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PROUDFOOT-SPEYER DEGENERATIONS OF
SCATTERING EQUATIONS

B. BETTI - V. BOROVIK - S. TELEN

We study scattering equations of hyperplane arrangements from the per-
spective of combinatorial commutative algebra and numerical algebraic
geometry. We formulate the problem as linear equations on a reciprocal
linear space and develop a degeneration-based homotopy algorithm for
solving them. We investigate the Hilbert regularity of the corresponding
homogeneous ideal and apply our methods to CHY scattering equations.

1. Introduction

Consider n+ 1 hyperplanes in C?, defined by £y(x) =0, ..., £,(x) = 0. Here,
¢; € Clxy,...,x4] are affine-linear functions in d variables. The following loga-
rithmic potential function serves as the scattering potential in CHY theory [8]]:

L,(x) = log g’ t}" - -ty = ugloglo+uilogly + - - -+ uylogl,. (1)

This function depends on parameters u = (uy, .. .,u,) which take complex val-
ues. Motivated by the physics application, see for instance [8} 13} [19], we are
interested in solving its critical point equations for generic u:

aﬁu_”__aﬁu_
ox;  9dx;
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Notice that these equations are invariant under scaling the linear forms ¢; by
non-zero constants; they only depend on the arrangement A =V ({y---£,) C C¢
and are given by well-defined rational functions on its complement X = C%\ A.
We refer to (2) as the scattering equations of the hyperplane arrangement A.
We collect the coefficients of £, . . ., £, in a matrix L € C@+1)>(+1) gych that

L' = (=b A) and ({o(x),...,0(x)) = (1,x1,...,xq) - L.

Here A has size (n+ 1) x d, and ¢;(x) is the i-th entry of Ax — b (counting starts
at zero). With this notation, we can rewrite the scattering equations (2)) as

A'diag(u)y =0 and y€img, 3)
where ¢ : X — P" is the morphism x — (£ (x) : -+~ : £, (x)) and diag(u) is
an (n+ 1) x (n+ 1) diagonal matrix with diagonal entries uy,...,u,. From an

algebro-geometric perspective, it is natural to relax the condition y € im¢ by
replacing the image of ¢ with its closure in the projective space P". This is the
reciprocal linear space associated to the row span of L, denoted by R;..

In the terminology of Proudfoot and Speyer [16], reciprocal linear spaces
are spectra of broken circuit rings. Their geometric properties are encoded by
the matroid M (L) represented by L. This includes dimension, degree, singular
locus and a nice stratification of Ry [[16l [17]. Reciprocal linear spaces appear
naturally in regularized linear programming [9]. A key geometric feature for our
purposes is the fact that R, admits a Grobner degeneration to a reduced union
of coordinate subspaces. On the algebraic side, a universal Grobner basis for the
vanishing ideal /(R ) degenerates to a set of generators for a square-free mono-
mial ideal J. We call this a Proudfoot-Speyer degeneration of R;. Our paper
turns such degenerations into practice. We develop a homotopy algorithm for
solving (3) which starts by solving linear equations on V (/). This requires only
combinatorics and linear algebra. Next, we lift the solutions in V (/) through the
degeneration to the solutions of (3)) in R,. Here is an example withd =2,n = 3.

Example 1.1. The function £, (x) = x{°x5' (2 —x; —2x2)"2(2 — 2x; — x2)"* uses
00 2 2
L=1[1 0 -1 —-2]|. 4)
01 -2 -1
The scattering equations are two rational function equations in two unknowns:

uo u 2143 . ul 2142 us —0
X1 2—)61 —2)62 2—2)(1—)62 - X2 2—)61 —2X2 2—2X1—)C2 e
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In coordinates y; = Ei_l, the system of equations (3), replacing im ¢ with Ry, is

upyo — ugyr — 2u3y3 = u1y1 — 2upy» —uzy3; = 0,

5
Y1Y2Y3 = Yoy2y3 — Yoy1y3 +yoy1y2 = 0. )

The last equation defines the cubic surface R; C P3. After fixing generic values
for u, the first two equations define a line L, in IP3. This line hits im¢ C R in
three points. Their pre-images under ¢ are the three solutions to the scattering
equations of A (see Figure[T)). A Proudfoot-Speyer degeneration of R, is

Y1y2y3 —t yoyays — 2 yoy1ys +1 yoy1y2 = 0.

For t = 1, this is the equation for R;. For t = 0, this defines the union of three
coordinate planes V(J), where J = (y1yzy3). Our line L, hits each of these
planes in a single point. These points are easily computed by solving linear
equations. As ¢ varies from O to 1, the points in L, NV (J) move to the solutions
of (3). A homotopy algorithm tracks the points numerically as  — 1. o

The data from Example [I.1] are particularly nice. In general, it might be
necessary to vary the linear space I, = {y : AT diag(u)y = 0} throughout the
homotopy, and L, "R, may contain more points than the solution set of (3).
That is, for certain choices of L, the scattering equations always have solutions
on the boundary R, \ im ¢, see Theorem Generically, this does not happen.

Theorem 1.2. For generic L € Cl4t1)*("+1) and generic u € C"*!, the Proudfoot
Speyer homotopy described in Section[d]is optimal, meaning that the number of
solution paths tracked equals the number of solutions to (2) in X.

In algebraic statistics, the scattering equations (2)) appear in maximum like-
lihood estimation for discrete linear models. In that context, one assumes that
Lo(x)+---+£€,(x) = 1. The model is the intersection of the n-dimensional prob-
ability simplex with the image of the parametrization x +— ({y(x),...,¢,(x)). The
function £, (x) is the log-likelihood function corresponding to an experiment in
which state i € {0,...,n} was observed u; times. Computing the maximizer of
L, (x) is a standard way of infering which distribution in the model best explains
the data. We elaborate on the statistics application in Section 2]

In algebraic terms, viewing the scattering equations as linear equations on R
means that we interpret the linear forms A" diag(u)y as elements of the homo-
geneous coordinate ring of R;. They generate an ideal denoted by

I, = <Z’}:Oa,~jujyj | i= 1,...,d> C C[RL] = C[yo,...,yn]/I(RL).

The complexity of computing the solutions in R; algebraically, e.g., using
Grobner bases, is governed by the regularity of 7, C C[R.]. This is classical
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for homogeneous equations on projective space [1]]. For equations on arithmeti-
cally Cohen-Macaulay projective varieties, such as Ry [16, Proposition 7], see
[3, Theorem 5.4]. The following result bounds the Hilbert regularity.

Theorem 1.3. Let L € Cl+)X(+1) be of rank d + 1. Let L C P" be a lin-
ear subspace of dimension n —d which intersects Ry in deg’/R; many points,
counting multiplicities, and let /(IL) be its ideal in C[R]. The Hilbert function
HFp g, (¢9) = dimc C[R],/I(LL), equals deg Ry, for all g > d.

