness in the space of regulated functions R(I,X).

Lemma 2.21. [9] Let V ⊂R(I,X) be bounded and equiregulated on I. Then

(i) λ (V(t)) is regulated on I.

(ii) λ (V) = sup{λ (V(t)) : t ∈ I}.
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Let LSh(I;X) be the space of functions f : I →X that are Lebesgue-Stieltjes
integrable with respect to h. Let µh be the Lebesgue-Stieltjes measure on I
induced by h. Using this measure, we have the following lemma.

Lemma 2.22. [6, Corollary 3.1] Let V0 ⊂LSh(I;X) be a countable set. Assume
that there exists a positive function p ∈ LSh(I;R+) such that ∥v(t)∥ ≤ p(t), µh
- a.e. holds for all v ∈ V0. Then we have

λ

(∫ a

0
V0(t)dh(t)

)
≤ 2

∫ a

0
λ (V0(t))dh(t).

Definition 2.23. The function ζ ∈ R(I,X) is said to be a mild solution of the
system (1.2) on I if it satisfies the following measure integral equation:

ζ (t)=R(t,0)(ζ0−g(ζ ))+
∫ t

0
R(t,s)Vu(s)ds+

∫ t

0
R(t,s)δ (s,ζ (s))dh(s), t ∈ I.

Definition 2.24. The nonlocal system (1.2) is said to be controllable on the
interval I, if for every ζ0,ζ1 ∈ X, there is a control function u ∈ L2(I;K) such
that the mild solution ζ (·) of (1.2) satisfies ζ (a)+g(ζ ) = ζ1.

Our proof of controllability results heavily relies on the following fixed point
theorem, a nonlinear alternative of Mönch type.

Theorem 2.25. [7] Let X be a Banach space, W an open subset of X, 0 ∈W,
and ψ : W→ X continuous. Also, assume that ψ satisfies

(i) the Mönch’s conditions,

N ⊂W is countable,N ⊂ co({0}∪ψ(N )) =⇒ N is relatively compact,

(ii) and the boundary condition

ζ ∈W, β ∈ (0,1),ζ = βψ(ζ ) =⇒ ζ /∈ ∂W.

Then ψ has a fixed point in W.

3. Main results

The prime aim of this section is to establish the controllability of the system
(1.2) by employing the Mönch fixed point theorem. The following assumptions
are required to build our main results.

(H1) The resolvent operator (t,s) 7→ R(t,s) of the linear part of (1.2) is norm-
continuous in X for 0 ≤ s ≤ t ≤ a and sup{∥R(t,s)∥ : 0 ≤ s ≤ t ≤ a} ≤ L1
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(H2) The function δ : I ×X→ X satisfies:

(i) for a.e. t ∈ I with respect to µh, the function δ (t, ·) : X → X is
continuous and for all ζ ∈ X, the function δ (.,ζ ) : I → X is µh-
measurable;

(ii) there exist a function n ∈ LSh(I;R+) and a non-decreasing contin-
uous function ω : R+ → R+ such that ∥δ (t,ζ )∥ ≤ n(t)ω(∥ζ∥) for

all ζ ∈ X and almost all t ∈ I and lim
k→+∞

inf
ω(k)

k
= γ <+∞;

(iii) there exists a function U ∈ LSh(I;R+) such that λ (δ (t,D)) ≤
U(t)λ (D) for almost all t ∈ I and every bounded subset D ⊂ X.

(H3) g : R(I,X)→ X is continuous and compact. And there exist the positive
constants c and d such that ∥g(ζ )∥ ≤ c∥ζ∥∞ +d, for all ζ ∈R(I,X).

(H4) The linear operator Z : L2(I,K)→ X is defined by

Zu =
∫ a

0
R(a,s)Vu(s)ds

such that

(i) Z has an invertible operator Z−1 which takes value
in L2(I;K)/ker(Z) and there exist positive constants L2, L3 such that

∥V∥ ≤ L2, ∥Z−1∥ ≤ L3;

(ii) there exists PZ ∈ L1(I;R+) such that, for almost all t ∈ I and any
bounded set Q ⊂ X,

λ ((Z−1Q)(t))≤ PZ(t)λ (Q).

