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FROM FEYNMAN DIAGRAMS TO THE AMPLITUHEDRON:

A GENTLE REVIEW

S. DE - D. PAVLOV - M. SPRADLIN - A. VOLOVICH

In this article we review, for a mathematical audience, the computa-
tion of (tree-level) scattering amplitudes in Yang-Mills theory in detail, in
order to bridge the gap in understanding of the subject between mathe-
maticians and physicists. In particular we demonstrate explicitly how the
same formulas for six-particle NMHV helicity amplitudes are obtained
from summing Feynman diagrams and from computing the canonical
form of the n = 6,k = 1,m = 4 amplituhedron.
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1. Preliminaries on Amplitudes

We work in complexified Minkowski space-time C'* with the mostly minus
metric, denoting the inner product of two vectors a, b by

a-b=a"p’—a'b' —a*v* - a’p’. )

Scattering amplitudes (henceforth simply “amplitudes”) of n > 2 massless vec-
tor particles, denoted generically by A(p;, € ), are certain functions of n momenta
Pls---pn € CY3 and n polarizations €, .. ., &, € C'> subject to:

1. each p; #0, (2)

2~pi'pi:Ei'piZSi'E,':OfOI‘alli, (3)
n

3. and momentum conservation: y p; =0. @)

i=1

Amplitudes must satisfy additional mathematical and physical constraints too
numerous to review here, but three important general requirements are:

1. amplitudes must be linear in each polarization vector,
n
A(pi,zig) =A(pi,&) [z Yz eC, )
i=1

2. invariant under gauge transformations
A(pi,&+zipi) =A(pi,&)  Vz €C, (6)
3. and Lorentz invariant

A(Rpi,Re)) =A(pi,&)  VR€SO(1,3,C). (7

The class of amplitudes we focus on beginning in the next section manifest the
last property by depending only on the Lorentz invariant products p; - p;, & p;
and g - € e

2. Feynman Rules for Planar Yang-Mills Theory

In this article, we focus on a particular class of amplitudes called the tree-level
amplitudes of planar Yang-Mills theory. We write A, to denote the n-particle
amplitude in this class, suppressing the implied dependence on the p;, & for
notational efficiency. In this section, we explain diagrammatic Feynman rules,
which, in principle, can be used to compute A, for any n. More specifically,
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the rules we describe are known as color-ordered Feynman rules, but we have
no need to review the formalism that explains the meaning of this phrase and
instead refer the reader to [9, Section 2.1] for more details.

A Feynman diagram for planar Yang-Mills theory is a connected, plane tree
graph in which n > 2 vertices (called external) have degree 1, and the remain-
ing vertices (called internal) have degree 3 or 4, together with labeling of the
external vertices 1,...,n in clockwise order as one encircles the diagram from
the outside. The n edges connected to the external vertices are called external
edges, while all other edges are called internal. The former naturally inherit
the labeling 1,...,n of the external vertices they are attached to, and we label
the remaining edges n+ 1,n+2,... arbitrarily. To each Feynman diagram we
associate a certain mathematical expression according to the following rules.

First, we assign an arbitrary direction to each internal edge and an outward
pointing direction to each external edge. Next we assign a pair p,, &, of ele-
ments of C'* to each edge e. For the n external edges, these are the momenta
and polarizations of the n particles whose amplitude we are computing, which
necessarily satisfy (2) and (3), but the momenta and polarizations assigned to
internal edges are considered general elements of C!.

b &

Figure 1: Cubic and quartic vertices in Feynman diagrams are associated with
the vertex factors (8) and (9) respectively.

Next, we write down a product of vertex factors read off from this labeled
diagram; the factor associated to each cubic or quartic vertex (see Fig. 1) is
respectively:

V3 (d,b, C) = %(ga : 8;,)(80 : (pa—pb)) + CyChC(av b,C) ) (8)

) i i

Va(a,b,c,d) =i(e,-&)(&p-€a) — 5(8" -&p) (€ &1) — E(Sb &)(€1-€). 9)
Here i = /—1. The term cyclic(a,b,c) in (8) is the instruction to sum over
the cyclic shifts of the indices (a,b,c). That is, we add the terms obtained
by replacing (a,b,c) with (c¢,a,b) and (b,c,a). These formulas assume that all
edges are directed outward; for every inward directed edge a, one should reverse
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the sign of p, and use €] instead of &, in these formulas (here * denotes element-
wise complex conjugation). We will account for this by using negative indices

for ingoing edges, with the convention that £_, = & and p_, = —p,. Finally,
we act on the product of vertex factors with the differential operator
—i d d

—i

2 10
Do Pe 0€, 0€F’ (10)

where the product runs over all internal edges e.
For example, the Feynman diagram

evaluates to

vy —i 0 0
—1 ((31:17 De - De age . (98:) V3(1727 _7)V3(37478)V3(57679)V3(77 _87_9) .