The outline is as follows. Section [2] recalls the basics on scattering equa-
tions and reciprocal linear spaces. Section [3] makes the genericity condition
in Theorem precise by characterizing when the number of solutions to (2)
agrees with the degree of R;. Section ] describes our homotopy algorithm and
its implementation. Our Julia code is available at the MathRepo page [2]]. Sec-
tion [5|is on the relevant case for physics, where X ~ My ,, is the moduli space
of m-pointed genus O curves. Theorem [5.6] explains how the points in L, "Ry,
correspond to the scattering solutions for certain subsets of m’' = 4,5, ... m par-
ticles, assuming a conjecture on their multiplicities. Finally, Section [6| features
a proof of Theorem |1.3|and Macaulay matrix constructions.

2. Scattering equations, reciprocal linear spaces and maximum likelihood

This section collects preliminary facts about the equations (2)) and about recipro-
cal linear spaces. We start with the number of solutions. That number is constant
for almost all values of u, and depends only on the topology of X = C?\ A. We
assume that the hyperplane arrangement A is essential, meaning that there is
a subset of its hyperplanes which intersect in a single point. Let x(X) be the
topological Euler characteristic of X. The following is [[14, Theorem 1.1].

Theorem 2.1. For essential A and generic values of u € C"*!, the scattering
equations (2) have only isolated solutions. There are (—1)? - x(X) solutions
in total. Moreover, all these solutions are non-degenerate critical points of £,,

. . . 2 . .
meaning that the Hessian determinant det ( a‘i,g;.) is non-zero at each solution.
1 J ZJ

In fact, the above theorem has a much more general version [11, Theorem 1].
One can replace ¢;(x) by any polynomials so that X = C\ V (£o(x)¢; (x) - - - £ (x))
is a smooth very affine variety, and the statement still holds. Our focus remains
on affine-linear functions ¢;(x). Theorem was conjectured by Varchenko,
who proved the following for real arrangements, see [20, Theorem 1.2.1].

Theorem 2.2. If the matrix L € RE@+1)*(+1) iq real, A is essential and u € R’ﬂl
is a tuple of positive numbers, then all solutions of the scattering equations (2))
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Figure 1: An arrangement of four lines in R? whose scattering equations have
three solutions and whose reciprocal linear space is a cubic surface in 3.

are real. Moreover, there is precisely one solution contained in each of the
bounded chambers of the hyperplane arrangement complement R¥ \ A.

In particular, in the case of real arrangements, the number of bounded cham-
bers of R?\ A counts the signed Euler characteristic (—1)?- x(X) of X = C%\ A.
In our paper, we adopt the geometric point of view that the map

0 ix— (b ()16, (0)

sends the solutions of the scattering equations (2) bijectively to the points in
L,Nim¢. Here L, C P" is the linear space defined by AT diag(u)y = 0. The
closure of the image of ¢ in [P is denoted by R . If L has rank d + 1, then R is
an irreducible d-dimensional variety called a reciprocal linear space. Trivially,
L, Nim ¢ is contained in the intersection of closed subvarieties I, "R .

Example 2.3. The real points of the arrangement A from Example are
shown in Figure (1| (left). The complement R?\ A has eleven connected com-
ponents, three of which are bounded. By Theorem [2.2] for positive values
of u Ri, the scattering equations (2) have three real solutions. There is one
solution in each of the triangles in Figure [1| (left), and one in the quadrilateral.
The signed Euler characteristic of X = C?\ A is three by Theorem and we
have seen in Example [I.1] that this equals the degree of the reciprocal linear
space R associated to L from (). The cubic surface R, is plotted in the right
part of Figure 1} together with the line L, for u = (1,1,1,1). The map ¢ sends
the three solutions of scattering equations (2) to the three points in L, N Ry. ©

The matrix L defines a matroid M(L) on the ground set {0,...,n} whose
dependent sets index linearly dependent columns of L. By the results of [16]],
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the degree of Ry, only depends on the matroid M (L). If M (L) is uniform, like in
Example2.3] then deg R, is given by the binomial coefficient ().

The equality deg Ry = (—1)? - x(X) holds in Example but might fail in
general. Theorem [2.1]and injectivity of ¢ : X — P" imply an inequality.

Proposition 2.4. If L has rank d + 1, then we have (—1)¢- x(X) < degR;.

Example below shows that the inequality can be strict. Before stating
it, we recall a result by Proudfoot and Speyer [16] on the defining equations
of Ryr. The circuits of M(L) are the minimal dependent sets. For each circuit
C C{0,...,n}, there is a unique linear relation between the functions ¢, ..., ¢,,
given by Y ;cc 0c,i¢i(x) = 0. The coefficient vectors (¢ ;)icc are defined up to

scaling. We use these vectors to define one polynomial for each circuit:

fe=Y aci T] »i-

icC  jec\i
The following theorem is crucial in much of what follows, see [[L6, Theorem 4].

Theorem 2.5. The polynomials {f¢ : Cis a circuit of M(L)} form a universal
Grobner basis for the vanishing ideal I(R) of the reciprocal linear space R .

Example 2.6. The inequality in Proposition[2.4]can be strict. The variety R, for

1 000
L=111 01
0 011

is a quadratic surface in P°. Its defining equation is found via Theorem
y2y3 +y1y3 —y1y2 = 0. Indeed, M(L) has a unique circuit {1,2,3} consisting
of the last three columns. The complement of the arrangement .4 in R? has one
bounded box. By Theorem the Euler characteristic of X = C?\ Aisone. ¢

We conclude the section with a note on algebraic statistics. The probabil-
ity simplex of dimension n is the set A, = {p € Rf’fl : Y opi = 1}. This
contains all probability distributions for a discrete random variable with n + 1
states. A linear model is the intersection of A, with an affine subspace in
R"*1. That affine-linear space is parametrized by affine-linear functions /;:
x = (Lo(x),...,€y(x)). Since (y,...,¢,) represents a probability distribution,
we impose Y £;(x) = 1. A central problem in statistics is the following:

Let M C A, be a statistical model. Suppose that, in an experiment, state i of
our random variable is observed a total number of u; times. What is the
distribution in M that best explains the data u = (ug, ..., u,)?
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The answer from maximum likelihood inference (MLI) is to maximize the log-
likelihood function. The maximum likelihood estimate (MLE) is the maximizer
on M. In our context, the log-likelihood function is the scattering potential £,
from (I). The MLE is among its complex critical points. The generic number of
complex critical points, called the maximum likelihood degree (ML degree) of
M, governs the algebraic complexity of MLI. In our context, the ML degree is
(=1)4- x(X) by Theorem 2.1, where X = C¢\ .A. The connection with particle
scattering was explored in [19]]. For more on linear models, see [12, Section 1].

