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PARTIAL GORENSTEIN IN CODIMENSION 3

ALFIO RAGUSA - GIUSEPPE ZAPPALA

Dedicated to Silvio Greco in occasion of his 60-th birthday.

The goal of the paper is to build particular three codimensional arith-
metically Cohen-Macaulay subschemes of P, partial Gorenstein schemes,
whose graded Betti numbers can be easily computed in terms of their com-
binatorial support. This approach permits to realize many Betti sequences of
schemes with the same Hilbert function.

Introduction.

Graded Betti numbers are very refined projective invariants of a closed
subscheme X of P, strictly connected with its geometry. For instance the first
of them represent the degrees of a minimal set of generators for the saturated
homogeneous ideal of X.

It is known that the graded Betti numbers of a closed subscheme of
P" determine its Hilbert function. Vice versa if H is an admissible Hilbert
function for a closed subscheme of ", what are all the possible graded Betti
numbers of closed subschemes of P whose Hilbert function is just H is indeed
an hard question. Obviously, in order to try to solve this general problem,
we can restrict the same question to particular classes of subschemes, for
instance arithmetically Cohen-Macaulay (aCM) or arithmetically Gorenstein
subschemes (aG) or schemes with low codimension.

1991 Mathematics subject classification: 13 D 40, 13 H 10.
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For 2-codimensional aCM or 3-codimensional aG subschemes the problem
was completely solved (see papers by Gaeta [5], Stanley [12], Maggioni-Ragusa
[8], Campanella [2], Diesel [4], De Negri-Valla [3], Ragusa-Zappala [10],
Geramita-Migliore [6], and many others). More precisely, if X C P is a
closed scheme in a well specified class C and {o;;(X)} is the associated Betti
sequence, the set B¢ (H) of all possible Betti sequences which agree with H
of subschemes in the same class C is a partially ordered set. In both of above
cases it was proved the existence of the maximum and minimum for B,cp (H)
and B,G(H), and it was found which possibilities between the maximum and
the minimum are allowed.

If H is the Hilbert function of a c-codimensional aCM subscheme of
P, ¢ > 3, B,em(H) still admits the maximum (see the extremal resolution
described by Bigatti, Hulett and Pardue in [1], [7], [9]) but, in general, it does
not admit the minimum (see the example of Evans in [7]), so it seems hard
to describe the set B,cm(H) in this more general situation, since we need to
determine the minimal elements and which elements between the minimal and
the maximum one are allowed.

In the paper [11] we built partial intersection schemes which permitted to
find a lot of elements of B,cm(H ). In this paper we provide a construction of
particular 3-codimensional aCM subschemes of [P, partial Gorenstein schemes,
which generalize the partial intersection schemes and whose graded Betti num-
bers can be easily computed in terms of their combinatorial support. Partial
Gorenstein permit us to realize a greatest family of Betti sequences than partial
intersections, but we don’t know yet if they are sufficient to fill up B,cm(H),
for any assigned H.

The structure of the paper is simple. In section 1 we define partial
Gorenstein schemes, we prove that they are reduced aCM schemes and we
compute their Hilbert function in terms of their support. In section 2 we
compute all graded Betti numbers for such a scheme using Gorenstein liaison.
Finally in section 3 we illustrate by an example how we can realize many Betti
sequences corresponding to a same assigned Hilbert function (more than one
can realize using partial intersection schemes).

1. Partial Gorenstein in codimension 3.

Throughout this paper k£ will denote an algebraically closed field, " the

r-dimensional projective space over k, R =k[xo, ..., x,] = P H°(Op (n)).
nez
If V. C P is a subscheme, I(V) will denote its defining ideal and

Hy(n) = dimy; R, — dimy (1 (V)), its Hilbert function. Moreover, if V C P’ is
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a c-codimensional aCM scheme with minimal free resolution
0— ®R(—j)¥ -+ —> BR(—j)* - ®R(—j)* - (V) =0

then the positive integers {«;;}; will denote the i-th graded Betti numbers.

In this section we construct suitable 3-codimensional aCM subschemes of
P" which generalize the partial intersection schemes studied in [11]. Also for
such schemes we will be able to compute both Hilbert functions and graded
Betti numbers.

In order to define these subschemes of ", we need some elementary
properties of particular posets.

Let 4 C N? be a 2-left segment (finite) with respect to the ordering <
induced by the usual order of N and denote

My = {(H,U) e A x (N> \ A) | m(H) = m(U))

where ; : N> — N is the projection on the i-th component.
On N? we define also the following ordering

(a,b) X (c,d) <= a <c,b=>d.

