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LOCAL AND GLOBAL SOLVABILITY IN
ATTRACTION-REPULSION CHEMOTAXIS SYSTEMS WITH
[*-INITIAL DATA

Y. CHIYO - T. SAGA - T. YOKOTA

This paper deals with the attraction-repulsion chemotaxis system
ur=ahu—xV-(uVv)+EV-(uVw), x€Q,t>0,
Tv; = bAv+ ot — B, xeQ, t>0,
0= cAw+ yu— &w, xeQ, >0
under homogeneous Neumann initial-boundary conditions, where Q C R”
(n < 3) is a smoothly bounded domain and a,b,c, ., &, 3,7,8 > 0 and
7 € {0, 1} are constants. The purpose of the present paper is to construct
a local solution of this system for any L>-initial data without additional
conditions on ¥ and & by using the theory for abstract evolution equations

and to extend the local solution globally in the repulsion-dominant case
by relying on a priori estimates.

1. Introduction

Problem. In this paper we apply the theory for abstract evolution equations
(Yagi [22]) to establish local and global existence of solutions to the Neumann
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initial-boundary value problem

(4, = alu— xV - (uVv)+EV-(uVw), xe€Q, >0,

v, = bAv+ au— B, xeQ,t>0,
0=cAw+ yu— ow, xeQ, >0, (1)
Vu-v=Vy-v=Vw-v =0, x€dQ, t>0,

u(x,0) = up(x), 7v(x,0) = Tvo(x), xXeQ,

where Q C R" (n < 3) is a bounded domain with smooth boundary dQ, 7 €
{0,1} and a,b,c,x,&, o, B,7,6 > 0 are constants, and V is the outward normal
vector to dQ. This attraction-repulsion chemotaxis system was proposed by
Luca et al. [13] to describes aggregation of Microglia in Alzheimer’s disease. In
this system the functions u,v and w idealize the cell density, the concentrations
of the chemoattractant and chemorepellent, respectively.

The system consisting of the first and second equations in (1) with & =0 is
well-known as the classical Keller—Segel system ([12]), which has been studied
by many researchers. For example, Osaki and Yagi [20] showed local and global
solvability of generalized systems including

{ut:aAu—xV-(qu), xeQ, t>0, 2

v, = bAv+ au— Bv, xeQ, >0

in the one-dimensional setting by rewriting (2) as the evolution equation

au

—4+AU =F(U), U= (u,v),

dt
where A is a suitable linear operator, and F' is some nonlinear operator which
contains chemotaxis terms. After that, many types of Keller—Segel systems have

been investigated (see [1, 2, 14-19, 21], for instance).

Going back to the attraction-repulsion chemotaxis system (1), we can find
a lot of literatures dealing with the case that the initial data is regular. Also,
some related models with nonlinear production or saturation were studied by
[6-9]. On the other hand, there are few studies on the setting that the regularity
of initial data is low. For example, Heihoff [10] showed existence of global-
in-time classical solutions in the two-dimensional fully parabolic case and in
at most three-dimensional parabolic—elliptic—elliptic case when the initial data
up is a positive Radon measure or belongs to L¥(Q) for some k € (1,2). In
this direction, to the best of our knowledge, the literature [10] is the only work
for attraction-repulsion chemotaxis systems. However, since the proof in [10]
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is based on the global-in-time approximate solutions corresponding to smooth
initial data, it is imposed that % — %y < 0 with b = ¢ = 1. Thus, in this paper
we consider the question whether we can establish local existence in (1) with
[?-initial data as in [20] without any condition on the sign of % — %7

Main results. We define function spaces H3(Q) and Hy (Q) as

HA(Q):={p e H*(Q)|Vp-v=0 onadQ},
Hin(Q) = {9 € HR(Q) | Ap € HY(Q)}.

We now state theorems which guarantee local and global existence in (1).

Theorem 1.1 (Local existence; T = 0). Let Q C R" (n < 3) be a bounded do-
main with C*>-boundary. Let T = 0. Then for all nonnegative data uy € L*(Q)
satisfying uy # 0, there exists T,, > 0 such that (1) with T = 0 admits a unique
local solution (u,v,w) such that u,v,w > 0 in Q x [0,T,,] and that

u € CO(10, i ): L)) NCO((0, T J: () NCY (0, T3 J: LA(2),
vow € CO([0, T s HR () NCO((0, T J: Hi (2)):

Theorem 1.2 (Global existence; T = 0). Let Q C R" (n < 3) be as in Theorem
1.1. Let T = 0. Assume that

xo &Ly
7—7 < 0. 3)

Then for all nonnegative data ug € L*(Q) satisfying uo # 0, there exists a unique
triplet (u,v,w) of nonnegative functions

{MGCO([O 00); L2(Q)) N CO((0,00): HR(Q)) NC'((0,0); L*(Q)),
v,w € CO([0,00); HF () NCO((0,00): Hn (),

which solves the problem (1) with T = 0.

