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MOMENTS AND (p,q)-INTEGRAL REPRESENTATIONS OF
(p,q)-CLASSICAL FORMS

M. SGHAIER - M. ZAATRA

In [6], the authors introduce a new technical method for studying the
D, 4-classical orthogonal polynomials, where D), , is the (p, ¢)-difference
operator, using an algebraic approach. In this paper, we investigate D, ;-
classical orthogonal polynomials associated with the (p, ¢)-difference op-
erator D, ,. Using Pearson-type functional equations and a suitable de-
composition of D, 4, we simplify the description of the canonical D), 4-
classical forms and clarify their relation with the g-classical framework.
We also study the moments and modified moments of the corresponding
forms, derive recurrence relations, and establish several explicit (p,q)-
integral representations for canonical cases.

1. Introduction and preliminary results

The motivation behind the present work stems from recent developments in the
theory of orthogonal polynomials associated with generalized difference oper-
ators, particularly within the framework of (p,q)-calculus. The study of D), .-
classical orthogonal polynomials may be viewed as a natural extension of both
the classical and g-classical theories, preserving several structural properties
while introducing new analytical and algebraic phenomena related to the two-
parameter deformation.
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One of the first systematic investigations of this subject was carried out by
Mohammad Masjed-Jamei, Farzad Soleyman, Ivan Area and Juan J. Nieto in
[4], where the notion of (p,g)-classical orthogonal polynomials was introduced
and several characterization theorems were established. Their work general-
ized Hahn'’s classical characterization theory to the (p,q)-setting and provided
a foundational framework for the study of orthogonal polynomials related to the
(p,q)-difference operator.

Subsequently, Mabrouk Sghaier, Mohamed Zaatra and Mohamed Mechri in
[6] developed an algebraic approach to the study of D, ,-classical orthogonal
polynomials. Their results provided Rodrigues-type formulas, recurrence rela-
tions, canonical classifications, and several structural properties of the associ-
ated polynomial sequences. In particular, they obtained explicit functional char-
acterizations of D, ,-classical forms and clarified the role played by the D, .-
operator in the corresponding orthogonality theory. However, although the char-
acterization and algebraic aspects of D), ,-classical forms have been extensively
investigated in [4, 6], the corresponding moment problem and the construction
of explicit (p,q)-integral representations remain largely unexplored. In partic-
ular, the relationship between the functional equations satisfied by the D, ;-
classical forms and their associated moments has not yet been systematically
developed. Since moment representations and integral representations consti-
tute fundamental tools in the analysis of orthogonal polynomials, providing in-
formation about orthogonality measures, generating functions, and asymptotic
properties, it becomes natural and important to investigate these aspects in the
(p,q)-framework.

The main purpose of the present paper is therefore to complement and ex-
tend the characterization results established in [4, 6] by developing a system-
atic study of moments and (p, g)-integral representations associated with D), .-
classical forms. More precisely, we derive explicit recurrence relations for the
moments, establish modified moment representations, and construct suitable
(p,q)-integral representations for several canonical families of D), ,-classical or-
thogonal polynomials. These results provide a deeper analytical understanding
of the corresponding forms and reveal new connections between their functional
equations, orthogonality properties, and integral representations.

The structure of this paper is organized as follows: The first section intro-
duces preliminary concepts and foundational material necessary for understand-
ing the subsequent discussions. The second section is devoted to the study of
D, 4-classical orthogonal polynomials. Special attention is given to the func-
tional equations of Pearson type and to their connection with the corresponding
g-classical theory.

In the third section first of all, we address the technical aspects related to
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moments and (p, q)-integral representations, exploring their mathematical un-
derpinnings and implications. We discuss how these representations can be uti-
lized to derive important identities and relationships among the polynomials.
Next, we present the moments of the D), ,-classical forms and, where feasible,
we derive their representations as consequences of their functional equations.

Let P be the vector space of polynomials with coefficients in C and let P’
be its dual. We denote by (u, f) the action of u € P’ on f € P. Forn >0,
(), := (u,x") are the moments of u. In particular, a form u is called symmetric
if all of its moments of odd order are zero [1]. For any form u, any polynomial
g,any a € C\{0} and any b € C, let Du = u, gu, hau, 8, and x'u be the forms
defined by duality

<I/t/,f> <Lt f> gu f <uagf> ) <hauaf> = <uahaf> ,
(8. f) =), (x"'u,f) = (u,60f) , fEP,
where (h,f)(x) = f(ax) and (60f)(x) = f(x);f(o) .