Using these orderings we define the following ordering on M, :
if (H,U),(K,V)eM, wesay (H,U) < (K,V) << H =< K and
Uu<v.

Definition 1.1. A finite left segment ¥ of the poset (M4, <) will be called a
A-left segment.

Now let F be a A-left segment; we denote

s =max{m; (U) | (H,U)e F}
t =max{mU) | (H,U) e F}
t =max{m(H) | (H,U) e F}.

If A is a 2-left segment, we define for every H = (i, j) € A

rg = max{m e N| (m, j) € A};
cyg = max{n e N| (i, n) € A}.

Note that ry depends only on j and cy only on i, hence sometimes we will set
r(j) :=rpg and c(i) := cy. Moreover, since 4 is a left segment, we have

s=r(D>rQ)>...2r(@); t=c(1) >c)>...>c(s).
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In the sequel we will denote
Rp={(H,U)eAx N\ &)} | m(H) = mU), 1 (U) <s).

If  is a A-left segment we set F = F U R,. Moreover, for every H € A we
set

) max{m(U) | (H,U) € ¥} if such a set is not empty ,
=1 ¢y otherwise.

Note that, since ¥ is a 4A-left segment, if K < H then ug > uy.

Now, with the above notation, we choose two families of hyperplanes of P
(r > 3) sufficiently generic (here we mean that every 3 of them meet on distinct
3-codimensional linear varieties):

{A1,..., Ay}, {B1,..., By} whose defining forms are {z;,...,z} and
{1, ..., y:}, respectively.

For any (H,U) € ¥, H = (h1,h2), U = (uy, u2), we denote Ly =
Ay, N By,, Ry = Ay, N By,.

Now we are ready to define our schemes. Let F be as above; for every
oa=(H,U)e F ,set V, = Ly N Ry. Note that, because of the genericity of
the hyperplanes and since either 7y (H) = m(U) or my(H) = mp(U), V, is a
3-codimensional linear variety of . Finally, the scheme

Ve = Va

ac¥F

will be said a partial Gorenstein relative to ¥ with respect to the families of
hyperplanes {A;}, {B;}.

Remark 1.2. Note that, whenever N > s + ¢t — 1 one can consider in
PV partial Gorenstein schemes with respect to families of hyperplanes whose
defining forms are indeterminates. Such schemes will be called standard partial
Gorenstein.

Proposition 1.3. Every partial Gorenstein scheme is a generic h-plane section
of a standard one relative to the same A-left segment, for some h.

Proof. Let X C P be a partial Gorenstein scheme relative to an +A-left
segment ¥ with respect to the families of hyperplanes whose defining forms
are {z1,...,2:Y1,.--,¥}. Let d be the dimension of the k-vector space
U of R; generated by such forms. Write Ry = U & V. Let R =
klZy,....Zs Y, ..., Y ; Wi, ..., Wop1_4] and define a surjective linear map
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TR — Ribyn(Z) =z forl <i<ws ul)=yforl<j<t
and such that 7; (W), ..., 1y(W,41_y) is a basis for V. Let 7 : R — R the
surjective graded k-algebra map induced by 7;. Note that ker 7 is minimally
generated by h = s + t — d linear forms. Then 7~!(1(X)) defines the stan-
dard partial Gorenstein scheme of PN N =s+1t+r —d, X relative to the
same F with respect to the families of hyperplanes whose defining forms are
the indeterminates {Z1, ..., Zs; Y1, ..., Y;}. O

Remark 1.4. The name partial Gorenstein is justified since, when ¥ is a A-
left segment such that (H, U) € & whenever H € A and U € (N? \ 4) and
m(U) < t, then a 3-partial Gorenstein with such a support (with respect to any
families of hyperplanes) is indeed an arithmetically Gorenstein scheme (as we
will see).

Remark 1.5. The 3-partial intersections defined in [11] are a particular case of
the above partial Gorenstein schemes. Namely, if 8B is a 3-left segment (finite)
of N° and X is a partial intersection relative to 8 and with respect to some
families of hyperplanes {A;}, {B;} and {C;}, if we set a; = max{rw; («) | @ € B},
we can consider the 2-left segment (rectangle) R generated by (ay, a3); now,
define

Fg={(H,U)eMg | (mi(H), m(H), 12(U)) € B}.

One can show easily that Fg is a R-left segment and the scheme Vg,
with respect to the families of hyperplanes {C,,,...,Ci; A, ..., A, } and
{Bi, ..., Bg,}isjust X.

