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ON ALL-PATH CONVEX, GATED
AND CHEBYSHEYV SETS IN GRAPHS

V. HAPONENKO - S. KOZERENKO

We present new characterizations for trees, block graphs, and geode-
tic graphs using all-path convex, gated and Chebyshev sets. Specifically,
we prove that trees are exactly the graphs in which all-path convexity is
a convex geometry. Block graphs are characterized as graphs in which
all balls are all-path convex (equivalently, gated), and geodetic graphs
are exactly those graphs where all balls (equivalently, closed neighbor-
hoods) are Chebyshev. Additionally, we prove that almost all graphs have
geodesically convex Chebyshev sets, provide a characterization of bipar-
tite graphs with connected Chebyshev sets, and establish a criterion for
graphs with trivial Chebyshev sets in the class of graph joins. Finally, we
show that graphs of odd order with maximal number of edges under the
Seidel switching operation always have trivial Chebyshev sets.

1. Introduction

An abstract convexity on a set X is a family C of its subsets, called convex sets,
which satisfies three axioms (resembling axioms for closed sets in topology):
the empty set and the whole X are convex sets; arbitrary intersection of convex
sets is a convex set; any nested union of convex sets is a convex set.

A common approach to defining a convexity on a set X involves the use of
the so-called interval operators. These are the maps of the form /: X x X — 2%
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satisfying two conditions: for all a,b € X, we have a,b € I(a,b) and I(a,b) =
I(b,a). The set I(a,b) is interpreted as the “interval” between a,b. A subset
A C X is I-convex provided I(a,b) C A for all a,b € A. 1t is straightforward
to verify that the family of /-convex subsets of X forms an abstract convexity
on X. Conversely, any convexity C on X naturally induces an interval operator
on X: here, I(a,b) is defined as the convex hull (the intersection of all convex
sets containing a given set) of the set {a,b}. Furthermore, in [11, Proposition
2.2.1] it was proved that these two correspondences form an antitone Galois
connection between the poset of all convexities (ordered by inclusion) and the
poset of all interval operators (ordered by: I} < I, if I (a,b) C I(a,b) for all
a,b e X).

The two most well-known interval operators used to define a convexity are
the following: the metric interval in a metric space (X,d), which is the set
[a,b] = {x € X : d(a,x) +d(x,b) = d(a,b)}; the linear interval in a normed
space, defined as [a,b] = {ta+ (1 —t)b:t € [0,1]}.

Every connected graph G naturally induces a metric on its vertex set V(G),
which gives rise to a corresponding convexity on V(G) called the geodesic con-
vexity. However, in graphs, the metric interval [a,b] is exactly the set of ver-
tices lying on all shortest paths between two vertices a,b € V(G). Replacing
“shortest” with any other class of paths (which must connect any pair of ver-
tices in G), we obtain various other interval operators. In addition to short-
est paths (geodesic convexity), notable examples include induced paths (mono-
phonic convexity), simple paths (all paths convexity), and other families of paths
that define new graph convexities (see [5]).

In this work, we study properties of the classes of all-path convex, gated
and Chebyshev sets in connected graphs. The paper is organized as follows.
In Section 2, we provide the necessary definitions and preliminary results from
metric graph theory and abstract convexity theory.

In Section 3.1, we present new characterizations for trees, block graphs,
and geodetic graphs in terms of the aforementioned classes of vertex subsets.
In particular, we show that trees are exactly the graphs in which all-path con-
vexity forms a convex geometry (Theorem 3.3), prove that block graphs can be
characterized as graphs in which every connected set of vertices is geodesically
convex (Proposition 3.5), and provide new criterion for geodetic graphs using
Chebyshev sets (Theorem 3.9). Additionally, Proposition 3.7 provides another
characterization of trees in terms of Chebyshev sets, and Theorem 3.11 estab-
lishes a similar characterization for block graphs in terms of all-path convex and
gated sets.

In Section 3.2, we study the properties of graphs with trivial Chebyshev sets,
drawing an analogy with the so-called g-minimal graphs considered in [3]. We
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show that almost every graph have g-convex Chebyshev sets (Corollary 3.13),
characterize bipartite graphs with connected Chebysheyv sets in Proposition 3.14,
and provide a criterion for graphs with trivial Chebyshev sets in the class of
graph joins in Theorem 3.15 and Proposition 3.16. As a corollary of a more
general result, it is established that graphs of odd order with a maximal number
of edges under the Seidel switching operation always have trivial Chebyshev
sets (Corollary 3.19).

