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LOGARITHMIC DISCRIMINANTS OF HYPERPLANE
ARRANGEMENTS

L. KAYSER - A. KRETSCHMER - S. TELEN

A recurring task in particle physics and statistics is to compute the com-
plex critical points of a product of powers of affine-linear functions. The
logarithmic discriminant characterizes exponents for which such a func-
tion has a degenerate critical point in the corresponding hyperplane ar-
rangement complement. We study properties of this discriminant, ex-
ploiting its connection with the Hurwitz form of a reciprocal linear space.

1. Introduction

We consider an arrangement A of n + 1 hyperplanes £o(x)---£,(x) = 0 in C¢.
Here, each /; is an affine-linear function in x = (xi,...,x4). For any choice of
u=(ug,...,u,) € C"*!, one may locally define the following function of x:

Lu(x) = log (Lo(x)" - £,(x)") = ugloglo(x)+ -+ uplogl,(x).

The critical point equations of £, are d rational function equations in xi, . ..,xg:
aL aL
i L —0. (1)
ox 1 8xd

These are defined on the complement X := C?\ A of our arrangement. We will
assume that A is essential, meaning that a subset of the hyperplanes intersects in
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only one point. In that case, for generic values of u there are (—1)?- x(X) non-
degenerate complex critical points [8, 12]. Here, x(-) denotes the topological
Euler characteristic. In other words, (1) has (—1)¢- y(X) isolated solutions,
and the Hessian determinant of £, does not vanish at these points. In fact,
the same statement holds for any irreducible polynomials ¢y, ..., ¢, so that X =
C4\V (ly---£,) is very affine [8]. In our setting, the number (—1)¢- ¥ (X) can be
expressed as the beta invariant of the matroid of A, or, if the coefficients of each
¢; are real, as the number of bounded chambers in X NR? [20, Theorem 1.2.1].

This paper studies the discriminant of (1) in the parameters uy, . . ., u,. More
precisely, the logarithmic discriminant variety Vi,, of A consists of all expo-
nents u € P" for which a complex critical point x € X of £, is degenerate, mean-
ing that the Hessian determinant of £, vanishes at x. The formal definition of
Viog Will be given in Section 2.

In the context of positive geometry, the equations (1) appear as the scatter-
ing equations for bi-adjoint scalar ¢3-theories in particle physics. In particular,
the tree-level amplitude for such theories is a global residue over the complex
critical points [19, Theorem 13]. This is called the CHY formula, after the au-
thors of [3]. For an m-particle scattering process, the arrangement A C C" 3 is
given by the non-constant 2 x 2-minors of the following (2 x m)-matrix:

11 1 1 - 1 0
<O 1 x1 x2 - xp_3 l> 2
The complement C"~3\ A models the moduli space My, of smooth projective
genus zero curves with m marked points [19]. The function £, is the scattering

potential, and the u; are Mandelstam invariants. For a mathematical treatment,
see [11, Lecture 3].

Example 1.1. Five-particle scattering in bi-adjoint scalar ¢>-theories leads us
to consider the moduli space M 5. It is isomorphic to the complement of five
lines in C?, given by the affine-linear functions

by=x1, li=x b=xi—1, l3=x—-1 ly=x—x. Q)

The complement of the real arrangement .4 NR? consists of twelve components,
two of which are bounded triangles. By Varchenko’s theorem [20, Theorem
1.2.1], the equations (1) have two non-degenerate solutions for positive values
of u € R, and there is one solution in each of the bounded triangles. The variety
Viog 18 defined by a homogeneous polynomial of degree four:

Atog = (ous + uotts -+ uyug + uyy + upug + uzus +u3)?> — duouiupuz.  (4)

This polynomial is called the logarithmic discriminant polynomial, or simply
logarithmic discriminant. It exists whenever Vo, is a hypersurface. A symmet-
ric determinantal expression for A, is given in Example 8.1. o
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In algebraic statistics, equations like (1) arise in maximum likelihood esti-
mation for a discrete random variable with n + 1 states. In our particular case,
the functions {y, ..., ¢, parametrize a d-dimensional linear statistical model in
the n-dimensional probability simplex. Since the ¢; represent probabilities in
that context, it is naturally assumed that {o(x) + - -+ ¢,(x) = 1. Suppose that,
in a statistical experiment, one observes state i € {0,...,n} a total of u; times.
The function £, is the log-likelihood function, and its maximizer on the prob-
ability simplex is called the maximum likelihood estimate (MLE). This is the
distribution in the model which makes the experimental observation (uo, . . ., u,)
most likely. In particular, the MLE is among the complex critical points of £,,.
Motivated by this observation, the number of complex critical points of the log-
likelihood function for generic data u is called the maximum likelihood degree
of the model. It measures the algebraic complexity of maximum likelihood esti-
mation. Linear statistical models are discussed at the end of [9, Section 1]. The
logarithmic discriminant divides the data discriminant computed in [15]. The
latter has additional factors which vanish at values of u for which critical points
move to the boundary of X in a compactification. These were studied in [17].

Our paper studies algebro-geometric invariants of the logarithmic discrim-
inant, and it is accompanied by code for computing it [10]. The following is a
summary of our findings for logarithmic discriminants of generic arrangements.

Theorem 1.2 (4.2, 6.1,6.2,7.1,7.2). Ifn=d, then the logarithmic discriminant
variety is empty. If n > d + 1 and the coefficients of £y, ... ,¢, are general, then
the logarithmic discriminant Viog(X) C P" is irreducible and is cut out as a set
by a homogeneous polynomial of degree 2d (";1). If the ¢; are real, then that
polynomial can be scaled to take positive values on R’}FH.

The individual properties stated here for generic logarithmic discriminants
hold under different genericity assumptions on the arrangement A. A sufficient
genericity condition for Theorem 1.2 to hold is that the rank-(d + 1) matroid of
A is uniform, and so is the rank-d matroid obtained from the coefficients of /;
standing with x1,...,x,, dropping the constant terms. Irreducibility holds if A
contains some subarrangement of d + 2 hyperplanes having these properties.