In order to show that a partial Gorenstein scheme X with support on the
A-left segment F (as above) is a 3-codimensional aCM subscheme of P" we
define, fori =1,...,s

Y= ) XnLuj.
(i, j)eh

N
Of course, X = |J ¥;. If we set H = (i, j) and
i=1
MH = {BCH-"-la LR Bqu AFH-‘rlv .. 'AS}
we have that
where C; j = |J C. Inthe sequel we will denote

CEM(LI‘)

Sl' == U(BJ N C(i,j))-

J
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Note thatforalli S; N A; =Y;.

Lemma 1.6. S; is a 2-partial intersectionin P for every i.

Proof. If H = (i, j) and K = (i, j + 1), we see that My C Mg : indeed,
since K < H we have that uy < ug, and, on the other hand ry > rg. Because
of that, it is not too hard to renumber the sets M ; .y, and {B;};—1,... c@), SO that
the support of S; becomes a 2-left segment. (I

,,,,

As a consequence of the above lemma we have that every Y; is a 2-
partial intersection of A; (or a degenerate 3-partial intersection); nevertheless,
in general, ¥; # X N A;.

Now, for every H = (i, j) € 4, define

S 17524
FH = l_[ Zp 1_[ yq.
p=r(H+1 q=j+1
Then, according to the result of Theorem 3.1 in [11], we see that I(S;) is
(i)
generated by Fy forall H € A with (H) =i and by [] y,.
g=1

Lemma 1.7. With the above notation, 1(S;) C I(Y,) foreveryn =1, ...s.

Proof. Observe, at first, that 1(Y,) = (z,) + 1(S,). Moreover, since n > i,
c(n) c(i)

c(n) < c(i); therefore [] y,, which is in I(S,), divides [] y,. Hence
qg=1 g=1

c(i)
I1 vq € I(S,) € I(Y,). Finally, take Fy with H = (i, j) € A. If n > r(j) then
q=1

N

7y divides Fy =[] 2, ]—H[ g, therefore Fy € 1(Y,). We are left with
p=r(p+1  gq=j+1

the case when n < r(j). In thiscase K = (n, j) € A and,sincen > i, H < K,

hence ux < upy. This implies that Fg divides Fy, and, since Fx € I(S,), we

can conclude that Fy € 1(Y,). [l

We are ready to prove that a partial Gorenstein is an aCM scheme and to
give a set of generators for its defining ideal.

Theorem 1.8. Let X be a partial Gorenstein subscheme of P" relative to the
A-left segment F with respect to the families of hyperplanes {A;}, {B;}, whose
defining forms are, respectively, {z;}, {y;}. Let Y; and S; as before and denote
X, =Y U...UY, forn =1,...,s. Then the following sequence of graded
R-modules

0 — I(¥)(~(n = 1) 5 1(X,) S 1(X,20)/(f) — 0
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n—1

is exact, where f = [] z; and ¢ is the natural map. Moreover
i=1

I(X,) =1(S)+z211(82) +21220(S3) +-- -+ 21 ... 21 1(Sy) + (21 ... 24).

In particular, X is a 3-codimensional aCM (reduced) subscheme of P".

Proof. We use inductionon n. The case n = 1 istrivial since I (X;) = I(Y;) =
1(S1) + (z1). If n > 1 we show that the sequence

0 —> 1Y) (—(n — 1)) 5> 1(X,) 5 I1X\m)/(f) — 0

is exact. The only thing to verify is the surjectivity of ¢. Take an element
ael(X,_1)/(f); by inductive hypothesis there is

ﬂ S I(Sl) +Zl](52) +ZIZ2I(S3) +---+2z.. .Zn—ZI(Sn_l)

n—1 n—1 p—1
suchthat o = B+ X [[ z;. Now B = > [] 2z, fp, with f, € I(S,). By the
i=1 p=1g=1

previous lemma I1(S,) € I(Y,), for p = 1,...,n — 1; hence, f, € I(Y,),
for p = 1,...,n — 1. Therefore g € I(Y,) and, as § € I1(X,—1), we have
Bel(X,—1)NIY,) =1(X,). Thus ¢ is surjective.