2. Definitions and preliminary results

2.1. Basic definitions

In this paper, all graphs under consideration are simple, undirected, and finite.
Thus, a graph G is a pair (V,E), where V =V (G) is the vertex set and E = E(G)
is the edge set of G. Instead of {u,v}, edges will be denoted simply as uv. Two
vertices u,v € V(G) are adjacent provided uv € E(G). The neighborhood of u is
the set Ng(u) = {v € V(G) : uv € E(G)}. The set Ng[u] = Ng(u) U{u} is called
the closed neighborhood of u. The number dg(u) = |[Ng(u)| is called the degree
of a vertex u € V(G). A vertex u is a leaf provided dg(u) = 1. A vertex u is
simplicial if any two vertices from Ng(u) are adjacent. Clearly, each leaf vertex
is simplicial.

A graph is complete if every two its vertices are adjacent. By K, we de-
note the complete graph with n vertices. The graph K4 — e, obtained from the
complete graph K4 by deleting an edge, is called the diamond-graph.

A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G). For a
set of vertices A C V(G), by Eg(A) we denote the set of all edges in G with
endpoints in A. The subgraph induced by A is denoted by G[A]: here V(G[A]) =
A and E(G[A]) = Eg(A). A graph G is said to be H-free provided G has no
subgraphs isomorphic to H. Note that K3-free graphs are called triangle-free.

Given a pair of graphs G and H, their join if the graph G| + G,, having
vertex set V(G) UV (G2) and the edge set E(G1) UE(Ga)U{uv:u e V(Gy),v €
V(G2)}. In other words, G| + G, is obtained from the disjoint union of G; and
G, by adding all possible edges between them.

A set of vertices A C V(G) is independent if no two vertices from A are
adjacent. A graph is called bipartite if its vertex set can be partitioned into two
independent subsets, which are called parts. A bipartite graph is called complete
bipartite if it contains all the possible edges between the corresponding parts.
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2.2. Metric graph theory

A graph is connected if there is a path between every pair of its vertices. A set
A C V(G) is connected provided the induced subgraph G[A] is connected.

The vertex set V(G) of a connected graph G is endowed with the natural
metric dg, where dg(x,y) equals the length of a shortest path between u and v.
It is clear that for any connected set A C V(G), we have dg(x,y) < dgu)(x,y)
for all x,y € A. A connected subgraph H C G is called isometric if dy(x,y) =
dg(x,y) for all x,y € V(H).

The diameter of a connected graph G is the number

diam(G) = max{ds(x,y) : x,y € V(G)}.

Let G be a connected graph, u € V(G), and k € N. By N&(u) and N&[u] we
denote the sphere and the (closed) ball of radius k centered at u. In other words,
NE(u) = {x € V(G) : dg(u,x) =k} and N&[u] = {x € V(G) : dg(u,x) < k}. Note
that N%(u) = Ng(u) and N [u] = Ng[u).

The following simple characterization of connected bipartite graphs will be
used later in the paper.

Lemma 2.1. For a connected graph G, the following statements are equivalent:
1. G is bipartite;
2. all spheres in G are independent;

3. there is a vertex u € V(G) with all spheres NX(u), k > 1, being indepen-
dent.

Proof. Since in a connected bipartite graph, every sphere lies in one side of the
bipartition, the first statement implies the second. Further, the second statement
trivially implies the third. Finally, suppose that the third statement holds. Put
A={veV(G):veNL(u),kis even} and B={v € V(G) : v € N&(u),k is odd}.
Then V(G) = AL B is a bipartition of G. O

The metric interval between a pair of vertices u,v € V(G) in a connected
graph G is the set [u,v]¢ = {x € V(G) : dg(u,x) + dg(x,v) = dg(u,v)}. Hence,
[u,v]G equals the union of vertex sets of all shortest paths between u and v.

A set A C V(G) is geodesically convex, or simply g-convex, if [u,v]g C A
for all u,v € A. It is clear that any g-convex set induces an isometric subgraph.

For a vertex u € V(G) and a set A C V(G), by dg(u,A) := min{dg(u,a) :
a € A} we denote the distance from u to A. The set pry(u) = {a € A : dg(u,a) =
dg(u,A)} is called the projection set of u in A. A set A is called Chebyshev
if |pry(u)| =1 for all u € V(G). A set A is called gated provided for every
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u € V(G), there exists a, € A such that for all a € A, it holds a, € [u,a]s. The
vertex a, is called the gate for u in A, and it is unique if it exists. Note that
any gated set is non-empty. Moreover, one can observe that any gated set is
Chebyshev (since the gate a, is the unique projection of u in A). It is also can be
proved that each gated set is g-convex. Furthermore, the graphs in which these
classes of vertex sets coincide are called fully gated graphs [7].