Let {S, }»>0 be a sequence of monic polynomials with deg(S,) =n,n >0,
and let {u, },>0 be its dual sequence, u, € P', defined by

<y, S >=Opm ,n,m>0.

The form u is called regular if there exists a polynomial sequence {S,},>0
such that

<u,SuSn >=rpbpm, n,m>0;r,#0,n>0.

The sequence {S, },>0 is said to be orthogonal (MOPS, in short) with respect to
u. Necessarily, u = Aug, A # 0. In this case, we have

un:r,lenuo,nZO.

According to Favard’s Theorem, a MOPS is characterized by the following
three-term recurrence relation (TTRR, in short) [1]

So(X)Zl, S](X)ZX—B(),
Sn2(x) = (x = Bt 1)Sn+1(x) = Yar1Su(x) , n>0,

with (B, 1ut1) € Cx (C—{0}), n > 0.
Let us introduce the (p, g)-difference operator [9]

(hpf)(x) = (hef)(x)
(p—q)x

, feP, O0<g<p<lorl<p<g.

(Dp.af)(x) =
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Remark 1.1. In the literature, the limit operator when p — 1, is known as
Jackson operator [2].

From the definition, we obtain

On account of the least equation we have,

1 _
tp,, =hpoty, = P (hy—hy)x ",

S|

where ‘D), , denotes the transposed of D), , .We can define D), ;, from P to P
by D, 4 := —'D, 4 so that

(Dpgu, f) = —(u,Dpyf), fEP, uep .

In particular, this yields

(Dp,q”)n = _[”]p,q(”)n—l , n=>0,
where
pn_qn
u)-1 =0, |nlpq:=
(u) ey P

Fora € C—{0} and f, g € P, we have the following results [6, 9]

D,,0h,=ah,oD,, inP, (D)
Dpgohy=a ‘hyoD,, inP )
Dyq(f8)(x) = f(px)Dpg8(x) +8(qx)Dpqf(x) - 3)

Let us recall some results [6].

Definition 1.2. A form uy is called D), ,-classical when it is regular and satisfies
the functional equation

Dy (11 (®up)) +Witg =0, 4)

with
9 (0)— 2 —[n],,® (0) £0,n>0.
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2. The canonical cases

We agree that the decomposition

acting on the polynomial space, provides a substantial simplification in the de-
scription of the canonical D), ,-classical forms. Indeed, since

<Dpaq(hp’lu)>f>:<M7H%(f)>, fep.

The study of D, ,-classical forms can be reduced to Pearson-type equations
involving the operator Hs. This approach not only simplifies the analysis of
the canonical cases, but leso makes their connection with the corresponding
g-classical framework more transparent (see [3]). Furthermore, the recurrence
coefficients of the three-term recurrence relation follow directly from Theorem
5.1 in [4]. The canonical situations are therefore reduced to the following three
cases:

For this reason, the detailed classifications, explicit recurrence coefficients, and
canonical examples are no longer developed in the main text; instead, they are
collected and summarized in tables.
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Tablel: D, ,-classical forms

Pearson equation

The coefficients of the TTRR

Dpg((h,-1u0)) + (p+q)xug = 0.

=0 ,n>0 |
i 1 >0
7»1+I*W[’1+ lpg sn>0.

~ 1
ﬁ,,:(l+b)27 ,n>0,

= —1 —1 i — 5 -
Dp g (h,—1 (o)) +pb~" (g —p)~ " {x = (b+1)}ip =0. Tart = —b-gler L (P =) n>0 .
N AT DU S ~
b (/7 1(()(71)%)) ﬁn*;’_ﬁiiﬁ (ab+a+b)—q"(p+q)ab} ,n=>0,
PN Tt = s ablg ! =) (!

—p? (Jz(qu))il (z1’2x+p’217374’]p’] (ﬁ+£))ﬁ0 =0.

—qmlﬁ)(fl"'l—q’l”i)) n>0.

Dy (i, 1 (xi0) = p(bla—p) ' (a~ px+b—1itg =0 .