(11

Note that the product of vertex factors is always manifestly linear in each &,
and €. Therefore, the differential operators completely remove all dependence
on the polarizations associated to the internal edges. The resulting expressions
still apparently depend on the momenta associated to the internal edges, but
these should be eliminated and are uniquely determined in terms of the external
pi by demanding that the sum of incoming momenta equals the sum of outgoing
momenta at each internal vertex. For example, in (11) we have

P71 =DP1+ D2, P8 = —P3— P4, P9 = —pP5— D6 - (12)

The result of this procedure is a quantity that depends only on the external mo-
menta and polarizations.
Let us work out and simplify one example in detail. Evaluating the second
Feynman diagram in Fig. 2 gives
—i dJd 0

— — =—V3(1,2,5)V3(-5,3,4). 13
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2 3
2 3 2 3
X : 5 : ’
1 4 1 4
1 4
Figure 2: The three Feynman diagrams contributing to the four-particle ampli-
tude A4 in planar Yang-Mills theory.

Plugging in the expression for V3 from (8) we obtain

1 1
2 [e1-&2(p1—p2) +&(&1- (p2—ps)) +e1(&2- (ps—p1))]
P5Ps
‘[&3(&4- (=ps—p3)) + & - €4(p3—pa) + €4(&5 - (patps))] 14
1 1
BATETSE [&1-&(p1—p2) +2& (&1 - p2) —2€1(& - p1)]
[—2&3(&4- p3) + & - €4(p3—p4) +2€4(&3 - pa)].
To go from the first expression to the second we have plugged ps = —p; — p2

into the first line and ps = p3 + p4 into the second, which eliminates some terms
thanks to & - p; = 0.

Finally, the n-particle tree-level amplitude A, of planar Yang-Mills theory
is obtained by summing the expressions associated by the above rules over all
distinct Feynman diagrams with n external vertices. For example, the four-
particle amplitude is obtained from the three diagrams shown in Fig. 2:

Ag = (81 '83)(82 . 84) — %(81 '82)(83 '84) — %(82 ‘83)(84 '81)

1
+ e L [€1-&(p1—p2) +2€& (&1 - p2) —2¢€1(&2- p1)]
[—2&3(&4- p3) + & - €4(p3—p4) +2€4(&3 - pa)] (as)
1 1
+ EW [&2-&3(p2—p3) +283(&2 - p3) — 2€2(&5 - p2)]

[—2€4(€1 - pa) + &4 €1(pa—p1) +2€1(&4- p1)].

We end this section by tabulating also the three-particle amplitude, which
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\ /
<

Figure 3: The nine different graph topologies with 6 external vertices. To obtain
a Feynman diagram one must assign a labeling 1,...,6 to the external vertices
in clockwise order. The numbers in circles indicate the number of distinct la-
belings for each topology; altogether a total of 38 Feynman diagrams contribute
to the amplitude Ag. If we had used non-color-ordered Feynman diagrams, one
would have to sum over all permutations of labelings, not just cyclic permuta-
tions; in this case, there would be 220 contributing diagrams.

has a single contributing Feynman diagram and is just
1
As=—(g-&)(&g (p1— +cyclic(1,2,3). 16
3 ﬁ(l 2) (&3 (p1—p2)) +cyclic(1,2,3) (16)

The calculation of the four-particle amplitude (15) already yields a rather com-
plicated expression, and it is clear that the complexity grows considerably for
higher n, not only because the number of diagrams increases, but also because
intermediate expressions become very large. For n = 5,6 there are respectively
10, 38 Feynman diagrams (the latter are described in Fig. 3) and it would be im-
practical to display explicit expressions for the corresponding amplitudes A,,. In
the next section, we introduce a new set of variables that greatly simplifies the
bookkeeping, thus simplifying these calculations while simultaneously reveal-
ing hidden mathematical structure that is completely obscured in the Feynman
diagram formalism.
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3. Helicity Amplitudes