Theorem 1.3 (Local existence; T = 1). Let Q C R" (n < 3) be as in Theorem
1.1. Let T = 1. Then for all nonnegative data uy € L*(Q) and vy € H%(Q)
satisfying ug,vo # O, there exists Ty, ,, > 0 such that (1) with T = 1 admits a
unique local solution (u,v,w) such that u,v,w > 0 in Q x [0, T,, ,] and that

€ CO([0, Top 0 J: L2 (R)) NCO((0, Ty ] HR(R)) N CH (0, o 00 J: L2 (),
v € CO([0, Ty ) HF(R)) NC((0, T HAN () N CH((0, Tog 0 : HE ()
w € CO([0, T 0 HR (€)) N CO(0, Ty | HAN ()
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Theorem 1.4 (Global existence; T = 1). Let Q@ C R" (n < 3) be a bounded
domain with C3-boundary. Let T = 1. Assume that

xe sy
C 3 X4 SY <0, 4
MR b c ( )
where Cyr > 0 is a constant given in Lemma 2.7 below. Then for all nonnegative
data uy € L*(Q),vy € H3(Q) satisfying uo,vo # 0, there exists a unique triplet
(u,v,w) of nonnegative functions

u € CO([0,00); LA(Q)) NCO((0,0): HY (Q)) NCH((0,0): L2 (),
v € CO([0,00): HJ(Q)) NCO((0,20): Hx (@) N CH((0,00): HY (Q)),
w € CO([0,00): HY (Q)) N CO((0,0): Hin (R)),

which solves the problem (1) with T = 1.

We can provide further information about solvability of (1). To state this
precisely we note that if Q is of class C3, then Hy (Q) C H?(Q). Thus, for the
global-in-time solution (u#,v,w) obtained by Theorem 1.2 (resp. Theorem 1.4)
and for all € > 0, by the Sobolev embedding theorem, we have u(g) € C°(Q)
and v(g) € W'=(Q). Thus, in view of [5, Theorem 3.5] (resp. [3, Theorem 1.1
with n € {1,2}]), the following corollary holds.

Corollary 1.5. In Theorem 1.2 assume further that Q is of class C>. In Theorem
1.4 suppose further thatn € {1,2}. Then for T € {0, 1} the unique triplet (u,v,w)
satisfies that u,v,w > 0 in Q x [0,0) and that

ue€ C>(Qx(0,%)),
v, € My CO((0,00); WH2(Q)) NCHH(Q % (0,0)),

which solves the problem (1) classically.

Strategies for proving local and global existence. The strategies for proving
Theorems 1.1 and 1.3 are based on Yagi [22]. Specifically, in the proof of
Theorem 1.1 we rewrite the problem (1) with 7 = 0 as the evolution equation in
L2(Q),

du

E—I—Alu = F(u),

where
Au:= —alAu+u,
F(u):=u—xV-(uVv)+&EV- (uVw)
with v:=o(—bA+BI) 'u, w:=7y(—cA+8I)"u
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Also, in the proof of Theorem 1.3 we formulate (1) with 7 = 1 as the evolution
equation in L(Q) x H3(Q),
du

—+AU =F(U

where

Lo (AT 0
\ —al  —bA+PBI)’
u—xV-(uVv)+EV-(uVw)

F(U)::( 0 )7 U= (u,v)
with  w:=y(—cA+8I) lu.

Then we show local existence by applying an abstract local existence result
(Lemma 2.1) to these equations. In order to construct global solutions we
invoke an abstract global existence result (Lemma 2.2). To see this in the
proof of Theorem 1.2 we derive uniform-in-time boundedness of ||u(7) H%Z(Q).
Also, in the proof of Theorem 1.4 we first construct a differential inequality for
C||u(t)|\%2(g> + ||A2v(t)||%2(g) with some § > 1 and A,v := —bAv+ Bv. We next
employ the maximal Sobolev regularity as in [11, Proof of Proposition 3.2] to
show uniform-in-time boundedness of {||u() H%ﬁ(sz) + [[A2v(1) 12, @)

Plan of the paper. This paper is organized as follows. In Section 2 we collect
some results on local and global existence in the abstract Cauchy problem for
semilinear evolution equations in a Banach space, and recall some properties
of sectorial operators in some Hilbert spaces, as well as give basic inequalities.
Sections 3 and 4 are devoted to the proofs of local and global existence in the
parabolic—elliptic—elliptic case (T = 0) and the parabolic—parabolic—elliptic case
(T = 1), respectively.

Throughout this paper, we denote by c¢; generic positive constants, which
will be sometimes specified by c¢;j(€) depending on small parameters € > 0.

2. Preliminaries

In this section we first focus on the abstract Cauchy problem for semilinear
evolution equations,

du
— +AU =F(U), t>0,
dt (%)

U(0) =Up
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in a Banach space X defined over the complex field C. Here A is a sectorial
operator in X with angle wy € (0, %) satisfying

0(A) CLy:={AeC]||argl| < o}, a)A<a)<g, (6)
and
M
H(M_A)—‘Hgﬁ, A ¢ To, (oA<a)<g, )

where 6(A) is the spectrum of A and M, > 1 is some constant. Meanwhile
F :D(A") — X is a nonlinear operator with n € [0, 1).

We now recall results on local- and global-in-time existence in the problem
(5) (see [22, Theorem 4.4 and Corollary 4.3 (pp. 188-189)]).

Lemma 2.1. Let A satisfy (6) and (7). Assume that F fulfills

IF(U)=F(V)lx < o(lU]lx +[VIx)
1AM U =V)lx + (JATUlx + [IATV 1)U = VIx] (8)

forall U,V € D(AM) with some M € [0,1), where @ is some increasing contin-
uous function. Then for any Uy € X, the problem (5) possesses a unique local
solution

U € C°([0, Ty, );X) N C°((0, Ty, ; D(A)) N CH((0, Ty, 5 X)),

where Ty, > 0 depends only on the norm ||Up||x.