Theorem 3.1. Assume that hypotheses (R), (E1)-(E2), and (H1)-(H4) are sat-
isfied. Then the measure driven system (1.2) is controllable on I provided that

c
[
L1 +L1L2L3a

1
2 (1+L1)

]
+L1γ

[
1+L1L2L3a

1
2
]∫ a

0
n(s)dh(s)≤ 1. (3.1)

L̃ :=
(

2L1 +4L2
1L2

∫ a

0
PZ(s)ds

)∫ a

0
L(s)dh(s)< 1. (3.2)

Proof. By using the condition (H4)-(i), for arbitrary function ζ ∈ R(I;X), we
define the control

uζ (t) = Z−1

[
ζ1 −g(ζ )−R(a,0)(ζ0 −g(ζ ))−

∫ a

0
R(a,s)δ (s,ζ (s))dh(s)

]
(t).
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Our goal is to show when using this control that the operator ψ : R(I,X) →
R(I,X) defined by

(ψζ )(t) = R(t,0)(ζ0 −g(ζ ))+
∫ t

0
R(t,s)Vu(s)ds+

∫ t

0
R(t,s)δ (s,ζ (s))dh(s)

has a fixed point ζ (·). This fixed point is then a mild solution of the measure
system (1.2). It is easy to verify that ζ (a) = (ψζ )(a) = ζ1−g(ζ ) which implies
that the measure system (1.2) is controllable.

As a result of the assumptions (H1) and (H2) the integral in the above for-
mula is well defined. Next, we will prove that ψ has a fixed point by using the
Mönch’s fixed point theorem. Let r > 0 and Br = {ζ ∈ R(I,X) : ∥ζ∥∞ < r}.
For every positive number r, Br is clearly an open subset in R(I,X) and 0 ∈ Br.
Write Br = {ζ ∈ R(I,X) : ∥ζ∥∞ ≤ r} and ψ(Br) = {ψ(ζ ) : ζ (·) ∈ Br}. The
remaining part is listed as:
Step 1: There exists a positive number r such that ψ(Br)⊆ Br.
Suppose the contrary, then for all r > 0 there is ζr(·) ∈ Br such that ψ(ζr)(·) /∈
Br. Hence ∥ψ(ζr)(t)∥ > r for some t ∈ I. Using the hypotheses (H1)− (H4),
we have

r < ∥ψ(ζr)(t)∥= ∥R(t,0)(ζ0 −g(ζr))

+
∫ t

0
R(t,s)Vu(s)ds+

∫ t

0
R(t,s)δ (s,ζr(s))dh(s)∥

≤ L1(∥ζ0∥+∥g(ζr)∥)+
∫ t

0
∥R(t,s)Vu(s)∥ds+

∫ t

0
∥R(t,s)δ (s,ζr(s))∥dh(s)

≤ L1(∥ζ0∥+∥g(ζr)∥)+L1L2

∫ a

0
∥u(s)∥ds+L1

∫ a

0
∥δ (s,ζr(s))∥dh(s)

≤ L1(∥ζ0∥+∥g(ζr)∥)+L1L2a
1
2 ∥uζr∥L2 +L1ω(r)

∫ a

0
n(s)dh(s).

Note that

∥uζr∥L2 (3.3)

=

∥∥∥∥Z−1

[
ζ1 −g(ζr)−R(a,0)(ζ0 −g(ζr))−

∫ a

0
R(a,s)δ (s,ζr(s))dh(s)

]∥∥∥∥
L2

≤ L3

[
∥ζ1∥+L1∥ζ0∥+(1+L1)∥g(ζr)∥+L1ω(r)

∫ a

0
n(s)dh(s)

]
, (3.4)
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from this inequality, we obtain that

r < (L1 +L2
1L2L3a

1
2 )∥ζ0∥+

[
L1 +L1L2L3a

1
2 (1+L1)

]
(cr+d)

+L1L2L3a
1
2 ∥ζ1∥+L1ω(r)

[
1+L1L2L3a

1
2

]∫ a

0
n(s)dh(s).