A spinor is a non-zero element of C2. Helicity amplitudes of n > 2 massless
particles, introduced in [20] and denoted generically by A(A;, ii, h;), are certain
functions of a choice of n helicites h; € %Z and 2n spinors A; and A:, which
we think of respectively as 2 x 1 matrices 4; = (4! 2?)T and 1 x 2 matrices
2i = (A} 1), subject to

i/li?li =0. (17)
i=1

Collectively we call the A; and Zi spinor helicity variables. The role of helicities
in our computations is that they pick particular polarization vectors sl.hf to be
plugged into the expressions coming from Feynman rules. The superscript A;
is just a label, it has no meaning of an exponent. We refer the reader to [10,
Chapter 2] for a comprehensive treatment of helicity amplitudes, which must
satisfy:

1. homogeneity in the spinor helicity variables
n

A (Zili,zi_lli,ho ZA(Ai,li,hi)HZi—Zhi Vz; € C* (18)
i=1

2. and Lorentz invariance, which, due to the isomorphism of Lie algebras
soc(3,1) = slc(2) @ slc(2), takes the form

A(RAj, iR, b)) = A(Ai, Aihi)  VR,R € SL(2,C). (19)

By the First fundamental theorem of invariant theory for SL(2,C) (see e.g. [18,
Theorem 3.2.1]), the latter implies that we can think of any helicity amplitude
as a function of the Lorentz invariant quantities defined by

(ij) =det(d; A;) and [ij] = det(A] ZJ-T). (20)

Helicity amplitudes contain precisely the same information as the ampli-
tudes we discussed in Sec. 1, just packaged in a slightly different way (for more
details please refer to [9, 10]). Restricting our attention to massless vector par-
ticles, which have helicities |h;| = 1, the correspondence is

A(pi ey = A(Ni, Li i) 1)

with the identification (henceforth we write €= as shorthand for €*!, where +1
is the helicity label)

Pi = A’iiiv 8[+ = \/Eria.‘ia 8[7 = _\/Ellrt .
(ri) [ir]

(22)
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Here r; and 7; are arbitrary spinors and we define

(iry=det (& r;), [ir]=det(A] 7). (23)

1

Now it remains only to explain that in (22), where each left-hand side is under-
stood as element of C!3 while each right-hand side is a 2 x 2 matrix, we adopt
the identification

0_ 3 1., :2
0.1 2 3 a —a a +ia
a:(a a,a ,a ) A <al_ia2 a0+a3) ) (24)
which has the property that @ - a equals the determinant of the corresponding
matrix. Note also that

1
pi-pj= §<ij> [ij]. (25)

Let us comment on the identification (22). First, the dependence on the
arbitrary spinors drops out because any change in r; or 7; only shifts each polar-
ization & by a multiple of the corresponding p;, which has no effect on an am-
plitude due to the gauge invariance property (3). Second, if we rescale Ai = iy
and A; — 1 1 for any t; € C*, then the p; are unchanged, but 8 "scales as t; ~2h,
this explams the connection between the linearity property (3) of amphtudes and
the scaling (18) property of helicity amplitudes. The choice of numerical con-
stants in (22) provides a convenient normalization choice that simplifies some
formulas, specifically €' - & = —1.

Let us work out some examples in order to illustrate this new notation. For
simplicity we choose all of the reference spinors r; = r and #; = 7 to be the same.
In this case the following formulae hold for the remaining products of momenta
and polarization vectors:

v Unlir] o lin)Ji] e i
81‘ 8]' - <ll"> [_]r] ’ Pi 8]‘ - \/§<]r> ’ Di 8]' - \/i[]]"] . (26)
3.1. Three-particle amplitudes

Three-particle helicity amplitudes are special because the spinor helicity vari-
ables are highly constrained. Specifically, note that

(12)[12) =2py - pr = (p1 +p2)> = p3 =0, (27)

where we have used (25) as well as p; + p> + p3 = 0 and p% = p% = p% =0.It
follows that we must have either (12) = 0 or [12] = 0. Repeating this calculation
for other pairs of indices leads to the conclusion that in fact we must have

either all (ij) =Oorall [ij] =0, ifn=3. (28)
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It is straightforward, if a little tedious, to check that if all (ij) = 0, then
the only non-zero three-particle helicity amplitudes are those for which two
particles have helicity +1 and the third has helicity —1. Similarly, if all [ij] = 0
then the only non-zero helicity amplitudes are those for which two particles have
helicity —1 and the third has helicity +1.

