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We prove that a linearly normal n-dimensional variety Xn ⊂ P
r , regular

if n ≥ 2, and of degree d ≤ 2(r − n) is the scheme-theoretic intersection
of the quadrics through it by using the usual Castelnuovo�s argument that
2r + 1 points in P

r in general linear position impose independent conditions
to quadric hypersurfaces; if d ≤ 2(r −n)−1, we apply the same argument to
show that H 0(IX (2)) gives a special subhomaloidal system whose base locus
is clearly X . If moreover Sec(X) ⊂ P

r , then the linear system is homaloidal.
We apply these results to show that some varieties Xn ⊂ P

2n+1 have one
apparent double point and we also study the relations between the linear
system of quadrics de�ning a variety and the locus of secant lines passing
through a general point of the ambient space.
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Introduction.

A linear system of hypersurfaces of Pr is said homaloidal if it de�nes a
birational map onto the image and subhomaloidal if the (closure of a) general
�ber of the associated rational map is a linear projective space. It is said
special if the base locus scheme of the linear system is a smooth irreducible
subvariety X ⊂ Pr . Special (sub)homaloidal systems of quadrics deserved
great interest. Well known examples are given by quadrics through a rational
normal curve of degree 4 (general representation of G(1, 3), see [17], [18]), by
quadrics through a normal elliptic quintic curve (quadro-cubo transformation of
P4, see [18]) or by quadrics through a Veronese surface in P5 (quadro-quadric
involutory transformation of P

5, see [18], [8]), by quadrics through a rational
octic surface in P6 (see [19], [12]). These special homaloidal systems have
also the property that the map they de�ne is an isomorphism on Pr \ Sec(X ).
Several interesting examples of special subhomaloidal systems are discussed
in [18], [8] and [12] and most of the examples of homaloidal systems are
obtained from the subhomaloidal ones by restriction to a general linear space
of dimension equal to the codimension of the generic �ber. Viceversa once
we have a special homaloidal system and we know that the base locus can be
extended non-trivially we could hope to �nd a special subhomaloidal system.

The main result of the paper is the generalization of the fact that the above
mentioned varieties are scheme theoretically de�ned by the quadrics through
them and of the fact that those linear systems of quadrics are subhomaloidal by
giving a simple and direct geometric proof. In fact in theorem 1, and corollary 1,
we prove that if the degree d of a linearly normal, regular if n = dim(X ) ≥ 2,
variety X ⊂ Pr is such that d ≤ 2(r − n) − 1, then the quadrics through X
give a special subhomaloidal system whose base locus is exactly X . Moreover,
if Sec(X ) ⊂ P

r , then this linear system is homaloidal, giving an embedding
off Sec(X ). By the way we prove geometrically that a linearly normal variety
X ⊂ P

r , regular if n ≥ 2, of degree d ≤ 2(r − n) is the scheme theoretic
intersection of the quadrics through it, a result which is interesting in its own.

Actually, the above assumptions on X imply that it satis�es property Np of
Green for p = 2(r −n)+1−d , which in turn implies the quoted consequences
(see [1], proposition 2). Here we have given a direct geometric proof, based
on Castelnuovo�s idea that a set of 2s + 1 points in general linear position in
P

s impose independent conditions to quadric hypersurfaces. We would like
to remark that this is also the fundamental step in the proofs of results on the
resolution of the ideal of a curve or of an algebraic variety de�ned by quadratic
equations (see [10] and [11]), i.e. in showing that property Np holds for some
p ≥ 1.
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In the second section we study the �ber of a rational map de�ned by
quadrics which scheme theoretically de�ne a variety X ⊂ Pr , showing some
relations between the �ber of the map and the entry locus of the variety. In the
third section we apply the above results to varieties with one apparent double
point: these are n-dimensional varieties Xn ⊂ P

2n+1 such that through the
general point of P2n+1 there passes a unique secant line to X , or equivalently
such that the projection from a general point of P