By dividing both sides by r and taking the lower limit as r →+∞, we get

c
[
L1 +L1L2L3a

1
2 (1+L1)

]
+L1γ

[
1+L1L2L3a

1
2
]∫ a

0
n(s)dh(s)≥ 1.

It is a contradiction to (3.1). Hence there is some positive number r such that
ψ(Br)⊂ Br.

Step 2: ψ : Br → Br satisfies the boundary condition given in point (ii) of
Theorem 2.25.

If ζ ∈ Br, α ∈ (0,1) and ζ = αψ(ζ ), then by Step 1, we have

∥ζ∥= ∥αψ(ζ )∥< ∥ψ(ζ )∥ ≤ r.

Therefore ζ /∈ ∂Br.

Step 3: ψ(Br) is equiregulated on I.
For t0 ∈ [0,a), we have

∥ψ(ζ )(t)−ψ(ζ )(t+0 )∥

=

∥∥∥∥R(t,0)(ζ0 −g(ζ ))+
∫ t

0
R(t,s)Vuζ (s)ds

+
∫ t

0
R(t,s)δ (s,ζ (s))dh(s)−R(t+0 ,0)(ζ0 −g(ζ ))

−
∫ t0+

0
R(t+0 ,s)Vuζ (s)ds−

∫ t0+

0
R(t+0 ,s)δ (s,ζ (s))dh(s)

∥∥∥∥
=

∥∥∥∥(R(t,0)−R(t+0 ,0)
)
(ζ0 −g(ζ ))+

∫ t+0

0
R(t,s)Vuζ (s)ds

+
∫ t

t+0
R(t,s)Vuζ (s)ds+

∫ t+0

0
R(t,s)δ (s,ζ (s))dh(s)

+
∫ t

t+0
R(t,s)δ (s,ζ (s))dh(s)−

∫ t+0

0
R(t+0 ,s)Vuζ (s)ds

−
∫ t+0

0
R(t+0 ,s)δ (s,ζ (s))dh(s)

∥∥∥∥
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≤
∥∥∥∥(R(t,0)−R(t+0 ,0)

)
ζ0

∥∥∥∥+∥∥∥∥(R(t,0)−R(t+0 ,0)
)

g(ζ )
∥∥∥∥

+
∫ t+0

0

∥∥∥∥(R(t,s)−R(t+0 ,s)
)
Vuζ (s)

∥∥∥∥ds

+
∫ t+0

0

∥∥∥∥(R(t,s)−R(t+0 ,s)
)

δ (s,ζ (s))
∥∥∥∥dh(s)

+
∫ t

t+0

∥∥∥∥R(t,s)Vuζ (s)
∥∥∥∥ds

+
∫ t

t+0

∥∥∥∥R(t,s)δ (s,ζ (s))∥∥∥∥dh(s)

:= M1 +M2 +M3 +M4 +M5 +M6,

where

M1 =

∥∥∥∥(R(t,0)−R(t+0 ,0)
)

ζ0

∥∥∥∥,
M2 =

∥∥∥∥(R(t,0)−R(t+0 ,0)
)

g(ζ )
∥∥∥∥,

M3 =
∫ t+0

0

∥∥∥∥(R(t,s)−R(t+0 ,s)
)
Vuζ (s)

∥∥∥∥ds,

M4 =
∫ t+0

0

∥∥∥∥(R(t,s)−R(t+0 ,s)
)

δ (s,ζ (s))
∥∥∥∥dh(s),

M5 =
∫ t

t+0

∥∥∥∥R(t,s)Vuζ (s)
∥∥∥∥ds,

M6 =
∫ t

t+0

∥∥∥∥R(t,s)δ (s,ζ (s))∥∥∥∥dh(s).

Therefore, we need to show that Mi tends to 0 independently of ζ ∈ Br when
t → t0, i = 1,2,3,4,6.
Firstly for t+0 > 0. By the norm-continuity of R(t,s), we have

∥R(t,0)ζ0 −R(t+0 ,0)ζ0∥→ 0 as t → t+0 .