As an example let us work out the helicity amplitude A(17,2~ 3*) in detail,
in the case when all [ij] = 0. Consequently from (26) we see that pi-€ =0 for
all i, j. From (16) we then have initially only two non-zero terms

V2A(17,27,37) = (& &) (&) - (p2—p3)) + (&5 - €7)(& - (p3—p1)). (29)

We use momentum conservation p3 = —p — pz and the condition p; -& =0to
rewrite the first term as 2(&; - €5 ) (&, - p2). A similar calculation for the second
term leads to

A(17,27,3%) =V2(e; &) (e -p2) — V2(ef €7 )(& - p1)

(2n)[3r] [27(1 >+<1r>[3r][ r(21)
@B (1] @] [27]
(12)[3r](2r) [2r] + (1) [11])
[17][27] (37
~(12)[3r]?
=R G0

where in the last line we used momentum conservation in the form

(Ir)[1r] + (2r)[2r] + (3r)[3r] = 2pr- p1 +2p, - p2+2p,-p3=0. (1)

Here p, = r7 is the momentum corresponding to the reference spinors r and 7.
Another similar application of momentum conservation allows us to write

[Br] (12) [3r]  (12)
Lt R Sl d ==Y 32
i~ @) % 2T 6 (32)
which leads to the final expression
12)3
A(17,27,37) = < 33
When all (ij) = 0 we similarly have for example
12
A(1T 21 37) = [12] : (34)
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The results (33) and (34) exemplify a general parity symmetry for helicity am-
plitudes under which the A; and A; spinor variables are exchanged while flipping
the sign of each helicity:

A 2Ry =AM 27 ) - (35)

Other three-particle helicity amplitudes can be computed from (16) with
similar effort; we summarize here the results [4]

<12>h3—h1—h2 (23>h1—h2—113 <31>hz—h1—h3 if h= _1’
A(lhl , 2h2 , 3h3> — [lz]h_gfh]fhz [23]h17h27h3 [31}h27h] —h3 ifh = _|_1’ (36)

0 otherwise,

where h = h| + hy + h3 is the total helicity.

3.2. MHY helicity amplitudes

The calculation of three-particle helicity amplitudes outlined in the previous
section is already rather tedious, though the final result (36) is strikingly com-
pact. Needless to say, the complexity grows considerably for higher n, but some
simple cases remain. Specifically, for n > 3, it turns out that all helicity ampli-
tudes with total helicity 4 = }; h; satisfying |h| > n— 2 vanish. The simplest
non-vanishing helicity amplitudes are those with &7 = n — 4, which are called
MHYV amplitudes and are given by the Parke-Taylor formula [15]

. )
AT 0 ) ""’n+)7<12><23>...<n1>' (37)

Helicity amplitudes with & = 4 — n are called MHV amplitudes and are given by
the parity conjugate of this formula. The formula (37) and the claims about he-
licity amplitudes with || > n— 2 vanishing can be compared against the sum of
Feynman diagrams for relatively small values of n with the assistance of a com-
puter algebra system. We provide code to check this for all helicity amplitudes
withn <6 [8].

3.3. Six-Particle NMHYV amplitudes

Helicity amplitudes with total helicity 4 = n — 4 — 2k are called N\MHV am-
plitudes. The smallest value of n for which there are helicity amplitudes that
are neither MHV nor MHV is n = 6. Here there are three independent types
of NMHV amplitudes. In order to display formulae for these we introduce the
notation

sijk = [1)(i) + [ik] (ik) + [jKI k), [i[Ppl€) = [i](G0) + [ik] (k€) . (38)
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Then we have

o [4]Ps2|1)°
+ et g+
AUT273740.5760) = B2 21Py 5)(56) (61 52
3
+ [6’P54’3> . (39)

[61][12][2|P34[5)(34) (45)s612

A(1+,27 3,47 ,57,67) =
[15]*(24)*
[56][61][1]P23(4)[5]P43|2) (23)(34) 5234

+cyc, +cycy, (40)

where the notation indicates a sum of three terms, with the first term as shown
and the second and third obtained from the first by replacing all indices i —
i+2 mod 6 and i — i+ 4 mod 6, respectively.