2n+1 is a variety with only a
double point as singularity. The �rst result shows that a variety Xn ⊂ P2n+1

scheme theoretically de�ned by quadrics has one apparent double point if the
image of the rational map associated to |H 0(IX (2))| has dimension 2n; in this
case the irreducible components of a general �ber of the associated rational map
are secant lines to X and hence through a general point of P2n+1 there passes
a unique secant line to X . In particular if Xn ⊂ P2n+1 is scheme theoretically
de�ned by a subhomaloidal linear system of quadrics having as a general �ber
a line, then X has one apparent double point. Then we apply this remark to
verify that some interesting examples of varieties have one apparent double
point; combining the above result with Theorem 1 we prove that a linearly
normal regular variety Xn ⊂ P

2n+1 with Sec(X ) = P
2n+1 and with degree

d ≤ 2n + 1 has one apparent double point. Most of these results on varieties
with one apparent double point are contained in [1], where more sophisticated
methods were employed and where all varieties Xn ⊂ P2n+1 with one apparent
double point and of degree d ≤ 2n + 4 were classi�ed. We insist about the
elementary and geometric nature of the arguments used here.

Acknowledgments. The idea of applying Castelnuovo�s argument to subhoma-
loidal systems was suggested to us by Ciro Ciliberto some time ago. We would
like to thank him for this and for many other suggestions and discussions, which
helped and stimulated us very much during last years. We also thank Andrei In-
shakov for some useful remarks on an old version of the paper.

1. Special subhomaloidal systems of quadrics.

We give a geometric and direct proof of the fact that quadrics through a
linearly normal, regular if dim(X ) ≥ 2, variety X ⊂ P

r , whose degree is
suf�ciently small with respect to codimension, de�ne a special subhomaloidal
system of quadrics. If Sec(X ) ⊂ Pr , then the associated rational map is an
embedding off Sec(X ) and the linear system is homaloidal.

Theorem 1. Let X ⊂ Pr be a smooth linearly normal variety such that
Sec(X ) ⊂ Pr . Suppose h1(OX ) = 0, if dim(X ) ≥ 2. Let s = codim(X )
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and let d = deg(X ). If d ≤ 2s − 1, then the quadrics through X give a special
homaloidal system, de�ning an isomorphism on Pr \ Sec(X ).

We would like to remark that by virtue of Lemma 5 below varieties
satisfying the hypothesis of the proposition are scheme theoretic intersection
of the quadrics through them.

Let X ⊂ Pr be a smooth non-degenerate variety of degree d = 3, then
X is either a cubic hypersurface or s = codim(X ) = 2 (remember that for
a non-degenerate variety d ≥ s + 1). In the last case X is the Segre variety
P1 × P2 ⊂ P5 or one of its linear sections. In any case X has ideal generated
by 3 quadrics giving a rational map φ : P

r − − → P
2, r = 3, 4, 5 . To verify

that the general �ber is a Pr−2 it suf�ces to cut with a general P2, to remark
that φ induces on this P

2 a standard Cremona transformation so that a general
P2 cuts a general �ber of φ in one point, giving the assertion. This fact can be
generalized to arbitrary d in the same way using Theorem 1.

Corollary 1. Let X ⊂ P
r be a smooth linearly normal variety. Suppose

h1(OX ) = 0, if dim(X ) ≥ 2. Let s = codim(X ) and let d = deg(X ). If
d ≤ 2s−1, then the quadrics through X de�ne a special subhomaloidal system.

To prove Theorem 1 we need some preliminary results, which we repro-
duce for the convenience of the reader.

Lemma 1. Let X ⊂ P
r be a smooth algebraic variety scheme theoretically

intersection of quadratic forms F0, . . . , Fs and let V =< F0, . . . , Fs >. Let
p, q ∈ P

r be two distinct points such that the line < p, q >= L is not secant,
or tangent, to X but it cuts X in a point h. Then the two points p and q are
separated by the linear system |V |.