Example 1.1 (continued). The degree formula from Theorem 1.2 does not hold
for special hyperplane arrangements such as the one in Example 1.1. Indeed,
the logarithmic discriminant polynomial for five generic lines in C? has degree
twelve, while (4) has degree four. However, positivity on Rfl still holds: The
AM-GM inequality implies that uguz + ujuz > 2 /uouiuzusz for non-negative
ueE R5>o- This means that A, from (4) is positive on Ri. However, Ajy, is not

globally non-negative on R>, for instance A]og(—%, 1,2, —%, —1)= —116. o
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Our paper is outlined as follows. In Section 2 we give a formal definition
of the logarithmic discriminant for very affine hypersurface complements. Sec-
tion 3 introduces reciprocal linear spaces, their Hurwitz forms and explains the
relation to the logarithmic discriminant. In Section 4, we prove positivity prop-
erties of Ay on the positive orthant. In Section 5 we give a complete description
of the logarithmic discriminant of an arrangement of points on the line C!. In
Section 6 we discuss irreducibility of Vio,. Section 7 ties back to Section 3 and
finishes the proof of Theorem 1.2. Finally, Section 8 focuses on the case where
X = M, which is directly related to CHY theory for particle scattering.

Notation. Let n > d > 1. We will always denote by A4 C C? an essential
non-central affine arrangement of n + 1 affine hyperplanes defined by affine lin-
ear forms £o(x),...,¢,(x) € C[x1,...,x4]. Except in Section 2, we will always
denote by X := C?\ A its complement. We define matrices L and A as follows:

(o(x), ... by(x))T =Ax+b, LT :=[b|A] e Clrrl)x(d+]),

Essentiality and non-centrality of .A together correspond to L (and hence A) hav-
ing full rank d + 1 (and d). We say that a matrix is uniform if so is its induced
linear matroid, i.e., if all maximal minors are non-zero. We call A doubly uni-
form if both L and A are uniform. We use the notation [n] := {0,1,...,n}. Our
shorthand for the n-dimensional torus in P* will be T.

2. Definition of the logarithmic discriminant

In this section we give a precise definition of the logarithmic discriminant of a
very affine variety. We spell out the definition in our case of interest: essential
hyperplane arrangement complements.

Let T+ = {z e ! ‘ 20 n F O} be the algebraic torus of dimension
n+1. A variety X is very affine if there is a closed embedding 1: X — T"*! for
some n. Writing t = (1o, . .., 1,), the log-likelihood function for fixed u € C"**! is

L,(x) =1logig(x)" -1, (x)", xeX.

The critical points Crity (#) C Xre, are locally described by

oL, . Ly .
Txl(x)__ aXd(x)—O}.

Crity (u) = {x € Xreg

Definition 2.1. The logarithmic discriminant of X — T"*! is the closure

Vieg(X) = {u € P | Critx (u) is infinite or non-reduced }.
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If Vigg(X) C P" is a hypersurface, then its defining equation is unique up
to scaling. We denote it by Ajye(X), or simply Ajpg. As we will see, Vige(X)
is not always a hypersurface. To describe its defining equations, we express
Viog (X) as the branch locus of a generically finite map of varieties. We formally
introduce ramification and branch loci in the case of interest here.

Let X,Y be n-dimensional smooth irreducible varieties and f: X — Y a
morphism. Let x € X, then x is a reduced isolated point in f~!(f(x)) if and
only if the Jacobi matrix J;(x) has rank n. The ramification locus Ram(f) is the
subscheme locally defined by detJ;(x) = 0. The branch locus Branch(f) CY
is the closure of the scheme-theoretic image f(Ram(f)). These loci are called
singular scheme and discriminant scheme in [5, Section V.3].

Now we can refine Definition 2.1 for a model X < T"*! as follows: Con-
sider the likelihood correspondence from algebraic statistics [9, Definition 1.5]

LY ={(u,x) | VL,(x) =0} CP" X Xeq.

Let f: L5 — IP" be the projection onto the first factor. This is a morphism of
smooth irreducible varieties of dimension # [9, Theorem 1.6].

Proposition 2.2. The ramification locus of the projection f: L — P" is locally
defined by the Hessian determinant of L,(x):

2 n d

0
detH (L,(x)) :=det | =——=— ) u;logt;(x =0.
(Lu(x)) 8x,~8xki§3 gti(x) -

The logarithmic discriminant Viog(X) is the branch locus of f.

Proof. The ramification locus is defined by the determinant of the Jacobian of
VL, (x), which is precisely the Hessian determinant. The description of Vioe(X)
as the branch locus follows since (u,x) € Ram(f) if and only if x € Critx (u) is
non-reduced or non-isolated, i.e., on a positive-dimensional component. O

We turn back to the setting of the Introduction, in which X = C?\ A is the
complement of A = V({---£,) C C%, an arrangement of n+ 1 affine hyper-
planes. If A is essential, then X is very affine and a closed embedding into T"!
is given by 1 = ({y,...,¢,). In this way Definition 2.1 agrees with the Intro-
duction. We assume throughout that A4 is essential; if it is not, then X is not
very affine.

The defining equations of the likelihood correspondence of X = C?\ A with
linear forms (£o(x), ..., 4, (x))T = Ax+ b can be written in a concise way as

VL, (x)=AT -diag(1/4y,...,1/4,) - u=0. 6))
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This also shows that L5 is a trivial projective bundle over X. The Hessian
determinant can be computed using the Cauchy—Binet formula:

1
— T . diao (10 Hn) 4 = 2 U
h = det <A dlag(e(z),...,%) A) Y 1A e (6)

IC[n], |I|l=d

Here, u' = [];c; u; and |A;] is the d x d-minor of A indexed by I C [n] = {0, ...,n}.
3. The Hurwitz discriminant
Reformulating the equations (5), we see that for u € P" and x € X = C?\ A,
x € Crity (u) if and only if (uo/Lo(x),. .. un/Ln(x))T € Ker(AT).
Let R; C P" be the image closure of the locally closed embedding
7 CINA—P",  (x1,...xq0) = (Lo(x) ™ e () 7). (7)

This is the reciprocal linear space of the matrix L = [b | A]T. Note that X =
C4\ A=TIm(y). Define

@: T=P"\V(ug---u,) = G(n—d,P"), uws Ker(AT diag(u,...,u,)).
With this notation, the critical equations become linear equations on Im(7):
x € Crity (u) ifandonly if  y(x) € @(u) NIm(y). (8)

Consider the incidence Z° = { (A,y) |y € ANIm(y) } C G(n—d,P") x Ry of
complementary-dimensional linear spaces intersecting R, and denote by L5 |
the restriction of Ly CP" x X to T x X.