A connected graph without cycles is called a tree. A vertex in a graph is
called a cut vertex if its deletion increases the number of connected compo-
nents. Clearly, in trees, every non-leaf vertex is a cut vertex. A graph is called
biconnected provided it has no cut vertices. A block in a graph is its maximal
biconnected subgraph. When dealing with blocks in graphs, we will frequently
use the following technical result.

Lemma 2.2 ([1]). Let G be a non-complete biconnected graph. Then G contains
a cycle of length at least four, and for each cycle C of minimal length, we have:
C is an isometric subgraph in G, or G|V (C)] is a diamond-graph.

The block graph B(G) of a given graph G is the intersection graph of all
blocks in G. In other words, the vertices of B(G) correspond to the blocks in G,
and there is an edge in B(G) provided two blocks share a common cut vertex.
Abstractly, a graph H is called a block graph if it is isomorphic to B(G) for some
G. In his seminal paper [12], Harary proved that a graph is a block graph if and
only if each of its blocks is complete. In particular, any tree is a block graph.

A connected graph is called geodetic if there is a unique shortest path be-
tween every pair of its vertices. For example, connected block graphs (hence,
trees) and odd cycles are geodetic graphs.

Another generalization of trees is provided by the so-called median graphs.
Here, a median for a triple of vertices u,v,w € V(G) is any vertex from the set
[u,v]g N [u,w]g N [v,w]g. Note that a given triple of vertices can have several
medians or no median at all. A graph is called a median graph if every triple
of vertices has a unique median. It is easy to prove that each median graph is
bipartite. Moreover, each median graph is fully gated (in fact, a graph is median
if and only if it is a fully gated partial cube [7, Lemma 2.1]). Additionally, note
that trees are exactly the median graphs that are block graphs.

2.3. Convexity spaces on graphs

A convexity on a given set X is a family of its subsets C that satisfies the next
three conditions (see [16, p. 3]):

1. 0,X €,

2. for all subfamilies C' C C, it holds N4 A € C;
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3. for any subfamily C' C C that is totally ordered by inclusion, we have
UsccrA €C.

The elements of C are called convex sets, and the pair (X,C) is called con-
vexity space. For example, the family of all g-convex sets in a connected graph
G forms a convexity on V(G). Also, all gated sets in a (finite) connected graph
together with the empty set, forms a convexity (the empty set must be included,
as every gated set is non-empty).

Let (X,C) be a convexity space and A C X. The convex hull of A is the small-
est convex set containing A. Formally, the convex hull equals the intersection of
all convex sets containing A.

A closely related concept to convexities is provided by the so-called interval
operators. Here, an interval operator on a set X is any map of the form 1 :
X x X — 2% which satisfies the next two conditions (see [16, p. 71]):

1. a,b € I(a,b) forall a,b € X,
2. I(a,b) =1(b,a) for all a,b € X.

Convexities and interval operators are related by the following construc-
tions. Given a convexity C on X and a,b € X, we define I¢(a,b) to be the convex
hull of the set {a,b}. It is clear that /¢ is an interval operator on X. Conversely,
each interval operator / on X induces a convexity by declaring a set A C X to be
I-convex if I(a,b) C A for all a,b € A. It can be easily proved that the family
of I-convex sets indeed forms a convexity on X. Moreover, in [11, Proposition
2.2.1], it was shown that these two constructions establish an antitone Galois
connection between the posets of all convexities (ordered by inclusion) and all
interval operators (ordered by: I} < L, if I (a,b) C L(a,b) for all a,b € X) on
X.

In graph theory, the majority of studied convexities arise from interval op-
erators which are constructed based on different path classes. Namely, let P be
a collection of paths in a connected graph G such that for every pair of vertices
in G, there exists an element of P that joins them. For a,b € V(G), define

Ip(a,b) = {x € V(G) : x lies on some path P € P joining a,b}.

Then Ip is an interval operator on V(G), which induces the corresponding con-
vexity C. Prominent examples of graph convexities that arise in this way are
the following: if P is the family of all shortest paths, then C is the family of
g-convex sets; if P is the family of all induced paths, then C is the family of
monophonically convex, or shortly, m-convex sets; if P is the family of all sim-
ple paths, then the elements of C are called all-path convex (shortly, AP-convex)
sets. Note that since each shortest path is necessarily induced, each m-convex
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set is g-convex. Similarly, it can be shown that each AP-convex set is gated (in
fact, see [11, Theorem 3.3.1] for another criterion for AP-convex sets in terms
of the existence of the so-called strong gates). To summarize, the scheme of
inclusions between these classes of vertex subsets is depicted in Figure 1.

Chebyshev
U
AP-convex C gated C g-convex C connected
U
m-convex

Figure 1: The scheme of inclusions between classes of vertex sets.