Proof. The linear system |V ||L has at least a base point h. The residual part
gives a base point free linear subsystem of |OL(1)| so that it separates the points
p and q . Otherwise this linear subsystem would be zero dimensional and would
have a base point m, eventually coincident with h; the line L would be secant
or tangent to X . �

Lemma 2. (generalized trisecant lemma) Let C ⊂ P
r , r ≥ 3, be an irreducible

non-degenerate curve and let k, 1 ≤ k ≤ r − 2, be an integer. Then the family
of (k + 2)-secant k-planes to C has dimension at most k.

Lemma 3. Let C ⊂ P
r , r ≥ 5, be a non-degenerate irreducible curve and let

L ⊂ Pr be a line such that L ∩ C = ∅.
Then, for a general hyperplane H through L, for every p1, . . . , ps , 1 ≤

s ≤ r − 2, in H ∩ C and for every p, q ∈ L, the points p1, . . . , ps, p, q are in
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general linear position and the linear space < p1, . . . , ps > does not contain
other points of C.

Moreover, given a point p ∈ L, for a general hyperplane H through L,
there exist p1, . . . , pr−1 ∈ H ∩ C such that < p1, . . . , pr−1 >� P

r−2 does not
pass through p.

Proof. To prove the �rst assertion we can assume s = r − 2. Suppose that
for a general hyperplane H through L there exists p1, . . . , pr−2, p, q such that
dim(< p1, . . . , pr−2, p, q >) ≤ r − 2. Fix a general P

r−2 skew with L . Then
taking on the curve C � = πL(C) ⊂ Pr−2 the section by a generic hyperplane
H � ⊂ P

r−2 , necessarily of the form πL(H ) with H general through L , the
r − 2 points πL (p1), . . . , πL(pr−2) would not be in general linear position, in
contradiction with the general position lemma.

If for a general hyperplane H through L , there exist p1, . . . , pr−2 ∈ H ∩C
such that < p1, . . . , pr−2 > contains another point of C , then C would have an
(r − 2)-dimensional family of (r − 1)-secant (r − 3)-planes, in contradiction
with the generalized trisecant lemma.

Let us prove the last assertion. By Lemma 2 for general H through L
there exist p1, . . . , pr−1 ∈ H ∩ C such that WH =< p1, . . . , pr−1 > is an
hyperplane in H . Now �x a general Pr−1 not passing through p: if every WH

passes through p, then the curve πp(C) = C � ⊂ P
r−1 would have an (r − 2)-

dimensional family of (r − 1)-secant (r − 3)-planes, in contradiction with the
generalized trisecant lemma. �

Lemma 4. Let C ⊂ Pr , r ≥ 5, be an irreducible linearly normal curve of
degree d ≤ 2r − 3. Let p, q ∈ P

r such that L =< p, q > ∩C = ∅. Then the
points p and q are separated by the linear system |H 0(IC (2))|.

Proof. Let H be a general hyperplane through L . By Lemma 3 there exist
p1, . . . , pr−1 ∈ � = H ∩ C , such that W =< p1, . . . , pr−1 >� Pr−2 does not
pass through q (or viceversa through p).

We proceed in the proof by applying the idea of Castelnuovo to construct
(reducible) quadrics containing � and satisfying the other properties. Let #� =

r −1+ k ≤ 2r −3. Since H is general, the remaining k points pr , . . . , pr−1+k ,
k ≤ r − 2, p and q are in general linear position in H by Lemma 3; hence
there exists an hyperplane Wp in H containing p and pr , . . . , pr−1+k , but not
q (or viceversa there exists the analogous Wq not containing p). Then W · Wp

is a quadric in H containing � ∪ p but not q (or viceversa W · Wq contains
� ∪ q but not p). Then there exists Q ∈ H 0(I�(2)) vanishing in p but not in q
and viceversa. Since C is linearly normal, there exists Q ∈ H 0(IC (2)) with the
same property. �
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Lemma 5. Let X ⊂ Pr be a smooth linearly normal variety. Suppose
h1(OX ) = 0, if dim(X ) ≥ 2. Let s = codim(X ) and let d = deg(X ). If
d ≤ 2s, then X is the scheme theoretic intersection of the quadrics through it.