Example 2.7. After scaling ¢y, ¢, ¢>,¢3 from Example by %, %, }p % respec-
tively, they sum to one. This scaling changes neither the arrangement A nor
the scattering equations. Our linear statistical model is the intersection of the
3-dimensional probability simplex with the affine-linear space parametrized by
(Lo(x),21(x),€2(x),¢3(x)). This is the quadrilateral shaded in blue in Figure
It is defined by the inequalities ¢; > 0 fori = 0,...,3. The ML degree is three,
and foru € Ri, the MLE is the unique critical point of £, contained in the blue

region (Example [2.3). o

3. Reciprocal versus ML degree

We investigate when the reciprocal degree deg’R; differs from the ML de-
gree (—1)¢- x(X). Our starting point is the stratification of R; established
in [16, Proposition 5] and recalled below in Proposition For any sub-
set I C {0,...,n}, we define submatrices L; and A] of L and A" respectively.
They consist of the columns indexed by I. We denote the torus orbits of P by
Uy ={xeP":x;#20«<icl}. The submatrix L; parametrizes a reciprocal linear
space Ry, C P/I=! of dimension rank(L;) — 1. With a slight abuse of notation,
we also write Ry, for the image of R;, under the inclusion P/~ < P" which
identifies P/I=! with {x € P" : x; = 0,i ¢ I}. Finally, we write R}, =Ry, NU].

Proposition 3.1. If / C {0,...,n} is not a flat of M(L), then R, NU; = 0. If [
is a flat of M(L), then R, NU; = R;,.

Recall that a flat of the matroid M(L) is a subset I of {0,...,n} such that
the rank of /U {i} is strictly greater than rank(/) for any i € {0,...,n} \ I. The
entire ground set {0,...,n} is a flat by convention. As a consequence of Propo-
sition (3.1} we have a disjoint union

L.ORL= | ] L.NRE,. (6)
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Remark 3.2. Notice that the image of the map ¢ from the Introduction is con-
tained in the dense stratum: im¢ C R} = Rz{o = RiLNUyq,... - In particular,
the solutions to the scattering equations are among the points in L, N'R;.

n

Lemma 3.1. [frank(L) = d + 1 and u € C"*! is generic, then the solutions to
the scattering equations are in one-to-one correspondence with the intersections
of L, with the dense stratum of Ry. In symbols, we have L, Nim¢ =L, N'R;.

Proof. Observe that Rj \ im¢ equals R+ = Rar NUjo,..ny- These are the
reciprocals of the points in the row span of L which have non-zero coordinates
and which lie in the span of the last d rows. The intersections of R} with L, are

in one-to-one correspondence with the solutions to the scattering equations of A,
the central hyperplane arrangement in C? given by the columns of A”. Since
rank(L) = d + 1, A has rank d and A is essential. The Euler characteristic of
€4\ Ais zero, so its scattering equations have no solutions by Theorem O

Example 3.3. The matrix L from Example gives a quadratic surface R in P3.
That surface contains the curve R r = {y € Rz : yo = y1}. The open subset
R:T C R, intersects the line L, if and only if ug + u; +up +u3 = 0. o

The assumption rank(L) = d + 1 can be dropped in Lemma The cen-
tral arrangement A from our proof might not be essential in that case, but its
scattering equations will have no solutions unless ug +uj + - - - +u,, = O:

Z‘;lej'ajﬁu = Z;{ZIXjZ?:OM[(ajgi)efl = M0+M1 +"'+Mn7

where d; = aix,' The assumption rank(L) = d + 1 is natural in this section:
It only makes sense to compare reciprocal and ML degree when rank(A) =
rank(L) — 1. Then rank(L) = d + 1, after possibly changing coordinates.

Next, we identify strata R, containing “excess” intersection points with L.
For I C{0,...,n},let A =V([L;c; 4i(x)) be the subarrangement of hyperplanes
indexed by I. Let K; C C4 be the left kernel of the matrix A,T and let X; =
(C4\ A;)/K;. Note that X; is a very affine variety isomorphic to the complement
of an arrangement of |/| hyperplanes in Crank(4/)

Theorem 3.4. If rank(L) = d + 1 and u € C"*! is generic, then the intersection
L, MRy consists of finitely many points. For a flat I of M (L) we have

(i) if rank(A;') =rank(L;), then L, "R}, =0,

(i) if rank(A; ) = rank(L;) — 1, then the set-theoretic intersection L, N'R,
consists of (—l)r‘ﬂ‘“k(AlT ). x(X;) many points.
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Proof. We start with the proof of (i). Let A; be a matrix of size rank(A; ) x |I]|
with the same row span as A/ . Since rank(4; ) = rank(L;) we have R;r =
R AT = Ry, The intersection L, "R}, can equivalently be expressed as

L.NR;, ={ye R}IT . A] diag(u;)y; = 0}.

Like in the proof of Lemma these are the scattering equations of an essential
central arrangement in C™"X(4/) with signed Euler characteristic zero. There are
no solutions for generic u;, which proves part (i).

For part (ii), let L; = (j&bT’T >, with A as above. We have R, =R, We
1
find that I, "R}, is described by the scattering equations of .A; C Crank(4/),

L,NRy, = {yeR; : A] diag(u;)y; =0}.

By Theorem this set consists of (— 1)““11‘("‘1T ). x(X;) points. O

Corollary 3.5. Letrank(L) =d + 1. We have L, Nim¢ =L, "Ry, for generic
u € C"! if and only if all flats 7 of M(L) except I = {0,...,n} are such that
rank(A; ) = rank(L;). That is, under this condition, the solutions to the scatter-
ing equations are in one-to-one correspondence with the points in L, "R .

Remark 3.6. Geometrically, the flats of M(L) are linear spaces in P4 obtained
as intersections of subsets of the n+ 1 hyperplanes given by (xo,...,xs) " L=
(Ax—bxo)" = 0. The criterion in Corollary is equivalent to no non-empty
flats being contained in the hyperplane at infinity {xo = 0}.

