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LIE PRODUCT AND LOCAL SPECTRAL SUBSPACE
PRESERVERS

S. SABER - M. ELHODAIBI - S. ELOUAZZANI

Consider a complex Banach space, denoted by X with dimX > 4, and
B(X) represents the algebra of all bounded linear operators on X. For a
fixed complex scalar Ay, define Xs({Ao}) as the local spectral subspace of
an operator S € (X ) associated with {Ag }. We provide a characterization
of all maps ¢ on B(X) whose range includes operators of rank at most
four, and that satisfy

Xo(5)9(T)—0(1)9(5)({A0}) = Xsr-75({A0})

forall S, T € B(X).

1. Introduction

In this paper, let X represent a complex Banach space, and B(X) denotes the
algebra of all bounded linear operators on X. The local resolvent set of an oper-
ator S € B(X) at a vector x € X, ps(x), is the union of all open U C C for which
there exists an analytic function y : U — X such that (S — o) y(a) = x for all
o € U. The local spectrum of S at x is defined by

os(x) := C\ps(x).
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If for every open set V C C, the only analytic solution y : V — X of the equation
(S—a)y(a) =0 forall a €V, is the null function on V, then S is said to have
the single valued extension property (SVEP).

The local spectral subspace of S € B(X) associated with F C C, represented
as Xg(F), is defined as follows

Xs(F) = {x eX: GS()C) - F}.
Evidently, when F; C F>, it follows that Xs(F}) C Xs(F,).

In recent years, there has been considerable interest among authors in ex-
ploring problems related to preserving additive and linear local spectra; refer, for
example, to [1, 3-8, 11, 12] and their references. The class of preserver prob-
lems within the framework of local spectral subspaces was initially investigated
by M. Elhodaibi and A. Jaatit in [6]. They demonstrated that if the additive map
¢ on B(X) satisfies

Xo(r)(A) = X1 (1)
forevery T € B(X) and A € C, then ¢ is the identity map on B(X).
Let A be a fixed scalar in C. In the work presented in [8], the author provided
a characterization of maps on B(X) that preserve the local spectral subspace of
the sum and the difference of operators associated with {Ay}. Additionally, in
[4], the authors described maps that preserve the local spectral subspace of the
generalized product of operators associated with {Ag}.

The Lie product of S,7 € B(X) is defined by [S,T] = ST — T'S. In this con-
text, we consider the result obtained in [13] concerning the set of fixed points of
an operator, the authors characterized the forms of surjective maps on B(X) pre-
serving the Lie product. More precisely, it was shown that if ¢ : B(X) — B(X)
is a surjective map which satisfies

F(¢(A)o(T)—¢(T)p(A)) = F(AT —TA) forevery A,T € B(X),

if and only if there exist a nonzero scalar ¥ € C with ¥> = 1 and a scalar function
7 : B(X) — C such that

0(A)=7yA+1(A)l forall A € B(X).

Now, considering A as a fixed complex scalar with Ay € C\{0}, given that the
case where A equals zero has already been investigated in [12]. The aim of this
paper is to establish that a map ¢ on B(X), whose range includes operators of
rank at most four and satisfies

Xoa)o(r)-o(r)o(4){A0}) = Xar-14({20})
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forall A, T € B(X), if and only if there exist a scalar o € C and a map
B : B(X) — C such that &®> = 1 and

O(T)=aT+B(T)I forall T € B(X).

2. Preliminaries

The purpose of this section is to introduce the identities and tools needed in the
following sections of this paper. For any operator S € B(X), let ker(S)

denotes the kernel of S, and Ran(S) represent its range. Let y be a non-zero vec-
tor in X and g be a non-zero linear functional in X*. As customary, we represent
the rank-one operator, denoted by y ® g, and defined by (y® g)z = g(z)y for all
z € X. Consider the set F,,(X ), comprising operators with a rank no greater than
n, where n € N\{0}. Set

PiX)={x®f:xeX, feX and f(x)=1}.

The set of rank-one idempotent operators in B(X).
The first lemma enumerates some fundamental characteristics of the local
spectrum.