Lemma 2.2. Under the assumption of Lemma 2.1, let Uy € X. Assume that any
local solution U of (5) in the function space

C°([0, Ty ); X) N C°((0, Ty |; D(A)) N C* ((0, Ty]: X)
satisfies the estimate
U@)x <Cuyy, 0<t<Ty

with some constant Cy, > 0 independent of Ty; > 0. Then the problem (5) admits
a unique global solution U in the function space

C°([0,50);X) N C°((0,0); D(A)) NC' ((0,0): X).
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We next give some lemmas to construct a local solution of the problem (1).
In the following four lemmas we deal with complex-valued functions. We define
elliptic operators A;,A,,A3 in L2(Q) as follows:

Aju:=—aAu-+u, u€D(A):=HZ(Q),
Ay :=—bAv+Bv, vED(Ay):=Hi(Q),
Azw = —cAw+ 8w, w € D(A3):=Hi(Q).

The next lemma states a characterization of fractional powers of elliptic opera-
tors in L? (Q) (see [22, Theorems 2.2 and 16.7 (pp. 59 and 547)] for the proof).

Lemma 2.3. Let Q C R" (n € N) be a bounded domain with C*-boundary. Then
fori=1,2,3, the operators A; defined as above are sectorial in L*(Q) satisfying
(6) and (7). Moreover,

3
H?®(Q) if 0<6< 7
D(A?) = [L*(Q), H{(Q)]s = ;
HP(Q) if <0<l
with norm equivalence
C ullo ) < 470l 2(0) < Cllullsaogey, € D(AT), )
where C > 0 is a constant.
We also regard A, and Aj as operators from Hyy (Q) = D(A?) into D(A;) =
HZ(Q) (i € {2,3}). Then it follows from Lemma 2.3 that for i € {2,3},
7
H(Q) = {ve HZ(Q) |Ave H*O-)(Q)} if1<0 <,
0 4
D(AY) = 7
12,(Q) = {ve H3(Q) | Ave HZO (@)} if g<o<2
We next consider sectorial operators in the product space L*(Q) x HZ(Q).

The following lemma can be proved similarly to the proof of [22, Theorem 2.16
(p- 82)I.

Lemma 2.4. Let Q CR" (n € N) be a bounded domain with C*-boundary. Then
the matrix operator A defined as

A= <—AO161 f), D(A) :=D(A;) x D(A) (10)

is a sectorial operator in L*(Q) x H§(Q) with angle 0 < ws < % satisfying (6)
and (7), where I € L(D(A}); H3(Q)) is an identity operator.
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Let Ap be a diagonal operator in L2(Q) x HZ(Q) defined as

Ap = <‘2)‘ £2>, D(Ap) := D(A}) x D(A,). (11)

Then Ap is a selfadjoint operator and A% = diag{A? ,Ag }. In particular,

{ (”) ueH®(Q)andve Hife“)(gz)} if0<6< Z,

v

%

{ (”) ucHP(Q)andv € 3'-[12\1(13“)(9)} if% <6<l

The next lemma has been established in [22, Proposition 12.1 (p. 421)].

Lemma 2.5. Let A be the matrix operator defined as (10) and Ap the matrix
operator defined as (11). Then

D(A%) =D(AR), 6 €lo,1]
with norm equivalence

c! HAIG)UHLZ(Q)XHI%(Q) < HAGUHLZ(Q)XH]%(Q) < CHAJQDUHL2(Q)xH§(g) (12)

forallU € L*(Q) x HX(Q), where C > 0 is a constant.

Finally, we present some inequalities. The following inequality plays an
important role in deriving local-in-time existence.

Lemma 2.6. Let Q C R" (n < 3) be a bounded domain with C*-boundary. Let
e €(0,3) and

1
—f ifne{12),
0= 323 (13)

Then there exists a constant C > 0 such that
IV (V)| 2(0) < Cllll 2o V2, w€ H(Q), ve HY Q).  (14)
Proof. Letu € H*®(Q) and v € H*(Q). Then we note that

IV - (@V)12i@) < [IVie- Vvl 12(0) + [[udv] 2 () (15)
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From the Sobolev embedding theorem, we infer that H*%(Q) < L*(Q) and
hence,

[udvl r2@) < llullz=@) |AvIi2@) < cillullm2o @)V 2 () - (16)
In order to obtain the estimate (14) it is sufficient to show
V- V|| 20y < callull o) VIl 2(0)- (17)

We first consider the case n = 1. From the Sobolev embedding H!(Q) — L™(Q)
we have

V- V|| 20y < [Vl 2 )l V]| =(0)
< csllullg @) IVVIla @
< callullg2o @) V[l 2(0)

which means (17). In order to show the cases n = 2,3 we note that 20 = 5 + ¢
by (13). Therefore, since 20 — 1 < 7, again by the Sobolev embedding theorem,
it follows that

HY Q) > L'(Q), re <2”>

which implies

H®(Q) > W'(Q), re (21”£> . (18)
Let us consider the case n = 2. Since for all r € (2, %) there exists g € (2,)
such that —|— - , we observe that

HV”'VV||L2(Q) < [Vullr@) IVl Lo(a)- (19)

Applying the Sobolev embeddings (18) and H'(Q) < LI(Q) for g € (2,) to
(19), we obtain

V- V]| o) < es llullwiro) VY1 @)
< celull oo )1Vl 2

which means (17) in the case n = 2. We finally consider the case n = 3. The
Sobolev embedding theorem derives