The exactness of the above sequence implies

n—1 [p—1 n—1 -1 [p-1
IX)=> |1z | 1S+ [Tz | 1@ =D\ [Tz | 1S
p=1 \g=1 q=1 p=1 \gq=l1

n—1 n—1 p—1 n n—1
Tz |t +1So1=>" Tz | IS+ Tz + | [Tz | 1S9
g=1 p=1 \¢g=1 g=1 q=1

n pP—

1 n
=> 2 | 16Sp) + ([ [ z0)-
p=1 \g=1 g=1

Now, the fact that X is a 3-codimensional aCM subscheme of " follows from
the above exact sequence using induction on 7. ]

Corollary 1.9. Let X C " be a partial Gorenstein scheme and X cPVa
standard partial Gorenstein such that X is a generic h-plane section of it. Let
E be the coordinate ring of PN. If F. is an ﬁ—free resolution of 1(X) then
F, ®% R is an R-free resolution of I (X).
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Proof. Justuse that X is a generic i-plane section of X and that both are aCM
schemes. ([

Now we compute the Hilbert function of a partial Gorenstein X of " in
terms of its support . If A is the 2-left segment underlying ¥, we denote
dy = c(H) + mi(H) — my(H) — 1, for all H € A; moreover we define
¢ : A — Nythemap o(H) = |{U eN? | (H,U) € F1. Finally, for all
H e A we set

1 fordy <n<dy+eH)—1
0 otherwise

on(m = |
for every n € Nj.

Proposition 1.10. If X is a partial Gorenstein subscheme of P relative to the
A-left segment ¥, then

NH@n)=|{HeA|dy <n<dy+¢H)—1}|

or equivalently
AN TPH®) =Y ou(n).
HeA

Proof. Forevery H = (i, j)e A weset Yy = X N Lg. Since

o 1 for 0<n<g(H)—1
A2Hy (n) = {
vu() 0 otherwise.

we see that ¢y (n) = A’_ZHYH (n — dp), for every n. On the other hand, since
Y, = ﬂﬂ](H):l. Yy is a partial intersection, by Lemma 1.5 of [11], we have

A'?Hy(n)= Y Hy,(n—c(H)+ m(H)).
m (H)=i
Using Lemma 1.6 we get

N
A"PHy(n) =Y A ?Hy(n—i+1),

i=1

hence
s c(H)

A "2Hy(n) = Z Z A ?Hy (n—i+1—c(H)+ j)

i=1 j=1

=Y AHy,(i—dp) =Y eum). O

HeA HeA
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2. Betti numbers for Partial Gorenstein schemes.

In this section we want to compute the graded Betti numbers for partial
Gorenstein subschemes of P" in terms of their support.

Let X C P be a partial Gorenstein scheme whose support is the A-left
segment F and relative to the families of hyperplanes {A;}, {B;} with defining
forms, respectively, {z;}, {y;} and let s and ¢ be as in the previous section. We
define Gorenstein completion of ¥ the A-left segment

FO =< (s,1:5,1) >={(H,U) eM | m(U) < t}.

Note that the terminology is justified by the fact that if X is a partial Gorenstein
relative to ¥ with respect to the families of hyperplanes {A; : z;, =0 |1 <i <
stand {B;:y; =0| 1< j <t}, Z= V;c is a 3-codimensional arithmetically
Gorenstein scheme. Namely it is the intersection between two 2-codimensional
arithmetically Cohen-Macaulay schemes V| and V, geometrically linked in a
complete intersection, where V; is just the partial intersection with support on
A, relative to the same families of hyperplanes, and V; is the linked scheme to
Vy in the complete intersection ([ [;_; z, ]—[;:1 ;). Precisely 1(Z) is generated
by the following set of polynomials

Yy = Zis

P T

1 c(a)
I ={ va= [l [] yj forevery a such that c(a) < c(a-1);
i=1  j=1

N t
va= [l z [] yjforevery a such thatc(a) > c(a+1)
i=a+1 Jj=c(a)+1

this follows from results in [11] (here we let ¢(0) =7 + 1 and c(s + 1) = 0). If
t >, I' is minimal. If # = 7, then y is multiple of %, and y; is multiple of
ys and I'\ {y, y1} is minimal.

Now we introduce in FC the following ordering:
(K, V)=, (H,U) <= (K, V) =(H,U) and r(K) =r(H).
Finally, we set F* = £6 \ ¥ and
?*

min

= {0 € F* | a is minimal with respect to <,}.
Now we associate to every o = (a, b; a,c) € F G the following form
a

s c—1 -1
Py = 1_[ Zi 1_[ yjl_[Zk-
1

i=r(b)+1 Jj=b+1 k=
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In the following we let
l[a,bl={neZ]|a<n<b}

Lemma 2.1. Let o = (H,U),B = (K, V) € FC; then Pg divides P, if and
onlyif B <, «a.
Proof. For the if part it is enough to prove that

a) [r(K)+1,s1C[r(H)+1,s];
b) [m(K) + 1, m(V) — 1] € [m(H) + 1, m(U) — 113
o [I,m(K)—1]1 < [I,m(H) - 1].