Lemma 2.1. Let S € B(X), x € X and a scalar p € C\{0}. The following state-
ments hold.

1. os(ux) = os(x) and ous(x) = wos(x).

2. If Sx = Ax for some A € C, then o5(x) C {A}. Furthermore, if S has SVEP
and x # 0, then og(x) = {A}.

Proof. See [2, 9]. O

The following lemma presents essential properties of the local spectral sub-
space of an operator S € B(X) associated with a singleton {4}, where A € C.

Lemma 2.2. Ler S € B(X), A € C and ¢ € C\{0}. The following statements
hold.

1. (S—u)Xs({A}) = Xs({A}) for every scalar p € C such that L # A.
2. X5 4 ({0}) = Xs({A}) and Xes({A}) = Xs({2}).
3. ker((S—AD") C Xs({A}) foralln € N.

Proof. See [2, 9]. O
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3. Maps preserving local spectral subspace of Lie product of operators

In the following, we introduce the equivalence relation defined by
S~T <= S—T isascalar

forall S,T € B(X).
Remark 3.1. By noting that Xar_74({A0}) :XA%7%A({1}) forall A,T € B(X)
and Ay € C\{0}, we will establish the lemmas specifically for Xa7_74({1}).

The following lemma provides necessary and sufficient conditions for two
operators in B(X) to be equivalent.

Lemma 3.1. Let A,B in B(X), then the following statements are equivalent.
1. B~A.

2. XAT—TA({l}) :XBT_TB({l})fOV allT € P, (X)

Proof. We only need to prove (2) = (1). Let A,B € B(X) and T € P;(X).

If x,Ax and Bx are linearly independent for certain vector x € X. We will
discuss two cases.
Case 1. If x, Ax and A’x are linearly independent. There exists f € X* such that
f(x) =1, f(Ax) =0and f(A%x) = —1. Set T = x® f, then we get

(AT —TA)x = Ax
{(AT—TA)Ax = x

This implies that x +Ax € Xar—74({1}) = Xgr—r5({1}) C span{x, Bx}, which
is a contradiction.

Case 2. If x,Ax and A”x are linearly dependent, then there exist o, B € C such
that A%x = otAx + Bx. Pick up a € C and f € X* such that f(x) = 1,
f(Ax)=1—aand (a—1)(a+a)— P =a.For T =x® f, then

(AT —TA)(ax+ Ax) = ax+ Ax.

Hence ax+Ax € Xar—14({1}) = Xpr—rs({1}) C span{x, Bx}, a contradiction.
Finally, by [10, Lemma 2.4], there exists a non-zero scalar o € C and a scalar
u € C such that B= oA + ul.

Now, let x € X and f € X* such that {x,Ax,A%x} is linearly independent,

f(x) = f(Ax) = 1 and f(A%x) = 0. Then (Ax® f —x® fA)Ax = Ax and so
Xaxof—xofa({1}) # {0}. On the other hand we have

XAx@ffo@fA({l}) = XBx@f*X@fB({l})
= Xgaxof—xara)({1})

= Xaof xofa <{ é D '
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This yields that o = 1, thus B ~ A. 0

In terms of the local spectral subspace of Lie product of operators, the next
lemma characterizes operators A € F;(X) + CI.

Lemma 3.2. Let A € B(X). Then the following statements are equivalent.
1. Ae Fi(X)+ClI.
2. dimXur—7a({1}) < 1 forall T € Fi(X).

Proof. Assume that (1) holds and letx € X and f € X*. Consider A =x® f + 1,
with B € C, then we obtain that

{ (AT —TA)x = f(Tx)x— f(x)Tx
(AT —TA)Tx = f(T*x)x— f(Tx)Tx.

If x and Tx are linearly independent then AT — TA is nilpotent or admits two
simple eigenvalues and x ¢ Xa7_74({1}) C span{x, Tx}. Otherwise
XAT—TA({l}) C span{x}, therefore dimXAT_TA({l}) <.