Lemma 3.1. Let f: L — P" be as in Proposition 2.2. The following commu-
tative diagram is cartesian:

X
Lyr —— 70

AN
9

T —" 5 G(n—d,P

If all n x d-submatrices A°,... A" of A have full rank d, then @ is defined on
D =P"\U;.;V(ui,u;) and the diagram is also cartesian with D in place of T.

Proof. The first claim follows from Equation (8). Imposing the rank condition
on A, we see that AT diag(uo, ..., u,) still has rank d, so ¢ is well-defined on D.
The rest of the argument is the same. O
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The branch locus of pr, is the first associated hypersurface Z;(R ) [6, Sec-
tion 3.2]. It is an irreducible and reduced hypersurface defined by the Hurwitz
form Hug, in the Pliicker ring S(G(n—d,P")). The degree of Hug, is an invari-
ant of the matroid M (A) of A; for the uniform matroid it equals 2(n—d)(," )
[16, 18].

Definition 3.2. The closure of the pullback of Z;(R.) along ¢: P" --» G(n —
d,P") is the Hurwitz discriminant Vi, (X) = ¢~ (21(RL)).

This is well-defined, since the complement of the maximal domain of def-
inition of ¢ has codimension at least 2, so the hypersurface Vy,(X) C P" is
uniquely determined. On T, one obtains the defining equation for Vy, from that
of Z1(Ryr) by substituting p; = det(A;") [Tie;u; . Here, for I € (njﬂd), the
py are the Pliicker coordinates on G(n —d,P") and A represents ker(AT), i.e.,
Im(A') =ker(AT). The matrix A consists of the rows of A* indexed by I.

Whenever Vy, (X) is neither empty nor all of P, it is necessarily a hypersur-

face. The same need not be true for Vi, (X), as the following example shows.

Example 3.3. Let n+ 1 = 6 and d = 3. We consider the matrix

1 21 0 0 O
1 1 2 1 01
L=[b|A]" = 303
1330011
0O 0 0 1 1 2

A computation in Macaulay?2 [7] shows that

Viog(X) =V (144uf + 120uqus + 168uuz + 25u7 — 70uius +49u3)
UV(u% —2uzug +4uzus + ui + 4uqus —|—4u§)
UV(M() +up+up,uz +uy —|—u5).

The codimension 1 part of Vo, (X) is reducible and there is an additional linear
codimension 2 component. In particular, Vi (X) is not a hypersurface and
therefore cannot agree with Vi, (X) (not even as sets). For general u in the
codimension 2 component, Crity (#) has dimension 1. o

Nonetheless, Equation (8) indicates that Vi (X) and Vi, (X) should be
closely related, and indeed we always have the following.

Proposition 3.4. We have the inclusion Vioe(X)N'T C Vi (X) NT of schemes.
If all submatrices A" have full rank d, then this also holds on D.

For an instance in which the inclusion is strict and both Vy, and Vo, are
hypersurfaces, see Example 8.1. Proposition 3.4 follows from applying the fol-
lowing general result to the diagram in Lemma 3.1.
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Proposition 3.5. Given a cartesian diagram of smooth varieties

N
<;><\
T
<

Branch(f') ¢ ¥/ —%» v o Branch(f)

we have that Ram(f") = ¢'~!(Ram(f)) and Branch(f’) C ¢~ !(Branch(f)) as
subschemes of X' and Y’ respectively.

Proof. Let Qx, Qy be the cotangent bundles on X and Y, respectively. Let
Of 1 f*Qy — Qx be the dual differential map. Let Q = Coker(5f) be the
sheaf of relative differentials. Then the ramification locus of f as defined above
coincides with the Oth Fitting ideal Fito(Q/).

Using this perspective, the statement about ramification loci is the combi-
nation of [14, Lemma 01UX] and [14, Lemma OC3D]. The statement about
Branch loci follows as we have scheme-theoretic inclusions

f'(Ram(f")) = f'(¢"~' (Ram(f))) C ¢~ (f(Ram(f))). =

4. Positivity of the logarithmic discriminant

As a first application of the Hurwitz discriminant we show positivity of the loga-
rithmic discriminant for real arrangements. Fori =0,...,n, let H; := V(¢;) CP"
be the closures of the affine hyperplanes. The flats of the matroid M (A) of our
arrangement are the various intersections of subsets of the H;. We say that A
has no flats at infinity if no non-empty flats are contained in P4 \ C.

Theorem 4.1. If A has no flats at infinity and if u € (C*)"*! is such that
Crity (u) consists of r = (—1)® - x(X) reduced points, then u & Viog(X).

Proof. It suffices to show that the set of such u € C"! is open. By the implicit
function theorem, perturbing u by a small € € C"*! has the effect that

Crity (u+€) = {&(€),..., & (e)} UZ

where Z is a union of (potentially positive-dimensional) components not con-
taining the &;(€), and the latter are pairwise distinct. We want to show that Z = 0.
The locally closed embedding y from (7) realizes Crity (u+ €) as the intersection
Im(y)N@(u+ ¢€). If A has no flats at infinity, then R, C P" is a projective vari-
ety of degree r [1, Corollary 3.9]. Hence, by a version of the Bézout inequality
[2, Theorem 8.28], the intersection Im(7y) N ¢@(u + €) has at most r components.
Hence Z = 0 and Crity (u + €) consists of r reduced points. O
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Corollary 4.2. Let A C C? be a real arrangement with r bounded real regions.
Then for any u € Rfl, Critx (u) consists of r reduced points. If A has no flats
at infinity, then Viog N RTLI =0.

