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WO1 a (Q)—SOLUTIONS FOR A DEGENERATE DOUBLE PHASE
TYPE OPERATOR IN SOME BORDERLINE CASES

F. ACHHOUD - S. D’ASERO

We study the existence of Wol’l (Q)—solutions of nonlinear anisotropic
problems whose simplest model is

—div (a(x)|Va|?2Vu) — div (|u|(’—1>q+1|vu|q—2w) —f  inQ,
u=0 on dQ.

where Q is a bounded open subset of RN (N >2), 1 <g<p<N,r> %l
and f is a function with poor summability.

1. Introduction and statement of the main results
‘We consider the following boundary value problem:

ey

—div (a(x)|Vu|P2Vu) —div (g(u)|Vu|?*Vu) = f  inQ,
u=20 on 0Q,

where Q is an open, bounded subset of RY(N > 2), and p,q are parameters
satisfying the condition:

1
l<g<p<2——. 2
q<p N (2)
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a: Q — R is a measurable function such that
O<a<a(x)<B, ae.xeQ, 3)
g:R — Ris a function defined as
g(t) = [t|UVH with (r— 1)g+1 >0, (4)

and
feL"(Q), withm> 1. (5)

Problem (1) falls within the so called “double phase” problem, a class of
problems which exhibit an unbalanced growth, the (p,A)-growth according to
Marcellini’s definition given in [14].

A simple example of nonlinear double phase elliptic equation is

—div (|Vu|P~2Vu) — div (g(x)yvu\lfzvu) —f ©6)

The left-hand side of this equation is the derivative of the double phase integral
functional

p
J(v):/ <|VV| +g(x)|vm> dx, with1<p<A, )
o\ p A

which is basically characterized by the fact of having the energy density switch-
ing between two different types of degenerate behaviours, according to the size
of the set where g(x) = 0.

Nowadays, the double phase elliptic problems are widely studied. Some
fundamental papers are [2, 3, 10, 11].

We point out that, respect to the double phase equation (6), in (1) numbers
P, q play the role of A, p, and function g(u) depends on a power of u.

Problem (1) has been considered in the papers [1] and [4], where the authors
studied the improved regularity of Vu both depending on the presence of the
additional term

—div (g(u)|Vu|12Vu)

and on the summability of the datum f. In particular, for a datum f having a
summability exponent m below the duality one, that is

N

max{l,m} <m< (P*)la

the existence of a distributional solution u can be summarized as follows
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1 1\
g <7 = uew, P (@)

Fim) <r<F#m) = ue Wol’g(Q) AL (Q)

where
* N_ *
rm)= TNy = MM g g TP
p'(mq) Ng(m—1) m+ (mq)*r
Note that,
N
—1m" =1 = m=m=—————
(p=1) Np—1)+1
and .
n>1 < l<p<2——.
m p N
Moreover,
* N(1
£ =m (ma)'rp_ gy = NUE4T)
m+ (mq)*r qg(Nrp+1)
and
o] e o N4
n e ——
Ng(p—1)

Thus, in the previous two borderline cases one might expect to find solution
u of the problem (1) with gradient merely summable, as firstly done in [6].

Namely, in this paper, under an appropriate balance of the parameters p,q,r
and the summability of f, we prove the existence of WOI’I(Q)—distributional
solutions of the problem (1) in the limiting cases drawn above.

Here, by a distributional solution of the Problem (1) we mean a function
ue WOI’1 (Q) such that

g(w)|Vulh € L'(Q)

{ /a(x)|Vu|p72Vqude—|—/g(u)|Vu|‘172VuV(pdx:/fq)dx, ®)
Q Q Q

for every ¢ € Cy'(Q).

Theorem 1.1. Assume that hypotheses (2), (3), (4) hold true. Let f € L"(Q)
with m = and

N
N(p—1)+1

<r<r, )

1
q
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where

N(pp—1)+1—g¢
gN—1)

Then, there exists u € WO1 ’I(Q) which solves Problem (1) in the sense of the
definition (8).

F=

Remark 1.1. The above Theorem gives the same result as in [7], where g(u) =
0.

Remark 1.2. Note that

Jim 7(m) =7,

hence the result of Theorem 1.1 links up continuously with the result of the
Theorem 1.3 in [1].