Example 3.7. The matrix L from Example gives rise to the rank-three uni-
form matroid on four elements, and M(AT) is uniform of rank 2. It is easy to
verify that if L has rank d + 1 and M(A ") is uniform, then the criterion of Corol-
lary is satisfied. That is, the matroid of a generic L has no flats at infinity.
Hence, as observed in Example [T} the intersection points of L, and R are in
one-to-one correspondence with the solutions to the scattering equations. o

Example 3.8. The flats of M(L) with L as in Example are 0, {0}, {1},
{2}, {3}, {0,1}, {0,2}, {0,3}, {1,2,3} and {0,1,2,3}. By Theorem [3.4] the
only strata of Ry, contributing to the intersection L, "Ry are those for which
rank(A; ) =rank(L;) — 1. As we had observed in Example for generic u, the
two intersection points are contained in R} 0.123) and in R} o The flat {0,1}

is the intersection point of £y (x) = ¢1(x) = 0, which lies at infinity in P?2. o

Corollary 3.2. Let rank(L) =d + 1. The equality (—1)? - x(X) = deg Ry, holds
if and only if rank(A] ) = rank(L;) for each flat I of M(L), except I = {0,...,n}.
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Proof. 1f the condition in the corollary is satisfied and u is generic, then L, "R 1
consists of (—1)¢ - x(X) points by Corollary[3.5} These intersection points have
multiplicity one by Theorem The equality (—1)¢- % (X) = deg Ry follows
from the fact that a transverse intersection of an (n — d)-dimensional linear space
with a d-dimensional algebraic variety consists of its degree many points.

If the condition is violated and u is generic, then IL,, NR; consists of more
than (—1)¢ - x(X) isolated points. Therefore deg Ry > (—1)7- x(X). O

4. Proudfoot-Speyer homotopies

This section explains our method for finding all solutions to (2) numerically.
The algorithm is implemented in Julia (v1.10.5) using Oscar. j1 [15] (v1.0.4)
and HomotopyContinuation. j1 [5] (v2.0). All code is available at [2].

Our main computational tool is homotopy continuation. We recall the ba-
sic ideas and refer to the textbook [[18]] for more details. Homotopy continua-
tion is a computational paradigm for finding approximate isolated solutions of
systems of polynomial equations. It is based on a deformation of the polyno-
mial system at hand, called the target system, into another polynomial system,
called the start system, whose solutions are easy to compute. Concretely, let
F(x) = (fi(x),...,ft(x)) =0 be a system of ¢ polynomial equations in k < ¢
variables (xi,...,x¢). A homotopy for solving F(x) = 0 is a polynomial map
H(x,t) = (hi(x,1),...,he(x,t)): CFx [0,1] — C’ satisfying

1. H(x,1) = F(x).

2. The start system G(x) = H(x,0) = 0 has at least as many regular isolated
solutions in C¥ as F(x) = 0 and they are easy to compute.

3. Forany ¢ € [0, 1), the system H(x,7) = 0 has the same number of regular
isolated solutions in C¥ as G(x) = 0.

A regular isolated solution of H(x,t) = 0 for fixed ¢ is a point x € C¥ at which

H(x,t) = 0 and the ¢ x k Jacobian matrix (gi”_ (x,t)) has rank k. The new
J ij

variable ¢ is called the continuation parameter. The task of a homotopy algo-
rithm is to track each solution of the start system G(x) = 0 along a continuous
solution path as r moves from O to 1. Such a solution path is a parametric
curve x(t) satisfying H(x(¢),t) = 0. Under suitable assumptions, the solutions
of F(x) = 0 are among the limits of these paths for t — 1. In practice, tracking
the paths numerically comes down to solving Davidenko’s differential equation
using predictor-corrector schemes, see [[18, Section 2.3]. If the start system G
has as many regular isolated solutions as F' and they all converge to a solution
of F, then the homotopy H (x,?) is called optimal. This is the favorable case in
which no path is lost along the way, so that no computational effort is wasted.
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Example 4.1. In Example|l.1|we saw that the homotopy H (y,7) given by

(uoyo — u2y> — 2uzys, uryy — 2uzys — uzys, y1y2y3 — ' yoyays — £2yoy1ys +£2 yoy1y2)

is optimal for solving (5). The three solutions for 7 = 0 are easy to compute: we
simply solve three linear systems with y; = 0,y, =0 and y3 = O respectively. ¢

The homotopy in Example [4.1] is based on a flat degeneration of R to a
union of coordinate subspaces. Recall that a flar degeneration of a projective va-
riety V C P" is a family of varieties X’ together with a flat morphism 7: X — C!
such that any fiber 77! (¢) with t € C'\ {0} is isomorphic to V. These are called
the general fibers, and £~'(0) is the special fiber. Flatness ensures that the spe-
cial fiber shares many properties with the general fiber. This includes dimension
and degree, Hilbert function, Cohen-Macaulayness and normality, see [6]].

Let I(Rr) C Clyo,...,ys| be the vanishing ideal of R, as above. We con-
sider the initial ideal J of I(Ry.) with respect to a weight vector ® € Z"!:

J:=1inp(I(RL)) = spanc{ing(f) : f € I(RL)}.

Its variety is V (/). By [[16, Theorem 4], for a generic weight vector @, J is a
square-free monomial ideal and V' (J) is a union of coordinate subspaces. More-
over, V(J) is the special fiber in a flat degeneration of Ry, as we now explain.
We extend our polynomial ring to Cly,?] = C[yo,...,ys,t] by adding a con-
tinuation parameter ¢. Let f(y) = Y cay®* € C|yo,...,yn| be a polynomial. We
define o(f) := am‘aio{a)‘ a}and fO(y,1) =Y cqt®) =@ %y® € C[y,]. The ideal

I(Ry)” == (f : f€I(RL)) C Cly,1]

defines a family of varieties X =V (I(R.)?) C P" x C. By [10, Theorem 15.17]
this family is flat over C. It defines the Grobner degeneration of R, with respect
to the weight ®, whose special fiber is 771(0) = V(J).

Example 4.2. The degeneration of the cubic surface R, from Example (1.1) is
a Grobner degeneration with respect to the weight vector ® = (1,2,3,4). o

We now use the degeneration explained above in a homotopy algorithm for
solving the scattering equations. Let A] € C?*("*1) be a matrix with generic
entries. The target system F(y) = 0 and the start system G(y) = 0 are given by

B AT diag(u)y B Aly
F(y) - <(fC(Y))Cecircuits(M(L))) ’ G(y) - <((fC)tw(yv 0))0C€circuits(M(L))> .

Here {fc: C € circuits(M (L))} is the universal Grobner basis of I(R.) from
Theorem The solutions to F(y) = 0 are the points in L, NR;. To connect



154 B. BETTI - V. BOROVIK - S. TELEN

the target system F(y) and the start system G(y), we set up the homotopy

(7N

Hiyt) = ((1 —1)A) y+tAT diag(u)y> '

((f0)? (0,1)) cecireuits(m(L)

In words, H (y,t) is a combination of a straight line homotopy for the linear part
of the system and a Grobner degeneration of the reciprocal linear space Ry.
Algorithm[I|summarizes how to use this homotopy to solve the scattering equa-
tions numerically. Below, we briefly comment on the steps.

Input: A matrix L € CUH+D)> (1) of rank d + 1 representing a hyperplane
arrangement A and a generic vector u € C"+1,

Output: Solutions to the equations (2).