N e e [4|Pr2]3)*
ACT273747.57.67) = G R6T AP BleB)12) (23
N [24]*(56)° N [12]°(35)*
23][34](2|P34|5)[4] P52 | 1) (61)s234 ~ [61][2|P34]5)[6]Psa|3) (34)(45)s345

(41)

All other six-particle NMHV amplitudes can be obtained from these three by
some cyclic rotation of the indices possibly accompanied by a parity conjuga-
tion using (35). Equivalent formulas for these helicity amplitudes were first
obtained in [5, 14], and the ones we have presented were first given in [6, 17].
We consider it essentially impossible to check these formulas by hand starting
from Feynman diagrams. Instead, we provide Mathematica code to perform
this verification [8]. However it is relatively straightforward to derive these for-
mulas analytically from the BCFW recursion relations [7]. The connection be-
tween the BCFW recursion and the amplituhedron was mathematically worked
outin [12] and [11].

4. From Spinor Helicity Variables to Momentum Twistors

In this section we introduce momentum twistors, which provide a convenient
parameterization of the spinor helicity variables for configurations of n particles
and are the natural variables for discussing the amplituhedron.
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4.1. Definition of momentum twistors

We define a configuration of n > 4 particles to be a collection of n spinor helicity
variables {A;,A;} satisfying (i i+1) # 0 and [i i+1] # O for all i (here and in
all that follows, indices are always understood mod n), as well as momentum
conservation (17). A twistor is a point in CP® and we denote the homogeneous
coordinates of a twistor Z as (Z! : Z%: 7> : Z*). The words momentum twistor
emphasize the use of twistors for parameterizing the momenta of particles in
a scattering amplitude. Momentum twistors were introduced by Hodges [13],
who proved the following result.

Theorem 4.1. Let {A;, /7L,} be a configuration of n > 4 particles. Then there exist
n twistors Z; = (A} A? :pt: w?) € CPP and n dual twistors Z; = (i}« fi? : A}
22) € (CP)* satisfying the following conditions for each i:

1. For alli, the plane defined by Z; contains Zi_1, Z;, Ziv1 and
2. For alli, the points Z;, Zi1\, Zi+» and Z; 13 are not contained in a plane.

In particular, one sees that a spinor A; can be “extended” to a twistor Z; by
adding two p-coordinates, and the same is true for A and Z;. Explicit in the
presentation of this theorem is a particular choice of coordinates on projective
space such that the spinor helicity brackets may be recovered from the twistors
and dual twistors via

(ijy =21z}, ij] = Z]'1Z; (42)
using
0 1 00 00 0 0
=10 000 ™M T=lo0 0 1] @
0 000 00 —10

The relation between primal and dual twistors in Theorem 4.1 is given by [13,
Eqn. (6)]:

eNzp \7¢ Zg-l (44)

Zl= (i—1i)(ii+1)

This formula simply gives the coordinates of the plane Z; containing the points
Zi_1, Zi, Zi+1. Here and further in the article, we use the Einstein summation
convention that repeated indices (in this case, the indices B, C and D on the
right-hand side) are summed over their natural range (in this case, 1 through 4)
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without writing the summation explicitly, and e48CD — g, pop is the Levi-Civita

symbol defined as the signature of (A,B,C,D) if (A,B,C,D) is a permutation of
(1,2,3,4), and 0 otherwise. Finally we define the coordinates

(ijkl) =det(Z:Z;21.Z)) = eapcpZi 23 Z( 71 (45)

Of most immediate practical use to us is the following converse, which is a
consequence of (44) and the formula (48) proven below.