Proof. The first statement is a theorem of Varchenko [20, Theorem 1.2.1]. The
second claim follows from the first and Theorem 4.1. ]

5. Arrangements of points on the line

In this section we study the situation for d = 1, that is, arrangements of n+1 >3
distinct points A on the affine line C'. In this case, we are able to provide a
complete description. Similar statements in higher dimensions may not hold or
are harder to prove. Below, the map f: L5 — P" is as in Proposition 2.2.

Theorem 5.1. The discriminant Viog(L) C P" of an arrangement of n+1 > 3
points in C' is an irreducible reduced hypersurface of degree 2(n—1). The
class of Ram(f) in A*(P" x P') = Z[a, B]/ (", B?) equals o> +2(n—1)af.

Example 5.2. Consider three linear forms (x, x+ 1, x+b) with b ¢ {0, 1}, then
Aog (L) = (b—1)2ud +2b(b — V)uguy + b*ut —2(b — V)ugua + 2buyuz + u3.

This ternary quadric in ug, u1, u» has discriminant —45?(h— 1)?, hence is smooth
and irreducible for any choice of b ¢ {0,1}. o

Without loss of generality we can assume ¢;(x) = x + b;, since the discrimi-
nant is independent of scaling the linear forms. The ramification locus is defined

in P" x (C'\ {~by,...,—b,}) by the two equations
Uup Uy
0=g(u:x) = ey
gilusx) = Tt
Uy Uy
0=go(uix) = —20 4.4
82000) = C o T T e b

Lemma 5.3. The ramification locus Ram(f) is a smooth (n— 1)-dimensional ir-
reducible variety. The projection f: Ram(f) — Branch(f) is birational. Hence,
Viog € P" is an irreducible and reduced hypersurface.

Proof. The cone over Ram(f) in C"™! x X = C"™! x (C'\ {~by,...,—b,}) is
defined by (g1,82) € R[uo, ..., Un;X]g,...c,- Substituting uy and u;, we see

C[uo,...,un;x}go,..gn ~ C[Ml,...,un;x]go,..gn ~ (C[uz " 'X]L/ ,
- ~ - v R
(g1,82) (82) ’
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where g, = g, after substituting up. This shows smoothness and irreducibility
of Ram(f). Since dimX = 1, the projection is generically finite. It remains to
show generic injectivity. For this, consider the following variety:

o n xXF#Y,
b= { (,%,3) € P X x X g1 (usx) = g (usx) = g1 (u3y) = g2 (u3y) =0 }

A direct symbolic computation shows that this is a P"~*-bundle over the two-
dimensional irreducible variety { (x,y) € X x X | x # y} for n > 4 (for smaller
n B is empty). The Macaulay2 code to verify this can be found at [10]. It
follows that B has dimension at most n — 2, and its projection to Vjoe cannot be
dominant. 0

Proof of Theorem 5.1. We first study the intersection of g; and g» in P* x P!
Clearing denominators yields the bihomogeneous equations

n
(u5x0,X1) Zu,H x1 + bixo), S (usx,x1) = Zu,-H(xl + brxo)?.

i=0  k#i i=0  k#i

Let W; = V(gh') C P"* x P!. In the boundary P" x {—by, ..., —b,,o0} C P" x P!
we have

(e1,85) = (i, x1 + bixo) i Opnscpt V() < {~bi} >
<u0 4.4 un,XQ> in OIPMXPI V(ttg+-+ity) x {oo} -

This gives the decomposition into irreducible reduced components
n
WiNnw, = Ram ) U <U V(Ml') X {—b,‘}) U (V(u() +- un) X {oo}) .
i=0

Each of the n+ 2 terms on the right has class a3. We also have
Wil =a+nB, [Wo]=a+2nB, [WiNW]=a’+3naf.
Combining the above displays we find the cycle class of Ram(f):
[Ram(f)] = &® + (3n— (n+2))af = a*+2(n—1)ap.
Pushing forward via P"* x P! — P", we obtain

coeff. of aff 5.3

degVipy = —————
deg(f|Ram )

=2(n—1). O
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Corollary 5.4. The logarithmic discriminant defines a flat family of hypersur-
faces parametrized by M ;12

{ (u,A) e P* x Mo?n+2 ’ uc V]og((cl \./4) } — Mo’n+2.

We have formulae Ayog(X) = Discy(gh) = % Res, (g, gb).

-+t (0 F-1ty

Proof. The fibers of this family are hypersurfaces of constant degree 2(n — 1)
by Theorem 5.1, hence it is a flat family. It follows from Definition 2.1 that
Viog(X) is contained in V(Disc,(g")) and V(Res,(g",gb)). On the other hand
the discriminant of a degree n polynomial has degree 2(n — 1) in its coefficients,
so the two must agree. Similarly the resultant of gll1 and glz1 has degree 3n and
splits off the given n + 2 factors. OJ

The discriminant in Example 5.2 is smooth for any point configuration. This
fails for n+ 1 > 3, as a computation of the discriminant of Ajog(X) shows:

Corollary 5.5. For any arrangement of four distinct points in C' the logarith-
mic discriminant is a singular quartic surface in P3.

6. Irreducibility

In this section we prove a sufficient criterion for the logarithmic discriminant to
be an irreducible variety.

Theorem 6.1. Let A C C be an arrangement of n+1 > d + 2 hyperplanes
given by amatrix L= [b | A]". Assume that L has a (d+ 1) x (d +2) submatrix
which is uniform and for which also the corresponding d x (d +2) submatrix of
AT is uniform. Then Ram(Ly — P") and Vioe(X) are reduced and irreducible.

The sufficient condition of Theorem 6.1 is not necessary for irreducibility.
An example is the arrangement M5 of n+1 =5 lines in C? (Example 1.1).
We have also seen that in degenerate cases Vg (X) may be reducible, even with
several components of codimension 1 (Example 3.3).