HY(Q) = L1(Q), g€ (2,6). (20)

Moreover, we see that (19) holds with g € (3,%) and r € (3, ﬁ) satisfying
é —|—% = % Therefore, as in the case n = 2, the inequality (17) is shown by
(18), (19) and (20). Thus, combining (16) and (17) with (15), we arrive at the

conclusion. O
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We next deal with real-valued functions in the following two lemmas, which
will be used to show a priori estimates for solutions. Let T’ € (0,e0]. Then we
consider the inhomogeneous linear heat equation

=bAz—Bz+af inQx(0,T),
Vz-v=0 on dQ x (0,7), (21)
z(+,0) = z9 in Q,

where Q is a bounded domain with C*-boundary, f € L*(0,T;L*(Q)) and B > 0.
The next lemma gives an estimate for solutions of (21) (see [11, Lemma 2.1] for
the proof).

Lemma 2.7. Let Q C R" (n € N) be a bounded domain with C3-boundary and
let 70 € W23 (Q) with Vzg-v =00n dQ. If f € L*(0,T;L3(Q)), then the solution
z of (21) belongs to L3 (0, T;W?3(Q)) and satisfies

T (X 3 T 3
[ 1820) g dr<cMR<\AzOHU Gy \Af(t)||L3(Q)dt>,

where Cyr > 0 is a constant independent of T. Moreover, assume that ty € (0,T)
and z(tg) € W*3(Q) with Vz(ty) - v = 0 on dQ. Then

/IOT HAZ(I)H%‘(Q) dt < Cmr <||AZ(IO)”23(Q) + (05) / IAf(t )HL3 ) .

We finally state the Gagliardo—Nirenberg type inequality (see [4, Lemma
2.3)).

Lemma 2.8. Let Q C R" (n € N) be a bounded domain with C*-boundary. Then
there exists a constant Cgn > 0 such that

0l12:00) < Con (IV0l25 0 915 a) + 11912 0) . @€H'(Q),

where the power K is determined as
1/1 1\
Ki==(—-+4+= 0,1).

3. The parabolic—elliptic—elliptic case 7 =0

3.1. Local existence

In this subsection we prove Theorem 1.1. Let uy € L?>(Q) be a nonnegative
function satisfying ug # 0. The proof of Theorem 1.1 consists of two steps:
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Step 1. Let X :=L*(Q) = L*(Q;C). To begin with, we formulate the problem
(1) with T = 0 as the Cauchy problem for an abstract evolution equation in the
Hilbert space X. Firstly, since T = 0, we see from the second and third equations
(1) with 7 = 0O that

v=o(—bA+BI)"u, (22)
VIl 20y < etllull 20 (23)
w=y(—cA+8I)"lu, (24)
Wiz ) < callull 2, (25)

where [ is the identity operator in X. Secondly, let us define a nonlinear operator
F as
F(u,yyw) :=u—xV-(uVv)+EV- (uVw).

Then from (22) and (24), we can regard F (u,v,w) as F (u). Hence we can rewrite
the first equation in (1) as

%—FAlu:F(u), (26)

where A} : D(A}) C L*(Q) — L*(Q) is defined as
Aju:=—aAu-+u, D(A;):=H(Q).

Then Lemma 2.3 ensures that A; satisfies (6) and (7). To use Lemma 2.1 we
next confirm that F fulfills the condition (8). Let 8 be a constant defined in (13)
and take u;,u, € D(AY). Fori € {1,2}, we set

vi = a(—bA+BI) " lu;
and
wi = Y(—cA+ 1) 'u;.

Then we can compute as

1F(u1) = F(w2)ll 2(0) = [ur = 2V - (u1Vv1) + EV - (ur Vwr)]
—[uz = 2V - (u2Vv2) +EV - (u2Vw2)]l12(q)
<2V (Vi) = V- (V) |12 ()
+EV - (1 Vwi) = V- (u2Vw2) 12
+ [lur — w2l 2 (- 27)
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Rewriting the first term on the right-hand side of (27), we have

XV (uiVvi) = V- (12 Vo) 12
= XHV . (u1Vv1) -V. (u1Vv2) +V. (Lt]VVz) -V. (MzVVz) HLz(Q)
= x IV [ Vi =v2)]+ V- [(u1 —u2) Vo]l 120

Due to (14), we infer that

2V (Vo) = V- (ua V)|l 12
<2V iV =)l 2@ +XHV (1 —u2)Vvall 12(q)

<axllullpoq)llvi = vallpz@) +esxllun —uall oo @) vellpe @) (28)
Similarly, we can obtain

SIV- (w1 Vw1) = V- (2Vw2)|| 120

< c3gllunllpo ) w1 = w2l o +63§Hu1—uzllmeg>HWzHH2 (29)

Therefore plugging (28) and (29) into (27) yields

1F (1) = F(u2) |20
<exlulliee e IIV1—VzHH2 ) Heaxllun —uall o) 2l 2 o)

+ 38wl sy lwi —wallpz@) + e38llur — uz || oo ) [IW2ll 2

+ ||us —quHze(Q). 30)
Here, noting that [[vi —va[p2(q) < c1llur — w2l 20 [V2llm2() < cilluall2q)
—wallp2(g) < caflur — quLz w2l ) < 02||M2||L2 ) by (23) and

(25), respectlvely, We see from (30) that

1 (1) = F (12) | 20
< csert (ol = 22 + Nl = 2o 2l 2

o+ cae2& (1o lur = w2l oy + s = 2oy 222 )

