LE MATEMATICHE
Vol. LXXX (2025) — Issue I, pp. 211-231
doi: 10.4418/2025.80.1.8

TROPICALIZING BINARY GEOMETRIES

S. COX - I. MAKHLIN

The type A cluster configuration space, commonly known as My ,, is the
very affine part of the binary geometry associated with the associahedron.
The tropicalization of My, can be realized as the space of phylogenetic
trees and its signed tropicalizations as the dual-associahedron subfans.
We give a concise overview of this construction and propose an extension
to type C. The type C cluster configuration space Mg, arises from the bi-
nary geometry associated with the cyclohedron. We define a space of ax-
ially symmetric phylogenetic trees containing many dual-associahedron
and dual-cyclohedron subfans. We conjecturally realize the tropicaliza-
tion of Mc, as the defined space and its signed tropicalizations as the
aforementioned subfans.

Introduction

The notion of binary geometries was introduced in [3] in the context of particle
scattering in arbitrary space-time dimension. In particle physics it arises from
the ABHY kinematic associahedron ([[L]) and its extension [4] to generalized
associahedra of other finite-type cluster algebras (in the sense of [[7, [8]).

From a cluster-algebraic standpoint one may view binary geometries as clus-
ter configuration spaces, i.e. partial compactifications of torus quotients of clus-
ter varieties, cf. also [2} [11]. Such binary geometries are realized as affine va-
rieties cut out by the so-termed u-equations: defining relations explicitly deter-
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mined by the combinatorics of the generalized associahedron. In particular, the
resulting variety admits a stratification governed by the face poset of the same
polytope. In [12] this definition is widely generalized to the setting of flag sim-
plicial complexes. In this paper we follow the approach in [[12]], nonetheless, our
main objects of study are the binary geometries given by the type A and type C
associahedra, and the respective finite-type cluster configuration spaces.

Let us first consider type A. The cluster configuration space M, , is com-
monly denoted by My ,; it is the moduli space of n-tuples of distinct points
in P!. It may also be viewed as the very affine part of the binary geometry
Mo,n associated with the simplial complex dual to the associahedron. The trop-
icalization of My, (and, thus, of /T/llovn) is well-studied; its description can
be found in [9], the book [[13, Section 6.4] and other sources but traces back
at least to [15, [17]. This description characterizes Trop M, , as the space of
phylogenetic trees introduced in [3, [14]]. Furthermore, Trop My, is naturally
realized as the union of (n—1)!/2 dual-associahedron subfans. These are pre-
cisely the signed tropicalizations (i.e. generalized positive tropicalizations) cor-
responding to all sign patterns of coordinates occurring in M, (R). In the first
sections of this paper we recall the definitions and results pertaining to My,
and its tropicalization. We also write down explicit formulas for the cones of
Trop My ,, in the u-coordinates arising from the binary geometry structure. This
overview provides a background and motivation for our main results which con-
cern type C.

Our first result (see Sections [3] [6) is the construction of an adequate ana-
logue of the space of phylogenetic trees for the symplectic setting. The previ-
ously mentioned description of Trop M , realizes it as the fan over a simplicial
complex with faces enumerated by phylogenetic trees with n labeled leaves.
In type C we, instead, consider trees with 2n labeled leaves that are axially
symmetric in a natural sense. We define the complex of axially symmetric phy-
logenetic trees ®,5(n), a simplicial complex of dimension n—2 with faces enu-
merated by such trees. It is naturally the union of 2"~2n! dual-associahedron
subcomplexes. We also consider trees with 2n labeled leaves that are centrally
symmetric. The resulting complex of centrally symmetric phylogenetic trees
Os(n) is shown to be a subcomplex of @,5(n). Furthermore, the subcomplex
@, (n) is itself the union of 2"~2(n —1)! dual-cyclohedron subcomplexes.

Next, recall that the cyclohedron is the generalized associahedron of type
Cn-1. Accordingly, the cluster configuration space Mc, , can be realized in
u-coordinates as the very affine part of the binary geometry defined by the
dual-cyclohedron complex, see [2]. This binary geometry is an affine variety
of dimension n— 1. Our second result is a conjectural description of its tropical-
ization.
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Conjecture 0.1 (cf. Conjectures [7.6). With respect to the u-coordinates,
Trop Mc, , is combinatorially equivalent to a fan over the complex of axially
symmetric phylogenetic trees ®,5(n). Furthermore, the subfans given by the
2""2n! dual associahedra and the 2"~2(n—1)! dual cyclohedra are the signed
tropicalizations corresponding to all sign patterns of coordinates occurring in

MCn—l (R)

In particular, the cones of TropMc,_, correspond to faces of @,s(n). We
also conjecture an explicit description in u-coordinates for every such cone. This
proposed description should be viewed as an extension of the u-coordinate real-
ization that was given for Trop M .

The main motivation for our conjectures is the case n =3 which is already
highly nontrivial: Trop.Mc, is a fan in ambient dimension 6 with 21 maximal
cones and 13 rays. This tropicalization can be found using Macaulay2 ([10]])
and agrees fully with the hypothesized structure. In addition, the number of
sign patterns provided by Conjecture[0.1] agrees with a conjecture made in [2].

We hope the complex ®,5(n) and our conjecture, if proved, to have several
applications. For example, it is natural to expect Trop Mc, , to be directly
related to the type C tropicalized cluster variety. Also, the well-studied Deligne—
Mumford compactification mo,n has a stratification governed by the face poset
of Trop My ,. One may hope for a similar construction to exist in type C.

1. Tropicalizations

We give a short overview of tropicalizations and positive tropicalizations of
polynomial ideals and algebraic varieties. The results concerning tropicaliza-
tions can be found in [15]; for positive tropicalizations see [16].