The next result investigates the regularizing effect due to the term
—div(g(u)|Vu|T">Vu).

Specifically, assuming that the exponent r in g(u) is sufficiently large, we estab-
lish the existence of a distributional solution under a weaker hypotheses on the
datum f.

Theorem 1.2. Assume that (2), (3), (4) are fulfilled. Suppose that

r<r<F, (10)
where N
=4 (11)
Ng(p—1)
and
N(1+gr)

ferm(Q), withm = (12)

q(1+Nrp)’

Then, there exists u € WO1 ’I(Q) which solves Problem (1) in the sense of the

definition (8). Moreover, u € L*(Q) with yt = (g) (r—l— é) :

Remark 1.3. Notice that the condition (10) implies that 1 < m; < W.
Thus, the summability assumption on f in Theorem 1.2 is weaker than the one
required in Theorem 1.1. Moreover, we point out that y > %, i.e. the regu-
larity obtained in our result is better than the one obtained in [5, 7] by means of

the embedding Sobolev Theorem.



WO1 1 (Q)—SOLUTIONS FOR A DEGENERATE DOUBLE PHASE TYPE OPERATOR 625

Remark 1.4. Note that
lim (mq)*r=u,

m—m

hence the result of Theorem 1.2 links up continuously with the Theorem 1.4 in

[1].

The regularizing effect of other lower order terms on the summability of u
and Vu has been studied by various author, see for example [5], [6], [7], [9],
[12],

The structure of the paper unfolds as follows: in Section 2 we introduce
a suitable sequence of approximating problems and we will establish a priori
estimates on the corresponding sequence of solutions. Section 3 is devoted to
the proof of Theorem 1.1 and Theorem 1.2.

2. Approximating problems and a priori estimates

To prove our existence results, we begin by approximating the boundary value
Problem (1).

Let f € L"(Q), m > 1. For n € N, let us consider the sequence of approxi-
mating problems

—div (a(x) ]Vun|p*2Vun) — div (g(un) |Vu,,\q72Vun) =f, inQ,
(13)
u, =0 on dQ,
where { f,,} is a sequence of bounded functions such that
fon— f strongly in L"(Q), (14)

and
[ fullen@) < N fllem@),  VrEN.

Thanks to the results of [4], Problem (13) admits a weak solution u,, in the
sense that

U €EWSP(Q)  g(u)|Vu|™" € L7 (Q),

(15)
/a(x)|Vun\p72VunV(pdx+/g(un)|Vun\q*2VunV(pdx:/fn(pdx,
Q Q Q
for any ¢ € WO1 (). Moreover, u, is also bounded, since f,, € L™(Q).
We are going to prove that, under the assumptions of the Theorem 1.1 and
Theorem 1.2, the sequence {un} converges to a distributional solution u €
WOI’I(Q) of the Problem (1). As already done in [5, 7], the main tool will
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be to derive the boundedness of the sequence {un} in the non reflexive space
1,1
Wy ().
Let kK > 0 and 7} : R — R the usual truncation function defined by

Ti(s) = max{—k,min{s,k}}, VseR.

By using T;(u,) as test function in the integral identity in (15) and dropping
the positive term in the left-hand side, we obtain the following estimate

k
/Q]VTk(un)]pdxﬁaHfHLl(Q), vneN, (16)

The following lemma will be used in the proof of the Theorem 1.1.

Lemma 2.1. Let the assumptions (2) — (4) hold. Assume that f € L™ (Q) with
m= 2 and
N(p—1)+1
1
a <r S r.

Then, there exists a positive constant M, independent of n, such that
< .
HunHWO],l(Q) _./\/ll, VneN 17

Moreover, for every measurable subset E C €, it holds

lim /|Vun]dx:O, Vn € N. (18)
|E|—=0JE

Here and in the sequel, for any measurable set E C RV |E| denotes its N -
dimensional measure.

Proof. Let § > 0. For any ¢t € R, define the function

vs(r) = | (8 +11)™" = 87! | sign(r),

where
N(1-p)

TN

(19)
In the sequel, we denote by C;, i = 1,2,3..., any positive constant depending
only on the known data and independent of n.