_ n - -
Bn = pﬁ,ﬁ{p’l(pqu)*q”(ﬁq)b} ,n=0,

. 2042 ~ .

Torl = ;1)4n+3 b(q'”’l *anrl)(q”b*p") n>0.

Dpyg (/1,;1 (xiig)) = p(q—p) " (x+1)ig =0 .

O
Bn= qpﬁ{l’”“ —(p+q)q"} \n>0,

3n
T+l = ff{nﬂ (!1"4rl *p"“) ,n>0.

Dpg(h 1 (xitg)) — p(qalq—p)) " (px-+qa—p)ig =0 .

P!

B = S T @+ ) —q"(p+q)ay ,n>0,
2t

Tatr1 = 3 a(qu»l -

p"+])(q”+lc77p"+l) n>0.
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Table2: D, ,-classical forms

Pearson equation The coefficients of the TTRR
- Pt =l g 2, N
Dpg(h, ) bn=g" (ﬁz" Lo Tyt Ly ity 120
pah,—
o ( 16) (o ab)e —p)io =0 _—_— B2 AL (Ll gt V0
plalg—r p+q p)ug =0 . L= G 2y (p2n T T )2 (p2nd 3y 23y 0 =T
i3 otk >0
2 1 33 Bu=q " 2p" 2{p"q¢ " (p+q)—q} ,n20,
D (1 (%)) ~pla—p) ™ (x—q 2 p2)ig =0 Fars = P13 g—an—a(pntl _gntly g
i P Labg ) @) —a(145) (p+q)q"
B = " p2t! (P +abq L+h) >0,
P2 (g2 2 :
' 151y
Dp-IJA(hp—l()-(—"—l‘i b P)ME) Tusl —aq2”+1p7”+z(p”+l qn+l>
+(ablg—p)q®) (p(pz—ﬁqu)x+p2(qﬁ—p))ﬁ0:0 . N (P bt (] gt Lyl gty -0
I ot Ty (2T g 322 (203 g3y 0 2
1+l PP g —(p+g)g" !
. Bui=q"p" BT g Dyt Lggznity » 20
Dpg(h,-1 (X(X;Ptl uig) Fart = —prtdghn L (g
—p((g—p)an) " ((ug—p)x—p)ig =0 . ";0 TR (BT @t T2 (22 Bt 2y
n>0.
_ 3.1
3 3 Bu=a""2p"" 2{(p+q)p"¢"—q—pw} , n>0,
Dpg (1 (x(x+wg™ —Pz)ﬁ ) s
—plg—p) Hax+(w—1)g 2 %}fo =0 . Tapt =P (@ T ) (wg = pt) . n>0 .
~ - o A2 a2 ) R (i)
Dy, 1 (x= b (x— 1)) B prap M NSz
(abq (q p))7 {(abq? — p*)x — pgabQ}ip =0 , st = —a@oq" T2 pn (g1 — prl)(prH! —Gbg™1)
PO
A:171+b +b - e+ahy T g g n417;qm1 (g )
N:l+¢7+?(l+h’1) | (P2 T —Gbg2n Ty (p2n 2 Gpg2n+2)2 (p2n+3 —Gpg2nt3)
0=40+b7 1 -b"'(1+a o) . nz0.
_ 3.1 o
|l 1 Bi=a " 2" 2{(p+q)p"g " —ql@+b+1)} , n>0,
Gqg 2p2 “2p2)i
Dp'[](hlrl ((ctaq | I’l )x+bg !) ):0)) Fost :q—4n—4pn+l(pn+l 7q71+1)(pn+1 &/H»l)( n+1 bq”+l) R
—plg—p)~'(x+q Zp2(a+b)—p2q 2)ig=0. n>0.
Dypg(h,- (f**()(‘*d)) 0)) Bu=q""p"(c+d) . Fayr =g 'pled(p"tt—g™t), n>0.
—r(g— ﬁ) (r—c—d)iig=0 .