Therefore, M1 → 0.
Moreover, we have that

∥R(t,0)g(ζ )−R(t+0 ,0)g(ζ )∥ ≤ ∥R(t,0)−R(t+0 ,0)∥×∥g(ζ )∥

≤ ∥R(t,0)−R(t+0 ,0)∥×
(

c∥ζ∥∞ +d
)

≤ ∥R(t,0)−R(t+0 ,0)∥×
(

cr+d
)
.
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And so, ∥R(t,0)−R(t+0 ,0)∥ → 0 as t → t+0 by the norm-continuity of R(·, ·).
Hence M2 → 0 as t → t+0 .
Now for t+0 = 0, we have that
∥R(t,0)g(v)− g(v)∥ ≤ sup

ω∈g(Br)
∥R(t,0)ω −ω∥ → 0,asω → 0+, by Lemma

2.14 since g(Br) is compact. Therefore, I2 tends to 0 as t → t+0 .

For t+0 = 0, 0 < t ≤ a, it is easy to verify that M3 = M4 = 0.
For 0 < t+0 < a and arbitrary 0 < θ < t+0 , by the assumptions (H1) and (H4)(i)
and the arbitrariness of θ , we get

M3 ≤
∫ t+0 −θ

0

∥∥∥∥(R(t,s)−R(t+0 ,s)
)
Vuζ

∥∥∥∥ds

+
∫ t+0

t+0 −θ

∥∥∥∥(R(t,s)−R(t+0 ,s)
)
Vuζ

∥∥∥∥ds

≤ sup
s∈[0,t+0 −θ ]

∥∥∥∥R(t,s)−R(t+0 ,s)
∥∥∥∥
L(X)

×L2

∫ t+0 −θ

0
∥uζ (s)∥ds

+L2

∫ t+0

t+0 −θ

∥∥∥∥(R(t,s)−R(t+0 ,s)
)∥∥∥∥∥uζ∥ds

→ 0 as t → t+0 and θ → 0.

In the same way as previously, by using (H1) and (H2)-(ii) we have

M4 ≤
∫ t+0 −θ

0

∥∥∥∥(R(t,s)−R(t+0 ,s)
)

δ (s,ζ (s))
∥∥∥∥dh(s)

+
∫ t+0

t+0 −θ

∥∥∥∥(R(t,s)−R(t+0 ,s)
)

δ (s,ζ (s))
∥∥∥∥dh(s)

≤ sup
s∈[0,t+0 −θ ]

∥∥∥∥R(t,s)−R(t+0 ,s)
∥∥∥∥
L(X)

∫ t+0 −θ

0
n(s)ω(r)dh(s)

+
∫ t+0

t+0 −θ

∥∥∥∥(R(t,s)−R(t+0 ,s)
)

n(s)ω(r)
∥∥∥∥dh(s)

≤ sup
s∈[0,t+0 −θ ]

∥∥∥∥R(t,s)−R(t+0 ,s)
∥∥∥∥
L(X)

ω(r)
∫ t+0 −θ

0
n(s)dh(s)

+ω(r)
∫ t+0

t+0 −θ

∥∥∥∥(R(t,s)−R(t+0 ,s)
)

n(s)
∥∥∥∥dh(s)

→ 0 as t → t+0 and θ → 0.

For M5, by (H4)−(i) and (3.3), we get that M5 =
∫ t

t+0

∥∥∥∥R(t,s)Vuζ (s)
∥∥∥∥ds →
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0 as t → t+0 .

Let q(t) =
∫ t

0 n(s)dh(s), from Lemma 2.16, q(t) is a regulated function on I.
Hence,

M6 ≤ L1ω(r)
∫ t

t+0
n(s)dh(s) = L1ω(r)(q(t)−q(t+0 ))→ 0, as t → t+0 ,

also independently of ζ (·).
Therefore ∥ψ(ζ )(t)−ψ(ζ )(t+0 )∥→ 0 as t → t+0 .
Using the similar method as previously, we show that ∥ψ(ζ )(t−0 )−ψ(ζ )(t)∥→
0, as t → t−0 for all t0 ∈ (0,a]. Hence, ψ(Br) is equiregulated on I.