Remark 6.2. If n+ 1 =d + 1, then V), (X) is empty. Indeed, up to an affine
transformation on C¢, there is only a single essential non-central arrangement,
namely V(x;---xg(x; +---+x4+1)). For this arrangement the critical locus
Crity () is easily seen to be a single reduced point, so Vi, (X) is empty.

Lemma 6.3. Let S := Clxo, ...,xq] and consider linear forms {{y, ..., lg 1} C
S1. The set of pairwise products P = {Z,-Zj |i< j} CS, islinearly independent
if all subsets of d + 1 forms of {{y,...,0;. 1} are linearly independent.
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Proof. Up the action of GLy4,(C) on S| we may assume o = xo,...,0; = xg.
Then 7y, = coxp+ - - - + caxg with all ¢; # 0. It is then straightforward to see
that P spans S,. Since |P| = (‘%2) = dim¢ S, P is linearly independent. O
Proof of Theorem 6.1. Without loss of generality, we assume that the submatrix
of the first (d +2) columns of L satisfies the hypotheses. For convenience we
may also assume that the leftmost d x d submatrix of AT is the identity matrix.

We only need to prove that the ramification scheme Ram(f) is reduced and
irreducible. Its scheme-theoretic defining equations in P" x X are given by the
polynomials in (5), (6). By making the reversible substitution v; = u;/¢;(x), this
scheme is isomorphic to the one defined by

1
. 1%
ATv=0,  det(ATdiag(vo/Co,...,vu/ln)A) = 12[["]] |A1|2ﬁ =0
Cln
|T|=d

By assumption the linear equations ATv = 0 have the form v =Ly —ai;vi for
j=0,...,d — 1. Linearly substituting vy, ...,vs—1 and clearing denominators
by multiplying with £ - - - £, yields the polynomial / given by

h= Z |A1|2171€[["]]\1, V= (—Za,;/ovl-,...,—Zah(d,l)vi,vd,...,vn). O]
s i=d i=d
\]=d

The discussion so far shows that V(i) C P"~¢ x X is isomorphic to Ram(f).
Since Clvg,...,Vn,X1,...,X4]¢-¢, is @ UFD, our goal is thus to show that his
irreducible. For n+ 1 = d 42 we are going to show the (slightly stronger) claim
of irreducibility in Clvg,vgi1,x1,...,X4].

We first reduce to the case n+ 1 = d + 2 as follows: 7 is homogeneous in
v, and hence if i = p - ¢ factors, then these factors are necessarily homogeneous
too. Thus if there is a factorization into non-units, then setting vy5,...,v, to
zero still yields a non-trivial decomposition of W= iz(vd, Vi+1,0,...,0;x). In-
specting (9), we see that /' is the & of the sub-arrangement of the first d + 2
multiplied by the unit £;,, - - - £,. Hence, it suffices to consider n+ 1 = d + 2.

Let A" (vy,v441:X0,- . .,x,) be the homogenization of & with respect to the
new variable xo. We also have the “naive” homogenization N(vg, V4150, ..., Xn)
obtained from (9) in which each /; is replaced by its homogenization /' = b;x +
a;1X1 + -+ +a;qxq. N has x-degree two and must be of the form N = b - x(, for
some e > 0. On the other hand, substituting xop = 0 in N yields identically zero:

AT diag(v) diag(£5(0,x), ..., 2%, (0,x)) ' Ax

(10)
= AT diag(v)(1,1,...,1)T = ATv = 0.



LOGARITHMIC DISCRIMINANTS OF HYPERPLANE ARRANGEMENTS 337

This shows e > 1 and hence A" has x-degree < 1.

By the previous discussion A" is bihomogeneous of bidegree (d, 1) or (d,0).
In both cases any non-trivial factorization must involve g € C[vy1,V442], which
has a non-zero root (g, A1) € C?\ 0. We show that this leads to a contradiction.

The polynomial s(x) := A"(29, A1, . ..,xs) vanishes identically. Since the
matrix L is uniform, by Lemma 6.3 all pairwise products (/1)/, |J| = 2, are
linearly independent. From this we conclude that all coefficients of s(x) in front
of (/")/ must vanish. From (9) we see that these coefficients are

coeff[(")’)(s) = |Apasapu - w0 W= 0, )=o) € CTR

Since AT is uniform we conclude that products of d — 1 entries of w vanish, so
w has at least three zero entries. But then w = 0, because Aw =0 and no d — 1
columns of AT are dependent. This is a contradiction to (wg,wy. 1) =A #0. O

Remark 6.4. Under the same assumptions as in Theorem 6.1, the Hurwitz ram-
ification scheme Ram(pr, : Z° — G(n—d,P")) is also reduced and irreducible.
Irreducibility follows from standard projective geometry techniques and only
uses that X is smooth. Reducedness, on the other hand, is a consequence of
Theorem 6.1 because the ramification scheme of f: L3 — D is the scheme-
theoretic preimage of the Hurwitz ramification scheme, and both are locally
defined by a single equation. If the equation of the latter was a pure power with
exponent > 1, then so would be the equation of the former.

7. Logarithmic discriminants from Hurwitz forms

This section is devoted to the doubly uniform case. We compute the degree
of Viu(X) and prove that Vi, (X) and Vi, (X) agree as sets. By the Newton
polytope of a hypersurface we mean that of its defining equation, see Section 8.

Proposition 7.1. Let both L and A be uniform. Then

—1
deg Vigy(X) =2d(” P >

and the Newton polytope of Vyy(X) is the full dilated standard simplex.

Proof. By [13], the circuits of the matrix L determine natural generators of the
ideal I of R; which even form a universal Grobner basis. Since all maximal
minors of L are non-zero, the generators of / are homogeneous square-free poly-
nomials of degree d 4 1 with precisely d + 2 terms each. More precisely, every
subset T C [n] = {0,...,n} of cardinality |T| = d + 2 defines a generator

gr = Y. M [] vi€Clos---,ynl)- (11)

i€T  jeT\i
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Here, A; is the coefficient of the i-th column vector of L in a linear relation for
the d + 2 columns of L indexed by T'; this linear relation is unique up to scaling
and all coefficients A; are non-zero.