Conversely, assume that for every a € C, A — ol ¢ F;(X). Then there exists
a non-zero vector u in X such that {u,Au} is linearly independent. Let T be an
arbitrary operator in F4(X) and consider the following operator S = AT — TA,
so we discuss three cases.
Case 1. If there exists x € X such that x,Ax,u and Au are linearly independent.
Take an operator T € B(X) satisfying

Tx=0, TAx=—x, Tu=0and TAu = —u.

Sx = x
Su = u.

Therefore span{x,u} C Xs({1}), which is a contradiction.
Case 2. If u, Au and Au are linearly independent. Choose an operator T € B(X)
satisfying

It is clear that

Tu=0, TAu= —u and TA?u = —2Au.

It follows that

Su = u
SAu = Au.



30 S. SABER - M. ELHODAIBI - S. ELOUAZZANI

Therefore span{u,Au} C Xg({1}), a contradiction.

Case 3. If A%u € span{u,Au} and for every x € X, {x,Ax,u,Au} is linearly
dependent. Let M be a supplementary subspace of span{u,Au}, this means that
X = span{u,Au} M.

If x € M, then {x,u,Au} is linearly independent and Ax € span{x,u,Au}. It
follows that there exist 0, B, € C such that Ax = a,x + By + YAu, which
implies that there exist f,g € X* and o € C such that Ax = ox+ f(x)u+ g(x)Au
for all x € M. Therefore (A — al)M C span{u,Au} and we have

(A — ou)span{u,Au} C span{u,Au,A%u}.

Which yields that
Ran(A — al) C span{u,Au},

and so dimRan(A — al) <2.

If dimRan(A — o) = 2. Since Ran(A — af) C span{u,Au}, then there are two
linear functionals f and g such that A —al = u® f + Au® g, it follows that
A=0l4+u® f+Au®g. As u and Au are linearly independent and so are f and
g. Thus, there exists a vector y € X such that f(y) =1, g(y) =0 and {y,u,Au}
is linearly independent. Observe that Ay = ay + u. Take an operator T € 5(X)
satisfying

Ty=0, Tu= —yand TAu = —(ay+2u).

Sy =y

Su = u
Therefore span{u,y} C Xs({1}), which is a contradiction. Consequently, A — a:/
is a rank-one operator and so A € F;(X) + CI. This complete the proof. O

We have

Now, we can present the main result.

Theorem 3.2. Let Ay be a fixed scalar in C\{0} and X be a complex Banach
space such that dimX > 4. Let ¢ : B(X) — B(X) be a map such that F4(X) C
¢(B(X)). Then ¢ satisfies

Xoyo(r)—o(r)o(a)({A0}) = Xar—ta({Ao}) forevery A,T € B(X),

if and only if there exist a scalar & € C and a map f3 : B(X) — C such that
a’=1and
O(T)=oaTl +B(T)I forall T € B(X).
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Proof. Let py € C\{0} such that u? = 2 and let y(A) = i (UpA) for all
A € B(X). Then

X‘V(A)W(T)—W(T)W(A)({l}) = XATfTA({l}) forevery A, T € B(X),

and we reduce the proof for Ao = 1.

The ’if” part is straightforward, leaving us with the task of proving the ’only
if” part. Specifically, let ¢ be a map from B(X) into itself such that, for all
A,T € B(X), the condition

Xoa)o(r)—o(m)o(a)({1}) = Xar—ra({1})

holds. The proof will be reparted on four claims.
Claim 1. For all A € B(X), ¢(A) ~ 0 if and only if A ~ 0.
Consider A € B(X), if A ~ 0, then for all T € B(X) we have

Xo(a)o(T) w{1) =Xar-ra({1}) =X
Hence for all T € B(X )
Xpa)o(r)—o(myo){1}) = Xogp(r)—o(rp({1}) =

Since the range of ¢ contains F4(X), then ¢(A) ~ 0. The converse is obtained
similarly.

Claim 2. For all A € B(X), we have A € F;(X) + CI if and only if ¢(A) €
Fi1(X)+ClI.