Step 4 : The operator ψ is continuous on Br.
Let {ζn}∞

n=1 be a convergent sequence in Br and ζn → ζ as n → ∞. Using the
hypotheses (H2), (H3) and the fact that R(t,s) is strongly continuous, we have
for all t ∈ I,

∥ψ(ζn)(t)−ψ(ζ )(t)∥

=

∥∥∥∥−R(t,0)(g(ζn −g(ζ ))+
∫ t

0
R(t,s)V(uζn(s)−uζ (s))ds

+
∫ t

0
R(t,s)

[
δ (s,ζn(s))−δ (s,ζ (s))

]
dh(s)

∥∥∥∥
≤ L1∥g(ζn)−g(ζ )∥+L1L2

∫ t

0
∥uζn(s)−uζ (s)∥ds

+L1

∫ t

0
∥δ (s,ζn(s))−δ (s,ζ (s))∥dh(s)

≤ L1∥g(ζn)−g(ζ )∥+L1L2a
1
2 ∥uζn −uζ∥L2

+L1

∫ t

0
∥δ (s,ζn(s))−δ (s,ζ (s))∥dh(s).

Note that

∥uζn −uζ∥L2 ≤ L3

[
∥g(ζn)−g(ζ )∥+L1∥g(ζn)−g(ζ )∥

+L1

∫ a

0
∥δ (s,ζn(s))−δ (s,ζ (s))∥dh(s)

]
.

Then by hypotheses (H2), (H3) and the dominated convergence theorem for
Lebesgue-Stieltjes integrals, we obtain that

∥ψ(ζn)(t)−ψ(ζ )(t)∥→ 0 as n → ∞.
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Moreover, by step 3 we know that {ψ(ζn)}∞
n=1 is equiregulated . This result

combined with the fact that ψ(ζn) → ψ(ζ ) as n → ∞ and Lemma 2.18 gives
ψ(ζn) converges uniformly to ψ(ζ ) as n → ∞. Hence, ψ is a continuous opera-
tor on Br.

Step 5 : The Mönch’s condition holds.
Suppose D ⊂ Br is countable and D ⊂ co({0} ∪ ψ(D)), we will show that
λ (D) = 0.
Without loss of generality, we may suppose that D = {ζn}∞

n=1. Step 3 implies
that ψ(D) is equiregulated on I, then by using the fact that D ⊂ co({0}∪ψ(D))
and Lemma 2.19, we get that D is also equiregulated on I.
By Lemma 2.22, hypotheses (H2)-(iii) and (H4)-(ii), we have

λ ({uζn(s)}
∞
n=1)≤ PZ(s)λ

([∫ a

0
R(a,s)δ (s,ζn(s))dh(s)

]∞

n=1

)
≤ 2PZ(s)L1

∫ a

0
L(s)λ (D(s))dh(s).

Therefore

λ ((ψD)(t))

= λ ({(ψζn)(t)}∞
n=1)

≤ λ ({R(t,0)(ζ0 −g(ζn)}∞
n=1)+λ

([∫ t

0
R(t,s)δ (s,ζn(s))dh(s)

]∞

n=1

)
+λ

([∫ t

0
R(t,s)Vuζn(s)ds

]∞

n=1

)
≤ 2L1

∫ a

0
L(s)λ (D(s))dh(s)+2L1L2

∫ a

0
λ ({uζn(s)}

∞
n=1)ds

≤
(

2L1 +4L2
1L2

∫ a

0
PZ(s)ds

)∫ a

0
L(s)λ (D(s))dh(s)

≤
(

2L1 +4L2
1L2

∫ a

0
PZ(s)ds

)∫ a

0
L(s)dh(s)λ (D) = L̃λ (D).

Using the previous result and the Mönch condition, we obtain that

λ (D)≤ λ (co{0}∪ψ(D))) = λ (ψ(D))≤ L̃λ (D).

Since L̃ < 1, then λ (D) = 0. Therefore, the set D is relatively compact in
R(I,X).