For a finite set V consider the polynomial ring S = C[u;];cy. A real weight
weRY can be viewed as the R-grading on S that is equal to w; on u;. A polyno-
mial p € § can be decomposed into the sum of its w-homogeneous components.
The initial part in,, p is the nonzero homogeneous component of the minimal
occurring grading. For an ideal I ¢ S we define the initial ideal in,, I as the linear
span of the set {in,, p} ,¢;. It is easily checked that in,, ] is also an ideal.

For a pair of ideals 1,.J c S let C(1,J)° denote the set of all w e RY for which
in,, I =J and let C(1,J) denote the closure of C(1,J)°. Now suppose that the
ideals I and J are monomial-free, i.e. contain no monomials. In this case the set
C(1,J) is a closed polyhedral cone and C(7,J)° is its relative interior (if both
are nonempty). Furthermore, these cones form a polyhedral fan.

Definition 1.1. For a given monomial-free ideal / c S the polyhedral fan formed
by all nonempty cones of the form C(1,J) with J monomial-free is the tropical-
ization of 1. It is denoted by Trop/.
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Usually 7 arises as the defining ideal of an affine, projective or very affine
variety X, and in this case Trop/ is also referred to as TropX. However, note
that the fan Trop X is not determined by X; it also depends on the chosen affine
or projective embedding which is always implicit in the notation.

A key property of Trop/ is that it is pure of dimension equal to the Krull
dimension of S/I. Hence, TropX has dimension dimX if X is affine and dimX +
1 if X is projective.

Next, the positive tropicalization is a subfan of the tropicalization.

Definition 1.2. For I as above the positive tropicalization Trop,,I is the fan
formed by those cones C(1,J) for which J contains no elements of R.o[u;]iey.

In other words, Trop./ is formed by those C(1,J) for which every nonzero
polynomial in J has both positive and negative coefficients. In particular, let
X c CY be the zero set of I and let X5 = X HRZO be its totally positive part. One
sees that if X, is nonempty, then I nR,o[u;]iev =0, hence Trop, ! is nonempty.
The converse is not true in general.

The above observation motivates us to generalize the notion of positive trop-
icalization to general sign patterns where a sign pattern is an element of {+1}".

Definition 1.3. Consider a sign pattern T and the automorphism &; of S tak-
ing u; to Tu;. The signed tropicalization Trop,I (also Trop,X) is the positive
tropicalization Trop. &:(1).

Note that the tropicalizations of €;(/) and I are the same, hence Trop_/ is
also a subfan of Trop/. Furthermore, one sees that Trop,/ is nonempty if the
sign pattern T occurs in X(R) = X nRY, which means that there exists a point
x € X (R) such that sgnx; = 7; for all i.

2. Phylogenetic trees and dual associahedra

We overview the definition and basic properties of the complex (or space) of
phylogenetic trees constructed in [5,[14]]. Choose an integer n > 3.

Definition 2.1. A phylogenetic tree with n leaves is a tree T with no vertices of
degree two together with a bijection ¢ from [n] to the set of leaves of T. For
i € [n] the leaf @(i) is said to be labeled by i. We identify two phylogenetic
trees (T1,¢;) and (T2, ¢,) if there is a graph isomorphism between 77 and T,

mapping @; (i) to ¢,(i) for all i € [n].

Phylogenetic trees naturally arise from subdivisions of polygons. First, we
recall the following notion: a dihedral ordering of [n] is a permutation of [n]
considered up to compositions of cyclic shifts and reversals. In other words,
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a dihedral ordering is a way of labeling the edges of a regular n-gon by ele-
ments of [n], considered up to the natural action of the dihedral group. It is
straightforward to show that there are (n—1)!/2 dihedral orderings of [n].

Choose a dihedral ordering o, and consider a con-
vex n-gon P with edges labeled in accordance with
a. Every subdivision of P defines a phylogenetic tree
as follows. First consider the adjacency graph of the
2-dimensional cells of the subdivision, this is a tree.
Then, for the cell C containing the edge of P labeled
by i € [n] add a leaf adjacent to the vertex correspond-
ing to C, label this leaf by i (see figure on the right).
The result is a phylogenetic tree with n leaves. We say
that a phylogenetic tree is compatible with « if it arises
from a subdivision of P in the above way.

There are n(n—3)/2 coarsest nontrivial subdivisions of P: those formed
by a single diagonal. The corresponding phylogenetic trees are those that have
exactly two non-leaf vertices. Specifically, a diagonal partitions the edge labels
of P into two subsets A and B with |A|,|B| > 2. In the corresponding tree one
non-leaf vertex is adjacent to the leaves labeled by elements of A and the other
to the leaves labeled by elements of B.

Definition 2.2. We define a simplicial complex A(¢r) whose vertex set consists
of the phylogenetic trees that are compatible with & and have exactly two non-
leaf vertices. A subset of vertices forms a face if and only if the corresponding
subdivisions of P have a common refinement or, equivalently, if the correspond-
ing diagonals are pairwise non-crossing (we say that two diagonals cross if they
are distinct and share interior points).

We see that the faces of A() are in bijection with all subdivisions of P and,
therefore, with all phylogenetic trees compatible with OCEI This is a flag complex
of pure dimension n —4 (recall that a simplicial complex is a flag complex if all
of its minimal non-faces are of size two)EI We refer to A() as a dual associa-
hedron because its face poset is dual to that of an associahedron. For example,
if a is any dihedral ordering of five elements, A( ) is a 5-cycle.