Proof. Let p ∈ Pr \X and let M be a general Ps through p; applying arguments
like in the above lemmas, one sees that cutting X with M we will obtain a
collection � = M ∩ X of d points, s + 1 ≤ d ≤ 2s in P

s satisfying the
following condition: s of them span a linear space N = Ps−1 and the remaining
d − s a linear space N � � P

d−s−1 such that the points of each of these subsets
do not belong to the linear space generated by the other subset. Then the usual
Castelnuovo�s argument (see Lemma 4) can be applied to show that � is the
scheme theoretic intersection of the quadrics containing it; since the hypothesis
imply that the restriction map H 0(IX (2)) → H 0(I�(2)) is an isomorphism,
p is not in the intersection of the quadrics containing X . We have proved that
X is the set theoretic intersection of H 0(IX (2)); applying arguments like in
the above lemmas to a point p ∈ X , a line L through p not tangent to X and
a general P

s through L , since L cuts X transversally at most only in another
point by the �rst part of the proof, the usual Castelnuovo�s argument shows that
L is not contained in the intersection of the tangent spaces in p to the quadrics
containing X , i.e. X is scheme theoretically the intersection of the quadrics
containing it. �

Remark 1. The above results seem to be unknown. For example Lemma 5
implies that the rational surfaces S ⊂ P

6 considered in [19], [6] and [12] are the
scheme-theoretic intersection of the quadrics through them (see also [15] for a
different proof of this fact). In the above mentioned papers either the problem
was left open or solved by ad-hoc methods.

Proof of theorem 1. We want to show that every p, q ∈ P
r\Sec(X ) are separated

by the linear system |H 0(IX (2))|. Let L =< p, q > (if p = q we will identify
L with a line through p and we will leave to the reader the obvious modi�cation
of the argument in this case) be a line not secant or tangent to X . Let us suppose
that L ∩ X consists of a single point. Since by Lemma 5 X is the scheme
theoretic intersection of the quadrics containing it, applying Lemma 1 we obtain
that the points p and q are separated by |H 0(IX (2))|.

We can assume s ≥ 4 because, for s ≤ 3, X is necessarily a quartic normal
rational curve, a quintic normal elliptic curve or the Veronese surface in P5, for
which the result is well known by classi�cation of varieties of low degree (see
for example [9] for s = 2 when 2s −1 = d = s +1 and [13] for the case s = 3,
i.e. 5 = 2s − 1 ≥ d ≥ s + 1 = 4).

Let us assume L ∩ X = ∅. Let M be a general linear space of dimension
s + 1 through L . Then C = M ∩ X is an irreducible curve of degree d ≤
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2(s+1)−3 = 2s−1 and clearly L∩C = ∅. The hypothesis imply also that C is
linearly normal and that the restrictionmap H 0(Pr , IX (2)) → H 0(Ps+1, IC(2))

induces an isomorphism. Since s ≥ 4 Lemma 4 gives that the points p and q
are separated by |H 0(IC (2))| and hence by |H 0(IX (2))|.

Then |H 0(IX (2))| is a special homaloidal system of quadrics de�ning an
isomorphism on Pr \ Sec(X ). �

Proof of corollary 1. By the discussion before the statement of the corollary we
can suppose s ≥ 3. Let k ≤ r be the greatest integer such that the general
linear section of X with a P

k is a smooth variety Y of dimension greater than
or equal to 1 such that Sec(Y ) ⊂ Pk ; since s ≥ 3 we have k ≥ 4. Then Y is
a linearly normal variety of degree d ≤ 2s − 1 and such that h1(OY ) = 0, if
dim(Y ) ≥ 2 by Kodaira�s vanishing theorem. Applying Theorem 1 to Y we see
that a general �ber of the rational map given by |H 0(IX (2))| cuts a general P

k

in a point, giving the assertion. �

2. Varieties which are scheme theoretic intersection of quadrics.

Let X ⊂ Pr be scheme theoretically de�ned by the quadrics through
it. Assume, as usual, that X is smooth and non-degenerate. Let us consider
the rational map � associated to the linear system V = H 0(Pr , IX (2)),

dim(V ) = α + 1. Let P be a generic point of P
r out of X and let z be its

coordinates. Let us consider the Jacobian matrix of �, evaluated at P :