1. Choose a generic vector @ € Z"*! and generic A] € C?*("+1),

2. Compute the polynomials {fc: C is a circuit of M(L)}.

3. Find a minimal prime decomposition of the ideal J = ing (I(RL)).

4. For each irreducible component ¥; of V(J), find the unique solution y € ¥;
of the linear system A(—)'— y=0.

5. For each of the solutions from step 4, trace the homotopy (7 along a
smooth path in C! fromt =0tot = I.

6. Return the inverse image under ¢ of the solutions from step 5 that have
only non-zero coordinates.

Algorithm 1: Proudfoot-Speyer homotopy algorithm

The genericity condition for @ in step 1 is that the weight w should define
a linear order on the ground set {0,...,n} of the matroid M(L). That is, all its
entries should be distinct. The genericity condition for the matrix Ag is that
Ag y = 0 defines a linear subspace of codimension d which cuts the variety
V(J) in degV(J) = deg R, many points. In our code, Aj can optionally be
inputted by the user. We have seen in Example [I.1]that one can sometimes pick
Aj = A"diag(u), so that the first d equations in H(y,?) do not involve ¢. The
matrix A diag(u) might not satisfy our genericity assumption, see Remark

In step 2, we compute the circuits of M(L) to find the universal Grobner
basis from Theorem For step 3, we find broken circuits with respect to
the weight vector @ that generate the ideal J following [16]. The minimal prime
decomposition of J is then computed using only the combinatorics of M(L). Let
o be a linear order on {0,...,n}. Recall from [16] that a broken circuit of M(L)
is obtained from a circuit of M (L) by deleting the element with the smallest ®-
weight. Let M®(L) be the matroid on {0,...,n} whose circuits are the minimal
broken circuits of M(L) with respect to inclusion.
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Proposition 4.3. The reciprocal degree degR;, equals the number of bases of
the matroid M®(L). The minimal primes of the ideal J are (y;: i € B¢), where
B C {0,...,n} runs over all bases of M®(L) and B° ={0,...,n}\B.

Proof. In [16], it was shown that C[R ] flatly degenerates to the Stanley-Reisner
ring of the broken circuits simplicial complex bcg, (L) on {0, ...,n}. Its faces are
subsets of {0,...,n} that do not contain any broken circuit. The degree of R,
is the number of facets of bcg, (L), which is the number of maximal subsets of
the ground set that do not contain any broken circuit. By construction of the
matroid M® (L), these are precisely the bases of M®(L). The facet complements
generate the minimal prime components of the Stanley-Reisner ideal. O

The fact that the initial monomial ideal J is squarefree implies that the start
system has only regular isolated solutions. Since our algorithm relies heavily on
results from [[16]], we chose the name Proudfoot-Speyer homotopy.

Theorem 4.4. Let rank(L) = d + 1 and suppose that all flats 7 of M(L) ex-
cept I = {0,...,n} are such that rank(A; ) = rank(L;). For generic u € C"*!,
the Proudfoot-Speyer homotopy from Algorithm [T} is optimal for solving (2),
meaning that the number of homotopy paths equals the number of solutions.

Proof. The number of homotopy paths in a Proudfoot-Speyer homotopy equals
the degree of R;. By Corollary [3.5] the conditions in the theorem imply that
this is also the number of solutions to the scattering equations. UJ

Notice that Theorem [4.4]implies Theorem [I.2] (see Example [3.7)). Our Julia
package ProudfootSpeyerHomotopy [2] implements Algorithm I}

Example 4.5. In Table[I|we report timings for generic hyperplane arrangements
with several values for d and n. Our homotopy method is optimal for such
arrangements, see Theorem In our experiment, the entries of the matrix L
are random uniformly distributed integer numbers in the interval [—20,20] and
the parameters u are random complex numbers drawn from a standard normal
distribution. The number of solutions in each case is (/}). o

5. Scattering equations on M,

In this section we focus on X ~ My ,, the configuration space of m distinct
points on the projective line P'. A pointin M is represented as a 2 X m matrix

11 1 ... 1 0
<0 1 X1 ... Xpm—3 1> (8)
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n
d 6 7 8 9 10 11
2 0.07s  0.19s 0.50s 1.11s 2.90s 6s
3 0.076s 0.29s 1.20s 3.90s 13.85s 41.90s
4 0.041s 0.21s 1.26s 13.42s 30.16s 132s
5 0.017s 0.10s 0.54s  7.81s  41.15s 194s
6 0.02s 054 278 23.50s  236s
7 0.03s  2.64s 9.94s 124s
8 0.04s 9.74s 59s

Table 1: Timing results (in seconds) for generic hyperplane arrangements.

whose 2 x 2-minors p;;(x) are non-zero. The i-th column represents homoge-
neous coordinates of a point 6; € P! and imposing that the minors are non-zero
means o; # 0; for i # j. The CHY (Cachazo-He-Yuan) scattering equations are

oL, ALy
8x1 T 8xm,3

=0, where L= long,-j(x)“"’f'. 9)

i<j

The exponents s;; are called Mandelstam invariants in physics. They encode
the momenta of m particles involved in a scattering process. The columns of
the 2 x m-matrix () are indexed by these particles. The CHY amplitude of the
scattering process is a global residue over the solutions of (9)). It is a rational
function in the Mandelstam invariants s;;. This CHY formalism motivates the
importance of solving scattering equations in theoretical particle physics [8}13]].

The above discussion models M, ,, as a hyperplane arrangement comple-
ment. The arrangement is A,, = V ([T, pij(x)) in C"~3. There are (m — 3)!
bounded regions in the corresponding real arrangement complement in R” 3
[19] Proposition 1]. Theorem 2.2 tells us that (9) has (m — 3)! solutions.

Let L,, be the matrix associated to the hyperplane arrangement 4,,. Since
the minors p;; are of the form x;, x; — 1 or x; —x; for j > i, we can write L,, as

0 -1 (U | 0 0 -1 0 0 0
1 1 0 0 —1 0 0 -1 0 0
0 0 1 1 1 0 0 0 -1 0
Lp=|. . oo e (10)
00 0 0 0 B T T R R
0 0 0 0 0 1 1 1 1 1
. m(m—3) . .
In words, L, is a (m —2) x ==~ matrix of rank m — 2 that consists of m —3

rectangular blocks of sizes (m —2) x k fork =2,...,m—2. The top square k X k
submatrices of these blocks have —1 on the first upper diagonal, and their k-th
row consists of ones. The parameters d,n are d =m—3 and n = @ —1.