We denote A(n) = A(a) for o the dihedral ordering given by the identity
permutation. Obviously, for a fixed n every A(a) is isomorphic to A(n), how-
ever, we view the various A( @) as distinct complexes because they have distinct
vertex sets. It is important to note that these vertex sets are not necessarily dis-
joint since a phylogenetic tree can be realized in the plane in different ways,

'We consider the empty set to be a face of any simplicial complex, here it corresponds to the
trivial subdivision and the phylogenetic tree with a single non-leaf vertex.
2For n =3 the complex A(a) is empty and thus has a single face and is of dimension —1.
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meaning that it will be compatible with multiple dihedral orderings. In particu-
lar, this allows for the following definition.

Definition 2.3. The complex of phylogenetic trees ®(n) is the union of A(ct)
over all o, with vertices represented by the same phylogenetic trees identified.
It is the simplicial complex whose vertex set consists of all phylogenetic trees
on n leaves that have exactly two non-leaf vertices. A subset of vertices forms a
face if and only if it forms a face in one of the A(o).

The faces of ®(n) are in bijection with all phylogenetic trees with n leaves
which explains the terminology. Evidently, ®(n) is also a flag complex of pure
dimension n—4. The fan over this simplicial complex is known as the space of
phylogenetic trees, a term introduced in [5]] (occasionally @(n) is referred to by
the same name but we distinguish between the two). For example, ©(5) is the
Petersen graph, see [3, FIG. 13]. The Petersen graph contains 12 copies of the
5-cycle, and these are precisely the 12 subcomplexes A(a) corresponding to the
12 dihedral orderings.

To conclude this section we explain how containment of faces of ®(n) can
be read off from the corresponding trees. For a phylogenetic tree (7, ¢) and a
non-leaf edge e of T we may consider the phylogenetic tree (7 /e, w o @) where
y is the natural bijection from the leaf set of T to that of the contraction 7 /e.
We say that (T'/e, wo @) is obtained from (7, ¢) by contracting e.

As above, consider a convex n-gon P with edges enumerated by [n]. In
terms of the correspondence between subdivisions of P and phylogenetic trees,
the contraction of a non-leaf edge simply corresponds to the deletion of the
respective diagonal from the subdivision. This gives us the following criterion,
where F (T, @) denotes the face of ®(n) corresponding to (7, ¢).

Proposition 2.4. A face F(T;, ¢;) of ©(n) is contained in another face F (73, ¢2)
if and only if (77, ¢;) can be obtained from (73, ¢,) by a series of contractions
of non-leaf edges.

3. Binary geometries

We give an abstract definition for binary geometries, following [[12]]. For two
vertices i and j in a simplicial complex we write i ~ j to denote that {i, j} is a
face of the complex.

Definition 3.1. Consider a flag complex A with vertex set V together with a
compatibility degree a; ; € Zo for every pair i, j € V such that i 4 j. We say that
the affine subvariety U c CV cut out by the u-equations

Rizzu,-+1‘[uj'*-f—1=o, ieV (1)
iti
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is a binary geometry (defined by A and the values a; _j) if the following condition
is satisfied. For a subset S c V the intersection US UnCY\S is nonempty if
and only if S is a face of A and, in this case, US is irreducible of dimension
dimA+1-]S|. Here C¥\¥ c CV denotes the subspace of points satisfying u; = 0
foralliesS.

Example 3.2. Let A be the 4-cycle with vertices 1, 2, 3, 4 and edges {1,2},
{2,3}, {3,4}, {4,1}. With all compatibility degrees 1, the resulting variety U is
a binary geometry: the 2-plane in 4-space defined by u; +u3 =1 and up +uq = 1.

Note that U@ =U , hence, U is irreducible of dimension dimA + 1. Somewhat
less trivially, one may show that if F is a facet then Uy is a point. This follows
from the fact that if U is a binary geometry, then A is pure ([12, Corollary 2.7]).
Indeed, for every facet F we have |F| = dimA+ 1 and, consequently, dim Uy = 0.

For U a binary geometry the symbol U without a tilde will be used to denote
the very affine part of U: the intersection of U with the coordinate torus (C*)Y.
Similarly, U = Urn ((C*)V\F for a face F. One sees that Uy is an open subset
of Up. Furthermore, U is the disjoint union of the locally closed sets Ug over
all G o F. In particular, the collection of all Ur forms a stratification of U.

4. My, and its tropicalization

In this section, we recall the basic properties of My , and overview the known
results concerning its tropicalization.

As before, consider n > 3. We first define M, , as the (very affine part of the)
binary geometry defined by A(n) and then discuss more classical definitions.
The vertices of A(n) can be enumerated by the set D of pairs (i, /) with 1 <
i< j<nandi-jis not equal to £1 modulo n. Indeed, every vertex of A(n)
corresponds to a diagonal of the n-gon P with edges labeled in accordance with
the ordering (1,...,n). Let i € [n] denote the vertex of P that is adjacent to the
edges with labels i and i+ 1 (the latter considered modulo n); denote by d; ; the
diagonal connecting vertices i and j. Evidently, (i, j) € D. Hence, the binary
geometry of A(n) can be viewed as a subvariety of the n(n —3)/2-dimensional
affine space CP. Applying Definition [3.1|we obtain the following.

Definition 4.1. Mo, is the binary geometry defined by A(n) with all compati-
bility degrees equal to 1. Explicitly, /\/lo . is the affine subvariety of C” cut out
by the u-equations

R,-7j::u,-7j+ H Uk ¢ —120, (i,j)ED

dy ¢ crosses d

The ideal I, ¢ C[u; ;] (; jep generated by the R; ; is the defining ideal of /’\/lvo,n.
The very affine variety M, is the open part My, n (C*)P.
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It is also true that the ideal I, is prime, i.e. it is the entire vanishing ideal of
/’\}l’o,n. Below we write Trop M, to refer to the tropicalization of this ideal: the
fan Tropl, in the ambient real space R”.