Letw e Z’;{)l be a weight vector with distinct integer entries. The w-initial
ideal in,,(I) is the square-free monomial ideal generated by the w-leading mono-
mials of the generators (11). Explicitly, we have in,,(g7) = [Tjer\;, vj, Where
wj, is minimal among {w; | j € T }. Let w; be the smallest entry of w. It follows
from [18, Corollary 4.4] that with respect to w, the initial monomial of Hug, is

2(n—d)
H Prips

where py,\s denotes the Pliicker variable corresponding to the complement of S.
Now, since A is uniform, this monomial does not vanish at Ker(AT diag(u)) if
only u; is zero. Therefore, the preimage of Hug, via ¢ does not contain V(u;)
for any i. To compute the preimage on T, we proceed as in the discussion
following Definition 3.2. We substitute py,j\s = det(Aﬁ1 I ) i) \s u; . By the
assumption on A, all determinants det(Aﬁ1 ]]\S) are nonzero. Hence, we obtain a
non-zero scalar multiple of

(g a) 2 DCZ) = (g iy o) 240

n
24("")

Therefore, multiplying by (i - - - un)z‘l(ngl), we obtain u; ,as desired. [

Proposition 7.2. Let both L and A be uniform. Then Viog(X) and Vyu(X) agree
set-theoretically. In particular, Vo (X) is a hypersurface.

To prove Proposition 7.2, we need some more notation and a lemma. Let
Z C G(n—d,P") x Ry, be the closure of Z° from Lemma 3.1. In fact, Z =
{(Ay) |ye A} CG(n—d,P") x Ry. Furthermore, let Y be the incidence

Y = { (u,y) ’ATdiag(y)u:O} CD xRy,

where D = P"\ U, ; V(u;, u;). These fit into the following diagram:

Y - T
j oxid J/

DxR;, —— G(n—d,P") xRy (12)
lpru ’ prAl

D—2 5 Gn-dP

Each square in this diagram is cartesian.
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Lemma 7.3. Let L be uniform and let ¢ : D — G(n—d,P") be as in Lemma 3.1.
The image of ZN (Im(@) x (R \ T)) under the projection G(n—d,P") x R —
Ry is the union of the n+ 1 torus-fixed points e; of P".

Proof. Since L is uniform, it follows from the explicit description of the genera-
tors of the ideal of R, (see [13]) that the set-difference R \ T is the union of all
coordinate linear subspaces of P of codimension n+ 1 —d. If AT diag(u)y = 0
and at least n+ 1 — d entries of diag(u)y are zero, then necessarily diag(u)y =0,
so y has at most one non-zero entry since u € D has at most one zero entry. []

Notice that Y is smooth of dimension n on the complement of the torus fixed
points e; in Ry, because over R NT it is an open subset of a projective bundle
viapry: Y — Ry. Moreover, pr;1 (e;) = V(u;) x {e;} which has dimensionn— 1.
Therefore, these fibers cannot be irreducible components since Y is cut out by d
equations in D x Rr. We conclude that Y is irreducible and, since Ry is Cohen—
Macaulay [13] and D is smooth, Y is Cohen—Macaulay and thus reduced.

Proof of Proposition 7.2. Let R C 7 be the scheme-theoretic closure of the Hur-
witz ramification scheme Ram(pr, : Z° — G(n—d,P")). It is reduced and irre-
ducible of codimension 1 in Z by Remark 6.4. Let Z be the preimage of R in Y.
Notice that Z contains the closure of the ramification locus Ram(f: £5 — P").
Its projection pr,(Z) is Vi, which is a hypersurface by Proposition 7.1. Hence,
if Z has a component of codimension > 1, then its image in D under pr,, is con-
tained in the image of some codimension 1 component of Z. Hence, it suffices
to prove that Z does not contain any codimension 1 component of the comple-
ment ¥ \ £5. The latter is the union of n+2 codimension 1 components: The
n+ 1 fibers pry’ !(e;) as well as the component Y N (D x R,7). Here, R, is the
(d — 1)-dimensional reciprocal linear space corresponding to the matrix AT.

Now, the image of pr;l (e;) in D is V(u;) by the proof of Lemma 7.3. On
the other hand, by Proposition 7.1, V(i;) is not a component of Vpy,.

For Y N (D x Ryt), we first restrict to the open Y :=Y N (D x (R, NT))
which is smooth. Likewise, we can restrict Z to the smooth open

I'=INn(G(n—d,P") x (R.NT)).

Then RN Z’ is the ramification scheme of Z' — G(n —d,P"), and its preimage
ZNY' is the ramification scheme of pr,: Y’ — D.

Hence, we only need to prove that Y/ — D is not ramified everywhere along
Y'N (D x Ry7). The latter is an irreducible subvariety of Y’ of codimension 1
because it is an open of a projective bundle via pr,. We now proceed in a similar
fashion as in the proof of Theorem 6.1: First identify Ry N'T =2 P4\ A where
A is the closure of A in P4. Under this isomorphism, R v N'T corresponds to
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the hyperplane at infinity {xo = 0}. In the affine open chart where, for instance,
x1 = 1, the ramification scheme of Y’ — D is defined by the determinant of the
Jacobian matrix of AT diag(u)(¢o(x)~",...,£,(x)™")T = 0 but now with respect
to the variables xo,x, ..., X;. Let A’ be the (n+ 1) x d submatrix of LT = [b | A]
obtained by deleting the column corresponding to xj. After the substitution
vi = u;/l;(x), the ramification locus is defined by

ATv=0,  det(AT diag(v)diag(¢o(x),...,L.(x))'A") =0

in the chosen chart. We may assume that the first d x d submatrix of A is the
identity matrix. The substituted Hessian / is defined as in the proof of Theo-
rem 6.1. It only uses the variables vy,v4y1,...,v,. As in the proof of Theo-
rem 6.1, we will write N(vg,vai1,- .-, VniX0,X1,...,X%g) for the “naive” homoge-
nization of h. The coefficient of vz in N is