Theorem 4.2. Let {Z;} be a collection of n > 4 points in CP? that satisfies
(ii+1) # 0 and (ii+1i+2i+3) # 0 for all i. Then for A =1,2

A =127, (46)
A (i—1)Z82 + (i+1i—1)Z2 4 (i i+ 1) 2?2 “n
' (i—1i)(ii+1)
is the corresponding configuration of n particles.
4.2. A warm-up calculation with momentum twistors
Equation (44) implies for example that
1iitlitn
i1 = (i—lii+1i+2) 48)

(=10 i+ 1)(i+1i+2)

Here we derive this formula in detail in order to give a better idea of how to
manipulate spinor helicity and momentum twistor variables. We begin by noting
that

i’AB — %gABCDICD , (49)

which we can plug into (42) and then use (44) to write

E 7F7G Hyl 7K
lii+1] = "B2078 | = 1 ascpjep eaerGZi\Zi Zi 1 E8HIKZi Zii 1 Ziys (50)
) (i—1i)(ii+1)2(i+1i+2) ‘

The first indices in the Levi-Civita symbols are contracted using the identity

ABCD
€ EAEFG =

SB8E 8L + 55 6P 88 + P SESE — SESR 8E — 5P 8588 — 55 SP8E, (51)

where & is the Kronecker delta symbol: 8 = 1 if X =Y and is zero otherwise.
This identity simply states that eA8P g, ¢ is equal to 1 is (BCD) is an even
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permutation of (EFG) and is equal to —1 if (BCD) is an odd permutation of
(EFG) (and is O otherwise).

When we plug (51) into (50), the second term gets contracted with €ggx to
give 85 8P egn k. This quantity vanishes when further contacted with Z$,Z/, |
due to antisymmetry in G <> J. For the same reason, the third, fifth, and sixth
terms also do not contribute to [ii+1]. Due to the antisymmetry of /P, the first
and the fourth terms give the same contribution to [ii+1], canceling the factor
of % Thus, we are left with just

BSCSD CD 7E 7F7G 7H7] K
Op 0p 0G ek I"" 27\ 2] 27\ 27 Z; | 2 (52)

(i—10)({i+1)2(i+1i+2) ’
which, with the help of (42) and (45), simplifies to

[ii+1] =

(eemixZ{ \Z]'Z] \ ZK)I7°Z Z7)) _ (i-liit1i42) 53)
(i—10)((i+1)2(i+1i+2) (i=10)(ii41) (i+1i+2)’

completing the proof of (48).

4.3. A six-particle NMHV amplitude in momentum twistors

We are now equipped to end this section by rewriting the helicity amplitude (39)
in terms of the momentum twistors using the relations defined above. Using
similar manipulations to the one carried out in the previous subsection, one can
show that

HPssll) = <;£?j§> - 161Paf3) = <§16§?66i) (2Pl = <i12§?§;> G
along with
o (2356) (1245) 55)

(23)(56) 7 P47 12)(45)

Putting everything together, we conclude that the helicity amplitude (39) can be
expressed in momentum twistor variables as

(12)%(23)*
(12)(23)(34) (45)(56) (61)

| (1356)? (1345)
><<1235><<2356><1236><1256) <1234)<1245><2345>) (56)

Ag(17,27,37,4%,57.67) =

The other helicity amplitudes displayed in Sec. 3.3 are considerably more messy
when expressed in momentum twistor variables. Instead of presenting these
formulas, we now introduce a vastly more efficient bookkeeping mechanism
that naturally combines all NMHYV amplitudes into a single object.



248 S. DE - D. PAVLOV - M. SPRADLIN - A. VOLOVICH

5. Supervariables and Superamplitudes

Superamplitudes provide a convenient bookkeeping device for assembling all
( kiz) n-particle NMHYV helicity amplitudes into a single object.

In this section, we introduce Grassmann partners for the spinor helicity vari-
ables and momentum twistors, then write down formulas for MHV superampli-
tudes and the six-particle NMHYV superamplitude, and finally explain how to
verify that these superamplitudes encapsulate all of the helicity amplitudes dis-
cussed in previous sections.

5.1. Supervariables

First, we introduce some basic properties of Grassmann variables (also called
anti-commuting). If 6, is a collection of Grassmann variables indexed by some
set with elements a, then 6,60, = —6,0, and integration over the 0’s is defined
in the sense of Berezin by

/d@a =0 /Gadea =1 67

and extended by linearity.