Classically, My, is defined as the moduli space of (ordered) n-tuples of
distinct points in P! considered up to projective transformations. Arranging the
n points into a 2 x n matrix lets one view My , as the quotient of Gr°(2,n) (the
Grassmannian of lines in P" with non-vanishing Pliicker coordinates) by the
torus action of (C*)".

Here recall that for a point in the complex Grassmannian Gr(2,n) repre-
sented by a 2 x n matrix, its Pliicker coordinates are the 2 x 2 minors of the ma-
trix. In particular, this realizes Gr(2,n) as a subvariety in P(C(g)). This subvari-
ety is cut out by the Pliicker ideal J, c C[p; j]i<i< j<n. Thus, Gr°(2,n) is the very
affine part Gr(2,n)n ((C*)(g). We also have an embedding (C*)" — ((C*)(;) tak-
ing the point (#;)e[4] to (tit;)1<i<j<n- Since (C*)(;) naturally acts on P(C(;)),
this embedding defines an action of (C*)" on the same space. This (C*)"-action
preserves Gr(2,n) and Gr°(2,n), it is the torus action mentioned above.

Furthermore, the defined n-dimensional subtorus of ((C*)(;) is the largest
subtorus preserving Gr(2,n). This means that the tropicalization of this subtorus
is precisely the lineality space of TropGr°(2,n) = TropJ,. We denote this n-
dimensional lineality space by L. We deduce that Trop My, is the quotient of
TropGr°(2,n) modulo L (as is well-known, see, for instance, [9, Theorem 3.5]).
We denote the respective quotient map from RG) to RP by gq.

Deﬁnitionof M . is consistent with the definition of M, as a quotient
of Gr°(2,n), see [6]]. Given a point in M ,, i.e. an n-tuple (xi,...,x,) of points
in P!, the coordinate u; j is equal to the cross-ratio (x;,X;41;X;,x;+1 ). Therefore,
the projection from Gr°(2,n) to M, is given by the formula

- _ Pij+1Pix1j
(27
Pi,jPi+1,j+1

2

Consequently, the quotient map ¢ from TropGr°(2,n) to Trop. M, , is given by

G(W)ij = Wi jr1 +Wisl j— Wi j— Wil j+1, 3)

where the coordinates in the ambient real spaces of Trop Gr°(2,n) and Trop M, ,,
are indexed by {(i, /) }1<i<j<n and by D respectively.

A famous result of [15] realizes TropGr°(2,n) as the product of the space
of phylogenetic trees with an n-dimensional real space. Let (7, ¢) be a phylo-
genetic tree on n leaves with set of non-leaf edges E. A realization of (T, Q)
is a choice of lengths for the non-leaf edges given by a vector ¢ = (£,).cg in
R‘EO. Every realization induces a (pseudo)metric on [n] by setting the distance
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d(r,¢9)(i, ) to be the sum of £, over the non-leaf edges in the unique path be-
tween ¢ (i) and () in 7. The cone corresponding to (7, ¢), denoted Cz. ,, is
a simplicial cone of dimension |E| whose points encode the distance functions
on [n] that arise from realizations of 7. More precisely,

Cr.o = {(dir.g) 0 (is ) 1si<jen | £ € RE} < RE).

It is clear that the facets of ClT,(p are precisely those cones C 1 o for which
(T', @") is obtained from (7, @) by contracting a non-leaf edge. This shows that
together all of the cones C,T,(P form a fan 7. In view of Proposition we also
have an isomorphism between the face posets of 7 and @(n)ﬂ Combinatorially,
T is a fan over @(n), i.e. the space of phylogenetic trees.

Up to a sign (which is due to our choice of the min-convention) and lineal-
ity space, 7 is the tropical Grassmannian. Here note that every cone C,TJP is
transversal to L, hence we indeed obtain a fan of pure dimension 2n—3 = dimJ,,.

Theorem 4.2 ([15, Theorems 3.4, 4.2]). The tropical Grassmannian Trop Gr°(2,n)
consists of the cones —C'T_’(P +L for (T, ¢) ranging over all phylogenetic trees
with n leaves.

As discussed above, Trop M , is equal to Trop Gr°(2,n) modulo its lineal-
ity space L, hence it is also combinatorially equivalent to the space of phylo-
genetic trees. In other words, Trop M, , is formed by the cones —q(C’Tw). We
apply (3) and write these cones out explicitly using the shorthand d = d(r,0)0

Cro= {(d(i,j)+d(i+laj+1)‘d(i+1>J')—d(iaj+1))(i7j)e1)|£ER§0}- “4)

Theorem 4.3. The tropicalization Trop My, consists of the cones Cr g, for
(T, @) ranging over all phylogenetic trees with n leaves.

We now turn to the discussion of sign patterns and signed tropicalizations
of My ,. This discussion is kept brief since it is logically independent from our
results. Theorem [4.4]is only needed as a prototype that illustrates our proposed
generalization to type C.