The inclusion a) follows since »(H) = r(K). Since K < H we have m,(K) >
m(H), and since V < U we have m,(V) < m,(U); this implies b). Now, since
m(K) < m(H), c) follows.

Vice versa, if Pg divides P,, each linear form appearing in Pg should
appear also in P, (up to scalars), but this implies, by the generality of the forms,
b)and [1, 71 (K) — 1MU[r(K)+ 1,51 C 1,7 (H) — 11U [r(H) + 1, s]. Now,
since m1 (H) ¢ [1, m;(H)—1]U[r (H)+1, s], an easy check shows that a) and ¢)
should hold. From c) one gets immediately 1 (K) < 7y (H) and from a) we see
that r(K) > r(H). If [m(K) 4+ 1, (V) — 1] = @ then 1, (K) = mp(V) — 1,
this implies (using 7 (K) < m(H)) m(K) = ¢(K) > c(H) > m(H). If
[m2(K) + 1, m(V) — 1] # @ b) implies again m»(K) > mp(H). Therefore,
r(K)<r(H),thusr(K)=r(H). O

Proposition 2.2. With the above terminology, the ideal 1(X) is generated by
{Py | e F*}UT.

Proof. If m is an integer, | < m < s, in the previous section we defined the
2-partial intersection S,, and in Theorem 1.8 we proved that

s+1 [ p—1

1) => " |TTz |10

p=1 \¢g=1

(here we set 1(Ss+1) = R).

Since I(Z) C I(X) then I' C I(X). Moreover, @ = (H, U) € £* implies
that 1 < w7 (H) < s. If we set m = m;(H) then ]—[;":_11 74 divides P,. Now
we claim that Po/[]0=) 2y € 1(Sy). Let V = min{W | (H, W) € *} and
B = (H,V). Then, with the notation of the previous section, we see that
Pg/ ]_['q":_l1 zg = Fy € 1(Sy). Since V < U, by Lemma 2.1, Pg divides P,

80 Po/ T102) 24 € 1(Sw) ie. Po € I(X).
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On the other hand 1(S,,) is generated by {Fy | H € A, m{(H) = m}
and by [[0")y,. for 1 < m < s. Let H € A with ;y(H) = m; if
uy = t then ]_[';:11 74 Fp is multiple of y; for a = r(H); if uy < t then
o = (H;m(H),uyg +1) € F* and ]_[31_11 74 Fy is multiple of P,. Finally,

]_[;:11 Zq ]_[f](f]) yq is multiple of y, where a = min{i | ¢(i) = cp} O
So we are ready to state the main results of this section.

Theorem 2.3. Let X C " be a partial Gorenstein. Then a set of minimal
generators for 1(X)/1(Z) is

(P, +1(Z) | e T, ).

Proof. Using Corollary 1.9 we can assume that X is standard. Now, by Lemma
2.1 the set {P, + I1(Z) | @ € F,,,} generates I(X)/I(Z); so we have only
to prove the minimality. Let « = (a, b;a,c) € ¥, and say Z, the linear
variety defined by I(Z,) = (24, Yb, Yes Zrp)). An easy check shows that
1(Z) CI1(Z,). Then P, + I(Z) ¢ [(Z,)/1(Z). In fact, if P, + [(Z) were in
1(Z,) + 1(Z), then P, € I(Z,) therefore a linear factor of P, should stay in
I(Zy). Now, since Py = [Ti_, )41 2 [ 152511 ¥ [ 141 %- this is impossible.

Now let us consider B € #,, ., B # o; we would like to show that
Pg + 1(Z) € I(Z,) + 1(Z) (this is enough to complete the proof). Namely,
say B = (u, v;u,w), if B £ o we have three possibilities: u > a orv < b
or w > c. In the first case z, divides Pg; in the second case yj, divides Pg; in
the third case y. divides Pg; otherwise if B < « then r(b) # r(v) and, since
(4, v) < (a, b), more precisely we have r(b) > r(v), this implies z,) divides
Pg. O

Theorem 2.4. Let X C P be a partial Gorenstein scheme. Then a set of
minimal generators for 1(X) is given by {P, | a € ¥} and by the following
elements of ' :

1. y << (a,cla);a,cla)+1)eFforl <a<s;

2. y, <= forsomeb withr(b) =s (a,b;a,cla)+1)eF;

3.y (1,c(a) 1,t) e Forcla) =t.
Proof. Again we can assume that X is standard. By Proposition 2.2 and the
previous theorem we have that {P, | @ € ¥, } UT is a set of generators for

I(X). Moreover the previous theorem ensure us that the P,s are minimal in
such a set.