Let A € F(X)+Cl, it follows from Lemma 3.2 that dim Xa7_74({1})) < 1 for
all T € B(X). Since

Xar-1a({1}) = Xp(a)0(1)-0(1)9(4) {1}),
then for every T € B(X)

dim Xy 4)9(7) w{1}) <1

Since the range of ¢ contains F4 (X ) therefore ¢ (A) € F1(X)+CI.
Conversely, just as before, we get if ¢ (A) € F;(X)+ CI then A € F;(X)+CI.
Claim 3. There exists a scalar & € C such that «®> = 1 and for all P € P;(X),
we have ¢ (P) ~ oP.

Letx,y € X and f,g € X* such that f(x) = g(y) = 1. By Claim 2, there exist two
vectorx ,y € X and two linear functionals f ,g' € X* such that ¢ (x® f) ~ X @ f
and g(y®g) ~y ®g. Take R=x® fy@g—y@gx@fand S=x @ fy ®
g —y ®gx ®f. Suppose that 1 — (g(x)f(y))2+ f(y)g(x) = 0, then 1 is an
eigenvalue of R and —R, and we have

span{x,y} = Xp{1} & X g{1} = Xs{1} ®X {1} = span{x,y}.
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Therefore x € span{x,y} for all y € X linearly independent with x and so there
exists a non-zero scalar A € C such that x = Ax. Without loss of generality,
suppose for all x € X and f € X*, there exists f);f € X* such that ¢(x® f) ~

xX® f;’ -
Now, assume that f and f);f are linearly independent. Then, there exists y € X
such that {x,y} is linearly independent, f(y) # 0 and f (y) = 0. Pick up g € X*

such that g(y) = 1 and 1 — (g(x)f(y))* + f()g(x) = 0.
It follows that Xg({1}) # {0}. On the other hand, we have

Xwar, oog,-oeg, ) wer )11} = {0}

which is a contradiction. Hence f and f;, ¢ are linearly dependent.

Now, let x,y € X such that {x,y} is linearly independent or x =y and f,g € X*
such that f(x) = g(y) = 1. We can find z € X such that f(z) = g(z) # 0 and
h € X* such that h(z) = 1,h(x) = h(y) and 1 — (h(x) f(z))*+ f(z)h(x) = 0. Then

Xx®fz®hfz®hx®f({ 1 }) 7é {0}

On the other hand, we have ¢ (x® f) ~ i x® f and ¢ (2@ h) ~ @, ,z@ h. Hence

{0} # Xawpzon—omer({1}) = Xopor)ocon—oconocen){1})
= Xax,f(xz,hx®fz®h*ax‘faz‘hZ(X)hX@f({ 1 })
- Xax, 01 (X® f2Oh—2Rhx® f) ({ 1 })

This proves that o, s, = 1, and similarly we can find ¢, ;, = 1. We con-
clude that there exists a scalar a € C such that &> = 1 and ¢(P) ~ P for all
PepP; (X )

Claim 4. ¢(T) ~ aT forall T € B(X).
Let P € P;(X) and T € B(X), we obtain that

Xre-pr({1}) = Xoryo(p) o ({1})
= X<p( T)aP—oP¢(T ({1})

By Lemma 3.1, a¢(T) ~ T. Since &> = 1, then ¢(T) ~ aT. Therefore there
existsamap f3: B(X) — Csuchthat ¢(7T)=aT +B(T) forall T € B(X). O

As a consequence of Theorem 3.2, the result of [13] can be extended as
follows.
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Corollary 3.3. Let X be a complex Banach space with dimX > 4. Let ¢ :
B(X) — B(X) be a map such that F4(X) C ¢(B(X)). Then ¢ satisfies

F(§(A)9(T) — ¢(T)9(A)) = F(AT — TA) forevery A,T € B(X),

if and only if there exist a scalar @ € C and a map f8 : B(X) — C such that
o’ =1and
O(T)=aT+B(T)I forall T € B(X).

Proof. Since Lemma 2.3 of [13] holds for every T € F4(X) ((ii) = (i)”) and
F(AT —TA) C Xar—1a({1}), the desired result follows by the same arguments
as that used in [13]. ]
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