J�|P =






gradF0|P

gradF1|P

. . . . . . . . .

gradFα|P




 = 2






zt A0

zt A1

. . . . . .

zt Aα




 ,

where t means transposition, and A0, . . . , Aα are the matrices of the corre-
sponding quadrics. Note that J�|P is a matrix of type (α + 1, r + 1). Let ρ(P)

be the rank of J�|P and let LP = {x ∈ Pr |zt Ai x = 0, i ≥ 1}.

Let us consider �P := �−1[�(P)] and let us prove the following.

Lemma 6. With the previous notation: TP(�P) = LP and dim(LP ) =

r + 1 − ρ(P) where TP is the Zariski tangent space to �P at P.

Proof. Let us choose a coordinate system in P
α such that �(P) ≡ (1 : 0 :

. . . : 0). Hence we have that �P ∪ X = {x ∈ Pr |xt Ai x = 0, i ≥ 1} and
TP(�P) = {x ∈ P

r |zt Ai x = 0, i ≥ 1} = LP . Consider J�|P : the �rst row
can not be a linear combination of the other ones, otherwise we would have:
zt A0 =

�
λj zt Aj ; then zt A0z =

�
λj zt Aj z, but this is not possible since
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F0(z) �= 0 and Fi(z) = 0 for i ≥ 1. Therefore the rank of the matrix obtained
from J�|P by dropping out the �rst row is ρ(P) − 1; on the other hand this
rank is the number of linearly independent hyperplanes de�ning LP so that
dim(LP) = r − [ρ(P) − 1] = r + 1 − ρ(P). �

Now, for any P ∈ Sec(X ) \ X, let us de�ne CP as the (closure of the) set
of points Q ∈ P

r such that the line PQ is a secant line for X . Obviously, CP is
never empty and the entry locus of P with respect to X ,

�P = {x ∈ X | ∃ y ∈ X y �= x or x = y : P ∈ �x , y�},

is the intersection between X and CP as sets.
We have essentially proved the next result.

Lemma 7. For generic P the cone CP is set-theoretically the intersection of
�P ∪ X with TP(�P) = LP .

Proof. As above we can assume that �(P) ≡ (1 : 0 : ..... : 0). Let Q
be another point of P

r , Q �= P, and let x be its coordinates. To �nd the
intersections between X and the line PQ we have to �nd the values (λ : µ)

for which the following equations are satis�ed:

(λz + µx)t Ai (λz + µx) = 0 for any i ≥ 0; i.e.

λ2(zt Ai z) + 2λµ(zt Ai x) + µ2(xt Ai x) = 0 for any i ≥ 0; (∗)

moreover PQ is a secant line to X if and only if all equations (∗) have the same
solutions. This happens if and only if the following matrix








zt A0z zt A0x xt A0x
0 zt A1x xt A1x
0 zt A2x xt A2x

. . . . . . . . . . . . . . . . . .

0 zt Aαx xt Aαx








has rank one and hence if and only if zt Ai x = xt Ai x = 0 for any i ≥ 1 (recall
that zt A0z �= 0). We have that

CP = {x ∈ P
r |zt Ai x = x t Ai x = 0, i ≥ 1}red ,

that
�P ∪ X = {x ∈ P

r |xt Ai x = 0, i ≥ 1}

and that
TP(�P) = {x ∈ P

r |zt Ai x = 0, i ≥ 1} = LP;

therefore CP = (�P ∪ X ) ∩ LP as sets. Moreover CP is the intersection of the
α cones: {zt Ai x = xt Ai x = 0}i = 1, 2, . . . , α, each of them being singular
at P . �
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3. Varieties with one apparent double point.

We now apply the results of the previous sections to varieties with one
apparent double point.