Using the inclusions between these classes, one can characterize several
known graph families. For example, the corresponding criterion for trees was
obtained in [15].

Theorem 2.3 ([15, Theorem 5]). A connected graph is a tree if and only if each
connected set of its vertices is AP-convex.

The characterization of AP-convex sets was obtained in [11].

Theorem 2.4 ([11, Theorem 3.1.1]). Let G be a connected graph, A C V(G)
and |A| > 2. The set A is AP-convex if and only if the induced subgraph G|[A] is
a connected union of blocks in G.

Hence, in a tree, the classes of connected, g-convex, gated, and AP-convex
sets coincide. In fact, they form a lattice under the inclusion. This lattice was
studied by Zelinka in [17] for finite and infinite trees. In particular, this lattice
determines the tree up to isomorphism [17, Theorem 11].

Also, note that connected bipartite graphs can be characterized as graphs in
which each edge is gated (equivalently, Chebyshev). Similarly, a graph is me-
dian if and only if each of its metric intervals is gated (equivalently, Chebyshev);
see [2].

Let (X,C) be a convexity space, and let S € C be a convex set. An element
x € S is called an extremal point for S provided S\ {x} € C. The convexity
space satisfies the Minkowski-Krien-Milman property (shorly, MKM-property)
if every convex set is the convex hull of its extremal points. In this case, the
corresponding convexity is called a convex geometry. For example, in the case
of g-convexity, a vertex x € S is extremal for a g-convex set S C V(G) if and
only if x is a simplicial vertex in the induced subgraph G[S].

It turns out that g-convexity in a graph G is a convex geometry if and only
if G is a Ptolemaic graph (see [9, Theorem 4.1]). Similarly, the m-convexity in
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G is a convex geometry if and only if G is a chordal graph (see [9, Corollary
3.3]). For more similar characterizations of graph classes in terms of various
graph convexities being convex geometries, we refer to the survey paper [8].

3. Main results
3.1. Characterizations of trees, block graphs, and geodetic graphs

Recall that every AP-convex set of vertices is gated. The cycle Cs serves as an
example of a graph in which each gated set is AP-convex, as Cs does not have
non-trivial gated sets. In the following two propositions, we provide necessary
and sufficient conditions for graphs where AP-convexity and gated convexity
coincide.

Proposition 3.1. Let G be a connected graph in which every gated set is AP-
convex. Then every edge in G is either a bridge or lies on an odd cycle in G.

Proof. Assume an edge ¢ = uv € E(G) is not a bridge. Then e lies in a block
larger than itself in G, which implies that e is not an AP-convex set and therefore
not gated. Consequently, there exists a vertex x € V(G) with dg(u,x) = dg (v, x).
This implies that the edge e lies on an odd closed walk. Hence, e lies on an odd
cycle in G. O

Proposition 3.2. In connected block graphs, every gated set is AP-convex.

Proof. Let G be a connected block graph, and A C V(G) be a gated set with
|A| > 2. Since each block in G is complete, for every edge e € Eg(A), the set A
must contain the entire vertex set of the block in G that contains e (otherwise,
A will be non-Chebyshev). Thus, G[A] is the union of blocks in G. However, A
is g-convex, implying that A is connected. Hence, G[A] is a connected union of
blocks. Therefore, A is AP-convex by Theorem 2.4. O

We proceed by showing that trees are the only graphs with AP-convex sets
forming a convex geometry.

Theorem 3.3. The AP-convexity on a connected graph G forms a convex geom-
etry if and only if G is a tree.

Proof. We first observe that a vertex u € A is an extremal point for an AP-convex
set A C V(G) if and only if u is a leaf vertex in G[A].

Indeed, let A\ {u} be an AP-convex set. If there exist two different vertices
x,y € Ng(u) NA, then since A\ {u} is connected, u lies on a cycle with x,y. This
contradicts the fact that A \ {u} is AP-convex. Thus, [Ng(#) NA| < 1. However,
A is connected, which implies that u is a leaf vertex in G[A].
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Conversely, if u is a leaf vertex in G[A], then as A is AP-convex, A\ {u} also
must be AP-convex (as simple paths between vertices from A \ {u} cannot pass
through u).

Thus, if G is a tree, then every AP-convex set A C V(G) induces a subtree.
Therefore, A is the convex hull of the set of all leaves in G[A]| (which are exactly
its extremal vertices in AP-convexity). This establishes the sufficiency of the
condition. To prove its necessity, to the contrary, assume that G has a cycle C.
Then the vertex set of a block B in G containing C is an AP-convex set. However,
B clearly has no leaf vertices. This means that V(B) is not the convex hull of its
extremal points, contradicting the definition of a convex geometry. O

By combining Proposition 3.2 and Theorem 3.3, we immediately derive the
following known result.