+ [lur — 2| oo )
= cs(e1z+e28) ([l oyl — wall oy + i — w2l zoo g 1222 )

+ llur — a2 20 ) -
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This in conjunction with (9) leads to
IF (1) = F (12) 22
<cy (||A?M1 2201 — 2|20y + 1AT (1 — u2) |20y 142|120
+ A9 (01— w2) 20y
< e (14 2 + ez
149 (= w22y + (1401 2@y + 1A 22y ) Nl = vl 2y

whence, from Lemma 2.1, the problem (26) with Uy = uy possesses a unique
local solution

u € C°([0, T, s L* () NCY((0, T Js HR(Q)) NCH((0, Ty s L ()
with some T, > 0. Also, from (22) and (24), we can verify that
v,w € CO([0, T, Js HR (R)) NCO((0, To s Hin (Q)).- 31)

Consequently, we obtain a unique local solution (u,v,w) of (1).

Step 2. We next prove that
u(t),v(t),w(t) >0 forallt € [0,T,,].

Let us first observe that u,v and w are real-valued functions. Since the complex
conjugate (%, v, w) of (u,v,w) is also a local solution of the problem (1) with the
same initial data ug, uniqueness of solutions yields

u(t) =u(t), v(t) = v(t), w(t) =w(t) forallze[0,T,,],

so that u, v and w are real-valued functions. Thereafter, we deal with the function
spaces L2(Q) = L*(Q;R) and HZ(Q) = HZ(Q:;R). Let us introduce a cut-off
function H defined by
ls2 for s € (—o0,0)
H(s):=4¢2 T (32)
0 for s € [0,00),

and set
D(1) := /QH(u(t))dx forr € [0,T,,)-

Then, from the first equation in (1), we have

Q' (t) = (H'(u), abu—xV - (uVv) +EV - (uVw)) (33)

(@)
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forall 7 € (0,7,,]. Employing the Green formula and (32), we see that
(H'(u), abu)paq) = —a/ VH'(u) - Vudx
——a /Q VH' (u) | dx (34)

and

—(H'(u), xV - (uVv)),. X/ uVH'(u) - Vvdx

:x/QH (u)VH'(u) - Vvdx

_ _% | (H'()Avdx.

Since (31) implies
[AV(t)[|2) < s forallt € (0,T,],

using the Holder inequality and the Young inequality, we can compute as
~(H (), 29 - (99)) ) < ZIH )0 1A 2
< *CsHH )1 @) [H' ()] 20
< U H W) 20 + sl H @y (39)
Similarly, it follows that
(H' (), V- (u9w)) () < S IH (W) 3 ) +er|H ()| 36)
Thus, combining (34), (35) and (36) with (33) and recalling (32), we have
/(1) < allH' () 220 + collH (1) | 22 gy + €7 | ()] B2 g

S(a+66+67)/ u* dx
Q
=2(a+ce+c7)P(1).

Hence the inequality @(r) < ®(0)e?(@+cster)l holds. Since ®(0) = 0 by the
nonnegativity ug > 0, it follows that ®(¢) =0 i.e.

u(t) >0 forallr e [0,T,)],

which along with applications of the comparison principle to the second and
third equations in (1) asserts that

v(t),w(t) >0 forallz € [0,T,,].

This completes the proof of Theorem 1.1. O
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3.2. Global existence

Let up € L?(Q) be a nonnegative function satisfying ug # 0 and let U = (u, v, w)
be any local solution of the problem (1) with T =0 on [0, 7y] with Ty > 0 such
that

0 < ue CO(10, TyJ: LA()) NCO((0, TyJ: HA () NC' (0, Ty ]: LA(),
0< vw € CO((0, Ty : H () NCO((0, Ty Hi ()):

We will prove an L2-estimate for u, which together with Lemma 2.2 enables us
to verify global existence in (1) with 7= 0.

Proposition 3.1. Let T = 0. Assume (3). Then there exists a constant C > 0
such that C is independent of Ty and

u(®)]l20) < C  forallt €0,Ty].

In order to prove Proposition 3.1 we give two lemmas which are valid for
7 € {0, 1}. We first recall that u has the mass conservation law.

Lemma 3.2. Let 7 € {0,1}. Then the first component of the solution satisfies
that

u(®)llL1@) = luollpr@)  forallt €10,Ty].

Proof. Integrating the first equation in (1) over Q, by the Green formula, we
have

d
—/ udx = / [aAu—xV - (uVv)+EV - (uVw)]dx =0,
dt Jo Q
so that we arrive at the conclusion. O

The next lemma plays an important role in deriving a priori estimate for u.

Lemma 3.3. Let T € {0, 1}. Then the first and third components of the solution
satisfy that for all € > 0,

/wzdxg 8/ u?dx+c(e) on (0,Ty] (37)
Q Q

with some c(€) > 0.