Proposition 1. Let X ⊂ P2n+1 be a smooth, non-degenerate, variety of dimen-
sion n with Sec(X ) = P

2n+1 , which is the scheme theoretic intersection of α+1
quadrics. Let � : P2n+1\X → Pα be the associated rational map and let ρ(�)

be the rank of J� at the generic point of P
2n+1 . If dim (Im (�)) = 2n (or equiv-

alently ρ(�) = 2n + 1), then X is a variety with one apparent double point. In
particular if X ⊂ P

2n+1 is scheme theoretically de�ned by a subhomaloidal lin-
ear systems of quadrics whose general �ber is a line, then X has one apparent
double point.

Proof. Recall that we can regard � as a regular map between smooth varieties,
hence, for generic P ∈ P2n+1, �P is smooth and of pure dimension 2n + 1 −

dim (Im(�)). Moreover since it is de�ned by quadrics vanishing on X , �

contracts secant lines to X to points. Hence in our hypothesis dim(�P) = 1
and every secant line passing through an arbitrary point Q ∈ P

2n+1 is contained
in �Q . Since Sec(X ) = P2n+1 , there is at least a secant line to X passing
through a general point P ∈ P

2n+1 , so that every irreducible component of a
general �ber of � is a secant line to X and hence there passes a unique secant
line to X through a general point of P2n+1 , i.e. X is a variety with one apparent
double point. Using the notations of the previous section, one could also argue
as follows. By Lemma 6, LP is a line tangent to �P at P . As Sec(X ) = P2n+1

there is at least a secant line to X , passing through P so that CP is not empty
and, by Lemma 7, CP is contained in LP . Therefore CP = LP as schemes and
for generic P ∈ P

2n+1 there passes a unique secant line to X i.e. X is a variety
with one apparent double point.

If X is scheme theoretically de�ned by a subhomaloidal system having a
line as general �ber, then arguing as above, the general �ber is a secant line to
X . �

Corollary 2. Let X ⊂ P
2n+1 be a smooth linearly normal n-dimensional

variety of degree d ≤ 2n + 1 with Sec(X ) = P2n+1 . Suppose h1(OX ) = 0,
if n ≥ 2. Then X has one apparent double point.

Proof. By corollary 1 we know that |H 0(IX (2))| is a subhomaloidal linear
system giving a rational map � : P

2n+1 − − → PH 0(IX (2))) which is not
de�ned exactly along X and having as general �ber a projective space Pk ,
with k ≥ 1 since Sec(X ) = P

2n+1 . To show that X is a variety with one
apparent double point it is suf�cient to prove that the general �ber of � is a
line, necessarily secant to X . Cutting X with a general hyperplane H we obtain
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a variety Y = X ∩ H for which the hypothesis of Theorem 1 are satis�ed; the
restriction to H of � is then birational and the general �ber of � is a line. �

As an application of the results we now prove that some varieties have one
apparent double point.

Example 1. (Smooth n-dimensional varieties of minimal degree d = n + 2
in P2n+1 , whose secant variety �ll the whole space have one apparent double
point). We construct two series of varieties Xn+2

n ⊂ P
2n+1 , each of which has

one apparent double point. These are the smooth n-dimensional rational normal
scrolls in P

2n+1 of degree n + 2 S(1, . . . , 1
� �� �

n−2

, 2, 2), n ≥ 2, or S(1, . . . , 1
� �� �

n−1

, 3),

n ≥ 1. These varieties are linearly normal, have h1(O) = 0, their secant
varieties �ll the whole space and have degree d = n + 2 ≤ 2(n + 1) − 1;
they have one apparent double point by corollary 2. Moreover, these are the
only smooth Xn+2

n ⊂ P
2n+1 , whose secant varieties �ll the whole space by a

classical theorem of Bertini and Del Pezzo. For n ≥ 2 these varieties can be
realized as divisors of type (2, 1) on the Segre embedding of P1×Pn into P2n+1 .
For n = 2, S(2, 2) can be realized also as a divisor of type (0, 2) on the Segre
3-fold P1 × P2 ⊂ P5. From the description of these varieties as divisors on the
Segre variety P

1×P
n into P

2n+1 , Edge showed geometrically that they have one
apparent double point (see [7]).