First of all, note that an element of the symmetric group G,, acts naturally on
M, , by permuting the points of the respective n-tuple in P! (i.e. the columns of
the 2 x n matrix). With respect to the coordinates u; ; every permutation acts by a
monomial transformation, see [2, Subsection 11.2]. This induces an &,-action
on Trop M , by linear transformations of the ambient space R”. Furthermore,
&, also acts on the set of phylogenetic trees by 6(T,¢) = (T,poc™!) for 5 €

3For a polyhedral fan we do not consider the empty set to be a face.
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G,,. By tracing the definitions one sees that this action is compatible with the
action on Trop Mg, i.e. 6(Cr,p) = Co(1,9)-

There are (n—1)!/2 sign patterns occurring in My ,(R), which are enumer-
ated by dihedral orderings of [n], again, see [2 Subsection 11.2]. For a dihe-
dral ordering o we denote the corresponding sign pattern by Toﬂ and the set of
points in M ,(R) with coordinates fitting the sign pattern 7, by My (). In
fact, the subsets M , (&) are precisely the connected components of My ,(R).
The natural action of &,, on the set of dihedral orderings is compatible with
its action on M ,: one has 6 (Mo ,(c)) = Mo (o) so that the action per-
mutes the connected components transitively. This means that the correspond-
ing signed tropicalizations given by the 7, are also permuted by the &,,-action:
Trome MO,n = G(Tropra MO,n)'

Finally, Trop,,Mo, is the fan over the dual-associahedron subcomplex
A(n): it is formed by those cones Cr ¢ for which (7,¢) is compatible with
the dihedral ordering (1,...,n), see [12} Section 3.12.1]. Combining this with
the above, we summarize as follows.

Theorem 4.4. There is a bijection o — 7, from the set of dihedral orderings
of [n] to the set of sign patterns occurring in M ,(R) such that the following
holds. For every dihedral ordering o the signed tropicalization Trop, Mo, is
the fan over the dual associahedron A(¢r) formed by those cones Cr, for which
(T, @) is compatible with c.

5. The complex of axially symmetric phylogenetic trees

Choose an integer n > 3 and consider the 2n-element set N = [1,n]u[-n,—1].
As in Section [2] we may consider phylogenetic trees with leaves labeled by the
set N as well as dihedral orderings of the set N.

We say that a dihedral ordering of N is axially symmetric if it can be repre-
sented by an ordering (07, ...,02,) of N such that 6; = —0,,+1; for any i € [2n].
There are 2"~ 2n! such dihedral orderings. Let o be an axially symmetric dihe-
dral ordering (or ASDO) and consider a regular 2n-gon P with its edges labeled
by N in accordance with . This labeling distinguishes an axis of symmetry ¢
among the longest diagonals of P reflection across which takes the edge labeled
by i to the edge labeled by —i.

Furthermore, for every diagonal d of P we have a diagonal d’ that is sym-
metric to d with respect to £. The two diagonals d and d’ coincide if and only if d
is £ or is one of the n— 1 diagonals perpendicular to £. This allows us to consider
axially symmetric subdivisions of P: subdivisions which contain a diagonal if

*The correspondence ¢ — T¢ is not hard to describe. One considers n distinct points xp, ..., X,
in the real projective line ordered according to & and sets (Ta),;‘,- equal to sgn(x;, Xj41:X/,X 11 ).
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and only if they also contain the one symmetric to it. Such a subdivision may
not contain diagonals that cross ¢ but are not perpendicular to £.

Similarly to Section 2| a subdivision of P defines a phylogenetic tree with
leaves labeled by the set N. We call a phylogenetic tree axially symmetric if it
arises in this way from an ASDO « and an axially symmetric subdivision of P.
In this case we also say that the resulting tree is compatible with ¢c. Note that an
axially symmetric phylogenetic tree (ASPT) will be compatible with multiple
ASDOs.

There are (n+2)(n-1)/2 coarsest nontrivial axially symmetric subdivi-
sions of P: the one formed by ¢, those formed by each of the n—1 diagonals
perpendicular to £ and (n+1)(n—-2)/2 more formed by a pair of diagonals that
are symmetric to each other and do not cross ¢. We say that an ASPT compat-
ible with « is minimal if it arises from a coarsest nontrivial axially symmetric
subdivision of P. Such a tree will have two or three non-leaf vertices.

Definition 5.1. We define a simplicial complex A,s(cr) whose vertex set is the
set of minimal ASPTs compatible with &. A subset of vertices forms a face if
and only if the corresponding axially symmetric subdivisions have a common
refinement.

We see that the faces of Ay (o) are enumerated by the axially symmetric
subdivisions of P or, alternatively, by the ASPTs that are compatible with c.

Proposition 5.2. The simplicial complex Ay (@) is isomorphic to the dual as-
sociahedron A(n+2).

Proof. We establish a bijection respecting the order of refinement between the
axially symmetric subdivisions of P and all subdivisions of an (n+2)-gon. Let
Q' be one of the (n+ 1)-gons into which P is divided by £. To Q' we add a
vertex v adjacent to the endpoints of ¢ to obtain a convex (n+2)-gon Q. Now
choose an axially symmetric subdivision S of P and consider the subdivision R
of O defined as follows. R includes all of the diagonals in S whose endpoints lie
in Q' (each such diagonal is either £ or a diagonal of Q). In addition, for every
diagonal d in S that is perpendicular to ¢ the subdivision R includes the diagonal
connecting v with the endpoint of d that lies in Q’. One easily checks that this
is a bijection with the desired property. An example is shown below. O
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Now we can give an analogue of Definition 2.3] Note that, similarly to
the phylogenetic trees considered in Section 2] any ASPT is compatible with
multiple ASDOs. Hence, the union of the various Ay () is not disjoint.

Definition 5.3. The complex of axially symmetric phylogenetic trees ®y(n) is
the union of A,s() over all ASDOs «, with vertices represented by the same
phylogenetic trees identified. The vertex set of the simplicial complex @,5(n) is
the set of all minimal ASPTs. A subset of vertices forms a face if and only if it
forms a face in one of the Ay(@).

We see that the faces of @,5(n) are enumerated by all ASPTs with leaves
labeled by N. Since every A,s() is a flag complex of pure dimension n -2, so
is Oy(n).