In the spirit of previous sections, we translate (9) into linear equations on

the (m — 3)-dimensional reciprocal linear space Ry,. We intersect Ry, with
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the linear space L; = {y € P" : A, diag(s)y =0}, where A,, consists of the last
m — 3 rows of L, and s is a vector of Mandelstam invariants s;; in a suitable
order. The degree deg’Rz,, gives the expected number of intersection points.

Proposition 5.1. The reciprocal degree of M, is deg Ry, = (m—3)(m—3)!.
To prove Proposition we study the matroid M(L,,) in more detail.

Lemma 5.1. Let C be a circuit of M(Ly,). Then C contains at most 2 elements
from each of the m — 3 block columns of Ly, as in (10).

Proof. Assume first that C contains at least three vectors of the form wy = ey,
W; = e —e;, and @; = e; — e; from the k-th block, where i < j. Since C is a
circuit, C \ { @} is independent for any & = 0,i, j. Additionally, C must include
other vectors with non-zero entries in rows i and j that are different from w;,;.
The triples {®;, ®;,e; —e;} and { @y, Wy, e, } are 3-circuits of M(L,,), so no other
vector in C can be of the form e; —e; or e;, where h = i, j. Therefore, C must
include at least two other vectors of the form +(e; — ey, ), =(e; — e,,), Where
0y # 11 ¢ {i, ], k} to prevent a 4-circuit {+(e; — e, ), £(e; — e, ), 0;, ®;}. How-
ever, the span of the vectors in proper subsets of C now contains vectors of the
form +(e, —e,) for any pair p,q € {i, j,k,1,r1}. By a similar argument, to
eliminate non-zero entries in rows ¢ and r;, we need at least two more vectors
+(es, —eq,), £(er, —er,), Where o # rp and lo,ry & {i,j,k,01,r1}. Iterating
this process leads to a contradiction: the matrix L,, has finitely many rows, so at
some step 7, either ¢, or r, belongs to {i, j,k,¢1,r1,...,4—1,r—1}, and a proper
subset of C is linearly dependent.

If wy = e; — e, for some s < i, then to cancel the non-zero entries in rows
s,i, j we need to add three distinct vectors, and at most one of them can be of the
form e;,, while the other two must have non-zero entries in new distinct rows.
Thus, at every step, we introduce at least two additional rows of the matrix L,
which again leads us to a contradiction. OJ

Proof of Proposition[5.1] By Proposition 4.3} the reciprocal degree degRy,, is
equal to the number of bases of the matroid M®(L,,), where @ is any linear
order on the ground set {0,...,n}. Let us choose the order ® = (n,...,1,0).
That is, for any subset of the ground set, the largest index is @-minimal.

We begin by describing the @-broken circuits of the matroid M(L,,). The 3-
circuits of M(L,,) are {e; —e;,ex —e;,ex—e;} and {e;,ej,ej—e;} fori < j <k.
The corresponding w-broken circuits {e; —e;,ex —e;} and {e;,e;} fori < j <k
are 2-circuits of M®(L,,). We prove by induction that any other w-broken cir-
cuit contains a 2-broken circuit. Assume the claim holds for all (r — 1)-broken
circuits. A circuit of columns v; ,...,v; ., of L, with i} < ... <i,; gives

Viii :llvil—i—...—i—),,vir (11)
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with BC = {vj,,...,v;, } as an w-broken circuit. Suppose the last vector v; , lies
in the k-th block, then its k-th entry is 1. This can only be cancelled if there is
another vector from the k-th block. By Lemma this implies that there are
exactly 2 vectors v;,,,,v;, from the k-th block. Thus, v; appears in (TT) with the
coefficient A, = 1. Moreover, v; ., 7 ¢, since it cannot be the first column of
the block and we have v; ., = e, —e; for some j < k.

We consider two cases. First, if v; = e, — e, for s < j < k, then the vector
ej—e; = —(v;,, —v;,) lies in the span of BC \ {v;, }. Therefore there is a circuit
C of size |C| < rin BC\ {v;,} U{e; —es}. By the induction hypothesis, the
corresponding @-broken circuit contains some 2-broken circuit. Then the whole
set BC\ {v;, } U{e; —e,} contains this 2-broken circuit. If this has the form
{ei,e;}, then it lies in the set BC\ {v; } and thus in BC. If it has the form
{eq—ep, e, —e,}, then either it lies in BC \ {v;, } or one of its elements is e; — ey.
But then p = s and BC contains a 2-broken circuit {e, — e;,v;, = ex — e, }.

In the second case when v;, = e, we apply a similar argument for the de-
pendent set BC\ {v; } U{e;}.

The matroid M®(L,,) is defined by circuits that correspond to the indices
of the parallel pairs {e; —e;,ex —e;} and {e;,e;} for i < j < k. This matroid
can be represented by a matrix L® = (€1 e2je1 e2 e3 | e1 - en2) with the same
block structure as in (I0)), but its blocks are identity matrices. The bases of
M®(L,,) consist of standard basis sets of the form {ey,...,e,_2}. There are
(m—3)(m—3)! ways to select such a basis from the columns of L. O

As observed above, the ML degree of M, is (m—3)!. Proposition|5.1|says
that its reciprocal degree is (m — 3) times larger. This means that for generic s,
there are (m —4)(m —3)! solutions on the boundary R, \ R7 . We study these
boundary solutions using Theorem We say that a flat of M(L,,) is of type
(ii) if it satisfies the condition (ii) from Theorem A submatrix of L,, is said
to be equivalent to L,,_, if it is equal to L,,_, after deleting r zero rows.

Proposition 5.2. For each r =0,...,m—4, there are exactly (") type (ii) flats
of M(L,,) whose corresponding submatrix of L, is equivalent to L,,_,.

Example 5.3. The matrix Lg contains exactly (613) = 3 submatrices that are

equivalent to Ls, such that removing the first row causes the rank to drop. These
submatrices are highlighted in yellow and correspond to the flats {0,1,2,3,4},
{2,3,5,6,8}, and {0,1,5,6,7} of M(Ls), respectively.