We recall a construction, due to Edge and Babbage (see [7] and [3]) of two
series of varieties Xn ⊂ P2n+1 , n ≥ 1 having one apparent double point.

Example 2. (Edge varieties have one apparent double point). Let Yn+1 =

P1 × Pn ⊂ P2n+1 be the Segre embedding of P1 × Pn . Then Yn+1 is an
(n + 1)-dimensional subvariety of degree n + 1. Let π be one of the P

n �s of
the ruling of Yn+1 and let Q1 be a general quadric of P2n+1 containing π . Then
the residual intersection of Q1 with Yn+1 is an n-dimensional smooth variety
X 2n+1

n of degree 2n + 1 in P
2n+1 and it is a divisor of type (1, 2) on Yn+1 . Let

now πα and πβ be two �xed n-planes of the ruling of Yn+1 . If Q2 is a general
quadric through πα and πβ , then the residual intersection of Q2 with Yn+1 is an
n-dimensional smooth variety X 2n

n of degree 2n and it is a divisor of type (0, 2)

on Yn+1 , i.e. X 2n
n � P

1 × Qn−1 . By applying corollary 2 we see that the above
varieties have one apparent double point since they are linearly normal, have
h1(OX ) = 0 and degree d ≤ 2(n +1)−1 = 2n +1. Edge shows geometrically
that these varieties have one apparent double point (see [7], I.2�I.5). The above
construction gives, for n = 1, as X 3

1 the twisted cubic and as X 2
1 a pair of lines

in a ruling of the quadric Y1. This last one is not irreducible. For n = 2, X 5
2 is

a Del Pezzo surface of degree 5 in P5, while the surface X 4
2 is a rational normal
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scroll S(2, 2) of degree 4 in P5. It is a classical theorem of Severi, recently
completed in [16], that these two surfaces together with S(1, 3) are the unique
surfaces with one apparent double point.

One could verify that some interesting examples of varieties Xn ⊂ P2n+1 ,
even of degree d > 2n + 1, have one apparent double point using the idea
contained in the proof of corollary 2.

Example 3. (Smooth 3-folds of degree 8 in P7 with one apparent double point).
Let X = P(E) ⊂ P

7 be the scroll over P
2 associated to the very ample vector

bundle E of rank 2 given as an extension by the following exact sequence

0 → OP2 → E → Ip1,...,p8
(4) → 0,

where p1, . . . , p8 are points in P2 such that no 4 of them are collinear and no
8 of them lie on a conic. Such a vector bundle exists (see [13]). A general
hyperplane section of X corresponding to a general section of E is a smooth
octic rational surface Y , the embedding of the blow-up of P

2 at the pi �s given
by the quartics through the pi �s, is arithmetically Cohen-Macaulay and it is
cut out by 7 quadrics, which de�ne a Cremona transformation of P6 (see [12],
[19] and also [15]). Hence X is a linearly normal 3-fold scheme theoretically
intersection of the seven quadrics through it. In fact we know by Lemma 5 that
X is the scheme theoretic intersection of the quadrics trough it. To show that
h0(IX (2)) = 7, we simply remark that cutting with a general P4 we obtain a
set � ⊂ P

4 of eight points in general linear position which impose independent
conditions to quadrics by the usual Castelnuovo� s argument. Since X is linearly
normal and h1(OX ) = 0, we have h0(IX (2)) = h0(I�(2)) = h0(OP4(2)) − 8 =

15 − 8 = 7. We now prove that Sec(X ) = P7 and that X has one apparent
double point. Let � : P

7 − − → P
6 be the rational map given by the quadrics

through X ; � is de�ned outside X and contracts all the secant lines to X . Since
restricting � to a general hyperplane H we obtain a Cremona transformation,
the general �ber of � is a line and necessarily a secant line to X because � is
de�ned by the quadrics through X .

Question 1. Is it true that if X is a variety with one apparent double point, then
X is scheme theoretically de�ned by a subhomaloidal linear system of quadrics
such that the (closure of the) generic �bre is a line ?