1t (Taas) ( T 09) (L et et 1),

k=d+1 ad,i

where a4 ; denotes the entry of A for 0 <i <d — 1 and we set ay4 := —1. The
sum on the right is the only factor that can possibly be zero for x € P4\ A. It is
enough to prove that this sum does not vanish identically after setting xo = 0.
By Equation (10), the sum vanishes identically at xo = 0 if A’ is replaced by
A. Note that £8(0,x1,...,%x4),. .. ,EE_H(O,xl,. .., Xg) form a circuit of the matrix
A. Hence, the coefficients of a linear relation among them are unique up to
scaling. Therefore, if also the above sum vanishes identically after setting xo =
0, then there is some A € C such that det(A'[[ d]]\i) = Adet(Apgy\;) for all i =
0,...,d. But this implies that the inverse of the first (d + 1) x (d+ 1) submatrix
of LT has two linearly dependent columns, which is impossible. O

8. The logarithmic discriminant of M, ,,

This section focuses on the case where the complement of the arrangement A
models the moduli space My, of genus zero curves with m distinct marked
points. A point in M, ,, is represented by a 2 X m matrix of the form (2) whose
2 x 2-minors are nonzero. The columns represent homogeneous coordinates for
the marked points in P'. Modulo automorphisms of P!, we may assume that the
first points are 0, 1, and the last point is co. The remaining points are represented
by the coordinates x;, and nonzero minors implies that our m points are distinct.
This represents M ,,, as Cm=3\ A, where A is the arrangement of hyperplanes
defined by the non-constant minors of our 2 x m-matrix. The parameters d,n
ared=m—3andn= m(m%a Example 1.1 illustrates this for m = 5.

These arrangements are relevant for scattering amplitudes in bi-adjoint scalar
¢3-theories, as studied by Cachazo—He—Yuan [3]. It is customary to denote the
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exponents u by s;; in this context, in such a way that s;; is the exponent standing
with the determinant of columns i and j in (2). In physics, each column of (2)
corresponds to a particle with momentum p; and s;; are Mandelstam invariants.
For more background, we refer to [11, Section 3.2].

As we have already observed for m = 5 in Example 1.1, the arrangement
A associated to My, is not a generic arrangement of 7 + 1 hyperplanes in c.
This reflects, for instance, in the low degree of its logarithmic discriminant.
The scattering equations (1) also have a small number of solutions compared
to generic arrangements: the signed Euler characteristic (—1)? - x(X) of the
complement X = C¢\ A of a generic arrangement of 7+ 1 hyperplanes in C?
equals (1)). In contrast, it is well-known that (—1)" =3 x(Mo,,) = (m—3)! [19,
Proposition 1]. For m = 10, these numbers are 5379616 and 5040, respectively.

The following conjecture holds for m = 5 by Example 8.1 below. It is sup-
ported by a numerical computation for m = 6,7,8. The code is available at [10].

Conjecture 1. For any m > 5, the logarithmic discriminant Vioe(Mo,) is an

irreducible and reduced hypersurface in P™7" =1 Form = 5,6,7,8 its degree

equals 4,30,208 and 1540, respectively.

Example 8.1. Using Mandelstam variables, the polynomial A in (4) reads
Alog = (513524 + 513534 + 514534 + 514523 + 523534 + 524534 + S§4)2 — 4513514523524

Explicitly, the substitution is u = (Lt(), Uy, Up, U3, u4) = (S13,S14,S23,S24, S34). This
polynomial captures when the following equations have a singular solution:
S13 523 534 S14 524 534

X1 X1 —1 X2 — X1 X2 )Cz—l X2 — X1

It was pointed out to us by Sebastian Mizera that the discriminant Ay, has a nice
symmetric determinantal expression:

0  —s¢ s13 S14
—s+ 0 523 s
s130 523 0 s34
s14 s s O

Alog = det

where s = 513 + 514 + 523 + 524 + 534. In physics, this is a principal minor of
the 5 x 5 Gram matrix G = (s;j)1<i< j<5 associated to our particles. The entries
satisfy the identities s; = 0,s;; = s;; and 23:1 s;j=0,i=1,...,5. Using these
linear relations, all s;; are expressed in terms of the entries of our five exponents,
e.g., s12 = —sy. This way all five principal 4 x 4-minors of G evaluate to Aje.



342 L. KAYSER - A. KRETSCHMER - S. TELEN

The discriminant is obtained algebraically as follows. First, one isolates x;
in the first equation of (13) and substitutes the resulting expression x, = f(x1)
in the second equation. This gives a rational function with numerator

(s13(x1 — 1) +s23x1) (c(10) +b(u) x1 +a(u)x}) = 0,

where a,b and ¢ are homogeneous polynomials of degree 2 in u. The factor
(s13(x1 — 1) + s23x1) is the denominator in the expression f(x;) found for x,
so it cannot vanish at a critical point of £,,. The quadratic discriminant b(u)? —
4a(u)c(u) equals Ayy. For u € Vo, the degenerate critical point is

= —b(u) o = —b(u) (2a(u) (s13+534) +b(ut) (513 + 523 + 534))
" 2a(u)’ : 2a(u) (2a(u)s13+b(u)(s13+523)) ’

The Hurwitz form of the reciprocal linear space R, where L € Z>*> contains
the coefficients of the ¢; in (3), is a hypersurface in G(2,P*). It is represented
modulo the Pliicker ideal by a homogeneous polynomial of degree eight in
D012, P013; - - - s P234. This polynomial has 2285 terms, and can be downloaded
at [10]. The Hurwitz discriminant from Section 3 is obtained by substituting
Pijk = det(Aiij) - (ujujug) ", see the discussion below Definition 3.2. Perform-
ing this substitution we obtain the reducible polynomial

Ay = (s13+ 503 +534)% - (514 + 524 +534)% - Atog. o

Such an explicit analysis is out of reach for m = 6: Ajoe(Mo) is (conjec-
tured to be) a polynomial of degree 30 in nine variables. We have not been
able to compute all its coefficients. However, we computed partial information
which showcases an interesting recursive structure.