0-10-1 00-1 0 O 0—1
1 10 0-10 0-1 O 11
0 01 1 10 0 0-1]>10 0
0 00 0 01 1 1 1 0 0

In addition, Lg contains exactly (6;3) = 3 distinct submatrices equivalent to Ly,
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such that removing the first row causes the rank to drop. These submatrices are
bold and colored in red, green, and blue. Their flats are {0, 1}, {2,3}, {5,6}. <

Proof of Proposition We want to construct a submatrix K of L,, equivalent
to L,,—,. Selecting the columns of K means selecting all linear functions among

{xi:1<i<njU{x;j—x;:0<i<j<m-—3}, (12)

which involve only m — r — 2 of the variables xyp = 1,xy,...,x,—3. Notice that
each such submatrix K is a flat of M(L,,) of rank m — r — 2. Indeed, the rank
is that of L,,_,, and any column not contained in K is a linear form among
which involves a new variable, so adding it to K would increase the rank. We
claim that among these flats, the only flats of type (ii) are those containing the
variable xop = 1. Recall that the flat K is of type (ii) if deleting the first row
decreases its rank. In terms of the linear forms (12)), deleting the first row cor-
responds to setting xo = 0. If xp is not among the variables in our flat, then this
clearly does not change the rank, so the flat is of type (i). If xo is among the
variables, then after setting xo = O the rank is at mostm —r —3 <m—r—2.
Among the flats K described above, precisely (m":z3) = (mf’ ) many in-
volve xg. We have shown that these are the type (ii) flats equivalent to L,,_,. [

Below, we write I,(W),W € (”[1"1;3]3) for the flats of M(L,,) whose matrices
are equivalent to L,,_,. More precisely, W is an (m — r — 3)-element subset of
{1,...,m—3} and I,(W) is the rank-(|W|+ 1) flat consisting of the linear forms

{xiieWYU{xj—x : jeW,ic {0}UW,i< j}.

Example 5.4. Since I,(W) NI (W') = L,_s_jwrw| (W NW’), the type (ii) flats
I,(W) form a sublattice inside the lattice of flats of M(L,,). This is illustrated for
M (L) in Figure [2| The cover relations can also be inferred from Example
For instance, the submatrix L4 colored in red corresponds to the flat {0,1}. It
appears as a submatrix of the Ls associated with the flat {0, 1,2,3,4}, and it also
appears as a submatrix of the Ls corresponding to the flat {0,1,5,6,7}. o

By Theorem [3.4] and the fact that X; () ~ Mo 3, each flat I,(W) con-
tributes (m — 3 — r)! points to the intersection Ly VR, . These points lie in the

o

open stratum R(Lm), W corresponding to the flat I,(W). They are the solutions

to the equations AZ(W)diag(s)y,r(W) =0,y€ R‘(’Lm)lr(w). By the definition of the

flats I,(W), this system is equivalent to the equations (2)) of the arrangement of
L,,—,. These are the scattering equations of M ,_,, with particles indexed by
1,2,m and W. We predict the intersection multiplicity of the solutions.

Conjecture 5.5. The multiplicity of Ly NRy,, at each of the (m —3 —r)! points

in LN R‘(’Lm)[r(w) equals r!.
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Ih({1,2,3}) ={0,1,2,3,4,5,6,7,8}
L({1,2})={0,1,2,3,4} 1({2,3})=1{2.3,5,6,8} 1,({1,3})={0,1,5,6,7}

A = /
L({1}) =1{2,3} h({2}) ={0,1} h({3}) ={5,6}

Figure 2: Hasse diagram of type (ii) flats 7,(W) of M(Lg).
Conjecture [5.3] is supported by computations for small m, and we believe

that the sublattice of flats in Example[5.4/may be useful for proving it. Assuming
our conjecture, we give a full description of the intersection Ly N'Ry,,.

Theorem 5.6. Assume that Conjecture |5.5| holds. For generic s € c"r , the
set Ly MRy, is finite and it decomposes as
m—4
L,NRey, = || ] L mRE’Lm)Ir(W). (13)
~Owe(rs)

The component (r, W) in this decomposition consists of (m —3 —r)! points with
multiplicity r!. The non-zero coordinates (y;);c 1,(w) of these points are the solu-
tions to the scattering equations for the particles indexed by 1,2,m and W.

Proof. Conjecture |5.5| would imply that the component (r, W) in the righthand
side of (13)) consists of (m — 3 —r)! solutions with multiplicity r!. Therefore,

m—4 m—73

deg(LyNRy,) > < )r!(m—3—r)!:(m—3)(m—3)!.
r=0 r

On the other hand, the lefthand side cannot exceed deg R, = (m —3)(m —3)!

(Proposition[5.T). Thus, we have found all points in Ly N\ Ry, O

m*°

Via Theorems and Conjecture would imply that the flats 7,(W)
are the only type (ii) flats of M(L,,). Conversely, if these are the only type (ii)
flats, then that implies the set-theoretic decomposition (13)) via Theorem 3.4

Example 5.7. For m = 6, the intersection Ly "Ry, contains six distinct so-
lutions of multiplicity one in R , whose coordinates are all non-zero. These
are exactly the solutions to the scattering equations on M. In addition,
there are two roots of multiplicity one in each stratum I;(W), and one root
of multiplicity 2 in each stratum ,(W). In total, this accounts for deg Ry, =
(6 —3)(6—3)! = 18 solutions. One can verify these numbers using our pack-
age ProudfootSpeyerHomotopy with the optional input return_boundary
= true in the function solve_PS [2]. o
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Remark 5.8. Unlike in Example we should really use a generic matrix Ag
in the start system of a Proudfoot-Speyer homotopy for computing the intersec-
tion Ly N'Ry,,, as prescribed by Algorithm|[1] Picking @ = (9,...,1) for m =6,
the system A "diag(s)y = 0 has 8 solutions of multiplicity 1 and 5 solutions of
multiplicity 2 on V(J). The computation is found at [2]. Hence, the start solu-
tions are not regular, and not suitable for a homotopy continuation algorithm.

6. Hilbert regularity

The Proudfoot-Speyer homotopy in Section[d]is a numerical continuation method
for solving the scattering equations associated to any hyperplane arrangement. It
works inherently over the complex numbers, and uses floating point arithmetic.
This section offers a more algebraic view. Let K be a field of characteristic 0,
e.g., Q, R, Cor Q(uo,...,u,). We assume that L has entries in K and study
the Hilbert regularity of the algebra K[R.|/1,. We demonstrate through an ex-
ample how this determines the size of Macaulay matrices used for solving our
equations via Grobner basis and resultant methods. We start with definitions.

Let R be a finitely generated Z-graded K-algebra: R = @,z R;. The reader
should think of R as the homogeneous coordinate ring K[V]| = K|[x, . .., x,|/I(V)
of a projective variety V C P"(K). The Hilbert function of R is

HF : 7, — Z, HFR(q) = dlmK(Rq)

A theorem by Hilbert [[7, Theorem 4.1.3] says that this function agrees with
a polynomial for ¢ > 0. This is called the Hilbert polynomial of R, denoted
by HPg. If R = K[V] for an equidimensional projective variety V C P"(K) of
dimension d and degree k, then HPg(g) is a degree d polynomial in g with
leading term % q®. The Hilbert regularity of R is the smallest degree from which
the Hilbert function and the Hilbert polynomial agree:

HReg(R) = min{i € Z : HFg(gq) = HPg(g) forevery g > i}.

All definitions above apply to the ring K[Ry| = K[xo,...,x,]/I(R.), where
I(Rp) is generated by the polynomials f¢ in Theoremwith coefficients in K.