Substituting vg(u,) as the test function into the integral identity (15), we
obtain
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(s~+1)/Qa(x)|vun|f’(5+|un|)fdx+(s~+1)/Qg(u,,)|v14n\q(5+\u,,\)fdx

= /anV5(un)dx.
(20)
Thanks to (3) and dropping the second (positive) term in the left-hand side, we
get

1
m

Moreover, dropping the first term in the left-hand side of (20), we have

1

m

kq(r71)+l/ |Vun\q(5+\un\)idx§ £l (/ |v5(un)|m’) . (22)
D, (k) @

where
Dy(k) ={x € Q: |u,(x)| > k}.

Thus, by (21) and Sobolev’s inequality, we deduce

p*) 153*
1
7

< I fllem@) (/Q(6+ \un\)m%m))

~ L* L*
C((X7S) (/g2 ‘(5"‘ |Mn|)(N*1)P — 5(N71)p

with

als+1) (2571)°
Sp |

Thanks to the Lebesgue Theorem and the Fatou Lemma, we can pass to the limit
as 6 tends to 0 and we deduce

Cla,s) =

1
. N P (5 m
ctas) ([l )" <l [ 1) "

1

7, we deduce

Since 1I* = —— =m/(§+1) and & >

cta.s) ([ )" " < 1lum 23)
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In addition, from (21) and (22) we obtain

[l varar<cr, 24)
Dy (k)
~ C2
N q <
/D |l IVt < o (25)
and the following estimate
Clo,§
D, (k)| < ( N’s), Yk > 0. (26)
kT

Therefore, if we fix € > 0, then there exists k; > 0 such that for any k > k.
D, (k)| <€, uniformly with respect to n. (27)

Now, we prove that {u,} is bounded in WO1 1(Q). Exploiting (21) with § = 1,
we get

V P
/ \ Un’N(pT) dx < Cs. (28)
@ (1 + ’”n’) vt

By the Hélder’s inequality, we have

\Y% _N
/|Vun\dx:/| t| — (L4 |up|) "1 dx
. 9 (14 g 770

)4
< de
o N(p—1)
(1 [un]) 1

1
7

: [/Q(l—i—|un|)NN‘dx]p .

Thus, by (23) and (28), we conclude that (17) holds true.
Let k > 0, and for any ¢ € R, we define the function

we(r) = [ = k1] Tsign(r), ()

where § is the constant defined in (19).
By using y(u,) as a test function in the integral identity (15), we obtain

/ a(x) ]Vu,,|p*2 Vu,,Vl//k(u,,)dx—l—/ g(uy) |Vu,,\q*2 Vu, Vi (u,)dx
Q Q

= / fnll/k(un)dx'
Q

Here, as usual v = max {v,0}, ¥v € R.
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From Hoélder’s inequality and the fact that the second term on the left-hand side
is positive, it follows that

1

1
VnP m '
e [ RALIS Z’wdxé( / |fn|’"dx> ( / \w\N”ldx) )
Dn(k)| | Dy (k) Dy (k)

un N—-1

Applying again the Holder’s inequality and taking into account inequalities (23)
and (29), we get

Vu, _N
D, (k) (.

K || 7D
1 1
\v/ P r N -
Vg ] [l
Dn(k) ‘l’tn‘ N—-1 Dn(k)

1
< Co < / |fnymdx>” .
D, (k)

Thanks to the previous inequality, for every measurable subset £ C Q we
have

/|Vun| dx§/|VTk(un)| dx—l—/ Vity| dx
E E Dy (k)

1 1
< [/ VT () |? dx} "IE[ (/ gl dx)' (30)
Q Dn<k)

k % 1-1 m ”L'"
< gl 1o () vrmax)”

which, by (27) and the absolute continuity of the integral, gives (18). O
The following lemma will be used in the proof of the Theorem 1.2.

Lemma 2.2. Let the assumptions (2) — (4) hold. Assume that
F<r<r. (31

and f € L™ (Q) withm; = qyﬂ}lfrg)

Then, there exist two positive constants My and M3, independent of n, such
that

ltnllin@) < M2,  VneN (32)

and
ltallyr gy < M, VneN. (33)
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Moreover, for every measurable subset E C ., it holds

lim / |Vu,| dx =0, Vn e N. (34)
[E|=0JE

Proof. Let us define for any ¢ € R, the function

w(t) = [[op 1] sign (o),

with
L _NA-p)(i+gr) (35)
Np—gq

Notice that
r<if=s+1>0.