We do not know the answer. By the previous results we can say that if X
is the scheme theoretic intersection of quadrics, then, for generic P ∈ P2n+1,

�P is smooth and it contains the unique secant lines to X passing through P.
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In general, even if one dimensional, �P could be the disjoint union of a �nite
number of secant lines to X .

REFERENCES

[1] A. Alzati - F. Russo, Special subhomaloidal systems of quadrics and varieties with
one apparent double point, Math. Proc. Camb. Phil. Soc., 133 (2002).

[2] A. Alzati - F. Russo, On the k-normality of projected algebraic varieties, to
appear on Bull. of the Brazilian Math. Soc..

[3] D. W. Babbage, A series of rational loci with one apparent double point, Proc.
Camb. Phil. Soc., 27 (1931), pp. 399�403.

[4] A. Bertram - L. Ein - R. Lazarsfeld, Vanishing theorems, a theorem of Severi, and
the equations de�ning projective varieties, J. of the A.M.S., 4 (1991), pp. 587�
602.

[5] G. Castelnuovo, Sui multipli di una serie lineare di gruppi di punti appartenente
ad una curva algebrica, Rend. Circ. Mat. Palermo, 7 (1893), pp. 89�110.

[6] B. Crauder - S. Katz, Cremona transfromations with smooth base locus, Amer. J.
Math., 111 (1989), pp. 289�309.

[7] W.L. Edge, The number of apparent double points of certain loci, Proc. Cam-
bridge Philos. Soc., 28 (1932), pp. 285�299.

[8] L. Ein - N. Shepherd-Barron, Some special Cremona transformation, Amer. J.
Math., 11 (1989), pp. 783�800.

[9] D. Eisenbud - J. Harris, On varieties of minimal degree, Alg. Geometry Bowdin
1985, Proc. Symp. in Pure Math., 46 (1987), pp. 3�13.

[10] M. Green, Koszul cohomology and the geometry of projective varieties, J. Diff.
Geometry, 19 (1984), pp. 125�171.

[11] M. Green - R. Lazarsfeld, Some results on the syzygies of �nite sets and algebraic
curves, Compositio Math., 67 (1988), pp. 301�314.

[12] K. Hulek - S. Katz - F.O. Schreyer, Cremona transformations and syzygies, Math.
Z., 209 (1992), pp. 419�443.

[13] P. Ionescu, Embedded projective varieties of small invariants, L. N. M. 1056,
pp. 142�186.

[14] P. Ionescu, Embedded projective varieties of small invariants. III, L. N. M. 1417,
pp. 138�154.

[15] M. Mella - F. Russo, On Cremona transformations whose fundamental locus is a
smooth irreducible surface, submitted.

[16] F. Russo, On a theorem of Severi, Math. Ann., 316 (2000), pp. 1�17.



THE USUAL CASTELNUOVO�S ARGUMENT AND. . . 385

[17] J.G. Semple, On representations of the Sk �s of Sn and of the Grassmann manifold
G(k, n), Proc. London. Math. Soc., 32 (1931), pp. 200�221.

[18] J.G. Semple - L. Roth, Introduction to Algebraic Geometry, Oxford University
Press, 1949 and 1986.

[19] J.G. Semple - J.A. Tyrrell, The T2,4 of S6 de�ned by a rational surface F8 , Proc.
Lond. Math. Soc., 20 (1970), pp. 205�221.

[20] F. Severi, Intorno ai punti doppi impropri di una super�cie generale dello spazio
a quattro dimensioni e ai suoi punti tripli apparenti, Rend. Circ. Mat. Palermo, 15
(1901), pp. 33�51.

[21] P. Vermeire, Some results on secant varieties leading to a geometric �ip construc-
tion, Comp. Math., 125 (2001), pp. 263�282.

[22] F.L. Zak, Tangents and secants of algebraic varieties, Translations of Mathemat-
ical Monografhs, vol. 127, Amer. Math. Soc., 1993.

Alberto Alzati
Dipartimento di Matematica �F. Enriques�,
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