According to Theorem 2.25, the operator ψ has a fixed point in Br. Hence,
the nonlocal measure-driven system (1.2) is controllable on the interval I.
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4. Example

Consider the integrodifferential systems driven by a measure of the form

dtN(t,x) = τ(t)
∂ 2

∂x2 N(t,x)+
∫ t

0
G(t,s)

∂ 2

∂x2 N(s,x)ds+θ ν(t,x)

+M0 cos(N(t,x))dh(t), t ∈ I = [0,1], x ∈ [0,π],
N(t,0) = N(t,1) = 0, t ∈ [0,1],

N(0,x)+
∫ 1

0

∫ 1

0
f (t,x) log(1+ |N(s, p)|

1
2 )dtdp = N0(x), x ∈ [0,1],

(4.1)
where θ ,M0 > 0 are constants, and τ : R+ →R is a Hölder continuous function
with order 0 < α ≤ 1, meaning that there exists a positive constant Kτ such that

|τ(t)− τ(s)| ≤ Kτ |t − s|α for t,s ∈ R+.

Moreover, τ : R+ → R is continuously differentiable and τ(t)<−1.
The function G(·, ·)∈ BU(R+×R+,R), where BU(R+×R+,R) is the space of
all bounded uniformly continuous functions from R+×R into R. In addition,
t → ∂

∂ t G(t,s) is bounded and continuous from R+ to R.
We introduce the space X= L2([0,π],R) so that the system (4.1) can be written
in the abstract form (1.2) and define the family of operators A(t) as follows:{

(A(t)z)(x) = τ(t)z′′(x), t ≥ 0,x ∈ [0,π],
z ∈ D(A(t)) = D(A) = H2(0,π)∩H1

0 (0,π).

The operator A is defined as:{
(Az)(x) = z′′(x),x ∈ [0,π],
z ∈ D(A(t)) = D(A) = H2(0,π)∩H1

0 (0,π), t ≥ 0.

and {
(B(t,s)z)(x) = G(t,s)z′′(x), 0 ≤ s ≤ t,x ∈ [0,π],
z ∈ D(A(t)) = D(A) = H2(0,π)∩H1

0 (0,π).

In what follows we will show that the following assumptions are verified.

— Assumptions (C1)-(C3):

– Assumptions (C1): for each t ≥ 0,A(t) = τ(t)∆ generates a strongly
continuous semigroup on X. In addition, A(t)z = τ(t)∆z is strongly
continuously differentiable on R+ for each z ∈ D(A), due to the
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strong continuous differentiability of τ(·). We known that ∆ is an in-
finitesimal generator of a C0-semigroup of contraction on X . Since
b(t)<−1, it follows that τ(t)∆ is an infinitesimal generator of a C0-
semigroup of contraction on X. Therefore, for each t ≥ 0,A(t) =
τ(t)∆ is stable (see, [31]). Furthermore, we have (B(t)z)(·) = G(t+
·, t)Az for each z ∈ D(A). Since ∂G(t,s)

∂ t is continuously differen-
tiable from R+ to R, then B(t)z is strongly continuously differen-
tiable on R+ for each z ∈ Y. Hence, assumption (C1) is satisfied.
Thus for z ∈ D(A) = D,

A(t)z =
+∞

∑
n=1

(−n2
τ(t))⟨z,en⟩en

where ⟨·, ·⟩ is the usual inner product on X.Therefore, A(t) generate
an evolution family {S(t,s) : 0 ≤ t ≤ 1} given by:

S(t,s)z =
+∞

∑
n=1

e((−n2)(t−s)×
∫ t

s τ(u)du)⟨z,en⟩en, for 0 ≤ s ≤ t ≤ T,z ∈ X.