Next, we introduce Grassmann partners of the momentum twistor variables.
A momentum supertwistor is a point in the projective space CP3*. This is CP’
in which we treat the first four homogeneous coordinates differently from the
last four. Namely, we write the homogeneous (super) coordinates of a mo-
mentum supertwistor as (Z' : Z2: 73 : Z* . x': x% 1 33 : x*) where Z4 are or-
dinary bosonic (i.e., commuting) coordinates and the x* are Grassmann vari-
ables. The straightforward extension of Theorem 4.1 to CPP? * demonstrates
that a collection of n > 4 momentum supertwistors satisfying (ii+1) # 0 and
(ii+1i42i+3) # 0 for all i provides, via (46) and (47), together with the anal-
ogous formula

A (=Ll + (L= Dyt + G D
M= (—1i)(ii+1) ’

a configuration of n particles, supplemented with an associated collection of
Grassmann variables 7); that also satisfy supermomentum conservation:

(58)

n
Y Ami=o0. (59)
i=1

For future convenience we also introduce the notation

4 4 n
7,=[Int, dm=[]dan!.  an=[]d4m. (60)
A=1 A=1 i=1
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5.2. MHY superamplitudes

The n-particle MHV superamplitude is the homogeneous polynomial of degree
8 in the Grassmann variables given by

(8)

(12)(23) -+ (nl)’
where g = ¥; 4;1; and

4
§®(q) =TT X inin?. (62)
A=1i<j

Upon expanding out the product, it is evident that the coefficient of the term
n:M;in AMHV s precisely the Parke-Taylor formula (37) for the n-particle he-
licity amplitude in which particles i, j have helicity —1 and the remaining parti-
cles have helicity +1. Using the properties of Berezin integration (57), this fact
may also be expressed as

AT, i) = AMEY

coefficient of 7;7;

-/ (H m) AMVar, 63)

I#i,j

where we have utilized the expressions (57) and (62) to obtain

5% (q)

I1 m) §®(q)dm = (ij)*. (64)

coefficient of 7,7 (Z;éi,j

5.3. The six-particle NMHYV superamplitude

The n-particle NMHV superamplitude ANMPY is a polynomial of degree 12 in
the Grassmann variables that encapsulates NMHYV helicity amplitudes in a man-
ner analogous to (63). If, for notational simplicity, we letAS;llz denote the NMHV
helicity amplitude where particles i, j, k have helicity —1 and the rest have he-
licity +1, then

A= | ( I1 m) AN g = ANMHY . 6)
I#i,j.k coefficient of 7,177

We now claim that the six-particle NMHV superamplitude is given by [13,
Eqn. (31)]

ANMHEY — AMHV . (161234] 4 [61245] + [62345]) (66)
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in terms of the 5-bracket

[TA-, ((abed) x2 + cyclic)
(abcd) (bcde) (cdea)(deab){eabc)’

[abcde] = (67)

where “+ cyclic” is the instruction to sum cyclically over the labels {a,b,c,d, e}
in a fashion similar to the cyclic product structure in the denominator, and ¥ is
a collection of Grassmann variables introduced in Section 5.1. The quantity

PIMAY (7. i) = [61234] 4 [61245] + [62345] (68)

appearing in (66) is called the 6-particle NMHYV ratio function. In Section 6 we
will see that the amplituhedron computes precisely this ratio function.

Finally we describe how to explicitly verify that the simple expression (66)
indeed encapsulates all (g) = 20 six-particle NMHYV helicity amplitudes tabu-
lated in Sec. 3.3. First plugging (66) into (65) gives

: (8)
A = / (Eﬁ’) <12><523>(.‘?>. Gy ([61234] + [61245] 4 [62345]) d7 .

(69)

Then we use the Grassmann delta function §%(g) from (62) to carry out the
integration over the 7; and 7 ; Grassmann variables using (64), which leads to

© _ (ij)*
Aiik = 12y (23) -+ (al)

([61234] + [61245] + [62345)) s, (70)

coefficient of 7,

where |s,; is an instruction to first solve (59) to express 1; and 1; in terms of
the other four 1’s, and then rewrite the s appearing in the 5-brackets in terms
of the n’s by inverting (58). Because of the complexity of the intermediate
expressions involved, this step is best carried out with the help of a computer
algebra system. We provide code to perform this verification for all 20 NMHV
helicity amplitudes [8].