Proof. Noticing that the second equation in the problem (1) is not used in the
proof of [5, Lemma 3.3], we can similarly see that (37) holds for r € {0,1}. [

Now we proceed to the proof of Proposition 3.1.
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Proof of Proposition 3.1. Lett € (0,Ty). Multiplying the first equation in (1)
by u and integrating it over €2, we obtain

1d
2dt/u dx——a/ \Vu|*dx — X/ 2Avdx—l—g/ u>Awdx. (38)

Substituting the second equation in (1) into the second term on the right-hand
side of (38) and using the nonnegativity of v, we observe that

—1/u2Avdx:l/u2(—ﬁv+au x<—/u dx. (39)
2 Jo 2b Jo
Moreover, the third equation in (1) yields

§ / 2 S / 2
5 Qu Awdx = > Qu (0w — yu)dx. (40)
Combining (39) and (40) with (38), we have

Ld udx+a/\Vu|2dx<% /ud+§/5uw yu) dx

2dt
xe Sy / 3 £o / 2
2( 3 A > Qu dx+ e Qu wdx. (41)

We next deal with the term g—f Jqu?wdx. Take & > 0 which will be fixed later.
Firstly employing the Holder inequality, and secondly applying Lemma 3.3 with
e =(%)?, we can compute as

gj/uwdx<g§</gusdx)i(/Qwsdxy |
<if</gu3dx>3 [(2)3/gu3dx+c1(£1)r
<800 [ s S e)! ([ war)

Using the Young inequality, we see that

w/uzwdxg <§681/u3abc—i—cz(£1). (42)
2¢ Ja 2c Q

Hence a combination of (41) and (42) implies that

1d 5
2dt/u dx—i—a/ |Vu|~dx
xo &y 3 &é / 3
< _ A= _ 27 e
< 2( 3 )/Qu dx+ 2681 QM dx+62(£1)
_ <XOC_§'}’+§5 >/ u3dx—|—02(81).
2 b Q
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Here, due to the condition (3), we can pick & > 0 satisfying & < 5 (% - 4%,

that is, % — ‘%7 + %58 < 0. Then we arrive at
1d
Zdﬁ/ucu+a/ﬂvw2x<cz (43)

We next estimate the term a [, |Vu|? dx. Thanks to Lemmas 2.8 and 3.2, we see
that

)220y < €3 (Va5 g o) 75 g + () 11 ))
= o3 (IIVa(e) 35 g luoll7 g + 1o 21 g >

<
(

< e (V)35 +1)
( 2K

=
—
+
D=
SN—
|
m
—
“»—
N~—
—
=
c
172)
=
(@)
o
()
(oW
=
(@}
(¢
=
o
-+

where k¥ =

2
colu(t) |20y — 1 < V()| (44)

which together with (43) leads to

1
o) 3y acs (e ) < e

Upon an ODE comparison argument this inequality warrants that

c K
) ey <max (1) ol ) foralts € 0.7

which proves the conclusion. O
We are now in the position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Combining Proposition 3.1 with Lemma 2.2, we arrive
at the conclusion of Theorem 1.2. Ul

4. The parabolic—parabolic-elliptic case 7 =1

4.1. Local existence

In this subsection we show Theorem 1.3. Let up € L*(Q) and vy € H3(Q) be
nonnegative functions satisfying ug, v 7# 0. The proof of Theorem 1.3 is divided
into two steps:
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Step 1. Let X :=L*(Q) x H3(Q) = L*(Q;C) x H%(Q;C) with inner product
(U1, Ua)x = (u1,u2)2) + (Visv2)mz@), - U = (u1,v1), Uz = (u2,12) €X.
(45)

We begin with formulating the problem (1) with 7 = 1 as an abstract problem
of the form (5) in the Hilbert space X. Firstly, standard elliptic regularity theory
tells us that

w=y(—cA+81)"u, (46)

Wlla2(e) < etllull 2@ 47)
where [ is an identity operator. Secondly, let us define a nonlinear operator F as

Flamw) = (u —xV- (m())+a§v- (uVW)) |

Then by (46) we can regard F as a nonlinear operator of two variables u and v.
Therefore we can rewrite the first and second equations in (1) with T =1 as

‘;—IIJMU:F(U), (48)

where A : D(A) C X — X, D(A) := HZ(Q) x H{n(Q), U = (u,v) and

N ( A o> - (—aA—I—I 0 >

\—al A —al  —bA+BI)’
Then Lemma 2.4 implies that A is a sectorial operator satisfying (6) and (7). We
next demonstrate that the operator F fulfills (8). Let 8 be the constant defined in
(13) and take Uy = (uy,v1),Us = (u2,v2) € D(A?). Then, by virtue of Lemma
2.5, we have D(A?) = D(A%), where Ap, is the diagonal operator defined in (11).
Similarly to (30), we can obtain

|F(U) —F(U2)lx

< coxllur o (o) lIvi — vl 2 () + c2xllur — ua|[ oo @) V2 ll 12
+ 28 [ur][ oyl wi — w2l () + 28l — ua| 2o @) w2 2 )
+ |lur — uz|[ 20 ()

where w; 1= y(—cA+ 8I)~'u; for i € {1,2}. Applying (9) with i = 1 and using
(45) and (47), we observe that

[1F (ur) = F (u2) I
< o3 [[Afur 2y U1 = Ul + 149 (1 = ) 20y U2 x|
o+ ca [ 1A 2l =zl 2 + 149 (01 = ) 2 220

AT (u1 — 1) 2 - (49)
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Here, for i € {1,2}, we infer from (12) and (45) that
1A uill 2 (@) < AT uill2(0) + A3 vill (o) < o5 ||ADUH ¢ < cs||A°Uily (50)
and that

AT (11 = u2)[| 120 < 6 [|A° (U1 — (51)

U2) HX :
Combining (50) and (51) with (49), we see that

|1F(Ur) = F(Ua)llx
<[40 10— Ul + A0 1 = U)Wl + 421~ U2
<cr([[Unllx + 102l +1)