(4.2)
we show that the evolution family {S(t,s) : 0 ≤ s ≤ t} is norm-
continuous for t − s > 0.
Let 0 < s1 < s2 < t1 < t2,

∥S(t2,s2)z−S(t1,s1)z∥

=

∥∥∥∥ +∞

∑
n=1

e((−n2)(t2−s2)×
∫ t2

s2
τ(u)du)⟨z,en⟩en

−
+∞

∑
n=1

e((−n2)(t1−s1)×
∫ t1

s1
τ(u)du)⟨z,en⟩en

∥∥∥∥
=

∥∥∥∥ +∞

∑
n=1

e((−n2)(t2−s2)×(
∫ t1

s2
τ(u)du+

∫ t2
t1

τ(u)du))⟨z,en⟩en

−
+∞

∑
n=1

e((−n2)(t1−s1)×(
∫ s2

s1
τ(u)du+

∫ t1
s2

τ(u)du))⟨z,en⟩en

∥∥∥∥
Since the series ∑

+∞

n=1 e((−n2)(t−s)×
∫ t

s τ(u)du)⟨z,en⟩en, for 0 ≤ s ≤ t ≤
1,z ∈ X is convergent then if t2 → t1 and s2 → s1, we obtain

∥S(t2,s2)z−S(t1,s1)z∥→ 0.

Therefore, {S(t,s) : 0 ≤ s ≤ t ≤ 1} is norm-continuous for t − s > 0
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– Assumptions (C2): Since G(·, ·) is continuous, then (B(t))(s) =
G(t + s, t) is continuous on R+. Moreover, for any t ≥ 0 and any
y ∈ Y, we have:

∥B(t)y∥X = sup
s∈R+

∥(B(t)y)(s)∥X

= sup
s∈R+

|(B(t + s, t)|∥Ax∥X

≤ sup
s∈R+

|(B(t + s, t)|(∥y∥+∥Ãy∥).

Thus, assumption (C2) holds.
– Assumptions (C3): Let y ∈ Y, then d

ds(B(t)y)(s) =
∂

∂ s G(t + s, t)Ay,
which implies that B(t)y ∈ Ds(D) and(

DB(t)y
)
(s) =

∂

∂ s
G(t + s, t)Ay.

Moreover, t → ∂

∂ sB(t) is continuous on R+ and

∥DB(t)y∥X ≤ sup
s∈R+

| ∂

∂ s
G(t + s, t)(∥y∥+∥Ay∥).

Hence, assumption (C3) holds, as ∂

∂ s G(t + s, t)Ay ∈ L(Y,F).

— Assumption (E1)-(E3):

– (E1) follows from (C1). Assumption (E2) and (E3) hold for M1 =
1,M2 =

Kτ

3 , and θ = α . See [42] for more details. Thus, there exists
a unique evolution system {S(t,s)} generated by the stable family
(A(t), t ≥ 0), which is given by (4.2). Since the evolution system
{S(t,s) : 0 ≤ s ≤ t ≤ 1} generated by A(t) is norm-continuous, then
by Theorem 2.13, the corresponding resolvent operator R(t,s) of
the linear part of (1.2) is norm continuous in X for 0 < s < t < 1.
Assumption (H1) is satisfied.

To complete the abstract formulation of (4.1), we introduce the following nota-
tions:{

ζ (t)(x) = N(t,x), ζ ′(t)(x) = dtN(t,x) for t ∈ [0,1] and x ∈ [0,π],
ζ (0)(x) = N(0,x), for x ∈ [0,π].

Furthermore we define the maps δ : I×X→X, g : R(I,X)→X, V : K→X by:

δ (t,ζ )(x) = M0 cos(ζ (x)), for t ∈ [0,1], x ∈ [0,π], ζ ∈ X,

g(ζ )(x) =
∫ 1

0

∫ 1

0
f (t,x) log(1+ |ζ (t)(p)|

1
2 )dtdp,

Vu(t)(x) = u(t)(x) = θ ν(t,x), x ∈ [0,π].
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Using these definitions we can represent the system (4.1) in the following ab-
stract form dζ (t) =

[
A(t)ζ (t)+

∫ t

0
∆(t,s)ζ (s)ds+Vu(t)

]
dt +δ (t,ζ (t))dh(t),

ζ (0)+g(ζ ) = ζ0.
(4.3)

where t ∈ I = [0,a],a > 0. Suppose that h : [0,1]→ R is defined by

h(t) =


1− 1

2 , 0 ≤ t ≤ 1− 1
2 ,

· · ·
1− 1

k , 1− 1
k−1 < t ≤ 1− 1

k , for k > 2 and k ∈ N,
· · ·
1, t = 1.