1. fa = (a,c(a);a,cla)+1) ¢ F forsomea, 1 <a < s,and c(a) =t
our element is multiple, as we saw, of an element of I'. If c(a) < ¢ then
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a € F* and our element is multiple of P,. Vice versa, let us suppose that
(a,c(a);a,cla)+ 1)e F forevery 1 <a <s. Denote J = (y1, ..., V1)
of course, y ¢ J. On the other hand, the assumption says that each P, with
a € £, contains some y; as a factor, hence P, € J; moreover, since by
assumption c(a) < t, we see that both the y,’s and the y,’s contain some
y; as a factor and consequently stay in J.

2. If there is b with r(b) = s such that « = (a,b;a,c(a) + 1) ¢ F
we have again two possibilities: either c(a) = ¢ or « € ¥*. In the
first case we have t = 7, a = 1 and y; is multiple of y* as we saw
previously. In the second case y, is multiple of P,. Vice versa let us
suppose that for every b with r(b) = s (a, b; a, c(a) + 1) € F for some
a suchthat 1 < a < s and c(a) < c(a — 1). Let us consider the ideal
J = (245 -5 Zss Ye(ay+15 - - -» Y1) Of course, y, ¢ J; one easily sees that
yeld,y,eJ forall u # a and y; € J for all u. Finally, take any
B = u,viu,w)e Fy, . If u> athen z, divides Pg hence Pg € J.
If u < a then c(u) > c(a); in this case if [v+ 1, w — 1] = @ then
v =c(), w=c(u)+ 1hence r(v) + 1 < a, thus again z, divides Pg
and consequently Pg e J;if [v+ 1, w — 1] # @ thenc(a) +1 < w —1
therefore y,,—; € J hence Pg e J. If u = a either r(v) < s, in this case z;
divides Pg hence Pg € J; or r(v) = s in this case, the hypothesis implies
that (a, v; a, c(a)+1) ¢ F*, then w > c(a)+1 and the conclusion follows
as before.

3. Let us suppose (1,c(a);1,¢t) ¢ F and c(a) < t; this means 8 =
(1, c(a); 1,t) € F* and consequently Pg divides y,;. Vice versa, consider

the ideal J = (z1,...,24, Y1, .-+, Ye(). Clearly, y ¢ J and every
element of I' different from y isin J. Letnow 8 = (u, v;u, w) e ¥, .

If u > 1, z; divides Pg hence Pg € J;if r(v) < a then z, divides Pg hence
Pg € J. Therefore, we are left with the case u = 1 and r (v) > a; of course,
for the conclusion it is enough to show that [v+ 1, w — 1] N[1, c(a)] # @.
If it were empty either [v + 1, w — 1] = B or v + 1 > c(a). In the first
case it follows that v = ¢(1) =7 and w =7 + 1; but r(v) > a will imply
r(v) = a and consequently c(a) = 7. Now, by hypothesis such a 8 cannot
stay in #*. Finally, if v+1 < c(a), sincer(v) > a we get v = c(a). Now,
again applying the hypothesis we see that such a 8 cannot stay in F*.

[l

For computing the first graded Betti numbers it is convenient to use the
following terminology, which comes from the previous theorem:

vy =a—rb)+c—bforalla = (a,b;a,c)e FC
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Ng = {a € [l,s] | c(a) < c(a — 1)and for some b withr(b) = s
(a,b;a,cla)+1)e F};
Ng ={a€e[l,s]|cla) >cla+1)and (1,c(a); 1,t) € For c(a) = t}.

Corollary 2.5. Let X C IP" be a partial Gorenstein. Then the first graded Betti
numbers for 1 (X) are:

S+v,—2 foralla e )
a+ca)—1 forallae N¢
s+t—a—c(a) forallae Ng

in

and s if (a,c(a);a,cla)+ 1) e F forl <a <s.

Now our aim is computing the degrees of the second syzygies of a partial
Gorenstein in terms of its support.

Observe that, since £ is a left segment of M, F* = F G \ ¥ has the
following property:

acF* BeFlandB>a = BeF*

i.e. F* is a right segment inside F¢.
Observe that, by definition,

Y = Vg = U Ly NRy
(H,U)efF*

is the Gorenstein linked scheme of V3 in V. We want to describe a minimal
set of generators for the ideal 1(Y)/I(Z).
Describe first Vg« in an other way. Let A* = ({1,...,s} x{1,...,t})\ #A
and
,A);‘ ={UeA" |3 Hwith(H,U) € F*and m,(H) = j}.