Example 5.4. For n =3 the complex ®,s(n) is shown in Figure |Al It is one-
dimensional with 13 vertices and 21 edges. The minimal ASPTs for each vertex
are given in Table |Bl Three of the edges are labeled with the corresponding
trees in Figure[A] The subcomplex Ay (ct) for o given by (1,2,3,-3,-2,-1) is
highlighted in red; it is isomorphic to A(5), i.e. a 5-cycle.

For an ASPT (T,¢) (here ¢ is a bijection from N to the leaf set of T') let
F(T, @) denote the face of ®,5(n) corresponding to (7,¢). A containment of
faces F(Ty,¢1) c F(T, ;) can be interpreted similarly to Proposition

Let o, P and ¢ be as above and let (7,¢) be compatible with ¢. Since
(T, @) arises from an axially symmetric subdivision of P, one has an involution
1 on T that corresponds to reflecting the subdivision across ¢. We call t the
symmetry of (T,¢@) and for an edge e of T we say that 1(e) is symmetric to e
(note that we may have e = 1(e)). Alternatively, 1 can be characterized as the
unique automorphism of 7' that exchanges the vertices ¢ (i) and ¢(—i) for all
i € N. This means that the symmetry does not depend on the choice of a: if
(T, @) is also compatible with 3, then the respective subdivision will provide
the same involution.

For a non-leaf edge e of T we may again consider the phylogenetic tree
obtained from (T, @) by contracting e, but the result might not be axially sym-
metric. However, if we contract both e and 1(e) (or just e if it is symmetric
to itself), then what we obtain is axially symmetric. We call such an operation
a symmetric edge contraction. Since it corresponds to the deletion of a pair
of mutually symmetric diagonals from the subdivision (or of a single diagonal
symmetric to itself), we have the following.

Proposition 5.5. A face F (T, ¢;) of @, (n) is contained in another face F (1>, ¢,)
if and only if (77,¢;) can be obtained from (73, ¢,) by a series of symmetric
edge contractions.
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In particular, one may check that the above holds for F (73, ¢,) one of the
labeled edges in Figure|Aland F (T}, ¢;) one of its endpoints.

Next, for (7,¢) and 1 as above let E denote the set of non-leaf edges in T
and let (T, @) be the number of t-orbits in E. In other words,

k(T,¢) = |E|-{ecE[t(e) # e}|/2.
The previous proposition has the following consequence.

Corollary 5.6. The dimension of the face F(T,¢) is k(T,¢) — 1.

6. The (sub)complex of centrally symmetric phylogenetic trees

A dihedral ordering o of N is centrally symmetric if it is given by an ordering
(01,...,02,) of N satisfying o;;, = —0; for all i € [n] (hence, any other ordering
representing & also has this property). There are 2"2(n—1)! centrally symmet-
ric dihedral orderings (or CSDOs).

Let P be a regular 2n-gon with edges labeled according to a CSDO «. A
subdivision of P is centrally symmetric if with every diagonal d it also includes
the diagonal centrally symmetric to d. By considering phylogenetic trees arising
from such subdivisions, we obtain a notion of centrally symmetric phylogenetic
trees (CSPTs) and a notion of compatibility between CSPTs and CSDOs.

There are n(n— 1) coarsest nontrivial centrally symmetric subdivisions of
P: the n formed by one longest diagonal and n(n—2) more formed by a pair
of distinct diagonals that are centrally symmetric to each other. Again, we say
that a CSPT compatible with ¢ is minimal if it arises from a coarsest nontrivial
centrally symmetric subdivision of P. Such trees also have two or three non-leaf
vertices.

Definition 6.1. We define a simplicial complex Ac(0r) whose vertex set is the
set of minimal CSPTs compatible with ¢. A subset of vertices forms a face if
and only if the corresponding centrally symmetric subdivisions have a common
refinement.

The faces of Ac(@) are in bijection with centrally symmetric subdivisions
of P or, in other words, with CSPTs compatible with ¢. This is a flag complex
of pure dimension n —2; we refer to Acs( o) as a dual cyclohedron since its face
poset is dual to that of a cyclohedron. Again, a CSPT will be compatible with
multiple CSDOs, making the union of the A (@) non-disjoint.

Definition 6.2. The complex of centrally symmetric phylogenetic trees ®.(n)
is the union of Ais() over all CSDOs a, with vertices represented by the same
phylogenetic trees identified. This is the simplicial complex whose vertex set
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consists of all minimal CSPTs with a subset forming a face if and only if it
forms a face in one of the A(@).

Similarly to the previous cases, the faces of @.(n) are in bijection with
CSPTs. An important observation is that CSPTs are also axially symmetric.

Proposition 6.3. Every CSPT is an ASPT.

Proof. Let (T, @) be a CSPT compatible with a CSDO « and P be a regular 2n-
gon with edges labeled in accordance with o. Let S be the centrally symmetric
subdivision of P corresponding to (7, ¢). We claim that there exists a longest
diagonal ¢ of P that does not cross any of the diagonals in S. Indeed, if S includes
a longest diagonal ¢’ then we just set £ = ¢'. Otherwise, the center of P is not
contained in any of the diagonals in S, hence it is an interior point of some two-
dimensional cell Q in S. Note that Q is itself centrally symmetric, hence any
longest diagonal ending in a vertex of Q can be chosen as /.