It is clear that h : [0,1] → R is a left continuous (at t = 1) and nondecreasing
function on [0,1].
We assume that

(a) G : [0,1]×X→ X is a continuous function defined by

G(t,ζ )(x) = δ (t,ζ (t,x)), t ∈ [0,1], x ∈ [0,π].

Take δ (t,ζ (t,x)) = M0 cos(ζ (x)), where M0 is a positive constant. Then
G is Lipschitz continuous for the second variable, because

∥G(t,ζ2)−G(t,ζ1)∥=
(∫ 1

0
M2

0 |cos(ζ2(x))− cos(ζ1(x))|2 dx
) 1

2

≤ M0

(∫ 1

0
|ζ2(x)−ζ1(x)|2 dx

) 1
2

= M0∥ζ2 −ζ1∥.

Moreover, since

∥G(t,ζ )∥=
(∫ 1

0
M2

0 cos2(ζ (x))dx
) 1

2

≤
(∫ 1

0
M2

0 ζ
2(x)dx

) 1
2

=M0∥ζ∥,

then we can take n(t) = M0, ω(t) = t, and hence γ = 1 in the hypothesis
(H2)-(ii). Moreover, since λ (δ (t,D))≤ M0λ (D) for any bounded subset
D of X then U(t) = M0. Hence, G verifies hypothesis (H2) in Theorem
3.1.

(b) g : R([0,1],X)→ X is a continuous defined by

g(ζ )(x) =
∫ 1

0

∫ 1

0
f (t,x) log(1+ |ζ (t)(p)|

1
2 )dtdp, ζ ∈R([0,1];X).
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We can use the same proof as in the literature [39] to show that g is a
continuous and compact operator and we have

∥g(ζ )∥X =

∥∥∥∥∫ 1

0

∫ 1

0
f (t,x) log(1+ |ζ (t)(p)|

1
2 )dtdp

∥∥∥∥
X

≤ max
t∈[0,1],x∈[0,π]

| f (t,x) | [∥ζ∥∞ +1].

Therefore the hypothesis (H3) in Theorem 3.1 is satisfied with
c = maxt∈[0,1],x∈[0,π] | f (t,x)| and d = 1.

(c) Let the control operator V : X→ X be defined by

(Vu)(t)(x) = θ ν(t,x), x ∈ [0,π].

It is easy to verify that ∥V∥= θ . The linear operator Z : L2([0,1],X)→X
is given by

Zu =
∫ 1

0
R(1− s)θ u(s,x)ds,

It is easy to verify that ∥Z∥ ≤ θ . By Appendix of [4] and the inverse
operator theorem, Z has a bounded inverse operator Z−1 taken value in
L2([0,1];X)/KerZ.
According to the above analysis, let L2 = θ , c=maxt∈[0,1],x∈[0,π] | f (t,x) |,
then the inequalities (3.1) and (3.2) take the form[

L1 +L1θL3(1+L1)
]
∥ f∥L2 +

1
2

M0L1(1+L1θL3)< 1. (4.4)

and

M0

(
L1 +2L2

1θ

∫ 1

0
PZ(s)ds

)
< 1 (4.5)

respectively.
Further, suppose the condition (H4)-(ii) holds and the above inequalities
(4.4), (4.5) are satisfied, then the integrodifferential equation (4.1) is ex-
actly nonlocally controllable on [0,1] by Theorem 3.1.

5. Conclusion

This work investigates a category of nonlocal measure-driven integral differ-
ential systems in Banach space. Our results, proven using the Mönch fixed
point theorem, which does not impose the compactness of the resolvent opera-
tor, represent a novel contribution to this field. Our next step will be to apply
this finding to a nonlocal evolution equation with state-dependent delay, non-
instantaneous impulsive, and random effects.
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2012.

[10] Lygeros. J, Tomlin. C and Sastry. S: Hybrid Systems: Modeling, Analysis and
Control, Electronic Research Laboratory, University of California, Berkeley, CA,
Tech. Rep. UCB/ERL M, 99 (6) (2008).
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