Proposition 6.1. The Hilbert regularity of R, satisfies HReg(K[R.]) < 0 and
equality holds if and only if the matroid M(L) is connected.

Proof. The Hilbert regularity is read from the Hilbert series

hgir,)(q)

HSkr,)(q) = (1—g)@H
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as HReg(K[Ry]) = deg(hkr,)) — (d + 1) + 1, see [[7, Proposition 4.1.12]. To
compute the degree of the numerator we observe that the Hilbert series is left
unchanged by a Grobner degeneration ([l6, Theorem 1.6.2]). Thus, the Hilbert
series of K[R] is that of the Stanley-Reisner ring K[yo,...,y]/V(J). The nu-
merator has degree at most d by [4} Proposition 7.4.7(ii)] and [16, Section 2].
The degree is equal to d if and only if the beta invariant (M (L)) of the matroid
is nonzero by [4}, Proposition 7.4.7(iii)]. The latter condition is equivalent to the
matroid M (L) being connected [4} Proposition 7.4.8]. O

Let L. C P"(K) be a linear space of dimension n —d, defined over K, so that
K[R.]/I(L) has Krull dimension 1. Let h € K[R.]x be of degree k and such
that K[R.]/(I(L) + (h)) has Krull dimension 0. Geometrically, this means that
L NRy consists of finitely many points, and /4 does not vanish at any of these.
To emphasize this geometric interpretation we write I(L.NV;,) =I(L) 4 (h).

Theorem 6.2. Let L and /4 be as above. We have
(i) HReg(K[R]/I(L)) < d and HFkg,)/1(1)(q) = deg R for g > d,
(ii) HReg(K[R.]/I(LNV,) <d+kand HFkg,)/11rv,)(q) =0 for g > d +k.

Proof. Since Ry, is arithmetically Cohen-Macaulay [[16], the first statement is a
direct consequence of Proposition and [3| Theorem 5.4]. The ideal I(L) is
generated by d linear forms fi,..., fs € Rr. The proof of [3, Theorem 5.4] is
easily adapted to the regular sequence fi, ..., fz,h to show (ii). O

Theorem [6.2] implies Theorem A detailed investigation of the implica-
tions of Theorem [6.2]for symbolic solutions to the scattering equations is beyond
the scope of this paper. We illustrate its use by means of an example, in which
we construct a Macaulay matrix to study the intersection L, "Ry C P*(K).

Example 6.3. We turn back to Example Let K = Q(uo,u;,us,u3,t) be
the field of rational functions in the exponents # and a new variable r. Let
h =y, —ty;. The determinant of the following 19 x 19 matrix

up 0 —uy —2uz 0 0 0 0 o 0 0 0 0 0 0 0 0 0 0
0 u O 0 0 —up —2u3 O o 0 0 0 0 0 0 0 0 0 0
0 0 u 0 0 —2uz 2uz3 —up 0 0 0 0 0 —2uz3 O 0 0 0 0
00 0 uy 0 —up uy 0 —2u3 0 0 0 0 —up 0 0 0 0 0
00 o0 0 up 0 0 0 0 0 —up —2uz O 0 0 0 0 0 0
00 o0 0 0 u 0 0 o 0 0 0 —up —2uz O 0 0 0 0
00 o0 0 0 0 g 0 o 0 0 0 0 —up —2uz 0 0 0 0
00 0 0 0 0 0 g o 0 o0 0 0 0 0 —uy —2u3 O 0
00 0 0o 0 g —ug 0 o 0 0 0 0 7 0 0 —upy —2uz 0
M = 00 o0 0 0 0 0 0 up 0 0 0 0 0 0 0 0 —uy —2u3
0 uy —2up —uz 0 0 0 0 0o 0 o0 0 0 0 0 0 0 0 0
00 0 0 u —2up —u3 0 0o 0 o0 0 0 0 0 0 0 0 0
00 0 0 0 wu—-u3 wuz —2up 0 0 0 0 0 —u3 0 0 0 0 0
00 o0 0 0 0 0 0 0 u —2up —uz 0 0 0 0 0 0 0
00 o0 0 0 0 0 0 0 0 u 0 —2up —u3 0 0 0 0 0
00 o0 0 0 0 0 0 o 0 0 0 uj 0 0 —2up —uz O 0
0 —r 1 0 0 0 0 0 o 0 0 0 0 0 0 0 0 0 0
00 o0 (U 1 0 0 o 0 0 0 0 0 0 0 0 0 0
00 o0 0 0 0 0 0 0 —r 1 0 0 0 0 0 0 0 0
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satisfies (det M)(u,t) = P(u) - Q(u,t), where Q(u,t) is an irreducible polyno-
mial of degree 3 in ¢. The roots of Q are algebraic functions in u, which are the
values of the rational function y—f at the points in L, "Ry, i.e., the points satis-
fying (3). In particular, normalizing Q(u,?) to a monic polynomial in ¢, we read
the values of the elementary symmetric functions at the 22 coordinates of the
scattering solutions from its coefficients. We justify this clalm via Theorem|[6.2]
The ring K[Ry] is the quotient of K[yo,y1,y2,y3] by the principal ideal of a
cubic, seen in (3). The Hilbert function of K[R,| for ¢ =0,1,2,3 is given by
1,4,10,19. A basis for the 19-dimensional K-vector space K[Ry]3 is

Yoy VoY1, Yo¥2, Vo3, Yo¥1, Yo¥1Y2, YoY1Y3, YoV3, YoV3, (14)
Vi Y32, Y33, V13, Y1V2Y3: Y13, V3, Y3V3, Y2y, Vs

By Theorem [6.2{ii), we can find 19 generators of (/(LL,) + (h))3 such that their
expansions in the basis of K[Ry] give an invertible matrix over K. That
matrix is M. The first 16 rows represent a basis of I(L, )3, which has codimen-
sion three in K[R |3 by Theorem i). If we specialize ¢ to the value of ;—f at
a point y in L, N Ry, then A vanishes at y. Evaluating the basis monomials (14))
at y gives a non-zero kernel vector of M, which shows that (det M) (u,t) = 0.
We note that replacing & by ha(y) —th;(y) for any non-zero linear forms
hy,hy € K[Ry]; only changes the last three rows of M, and the roots of its deter-
minant are the values of h, /hy at the three solutions. Increasing the degree of
to k would increase the size of the matrix to HFg, (d + k), and allows to evalu-
ate more complicated rational functions and their traces. For instance, one can
evaluate the CHY amplitude by choosing 4 and 4, to be the numerator and de-
nominator of the toric Hessian determinant of £,, as in [[19, Theorem 13]. This
computation is implemented in the CHYamplitude .m2 file available at [2]. ¢
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