Now we transform S to obtain an axially symmetric subdivision R. The idea
is to choose one of the two (n+ 1)-gon halves formed by ¢ and “flip” both the
edge labels and the diagonals in this half (see the figure below). More precisely,

choose an ordering (o7,...,0,,) of N representing « so that the edges labeled
by o1,...,0;, lie on one side of £ and the remaining edges lie on the other. The
ordering (01,...,0,02,...,0,+1) (here the last n elements are reversed) de-

fines an ASDO . If in P we reverse the order of the edge labels lying on one
side of £, the edges will be labeled in accordance with 8. Now we replace each
diagonal in S lying on the same side of ¢ by its reflection in the perpendicular
bisector of ¢ to obtain the subdivision R. It is clear that R is an axially symmetric
subdivision and the corresponding ASPT compatible with 8 equals (7,¢). [

In the proof we define a procedure which constructs an axially symmetric
subdivision from a centrally symmetric subdivision. This procedure depends on
the choice of a longest diagonal /. However, it is clear that if one centrally sym-
metric subdivision refines another, then there is a choice of ¢ compatible with
both of them. Under this choice of ¢ the respective axially symmetric subdivi-
sions will satisfy the same refinement relation. It follows that a minimal CSPT
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is also minimal as an ASPT, i.e. it is a vertex of ®,s(n). More generally, if a set
of centrally symmetric subdivisions of P have a common refinement, then there
is a choice of ¢ compatible with all of them and the respective axially symmetric
subdivisions also have a common refinement. We obtain the following.

Corollary 6.4. For every CSDO ¢« the complex As(o) is a subcomplex of
©,(n), the complex of ASPTs. Consequently, the complex of CSPTs O(n) is
also subcomplex of @,5(n).

In Figure [A] the subcomplex ®(3) is highlighted in bold. It has 10 ver-
tices and 12 edges. One may check that the respective trees are indeed centrally
symmetric. The subcomplex Acs(a) for o given by (1,-2,3,-1,2,-3) is high-
lighted in blue; it is the dual cyclohedron, i.e. a 6-cycle.

7. Mc,_, and its tropicalization

In this section we first recall the definition of the type C cluster configuration
space Mc,_,. We follow [2] where Mc,_, is realized as the (very affine part of
the) binary geometry defined by the dual cyclohedron. We then give a conjec-
tural description of TropMc, , as of the space of ASPTs. We also conjecture
that the signed tropicalizations of Mc, , are the subfans corresponding to the
dual-associahedron and the dual-cyclohedron subcomplexes.

Let n and N be as in the previous section and let 0 denote the CSDO of N
given by the ordering (1,...,n,—1,...,-n). We set A¢s(n) = Acs(0). As in the
case of M ,, we enumerate the vertices of A (n) by certain pairs of elements of
N. Recall that these vertices correspond to minimal CSPTs compatible with oy
and, thus, to coarsest nontrivial centrally symmetric subdivisions of the regular
2n-gon P with edges labeled in accordance with og.

For i € N we use the notation i++ for the element that succeeds i in 0.
Explicitly: i++ =sgn(i)(Ji|+ 1) for || € [1,n—1] while (£n)++=F1. Letie N
denote the vertex of P that is adjacent to edges with labels i and i++. Denote
the diagonal connecting vertices i and j by d; ;. A coarsest nontrivial centrally
symmetric subdivision is either formed by a single diagonal of the form d; _; or
by a pair of non-crossing diagonals of the forms d; ; and d_; _;. In the former
case the subdivision corresponds to the pair (i,—i) where i € [r]. In the latter
case it corresponds to the pair (i, j) where we may assume that i € [n] and i <.
The resulting set of pairs D enumerating the vertices of O (n) consists of pairs
(i,j) of distinct elements of N for which i € [n], i <|j| and, furthermore, both
i++# jand i # j++. In particular, |D| = n(n—1). We now apply Definition [3.1]
with the compatibility degree a; ;) (x¢) of two non-adjacent vertices in Ocs(n)
equal to the number of diagonals in the set {dj ¢,d_ ¢} that cross the diagonal
d; j (thus either 1 or 2).



226 S. COX - I. MAKHLIN

Definition 7.1 ([2| Section 3.2.2]). MCH is the affine subvariety of CP cut out
by the u-equations

. i, j),(k,0) _ ..
RiJ = l/tl'7j+ H l/tk‘/ —1—0, (l,])ED.
dygord_p_¢
crosses d;,j

The ideal I, ¢ Cu; ;] i j)ep generated by the R; ; is the defining ideal of Me, .
The very affine variety Mc, , is the open part Mc, , n(C*)P.

Example 7.2. Let n=3. In this case we have
D={(1,-1),(2,-2),(3,-3),(1,3),(1,-2),(2,-3)}.
The u-equations defining Mvcz are
uy_q+ Mz,—2u3,—314%,_3 -1=0, wz+uz ou; ouz 3-1=0

together with with 4 more equations obtained from the above by cyclic rotations,
i.e. iterations of the substitution u; j = u;, 4 j.+ (with the subscripts on the right
transposed or negated if necessary).

Our conjectured description of Trop.Mc, , = Tropl, will be given in terms
of pseudometrics on symmetric phylogenetic trees. Consider an ASPT (T, ¢),
and let E denote the set of non-leaf edges of 7 and 1 denote the symmetry
of (T,p). A symmetric realization of (T,¢) is an assignment of lengths to
the edges in E given by a vector £ = (£,)eck € ]Rgo such that £, = ¢, for any
e € E. Such a realization determines distances between pairs of vertices of T
where the lengths of leaf edges are assumed to be zero. For i, j € N we denote
by d(7,9),(i,j) the resulting distance function between leaf vertices ¢ (i) and
¢(j). Evidently, this function satisfies d(i, j) = d(—i,—j).