We choose w(uy,) as test function in (15). Removing the first positive term in
the left-hand side we get

1
/ |Vun|q‘u |q r—1) +s+1d ||f||L M ( </ |Mn|(s+1)m’1dx> ™ 7 (36)
D, (1) (s+1) Di(1)

which implies

(r=1)+1+4s +
Yl

By employing the Sobolev’s inequality, from (36) we obtain

* 1
s+ q g ! W
(/ ‘ un|” gt —l dx) <C; (/ |un|(s+1)m1dx> r
Di(1)

We recall that by the definition of s, it follows

‘ =)l @ :
dx < (i) © (/ Iun|“+1)’"’ldx> .
Dp(1)

s+1

RS

. (+Dg*
i+ ST (o =

and by easy calculations, from the last inequality, we get

q 1
</ |un|“dx> ! <Cg (/ |1t |51 ldx> " 4 Co.
Dn(l) Dn(l)

1
Since 4 > —, we deduce that
q* m]

/ \un|”dx§C10.
Dy(1)
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On the other hand, we have

/|u,,\”dx:/ \un|“dx+/ |un|H dx
Q Dy, (1) Dg(1)

<[ w0l
Dy(1)
hence
[l x < .
Q
which implies that (32) holds.
Here and in the sequel, for any set A C RV, A€ denotes the complement of 4, i.e.

A =Q\A.
From (36), we derive

/D . Vit 4109~V g < € 37)

Thanks to the Holder’s inequality with exponents ¢ and ¢’ = —%;, we can write

q
/|Vun\dx:/ \Vun|dx+/ Vit |dx
Q Dg(1) Dy(1)
1 stl
< [ 19T+ [ ol Vs

1

1
14 1 g q 1
S('J‘”«») |Q|p,+< / |vu,,‘f|un|q<f1>+“‘+1dx)"|Dn<1>|q’
(04 Dy(1)

1
(VA RIS il
- (gc(g) Q|7 +Cfh [Da(1)]7.

We note that, thanks to (26) with k = 1, the following estimate holds
|D,(1)] < Cys.

Then

o

1
P 1 1
[ 1Vl < (”f“”> Q7 +cfy
§C147

hence (33) is proved.
Now, we prove that the sequence {Vu,} is equiintegrable. To this aim, let E C Q
be measurable subset.
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Thanks to Holder’s inequality, (16) and the estimate (37), we get

_ 1
/\vunwxg /|VT1 (un)|pdx}p|E|1_;'+/ "5 Vit |dx
E /o Da(1)NE
- 1 1
f 14 1 . £ 1
< [P ek (e et e
o Da(1)NE
- 1
P 1 1
- 1fallL @) B el |7
o
) (38)
Therefore (34) holds. O

Remark 2.1. By following the same proof as before, the previous result gives

1
/ ‘Mn‘s|vun‘pdx§ HfHLml(Q) (/ \un|“dx) ]
D (1) a(s+1) \Up,)

1

HfHLml(Q) m
~als+1)7 %

(39)

3. Proof of Main Results

In this section, we give the proof of the Theorems 1.1 and 1.2.
Thanks to the lemmas 2.1 and 2.2 as well as the estimate (16), we have

||un||WO'>](Q) §M7 VI’IGN,
u, — u strongly in LY(Q) for 1 <y < %, 40
un(x) — u(x) ae. x € Q, @0

Tk (1) — Ti(u) weakly in W, 7 (€2).

Let us start proving that under the hypotheses of Theorem 1.1 or Theorem
1.2

u, —u weakly in W”(Q).

As a matter of fact, from inequalities (30) or (38), we deduce that, for any

i=1,...,N, the sequence { ?9?;,-1 } is equi-integrable. Thus, by the Dunford-Pettis

theorem, and up to subsequences, there exists v; in L (Q) such that

du,
8x,~

—v; weakly in L'(Q).
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Since ‘39‘;'? is the distributional partial derivative of u,,, for every n € N, we have
duy d
8L)tc,~ odx=— una—z dx, forevery ¢ € Cy(Q).
Q Q

Passing to the limit in the above integral identity, using that % converges

weakly to v; in L' (Q) and u, strongly converges to u in L' (Q), we obtain
o9 -
/v,-q)dx = —/ug dx, forevery ¢ € C;(Q).
]
Q Q

Then v; = g—;, fori=1...,N. Therefore u € Wol’l(Q) and
u, —u weakly in WH(Q).