Corollary 3.4 ([6, Theorem 5.1]). The gated convexity on a connected graph G
forms a convex geometry if and only if G is a tree.

Recall that each g-convex set is trivially connected. Interestingly, the graphs
for which the classes of AP-convex and g-convex subsets coincide are precisely
the block graphs.

Proposition 3.5. A connected graph G is a block graph if and only if every
connected set of vertices in G is g-convex.

Proof. Necessity. To the contrary, suppose A C V(G) is a connected, but not
a g-convex set. Then there exist two vertices x,y € A with [x,y]¢\ A # 0. In
particular, xy ¢ E(G). Assume that x,y € A are such vertices with the smallest
possible distance dg(x,y). Since A is connected, there exists a path P in G[A]
joining x and y. Furthermore, there is a shortest path Q between x,y such that
V(Q)NA = {x,y}. The concatenation of P and Q forms a simple cycle in G.
However, the vertex set V(C) induces a biconnected non-complete subgraph in
G, contradicting the assumption that G is a block graph.

Sufficiency. Again, towards the contradiction, let us assume that G is not
a block graph. Then it contains a non-complete block B. Fix a pair of non-
adjacent vertices u,v € V(B) with distance dg(u,v) = dg(u,v) = 2. Fix their
common neighbor w € Ng(u) N Np(v). As B is a biconnected subgraph, the
edges uw and wv lie on a common cycle C in B. Now take A to be the set of
vertices of the path from u to v on C that does not pass through w. Then A is a
connected but not a convex set. This contradiction establishes that G must be a
block graph. OJ

Corollary 3.6. A connected graph is a tree if and only if it is bipartite and every
connected set of vertices is g-convex.
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In addition to Theorem 2.3 and Corollary 3.6, trees can also be characterized
as graphs in which all metric intervals (equivalently, all edges) are AP-convex.
Moreover, Chebyshev sets provide yet another criterion for identifying trees.

Proposition 3.7. A connected graph is a tree if and only if every connected set
of its vertices is Chebyshev.

Proof. Let A C V(T) be a connected set of vertices in a tree 7. If A is not
Chebyshev, then there is x € V(T) with |pry(x)| > 2. Fix such an x with the
smallest distance dr(x,A). Choose two distinct vertices u,v € pr,(x) with two
shortest paths from x to u, and from x to v. Since A is connected, there is a
shortest path between u and v in A. The concatenation of these three paths
forms a cycle in 7', which is a contradiction.

Conversely, assume that in a connected graph G, every connected set of
vertices is Chebyshev, but G is not a tree. Hence, G contains a cycle C. Fix a
vertex x € V(C), and consider the set A =V (C) \ {x}. Then A is connected, but
non-Chebyshev as | pr, (x)| > 2. This contradiction completes the proof. O

Recall that a connected graph is called fully gated if each of its g-convex
sets is gated. By relaxing this condition to require that every g-convex set is
Chebyshev, we obtain a broader class of graphs. The following result demon-
strates that the existence of a subgraph isomorphic to Cy4 is fundamental for this
class of graphs.

Proposition 3.8. Let G be a Cy-free graph. Then every g-convex set of vertices
in G is Chebyshev if and only if G is a tree.

Proof. The sufficiency of this condition follows directly from Proposition 3.7.
Thus, we only need to prove the necessity. Assume that G is a C4-free graph in
which all g-convex sets are Chebyshev. Then G is triangle-free, since any edge
that lies on a triangle forms a g-convex set that is not Chebyshev. Consequently,
G is also diamond-free.

If G is not a tree, then using Lemma 2.2, we can conclude that G contains an
isometric cycle C of length m > 5. Let V(C) = {x1,...,xp } and E(C) = {x;xi41 :
1 <i<m—1}U{xix,}. If mis odd, then the set A = {x;,x,,} is a g-convex but
not a Chebyshev set as

m—1

d(;(meﬂ,A) = d(;(meH,xl) = d(;(meH,xn) = dc(meH,x,,) =—

If m is even, then the set B = {x,x2,x,} is g-convex. However, B is not Cheby-
shev as

dg(xns2,B) = dg (2, %2) = d(Xus2 ) = dc(Xms2, Xm) = %

The obtained contradiction implies that G must be a tree. O
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Proposition 3.5 immediately asserts that connected block graphs have g-
convex balls, as every ball in such graphs is a connected set. Graphs with this
property were characterized in [10, Theorem 2.2] (see also [10, Theorem 2.1])
and have been further extensively studied in [4]. Next, we characterize graphs
in which all balls are Chebyshev.