142 - v+ (400 + 4701 ) 1~ Uil ]

Therefore Lemma 2.1 asserts that (48) with Uy = (ug,vo) possesses a unique
local solution

€ CO([0, Ty} L2(R)) NCO((0, Tog 0 J: HR (2)) N C((0, T s L2 (),
v € CO[0, T o) HF(R)) NCO((0, Ty ) Hien () N CH(0, T 0 HR (Q)),

where Ty, ,, > 0 is a positive constant. Also, the relation (46) entails
w € CO([0, Tig.wo)s HR(R)) N CO((0, Ty s Hn (Q))-
Hence we obtain a unique local solution (u,v,w) of (1) with T = 1.
Step 2. We next show that
u(t),v(t),w(t) >0 forallte[0,T,, ]

As in Step 2 in Section 3.1 we can verify that u, v and w are real-valued functions
and u(t),w(t) > 0 for all t € [0,T,,,,]. Thereafter, we deal with the function
spaces L2(Q) = L*(Q;R) and H3(Q) = H%(Q;R) and prove that v(¢) > 0 for
t € (0,7, Let H be the cut-off function defined in (32) and set W¥(r) :=
JoH(v(t))dx for t € [0,T,,,]. Then we see from the second equation in (1)
with 7 = 1 that

W' (1) = (H'(v), bAv — Bv+ o) 12 ) (52)
forall t € (0,7,,v,]. Here the Green formula implies that

(H'(v), bAV) 120 z—b/VH )-Vvdx

- —b/ \VH'(v)|?dx < 0. (53)
Q
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Also, due to H'(v)v > 0, we have
(H'(v), —BV) 12 = —B /Q H' (v)vdx < 0. (54)
Similarly, since H'(v) <0 and u > 0, we infer that
(H'(v), ) 2y = /Q H (Wudx < 0. (55)

Hence combining (53), (54) and (55) with (52) yields W' (r) <0 forz € (0, T, v, ],
which means that ¥(r) < ¥(0) =0 for r € [0,T,,,,]. Consequently, ¥(t) =0
holds, that is, v(t) > 0 for ¢ € [0, 7,,,], which concludes the proof.

4.2. Global existence

Let ug € L*(Q) and vy € HZ(Q) be nonnegative functions satisfying ug, v # 0
and let U = (u,v,w) be any local solution of the problem (1) with 7 =1 on
[0, Ty ] with Ty > 0 such that

0<ueC0,Ty];L*(Q)) NC°((0,Ty); HA(Q)) NCL((0, Ty ]; L*(Q)),
0 < v e ([0, Ty)s H (Q)) NCO((0, Ty]: Hin () NC' (0, Ty]: HE (),
0 <w e ([0, Ty]; HE (Q)) N CO((0, T Hin ().

We now show a priori estimates for # and v, which together with Lemma 2.2
enables us to obtain global existence in (1) with T = 1.

Proposition 4.1. Let Q C R" (n < 3) be a bounded domain with C3-boundary
and let T = 1. Assume (4). Then there is a constant C > 0 such that C is
independent of Ty and

()72 + V() 72y € forall 1 € [0,Ty].

Proof. Letty € (0,Ty) and letz € (19, Ty ). We note that Lemmas 3.2 and 3.3 hold
also in the case T = 1. Multiplying the first equation in (1) by u and integrating
it over 2, we can compute as

1
2i/u dx—fa/ \Vul>dx — X/ 2Avdx+€/ u*Awdx. (56)

Applying the Holder inequality to the second term on the right-hand side of
(56), we see that

X X
=5 | wavdx < ZJu(t)ll7s ) [Av(0)ll 20y (57)



ATTRACTION-REPULSION CHEMOTAXIS SYSTEMS WITH L2-INITIAL DATA 721

We next estimate the third term on the right-hand side of (56). By the third
equation in (1), it follows that

E/QuzAwdxzé/guz(aw—W)dx

_ &
- 2c

As in (42), taking € > 0 which will be fixed later, we have

(5u w—yu®) dx (58)

o
66/ wWwdx < 581/ u3dx+cl(£1). (59)
2c Jo 2c Q
A combination of (58) and (59) yields
o
5—6 uzAwdxgéel/ u3dx+cl(81)—§y/ u’ dx
2¢ Ja 2¢ o 2¢ Jo

:fc(Sgl—y)/Qfdx—l—cl(sl). (60)

As a consequence of (56), (57) and (60), we deduce that

d g6 &y
) ey < 290y + (£ - 22 ) )
+%||M(Z)Hi3(g)HAV( Nz @) +2c1(€1). (61)
Here we have the inequality
a
=190 < —(6) 2 gy + 2. (62)
Indeed, we know from (44) that

2
O]y — 1 < V(1) Bz

with k = (2 +1)=1 €(0,1). Since 2 > 2, the Young inequality implies

4, :
u(0)|2 ) < esllulo)] g+ s
< V()| +eat 1,

which entails (62). Adding (61) and (62) gives

é
0 < a0+ (20— 7 ) Jut)

+ 2w ()73 1AV () |13(0) = () |72y +es(e1)- (63)
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We next derive a differential inequality for ||A2v(¢) , where Aj is the real-

Iz
ization of —bA + BI. Multiplying the second equation in (1) with T = 1 by A%v

and integrating it over Q, we have
/ viAdvdx = —/ AyvAsvdx+ oc/ uA3vdx,
Q Q Q

which along with the property that A, is a selfadjoint operator in L?(2) warrants

that
1d

24t Jo
Moreover, employing the Holder inequality, applying Lemma 2.3 and using the
Young inequality, we observe that