Our strategy for obtaining such partial information is based on degener-
ations of the logarithmic discriminant variety Vjo,, which we assume to have
codimension one. Concretely, for a weight vector w € R’;J{)l, let

Ajog (1) = li_r{(l)efminad’w'a Aog(€"-u), where €"-u = (€"ug,...,e""u,).
This is called the w-initial form of Ajg. Geometrically, for each nonzero value
of € we consider the hypersurface Viog(€) = {u € P" | Agg(€”-u) =0}. As
€ — 0, this converges to Vio, = {u € P" [ Aj () = 0}. Next, we interpret A,
in terms of the Newton polytope of Aj,g. This will justify the hope that Alvgg is
easier to compute.

Recall that the Newton polytope of Ao is the convex polytope P C R+1
obtained as the convex hull of all exponents appearing in the polynomial Ajqg.
By homogeneity, it has dimension at most n. A face of P is a subset of the form
P"={da €P|w-o =mingepw- a} for some w € RZ5!. Facets are faces of
dimension dim P — 1 and vertices are zero-dimensional faces.
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Example 8.2. The Newton polytope P of Aj,; for My s is four-dimensional
with f-vector (7,17,18,8). Its eight facets are P for w in the list

(170717071)7 (0’1707]‘71)7 (07071717]‘)7 (]‘71707071)7

(1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0). ¢

The relation between initial forms of Ay, and faces of P is as follows:
Afgg(u) is the sum of all terms in Aj,, whose exponents lie on the face P". In
particular, Alv(")g is a nonzero polynomial whose degree is that of Ajg.

The challenge is to compute A{gg without computing Ay first. This can be
done by degenerating the ramification locus, as illustrated in the next examples.

Example 8.3. For M s, the initial form of the facet normal w = (0,1,0,1,1) is

(0,1,0,1,1) 2
Ajog = (513524 + 513534 + 514534 + 523534) " — 4513514523524.

We will obtain this from the likelihood equations V.Lgw.,, = O:

513 523 €534 €514 €524 €834
—+ — = + + =0.
X1 X1 —1 X2 — X1 X2 XQ—I X2 — X1

We study these equations in the limit for € — 0. This choice of w leads to the soft
limit for the particle labeled 4 in the physics literature [4]. This is because we
replace s;; by €s;; each time 4 € ij. As € approaches 0, the two complex critical
points converge in My s [4, Section 2]. Their limits are the two solutions of

513 $23 S14 8§24 534
X1 X1—1 X2 XQ—l X2 — X1

The condition for the solutions of (14) to coincide is precisely A/’ = 0. To check

log
this, one eliminates x; and computes a quadratic discriminant as in Example 8.1.
Thus, Vig, is the projection of the ramification locus in the soft limit. o

Example 8.4. In Example 8.3, the critical points converge in My 5 in the soft
limit. The situation for the facet w = (0,0, 1,1, 1) is different. We consider

513 €523 €534 S14 €824 €534
—_t = — 4+ —— 4+ ——- = 0.
X1 x1—1 X2 — X1 X2 XQ—I X2 — X1
This time, when € — 0, the critical points move to the boundary of Mg s. With

the Ansatz x; = 1+ &%, + O(€?) and xo = 1 + &% + O(£?), we find

534
X — X1

523 534
S13+— — = -
X1 X2 — X1

s
E ? + =0.

X2
We compute that the solutions for (¥,%,) coincide if and only if Ajoe = 0. This
happens when the critical points of L., approach the point (1,1) in the same
tangent direction. Thus, the initial form A}gg detects when these critical points

collide for € — 0 in the Deligne-Mumford compactification ﬂo75. o
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We suggest a generalization of the observation in Example 8.3 concerning
the initial forms of Alog(j\/lojm) corresponding to soft limits. For3 <k <m—1,
let wy € RTI be the weight vector corresponding to the soft limit for particle k.
That is, w assigns weight 1 to s;; if k € ij, and weight O otherwise. Example 8.3
uses k =4,m =35. Let M(()]%,l be the complement of the hyperplane arrange-
ment in C"~* given by all non-constant minors of the submatrix of (2) obtained
by deleting the k-th column. If its logarithmic discriminant is a hypersurface,
then Ay, (./\/l(()lf,)n_l) is a polynomial in the Mandelstam variables s;; with k ¢ ij.

Based on numerical computations and nearly complete theoretical insights,
we believe that Alog(M(()]fr)nfl )™=3 divides the soft limit initial form Aff)"g (Mom)-
We leave a proof of this claim for future work, and end with an example.

Example 8.5. The scattering equations for Mg ¢ with u — €"5 - u are

$13 8§23 §34 €535

fi=—+ - - =0
x1 x1—1 x—x1 x3—x1
S14 §$24 S$34 €545

f2 =—+ + - = 07
X2 xa—1 xp—x1 Xx3—x2
€515 €825 €535 €545

h= + + + =0.

X3 x3—1 x3—x1 x3—x
The discriminant of fj; = f, = 0 with € = 0 is the logarithmic discriminant
Alog(/\/l((fs)) computed in Example 8.1. It appears as a factor Alog(/\/l((fg)3 in
AI:;Sg(M();é). The degree of Ajoe (M) is (conjecturally) 30. The missing factor
of degree 18 captures when (x},x;) leads to a double root in x3 for f3 = 0. To
compute this, first isolate x, in f; = 0 to express x, in terms of x; in f> and
f3. After that, up to some spurious factors, our degree 18 factor is the resultant
Resy, (g2, Discy, (g3)), with g; the numerator of f;. The face P"s of the Newton
polytope P of Ajg(Mog) is a facet. It contains 600413 lattice points and has
f-vector (237,907, 1432,1195,564,149,20) . o
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