Theorem 3.9. For a connected graph G, the following statements are equiva-
lent:

1. G is a geodetic graph;
2. Nglu] is Chebyshev for all u € V(G);
3. all balls in G are Chebyshev.

Proof. If G contains a non-Chebyshev ball, then for some vertex x € V(G) and
some k > 1, there exists y € V(G) such that ]prNé ()| = 2. Fix two distinct
projections u,v € Pra [y (y). It is clear that these projections must lie on the
corresponding sphere, i.e., u,v € N&(x). Thus, dg(x,u) = dg(x,v) = k.

Concatenating a shortest path from x to u with a shortest path from u to y
produces a shortest path from x to y. Similarly, concatenating a shortest path
from x to v with a shortest path from v to y gives a different shortest path be-
tween x and y. This implies that G is not geodetic, leading to a contradiction.
Therefore, the first statement implies the third.

It is clear that the third statement impleis the second.

Hence, we now prove that the second statement implies the first. Assume,
for contradiction, that G is not geodetic. Then there exist two vertices u,v €
V(G) with at least two distinct shortest paths between them. Moreover, we
can assume that there exist such shortest paths P and Q that have no common
internal vertices, i.e., V(P)NV(Q) = {u,v}.

Consider the set Ng[u]. This set is not Chebyshev because v has at least
two distinct projections in Ng[u]. This contradiction completes the proof of the
theorem. O

Corollary 3.10. In block graphs, all balls are Chebyshev.

Proof. The result follows directly from Theorem 3.9, as block graphs are geode-
tic. O

Note that Cs is a geodetic graph that contains a non-gated ball—specifically,
the closed neighborhood of any vertex. However, it was shown in [11] that block
graphs are precisely the graphs in which Ng|u| is gated for all u € V(G). Using
this result, we derive another characterization of block graphs.
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Theorem 3.11. For a connected graph G, the following statements are equiva-
lent:

1. Gisablock graph;
2. all balls in G are AP-convex;
3. all balls in G are gated.

Proof. Let G be a block graph and let u € V(G) be a vertex. We will show
that the induced subgraph G[N&[u]] is the connected union of blocks. We use
induction on k > 1. If k = 1, then G[Ng[u]] is either a block (if u is a non-cut
vertex) or a collection of blocks having a common cut vertex. In each case,
G[Ng[u]] is a connected union of blocks. Now let us consider the ball N5 [u]
for k > 1. We have

NEM T = NefU | ol

XENK (1)

By the induction assumption, G[NX[u]] is the connected union of blocks. The
same holds for any ball G[Ng|[x]], where x € NX (u). Thus, G[N& [u]] is also the
connected union of these blocks. Consequently, Theorem 2.4 implies that Né [u]
is AP-convex. This shows that the first statement implies the second one.

It is trivial that the second statement implies the first, since each AP-convex
set is gated. The fact that the third statement implies the first follows directly
from [11, Theorem 3.1.2]. ]

3.2. Chebyshev-minimal graphs

It is clear from the definition that a Chebyshev set can be disconnected. For
example, in the path Py, the set of its leaf vertices is Chebyshev. Moreover,
paths Py are the only trees with at least two vertices whose sets of leaf vertices
are Chebyshev. Indeed, if T is such a tree with at least three distinct vertices
a,b,c € V(T), then for their median m = myz(a,b,c), two of the three distances
dr(a,m), dr(b,m), dr(c,m) must coincide. Hence, T contains exactly two leaf
vertices, which makes it a path. Finally, it is clear that 7 must have an even
number of vertices.

One might expect that studying the properties of graphs in which all Cheby-
shev sets are connected or g-convex would be of interest. However, the next
proposition shows that a satisfactory criterion for such graphs is unlikely to ex-
ist.

Proposition 3.12. Ifdiam(G) <2, then in G each Chebyshev set is g-convex.



ALL-PATH CONVEX, GATED, CHEBYSHEV SETS IN GRAPHS 673

Proof. To the contrary, suppose A C V(G) is not a g-convex Chebyshev set.
Then there exists two vertices u,v € A with [u,v]g \ A # 0. Fix a vertex w €
[u,v]g \ A # 0. Since w # u, v, then uw,wv € E(G) as dg(u,v) < diam(G) < 2.
Hence, u,v € pry(w). This means that A is not Chebyshev, which is a contradic-
tion. O

It is well-known that almost all graphs are connected and have diameter
at most two (see [14]). Combining this observation with Proposition 3.12, we
obtain the following corollary.

Corollary 3.13. In almost all graphs, every Chebyshev set is g-convex.

Despite the result in Corollary 3.13, graphs with connected Chebyshev sets
in the class of bipartite graphs are rare in the class of bipartite graphs.