Now define forevery 1 < j <7t

Tj= ) Ryand¥; =T; N B;.
Ue,A;

Clearly, wehave Y = |J Y;.
l<jst
Now, working as in Lemma 1.6, we see that every T; is a 2-partial

intersection. Moreover, T; 2 Tj;: indeed, if U € A;.‘ 4 there exists an element
H such that (H,U) e ¥* and mp(H) = j+ 1;now,if H = (i, j + 1) and
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H' = (i, j) then H' is in A, since « is a left segment, (H',U) > (H, U).
Therefore, by the property of ¥*, (H', U) € ¥*, which means that U € A"
For every H = (i, j) € 4 we define

r(j) !

Gn = l_[ Zp l_[ Vg5
p=i+l  g=uy+1
then, according to the result of Theorem 3.1 in [11], we see that I(T}) is
generated by Gy for all H € A with mp(H) = j and by r](_j[) Zp-
Thus, similarly as in Theorem 1.8, one can show i

Theorem 2.6. With the above notation

I(Y)=I1I(T) +y11(T) +yiy2l(T3) + -+ y1... Yut L(T) + (Y1 - - Yn)-

Let us associate to every a = (a, b; a, ¢) € F¢ the following form

r(b) b—1 t
Q=[] =[]y [] »
i=a+1 j=1 k=c+1

Because of the following lemma it is convenient to introduce in ¢ the follow-
ing new ordering

(H,U) < (K,V) if m(K)=r(K)

(H,U) <, (K, V) & {(H, U) <, (K,V) if m(K) <r(K)

Lemma 2.7. Leta = (H,U), B = (K, V) € FC; then Qg divides Q, if and
onlyif B >, «.
Proof. Just use the same techniques as in Lemma 2.1. U

Proposition 2.8. With the above terminology, the ideal 1(Y) is generated by
{Qy |l e FIUT.

Proof. Just use a similar computation as in Proposition 2.2 and the definition
of the polynomials Q. (]

Now set
Fnax = {o € F | @ is maximal with respect to <,}.

We can state the following result
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Theorem 2.9. Let Y = Vg« as above. Then a set of minimal generators for
I(Y)/I(Z)is
{Qo +1(Z) | o € Fiax}-

Proof. 1t works as in Theorem 2.3. (]

Corollary 2.10. Let X C P be a partial Gorenstein with support on a A-left
segment . Then the degrees of the second syzygies of 1(X) are:

s+ 14 vy forall o € Fp 4.

Proof. Let Y be the scheme linked to X in the aG scheme Z = V. since the
second syzygy of Z is s + ¢, according to the previous theorem, the degrees of
the minimal second syzygies are s + t— deg O, where « runs over ¥,,,,. Now
a simple computation gives the formula. U

3. An example.

In this final section we apply previous constructions and the related prop-
erties to obtain as many graded Betti numbers as possible with respect to an
assigned Hilbert function of a 3-codimensional aCM subscheme of P". The
example that we explore is relevant in the recent literature since was the first
example, used by G. Evans, to show that in codimension > 3 there exists a se-
quence 3, obtained by the maximum in B,cym (H ) by some “deleting”, which is
not in B,cm (H) i.e. there is not an aCM scheme whose graded Betti sequence
is B.

So let consider the following Hilbert function (of 11 points of P3):

H:1481011 —

or
AH=¢:134210 —

we want to find as many different graded Betti numbers as possible which agree
with such an Hilbert function.

According to our definition in section 1, if X is a partial Gorenstein
subscheme of P3 with Hilbert function H there exist two planes my, 7, and
two (disjoint) subschemes X; C m;, X, C @ of X such that X = X; U X,
and, if ¢; = AHy,, ¢, = AHy,, are the O-sequences associated to X; and X,
respectively, then

() o) = @1(n) + gp(n — 1)
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for all n. Now, in this example, there are just few O-sequences ¢; and ¢, for
which () holds; precisely, the only possibilities are

D oor=(1,2,3,2,1); ¢ = (1, 1).
2) o1 =(1,2,3,1,1); oo =(1,1,1).
3) o1 =(1,2,3,1); o =(1,1,1,1).
4 o1 =(1,2,2,2,1); 2 =(1,2).
5 o1 =(1,2,2,1,1); o =(1,2,1).
6) o1 =(1,2,2,1); g2 =(1,2,1,1).
7 oo1r=(1,2,2); ¢ =(1,2,2,1).