6. Superamplitudes from the Amplituhedron

In this section, we explain how to extract the NMHYV ratio function (68) from the
amplituhedron Ag ; 4(Z). Our treatment closely follows Sec. 4 of [2]. The ob-
servation that NMHYV amplitudes are related to the volumes of simplices is due
to Hodges [13] and inspired Arkani-Hamed and Trnka to introduce the ampli-
tuhedron as a suitable generalization for NKMHV amplitudes with k£ > 1 in [3].
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The positive Grassmannian Grkzj.i [16] is the subset of the real Grassmannian
Gry, on which all Pliicker coordinates are non-negative. For positive integers
n,k,m such that k+m < n and n > 3, the (tree-level) amplituhedron A, j ,(Z)
is the image of the positive Grassmannian Grig under the map

[C] = [CZ] € Gryjoym (71)

induced by a totally positive n x (k+ m) matrix Z. Here [C] refers to an element
of Gry , represented by a positive k x n matrix C.

It is conjectured that A, x ,,(Z) is a positive geometry [1, Conjecture 6.3],
which among other things means that there exists a top-dimensional canoni-
cal form Q, ;. ,»(Y;2Z) that has no singularities inside A, s ,,(Z) and logarith-
mic singularities on its boundary. Here Y represents an element of Gry 4, and
the notation serves to emphasize that we are considering a family of forms on
Gry k+m indexed by a choice of n x (k+m) matrix Z. The main conjecture
of Arkani-Hamed and Trnka, who introduced the amplituhedron in [3], is that
Q,14(Y; Z) encodes the n-particle NNMHV superamplitude in a manner that
we now describe.

Let us restrict to the case n = 6,k = 1, m = 4 that is the focus of this paper.
In this case we are interested in the form Q¢ 1 4(¥'; Z), which necessarily can be
written in the form

Q614(Y;2) =6 14(Y; 2)ups(Y), (72)
where
5 —~
tps(Y) = Y (= 1)YadYi AL ANdY, ... NdYs (73)
a=1

is the standard meromorphic top-form on Gry 5 = P*. Then according to the
proposal of [3], the recipe that relates the canonical form on the amplituhedron
to the NMHYV ratio function (68) is

PN (7, 20) = [ @1.4(: 2)d*0 (74)
where Yo =(0:0:0:0:1), Z is the 6 x 5 matrix whose i-th row is

Z;=(21,2},2},2}, 0" 1), (75)

R AR I A

¢* is a collection of four Grassmann variables, with the integral in (74) under-
stood in the usual Berezinian sense.

For the case under study, the amplituhedron Ag ; 4(Z) is a cyclic polytope
in P*. Its vertices are given by the rows of the matrix Z. This polytope admits a
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triangulation into three simplices A(g1234}, Afg1245) and Ager345), Where Agpege)
is the convex hull of { Z,,, 2}, 2., 24, Z, }.

The canonical form of the amplituhedron is then the sum of the canonical
forms of these three simplices:

W6,14(Y; Z2) = 061234 (Y Z2) + 061245, (Vs Z2) + 062345, (Y3 Z) (76)
where the canonical form of each simplex is

(abcde)*
Yabcd)(Ybcde)(Y cdea) (Y deab)(Yeabc)

WOfabede} (Y’Z) = < (77)
The denominator in this expression is the product of the facet equations of the
simplex, and the factor in the numerator ensures that its residues at every vertex
are £1. Angular brackets in this expression denote the determinant.

When we set Y =Y in (77) it is clear that each denominator factor (Yabcd)
becomes simply the corresponding coordinate (abcd). Therefore

1
/w{abcde}(yo;z)d4¢ - (abcd) (bede) (cdea)(deab)(eabc) /<
= [abcde] (78)

abede)* d*¢

where in the second line the rules of Berezinian integration land us directly
on (67). Plugging in the sum of three terms in (76) confirms the agreement with
the NMHYV ratio function (68) via (74).

We note that kK = 1 amplituhedra are cyclic polytopes for any m and n [19],
and the procedure of extracting the n-point NHMV amplitude from A, ; 4(Z) is
analogous to that described above. For the general case of the n-point NN\MHV
amplitude, we refer the reader to Section 7 of the original paper [3].

We conclude by noting that computing amplitudes with the amplituhderon
is conceptually simpler than by using Feynman diagrams. This is already visible
in the kK = 1 case: the number of terms in a triangulation of the cyclic polytope
on n vertices is quadratic in n, while the number of color-ordered Feynman
diagrams grows exponentially with n.
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