Next, we aim to prove the strong convergence of Vu,, to Vu in L' (), which
will allows us to pass to limit as n — 4o in the approximating problem (13).

Firstly, we will prove that the sequence { Vi, (x) } converges to Vu(x) almost
everywhere in Q. To this aim we will follow the proof of Lemma A.1 in [7] (see
also [8]).

Let0< 0 < % and 0 < j < k. Let us consider the following integral

I, = /Q {a(x) [[Vun|p72 Vi, — |VulP 2 Vu} V (u, —u) }9 dx.

We will prove that I, — 0 as n tend to +oo.
We set

Co={xeQ:|ulx)| <k}, Ar={xe€Q:lu(x)| >k},

and
Dy i(J) = {x € Q: un(x) — Ti(u(x))| > j}.

Moreover, by @;(k) we denote some quantities such that

lim ; (k) = 0.

k—yo0

‘Using twice Holder inequality with exponent p%’ ﬁ and é, ﬁ and the
estimate ||un||W01,1(Q) <M, we get
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I = /C k {aw) [[Viu PV, ~ (VI ()P VI ()] ¥ a Tk(u))}edx
- /Ak {a(x) “Vun]p*z Vi, — |Vu|P~? Vu] V (uy —u) }edx

< [ {al Vil Vi~ IV V)] VT G- Tk(u))}edx

CknDz,k (])

" < / (a(x) ['V””V?z Vi, — |V ()| VTk(u)} V (u, — Ty (u)) dx) ’ >p6
Dn.k(j)
X |Dn,k(j)|1_P6

- 1 pe
- </ (a(x) “Vun]’FZVun — |Vu|""2Vu| V (u, —u)) ! dx) A P8
Q ]

- 6
< ( /Q a(x) [|vunyp—2vu,,—\vrk(u)yf’—zwk(u)_ VT; (un—Tk(u))dx> Q' ?

- 1 po
n ( / (a(x) “Vun|p_2 Vitn — |Vul?2Vu| V (1, — u)> v dx) 1A, P°
Q A
+Cis [ D ()|
Note that, for every fixed j, we have

limsup D, ()] 77 = [{x € Q: u(x) = Tu(u(x)| > j}'™7° = o1 (k),

n—y—+oo

therefore, we obtain

< [0~ </£'2a(x) [|Vun‘17*2 Vity — |V7}<(u)‘P*2VTk(u)} VT (uy — Tk(u))dx>9

41)
+C15m; (k) +C16602(k).

Let us estimate the first integral in the previous inequality.
By using Tj(u, — Ti(u)) as test function in (15), it yields

/Q a(x) [|Via 2 Vity — (VT3 0) P2V Ti )| VTt Ti0)
[ gtun) [V Vit = (VT (0) [ V(0] VTt — i)
< [ AT = Tuw)dx— [ ao) |VTL(0)" VL) VT (T

_ /Q () VT ()| 9 2 VT () VT (1t — Te(ut) )dlx
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which implies, taking into account the positivity of the second term in the left-hand side
of the above inequality, that

I, <|Q'° (]/Q | fuldx — Ti jn — Kk,j,n) ’ +Ci5m (k) +Crem (k),
with
T = [ @) VI VIL0) T 1, — Ty (),
Kijn = [ 8(0) V(0| VTV (= T

Let us analyze the previous terms one by one. First of all, thanks to the properties of f,
we have

lim lim j [ |fyldx=limj [ |fldx=0.
jg%nggjfg\fll x jg%J/Qlfl x

Since a(x) [VTi ()" 2 VTi(u) € (L7 (Q))N and {T; (u,) } weakly converges to Ty (u) in
Wol’p (Q), we can pass to the limit as n tends to +ec and we obtain

lim lim i, = lim /{ a4 IVT() P2 VT ()Y (1 — Ty (1) o = 0.

Jj—0n—roo j—0

On the other hand, we have

lim lim Ky j,, = lim lim | g(Tir (1)) [VTi(u)|? 2 VT () VT (uty — Ti () )dx = 0.