Note that 1) — 6) are linear decompositions of ¢, i.e. ¢, < ¢, as were defined
in [11], therefore there are partial intersection schemes which arise from such
decompositions (see [11]). For the 7—th decomposition we cannot have a partial
intersection scheme but we are able to build partial Gorenstein scheme from
it. Nevertheless, from decomposition 2) and 5) we can construct two partial
Gorenstein schemes whose graded Betti numbers cannot be reached just using
partial intersection schemes.

From decomposition 1) we can construct 4 partial Gorenstein schemes
with different graded Betti numbers. Take in N? the 2-left segment A =<
(2,3) > and in M4 the left segments

Fir=<(,3,1,8),(1,2;1,6), (1, 1;1,4), (2,3;2,5) >;

Fr=<(1,3;1,8),(1,1;1,5),(2,3;2,5) >;

Fy=< (LA LD (L1514, 2.32,5 >;

Fi=<(1,1;1,6),(2,3;2,5) > .

Let X| = Vgg], X, = VggZ, X3 = Vgg}, X4 = Vﬁ; for these schemes we have the
following graded Betti numbers:
for Iy, we have
ap =2, a3=3,au=1,a;5=1;
a3 = 1,004 =5, 005 =2, a6 = 2;
a3s = 2,036 = 1,037 = 1;
for Iy, we have
app =2, a3 =3,a;5=1;
= l,o04 =4, a5 =1, a6 = 2;

azs =1, 036 =1, 037 = 1;



PARTIAL GORENSTEIN IN CODIMENSION 3 369

for Iy, we have

ap=2,a3=3,a14=1;

oy = 1,004 =505 = 1,006 = 1

a3s = 2,037 =1;
for Iy, we have

a2 =2,013 =3;

a3 = 1,004 =4, 0006 = 1;

aszs = 1,37 = 1.

Note that indeed all these schemes are partial intersection schemes; more-
over we can get from this decomposition other partial Gorenstein schemes (pre-
cisely 8 more) but all produce one of the above sets of graded Betti numbers.
The scheme Ix, gives one of the two sets of graded Betti numbers which appear
in the Evans example.

From decomposition 2) we can construct 7 partial Gorenstein schemes all
of these but one produces a set of graded Betti numbers already obtained by

the first decomposition. To produce a scheme with a new set of graded Betti
numbers take A =< (1, 3), (2, 1) > and in M4 the left segment

F5s=<(1,3;1,7),(2,1;2,4) >.

The partial Gorenstein scheme X = Vg, has the following graded Betti
numbers:

app=2,013=3,a;5=1;

o = 1,004 =4, 26 = 2

aze = 1,037 =1,

(such graded Betti numbers cannot be obtained by p.i. schemes).

The decomposition 3) gives 6 different partial Gorenstein schemes but no
new set of graded Betti numbers. From decomposition 4) arise two new sets of
graded Betti numbers. Take A =< (2, 2) > and in M4 the left segments

Fo=<(1,1;1,6),(2,2;2,4), (2, 1;2,3) >;

Fr=<1,2;1,7),(1,1;1,5),(2,2;2,4), (2,1;2,3) >.

The partial Gorenstein schemes (indeed p.i.) X; = Vz and X, = V3 have the

following graded Betti numbers:
for Iy,

app =2, a3 =2,a14=1;
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oy =35,005 = 1,006 = 13
o35 = 2,0[37 =1.
for Iy,
ap =2, ap=2,as =1, 015 =1;
Qs = 5,005 =2, 06 = 2;
o35 = 2,0[36 = 1,0[37 =1.

Decomposition 5) produces some of the previous sets of graded Betti numbers
plus two new sets. To get these take first A =< (2,2) > and in M the left
segment

Fe=<(1,2;1,7),(1,1;1,4),(2,1;2,4) >;
the partial Gorenstein scheme X = V2 has the following graded Betti numbers:
app =2,a13=2,a15 = 1;
o =4, a6 = 2;
oz = 1,37 = 1.

(also this appears in the Evans example). Now take A4 =< (1,4), (2,2) > and
in M4 the left segment

Fo=<(1,4,1,8), (1,3, 1,5), (2,152, 4) >;
the partial Gorenstein scheme X = Vz has the following graded Betti numbers:
ap =2,a13=2,a15 = 1;
ax =4, 025 =1, 006 = 2;
azs = 1,036 =1, 37 = 1.

(even these graded Betti numbers cannot be reached by p.i. schemes). Finally,
decompositions 6) and 7) give 3 and 2, respectively, partial Gorenstein schemes
but no new set of graded Betti numbers.
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