Proposition 3.14. Let G be a bipartite graph. Then in G, every Chebyshev set
is connected if and only if G is a complete bipartite graph.

Proof. Let V(G) = AUB be a bipartition of the complete bipartite graph G.
If F C V(G) is a disconnected set of vertices, then trivially, F C A or F C B.
Without loss of generality, assume that /' C A. For every u € B, we have F =
prg(u) and |F| > 2, which implies that | pry (#)| > 2. This proves the sufficiency
of the condition.

L 4 L 4
X y

Figure 2: The existence of a vertex w with dg(w,u) = dg(w,v) =d.

Now, assume that G is a bipartite graph, but not a complete bipartite graph.
This implies that diam(G) > 3. Fix two vertices u,v € V(G) with dg(u,v) = 3,
and let P = u—x—y—v be a shortest path. Since the set {u,v} is discon-
nected, it is non-Chebyshev. Therefore, there exists a vertex w € V(G) such
that dg(w,u) = dg(w,v) =: d (see Figure 2). Consider the set A = pry p) (w).
Without loss of generality, we can assume that [w,a;]g N [w,az]¢ = w for all
ap,ay € A. We now have the following cases.

Case 1: u € A (similarly, v € A).
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Since dg(w,u) = dg(w,v), we have v € A. If also x € A, then u,x € N&(w),
meaning that N%(w) is not an independent set (similarly, if y € A). Therefore,
let x,y ¢ A. In this case, dg(w,x) = dg(w,y) = d + 1, so N&*!(w) is not inde-
pendent.

Case2: u,v¢ A,xcAandy ¢ A (similarly, u,v ¢ A, x ¢ Aand y € A).

In this case, dg(w,x) = d — 1 and dg(w,y) = d. This means that N&(w) is
not independent.

Case 3: u,v ¢ A and x,y € A.

In this case, dg(w,x) = dg(w,y) = d — 1, and thus N4~ ! (w) is not indepen-
dent.

In all of the cases above, the graph G contains a non-independent sphere.
From Lemma 2.1, it follows that G is not bipartite, which is a contradiction. [l

It should be noted that graphs with trivial g-convex sets (such as singletons,
edges, and the entire vertex set) were studied in [3] under the name of g-minimal
graphs. In particular, it was shown that a graph G is g-minimal if and only if
it is triangle-free and the convex hull (in the g-convexity) of every pair of its
non-adjacent vertices equals V(G) (see [3, Proposition 1]). Furthermore, every
triangle-free graph with at least four vertices is an induced subgraph of a g-
minimal graph (see [3, Theorem 1]).

In analogy with g-minimal graphs, let us call a graph G Chebyshev minimal
or Ch-minimal if singletons and the entire vertex set V(G) are the only Cheby-
shev sets in G. Clearly, in a Ch-minimal graph, each Chebyshev set is g-convex.
Additionally, it is easy to see that every Ch-minimal graph is biconnected (since
the vertex set of each block is Chebyshev). In particular, Ch-minimal graphs
provide an example of graphs in which every gated set is AP-convex.

The next theorem provides a characterization of Ch-minimal graphs within
the class of graph joins.

Theorem 3.15. Let G| and G, be a pair of (not necessarily connected) graphs,
each with at least two vertices. Then their join G| + G is Ch-minimal if and
only if at least one of G| or G, does not contain an isolated vertex.

Proof. If x; € V(G1) and x, € V(G,) are two isolated vertices, then the set
M = {x1,x2} is Chebyshev in G| + G,. Clearly, M is not a singleton. Since
[V(G))| > 2,i = 1,2, we also have M # V(G| + G;). Thus, G| + G; is not a
Ch-minimal graph. This proves the necessity of the condition.

To prove its sufficiency, fix a set M C V(G + G,) with 2 < M| <n—1,
where n = |V(G| + G2)| = |V (G1)| + [V(G2)|.

We now consider the following four cases.

Case 1: MNV(G,) =0.
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X1

X2

Figure 3: The join of K; U K, with itself contains a non-trivial Chebyshev set.

In this case, for every y € V(G1), we have |[Ng,+¢,(y) "\M| = |M| > 2, which
implies that M is not a Chebyshev set.

Case 2: [MNV(G;)|>2and IMNV(Gy)| < [V(G2)].

Here for all y € V(G2) \ M, itholds |[Ng,+6,(y) "M| > |MNV(G;)| > 2, and
thus, M is not a Chebysheyv set.

Case 3: [ MNV(Gy)| >2and MNV(Gy) =V(Gy).

Since [M| < n—1, there exists a vertex y € V(G ) \ M. Clearly, |Ng,+c,(y) N
M| > |MNV(G2)| = |V(G2)| > 2, and again, M is not Chebyshev.