Let SR(T,¢) denote the set of all symmetric realizations of (7,¢). We
associate a cone in R? with the tree (T, ¢) as follows:

Cro=1{(d(i,j) +d(i++, j++) =d(i, j++) = d(i++, 7)) i jyepll € SR(T, ) } (5)
where we denote d = d(7 ¢) /-
Proposition 7.3. The set Cr is a simplicial cone of dimension (7, @).

Proof. The set SR(T, @) is naturally a cone in the space RE. It is simplicial of
dimension k(T, @) since a symmetric realization is determined by k(T, ) edge
lengths. Formula (5) provides a linear map f : RE — RP such that f(SR(T, ¢)) =
Cr, and it suffices to check that f is injective.
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This can be deduced from the discussion in Section@ Let 0:[2n] — N be
the bijection taking i <n to i and i > n to n—i. We obtain a phylogenetic tree
(T, o ) with leaves labeled by [2r]. Realizations of (T, o d) form an |E|-
dimensional cone K in R (the positive orthant). The corresponding cone Cr g0
defined by (@) is an |E|-dimensional cone in RP> where D», is the set of pairs
(i,j) with 1 <i<j<2nand i~ jnot equal to +1 modulo 2n. The cone Cr o5 is
the image of K under the injective map f>,, : RE — RP> given by formula (d).

Now, by comparing formulas and (9) it is not hard to define a map g :
RP — RP satisfying f», = g o f which will imply the injectivity of f. Indeed,
the elements of D,, correspond to all diagonals of the regular 2n-gon while
elements of D correspond to a subset of these diagonals containing exactly one
element of every central symmetry orbit. Thus, we have a natural surjection
7: Dy, > D and set g(w)ij = wr; j) for we RP. O

Corollary 7.4. The facets of Cr g are the cones Crv ¢ such that (T',¢") is
obtained from (7, ¢) by a symmetric edge contraction.

Proof. The facets of the cone SR(7, @) are the subsets F,, e € E of symmetric
realizations ¢ with £, = 0. Note that F, = F,(,y. Choose e € E and let (T',¢") be
obtained from (7, ¢) by contracting e and 1(e) (or just e if e =1(e)). Then,
under the linear bijection from SR(T,¢) to Cr,, the facet F, is mapped to
Crr,¢. This follows from the fact that we have a bijection / ¢' from F, to
SR(T'¢") such that d(r,¢) ¢ = d(1+,or),- Here £’ is obtained from ¢ by simply
forgetting the coordinates corresponding to e and 1(e). Ul

The above shows that the cones Cr with (T, ¢) ranging over all ASPTs
form a simplicial polyhedral fan in RP. Furthermore, in view of Proposition
and Corollary[5.6] this fan is combinatorially equivalent to the fan over the com-
plex of ASPTs ®,s(n). We refer to this fan as the space of axially symmetric
phylogenetic trees. We now state our first conjecture.

Conjecture 7.5. The tropicalization Trop M, _, is the space of ASPTs: the fan
formed by the cones Cr , with (7, @) ranging over all ASPTs.

Our second conjecture concerns the sign patterns occurring in Mc, , (R)
and the corresponding signed tropicalizations. In the following note that a dihe-
dral ordering of N cannot be both axially symmetric and centrally symmetric,
thus there are 2"~2(n+1)(n—1)! dihedral orderings with one of these properties.

Conjecture 7.6. There is a bijection ¢ — 7, from the set of all dihedral order-
ings of N that are either axially symmetric or centrally symmetric to the set of
sign patterns occurring in Mc, , (R) such that the following holds.
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(a) If a is axially symmetric, then the signed tropicalization Trop, Mc,_,
is a fan over the dual associahedron A,(@): it is formed by those cones
Cr,p for which (7, ¢) is an ASPT compatible with .

(b) If o is centrally symmetric, then the signed tropicalization Trop,, Mc,_,
is a fan over the dual cyclohedron A (ot): it is formed by those cones
Cr ¢ for which (T, @) is a CSPT compatible with c.

The conjecture above extends a conjecture made in [2, Subsection 11.3]
where the authors, based on computational data, hypothesize that the number of
sign patterns occurring in Mc,_, (R) is 2" 2(n+1)(n-1)!.

The case of the positive tropicalization, i.e. of the sign pattern (1,...,1), is
also studied in loc. cit. We expect the proposed bijection to give Tg, = (1,...,1).
This would agree with [2, Theorem 9.2] which implies that Trop,, Mc, , is
combinatorially equivalent to a fan over the dual-cyclohedron complex Ac(n).

8. Example: Trop Mc,

The description of Trop Mc, proposed by Conjecture is illustrated in this
section by Figure |A|and Table [B| below we explain how this data is to be read.
The resulting fan does indeed coincide with Trop M, as verified by the authors
using the Tropical package in Macaulay2 ([10]).

The vertices in Figure [A] represent rays of the fan while edges represent
two-dimensional cones. For every minimal ASPT (T, ¢) in Table B} below it
we write the generator of the corresponding ray Cr , as determined by (5). Here
e; j denotes the basis vector corresponding to the coordinate u; ;.

Furthermore, to illustrate Conjecture one may check that the subfan
given by the blue 6-cycle is precisely Trop, Mc, for T=(1,1,1,1,-1,1) where
we use the order of coordinates from Example Computationally, to see if
a cone Cr g lies in Trop, Mc, one may compute the initial ideal in,, &; () for
w an interior point of Cr ¢, €.g. by using the 1eadTerm function in Macaulay2.
Similarly, one may also check that the subfan given by the red 5-cycle is pre-
cisely Trop, Mc, for t=(1,1,-1,1,1,1).
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Figure A: the complex @,(3).
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Table B: ASPTs and ray generators corresponding to vertices of @y(3).
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