Jj—0n—roo Jj—=0n—eo JO

Hence we have
0< ,}1‘;"1 < Ciem (k) 4 Cr701 (k) 4+ Cigws (k).

Therefore, letting k — +oo we deduce

°]
lim {a(x) {|Vun|pf2 Vi, — |Vu|P ™2 Vu} V (uy —u) } dx =0,
n—-+4oo JO)

which implies (for a suitable subsequence, still denoted by u,,)

{a(x) [|vu,1\1’—2vu,, —|VufP? vu} V (up — ) }9 50 aeinQ
and also (since 8 is positive)

{a(x) {|Vu,,|p_2 Vit — |VulP 2 Vu} V (up —u) } —0 ae.inQ.
Then the previous limit implies that

Vuy(x) = Vu(x) ae.in Q. 42)
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as it is proved in [13].
Thanks to (2), (3) and to the estimate [|uy]|, 1.1 @ < M, applying Holder’s inequal-
0

ity we get
. . p—1
/ ()| VP 'dx < B (/ |Vu,,|dx) Q"
Q Q
< BMPHQPP.
Therefore, by (42) and (18) or (34), we can apply Vitali’s theorem and we deduce that
a(x)|Vity|P 2V, — a(x)|VulP~2Vu  strongly in (L'(Q))V. (43)
Moreover, thanks to (42) we readily have
(1) |Vitn (x) |92V, (x) — g(u)|Vu(x) |9 > Vu(x) ae. in Q.

Now we assume that the hypotheses of the Theorem 1.1 hold.
Let E C Q be a measurable set. Due to Holder’s inequality and inequality (17), we
have

/g(un)|Vun|q_1dx:/ g(un)|vun\q-1dx+/ g () |V |  dx
E END, (k) ENDS (k)

Sg-1)  sg=1)
= /EﬂD (k) |un|q(r71)+]7 qp |Mn| qp

_’_kq(r—l)-HMLl]*l ‘E|2—q

|V |97 dx

1
7

< V |u,,*dx] ' V |un§Vun|pdx} i
JENDy (k) JENDy (k)
+kq<r71)+lM‘1{_l‘E|27q

A(N-1) 1

N Nt AN-1) g !
< {/ |uay | =T dx} |E|%_ NT [/ |un)* Vun|pdx} !
Q Dy (k)

+kq(r—l)-&—l./\/llllfl ‘E|2—q’

where § is the number defined in (19),

t=—2L  and A= (q(r—1)+1+

Ng-1)(p—1)
p—q+l )T

p(N—1)
We note that hypotheses r < 7 and (2) ensure that A < %

Using (24) and the fact that the sequence {u, } is bounded in WOI’1 (Q), we deduce

lim / g (un) |Vuy|*'dx =0,  uniformly with respect to n,
[E|=0JE

hence we apply Vitali’s Theorem to get

g(1n) | Vitn| >V, — g(u)|Vu|7">Vu  strongly in (L' (Q))V. (44)
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Therefore, thanks to the convergences (43) and (44), it is possible to pass to the limit in
the integral identity (15) and we prove that the limit « is a distributional solution of the
Problem (1) in the sense of definition (8).

Finally, suppose that the hypotheses of Theorem 1.2 hold.
Applying again the Holder’s inequality and recalling the Lemma 2.2, we have

— r— - r— qil
/ g (tn) |Vun |~ dx = / Rl (T A ) S
E E
- 1
< / |un|q(rn<ql)>dxr [ / |un<"+">q|vun|qu]q
\JE E

- 1
/ un|P4(r—n(q—1))dx} . |E|ﬁ [/ |un‘(r—1+n)q |Vun|qu] !
Q E

IA

1

i i
Pq 1 /
< / un|”dx] \E\Pl‘i [/ |un|q(r—1)+s+1 |Vun|qu] 1
L/ Q

u 14
< METIE|PCY,,

where u is the number defined in the statement of the Theorem 1.2, number s is defined
in (35) and

n= s+ 1 _ u
q’ q(r—n(g—1))

Notice that hypotheses » < 7 and (2) ensure that p > 1.

Then, by Lemma 2.2 and Vitali’s Theorem we affirm that the convergence (44)
holds true. Hence, taking into account also the convergence (43), we can pass to the
limit in the integral identity (15) and we prove that u is a distributional solution of the
Problem (1) in the sense of definition (8).
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