1 d 3 1 3
EE/QMW]de—i—/Q]AzZdexS A3 u() || 120 143 V()| 2 ()

L3
\szlzdx—i—/ ]A%vlzdx:a/Azzquzvdx.
Q Q

3
< collul®) [ (o142 v(D)ll12(0)

2 L3 2
< crllu) g + 4 143900 e

which means that

d 3

“ /Q gy dx+ /Q b 2dx < cslu) s - (64)
By virtue of Lemma 2.3 with 6 = %, it follows that

3 1
1A V() 1720y = 143 (A2v(1)) 1720 = collA2v(1) 171 gy = collA2v(1) 172 (g
which in conjunction with (64) leads to
d
A2y (01172 q) + eollA2v(1) 1720 < esllu(®)llz o)
— e () Pa(gy + eslVu(D) B2y (69)
Multiplying (63) by > 0 which will be fixed later, we have
d 7
C ) ey < ~ €90 s )+ (2= 1) 0l
+ 28l 1750 1Av(0) [ 3() — S llu(0) 1720 +es(81)E,
which along with (65) implies

(€0 g+ 142v(0) By ) + (€ ) e) iy + esllA2v(0) By

< (en= 0 ) WU B+ (220 = 27 ) )
€02 |V 1) (66)



ATTRACTION-REPULSION CHEMOTAXIS SYSTEMS WITH L2-INITIAL DATA 723

Let { > cg+ | and take 1 such that

0<n<min{C9,1—CS, 33}. (67)
cg+1
Then we see that c c
8 8
0<n<l1-— <1l—=,
M cg+1 ¢
that is,
¢n < —cs. (63)
Set

w(t) = Cllu)l|72 ) + 142v(1) 172 q)
Collecting (66)—(68), we obtain

Y0y 1yt = S0 41 (E10) By + 14200 o)

< 20+ (€ - el ol A1)
< (en= 0 ) IO+ (220 - 27 )

+x )10y 1Av(1) |3 () +cs(€1)
Then this differential inequality for y yields

!
w(r) < wo)e*wffo) + <CS Tt ) LV g ds

to

= 0er =1 [ Nato)
¢ / 6 [u(s) 23 | AV(S) 13 ) s
0

1
+c5(€1)¢ / e ds. (69)
]

In order to estimate the fourth term on the right-hand side of the inequality (69)
. . ~ ~ ~ ns=t) ~ n(s—t)
we introduce two functions u and vby u(s) :=e 5 u(s) and v(s) :=e” 5 v(s).
Then we observe from the second equation in (1) with 7 =1 that
~ n(s=t)
vg=e 3 (vs—{—gv)
n(s—t)

=e 3 (bAv—ﬁv—l—au—i—gv)

— bAT— ([3 - g) v+ o (70)
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Here we note from (67) that § — 1 > 0. Moreover, since v(fy),v(fo) € Hyun(Q),
we know that Av(t), Av(ty) € HZ(Q), in particular Av(tg),Av(t9) € H'(Q). By
virtue of the assumption that Q is of class C°, it follows that v(to), v(fo) € Hg ().
Then the Sobolev embedding theorem implies v(ty), v(to) € W?3(Q). Therefore,
applying Lemma 2.7 to (70) and relying on the fact (x + y)% < X3 4 y% for all
x,y > 0, we see that

(/ 147(5) 350 ) <cMR!||Av<ro e + (/ () s g )]

(71)

Now we deal with the fourth term on the right-hand side of the inequality (69).
The definition of v and the Holder inequality entail that

t
e o) A6y s
< [ 1) s o 1876)

§ </to Il ds) | (/,0 1AV (5) 730 ds>;

Combining (71) with this inequality yields
t
| M uls) s | 8V($) 30 s

1o
2
3 % o [t _ 3
1A5(t0) 1| 22 </ () 11730y s) +CMR-5/tllu(s)\lL3(g)ds
0

Taking & > 0 which will be fixed later and employing the Young inequality, we
have

< G

t
L )] 1 89(5) 15 s
0
1 o o
<Cin (ez+z)/ 1G8(5) 33 g ds +cro(e2). (72)
fo

Fixing ¢ such that { > max{cg + 1, 4%‘}, we observe cg — Za{ < 0, which in
conjunction with (69) and (72) ensures that

v < cnlere) + 5 0e -1 [ 1761
1 ~
e (mg )& [ 0y ds

1 o
—entene)+ (C - T4 200 4Gl ) ¢ [ 6
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1
Since we have assumed CI\}AR% — 'J’:Ty < 0 in (4), fixing €,& > 0 such that
1 1
C&R% — %Y + %681 + xCyr€2 < 0, we obtain the inequality y(¢) < ci1, so
that
C||u(t)\|22(9) + HAZV(I)HiZ(Q) <c¢y forallz € [0,Ty].

Therefore standard elliptic regularity theory warrants that
Hu(t)”%z(g) + ||v(t)|\12qz(9) <cyp forallz € 0,Ty].
This completes the proof of Proposition 4.1. O
Employing Proposition 4.1, we can prove Theorem 1.4.

Proof of Theorem 1.4. Thanks to Proposition 4.1 and Lemma 2.2 we immedi-
ately arrive at the conclusion of Theorem 1.4. O
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