Cased: [MNV(G))|=1.

By symmetry, we can assume that [M NV (G,)| = 1. Thus, let MNV(G;) =
{x} and M NV (G,) = {y}. Without loss of generality, suppose G| does not
have isolated vertices. Then there is a vertex z € V(G1) N Ng,+¢,(x). Hence,
ING,+6,(2) "M| = |{x,y}| = 2, and therefore, M is not Chebyshev. O

To illustrate the statement in Theorem 3.15, consider the graph G|, = G, =
K UK,. The join G| + G, is depicted in Figure 3. It is clear that {x;,x} is a
non-trivial Chebyshev set in G| + G».

The case of joins G| + G where min [V (G1)[,|V(G,)| = 1 is addressed in
the following proposition.

Proposition 3.16. Let G be a (not necessarily connected) graph with n > 2
vertices. Then G+ K is Ch-minimal if and only if G is connected.

Proof. Let the vertex v € V(G + K;) correspond to the vertex of K. First, we
prove the necessity of the condition. For every connected component G; of
G, the set M = V(G;) U {v} is a Chebyshev set in G+ K;. Since M is not
a singleton, it follows that M = V(G) U {v}. Hence, V(G;) = V(G), which
implies that G is connected.

Now we prove the sufficiency of this condition. Fix a set M C V(G +K))
with 2 < |M| < n, where n = |V(G)|. If v ¢ M, then |[Ng4x, (v) "M| = |M| > 2,
which implies that M is not Chebyshev. If v € M, then taking into account the
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inequality |M| < n, we obtain V(G) \ M # 0. Since G is connected, there exists
avertex x € V(G) \ M with [Ng(x)NM| > 1. But v € Ng. g, (x). This means that
ING+k, (x) "M| > 2, and thus, M is not a Chebyshev set. O

For a set of vertices U C V(G) in a graph G, define S(G,U) to be the graph
with the vertex set V(S(G,U)) = V(G) and the edge set E(S(G,U)) = Eg(U)U
Eg(V(G)\U)U{uv:ucU,veV(G)\U and uv ¢ E(G)}. We say that S(G,U)
is obtained from G by switching the set U.

Two graphs G| and G, are said to be s-equivalent (writing G| ~; Gy) if
there is U C V(Gy) such that G, ~ S(G,U). Clearly, the relation ~; is an
equivalence of graphs. A graph G is s-maximal if it has the maximum number
of edges in its s-class. In other words, G is s-maximal if |E(S(G,U))| < |E(G)|
forall U C V(G). Put Ig(U) for the number of edges between U and V(G) \ U.
The next lemma gives a simple technical criterion for s-maximal graphs.

Lemma 3.17 ([13]). A graph G is s-maximal if and only if
2-l6(U) = [U]-(IV(G)| = U])
forallU C V(G).

In particular, Lemma 3.17 asserts that for each vertex u € V(G) in an n-
vertex s-maximal graph G, it holds dg(u) > % The following theorem exam-
ines the structure of Chebyshev sets in s-maximal graphs.

Theorem 3.18. Letr G be an s-maximal graph with n > 2 vertices. If M C V(G)
is a Chebyshev set, then |M| € {1,2,|V(G)|}. Additionally, if M = {u,v} with
u # v, then uv € E(G), dg(u) = dg(v) = 5, and the graph G — {u,v} is also
s-maximal.

Proof. Put [M| = m. Since M is Chebyshev, for all vertices u € V(G) \ M, it
holds |[Ng(u) "M| < 1. Therefore,

Ilc(U)=I(V(G)\M)= Y |Ng(u)NM|<n—m.
ueV(G)\M

But G is also an s-maximal graph, which by Lemma 3.17, asserts that 2/(U) >
m(n —m). This means that m(n —m) < 2(n—m), implyingm =n orm < 2.
Next, suppose that m = 2 and M = {u,v}. Assume that uv ¢ E(G). Since M
is Chebyshev, we have Ng(u) N Ng(v) = 0. Therefore, dg(u) +dg(v) <n—2.
This implies the inequality min{dg(u),ds(v)} < "52, which is a contradiction.
Thus, uv € E(G). Moreover, dg(u) = dg(v) = 5. Finally, let us show that the
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graph H := G — {u,v} is also s-maximal. To do so, fix a set U C V(H) and
observe that Iy (U) = I(U) — |U|. By Lemma 3.17,

2y (U) =2l6(U) =2|U| = [U|(n = |U]) = 2|U]
= |Ul(n—2—U]) = [U[(|V(H)| - |U]),

and the desired result is proved. OJ

Corollary 3.19. Each s-maximal graph with an odd number of vertices is Ch-
minimal.
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