3. Moments and (p,q)-Integral Representations
3.1. General framework: moments and integral representations

Proposition 3.1. Let {®,(x.,a, p,q) }n>0 be the polynomial sequence defined by

n

¢0(X7a7p7q> =1 ) q)n(x7a7p7Q) = H(pkilx_qkila) , n Z 1 ,a S (C .
k=1
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Then, for any form u € P’, its moments satisfy

(M)n = Z |: z :| av(u)gi(%pﬂ) . > 0 , (5)
v=0 pq
where "
! Npg’
S iy 0Sks >0
|: k :|p"q [k}pg![”l—k]p,q!’ - —n7 I’l_ s

and (u);,‘p(a’p’q) =< u,®,(.,a,p,q) >, n >0, the so-called modified moments
with respect to {®, },>0,

Proof. The polynomial sequence {®,(x.,a,p,q) },>o satisfies
(I)ﬂ+l(x7aapch) = (pnx—q”a)(l)n(x’a,p7q) s n=> 0 ’ (6)

(Dp,qq)n-&-l)(x:aapv‘I) = [n+ 1]P,q(bn(xva7p7Q) ,n> 0. @)

The relation (7) shows that the polynomial sequence {®,(x,a,p,q)}n>0 is a
D, ,-Appell polynomial sequence (see [8]). Its dual sequence {w,(a, p,q) }n>0
fulfils

(hpfl ODp,q)Wn (‘%PW])
n+1],4

WO(“aP:Q):Sm Wn+1(a7p7Q):_ n>0.

)

Consequently, we get from (2)

(—1)p "
|

i (hy-10D)y )8, n>0.

Wn(aap7Q) =

In particular, the sequence {®,(x,0,p,q) = x"},>¢ is D, ,-Appell and we have

_ (_1)n n _ (_l)n 7
Wn(03p7Q)_ [n]pﬂ!(hp*lon,q)a_TD 6, n>0.
Thus, for any u € P’, we have
(=1)"

u= Z < u,CDn(.,a,p,q) > [

n>0
From (6), by induction we can easily prove

n
X' = Z |: " :| avcbnfv(X,d,PaQ), n>0.
1%
v=0 P4

Therefore, we can deduce (5) ]
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Proposition 3.2. Let ug be a D), 4-classical form satisfying the functional equa-

tion (4). Then, the modified moments (u),?wp @) satisfy the recurrence system

/

P (0)(uo) TP + a¥ (0) + ¥(0) =0, (8)

P 1{ @' (0)[n+1]p g — ¥ (0)}(uo)s2(a, p.q)

+ {p*"gp*"*q" (7 )0 (0)+ & O)fn 1] o

—p " g W (0) — W (0) Hug) PP 4 {D(0) + p"¢"ad (0)

1 "
57 @R (O)} g (o) P! =0, n 2 0.

Proof. Taking into account
1 n !/ /
P(x) = ECD (0)x* +@ (0)x+P(0), W(x)=W (0)x+¥(0),

anq)n(xaaapyq) = q)n+1(x7a7p7Q) +qnaq)n<xaa7p7q) , n >0 )

p2n+1x2q) (

n xv%PaQ) = q)l’l-l-Z(x?aap?q) +qn(p+q)aq)l’l+1 (x7a7p7q)
+q”" pa*®,(x,a,p,q), n>0,

and shut that
<Dp,q(hp*1(q)”0)) +\I‘M07q)n('7a7p7Q)> = O 9 n Z 0 9

we can deduce (8)-(9). O

Remark 3.3. When a = 0, we have (uo),;"(o'f’ D — p@ (up),, and the system
(8)-(9) becomes

/

W (0)(up)1 +¥(0) =0, (10)

GO O+ g — P )} )iz + (& O+ g — p"¥(0)} (o)

+®(0)n+1],4(u0)n=0,n>0.
(11)

Proposition 3.4. Assume that there exists a function U, 4(x) and a contour C
such that

(uo, f /f Upq(x)d,gx (M())():\/CUP#(X)dp’qX: 1. (12)
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Then, ug satisfies the functional equation (4) if and only if the weight function
U, 4 verifies

Dpy (htr1 (CID(x)Unq(x))) +P_1T(X)Up,q(x) =0, (13)
together with the boundary condition
gt (RUp.g) (%) (1 £) ()|e =0, (14)

and U, 4 satisfies the functional equation

_ (Dpg®)(x) +p g% (gx)
(Dp,qu,q)(x) == ! ®(px)

Proof. Using (4), (12) and taking into account of (1), we get

/C‘P(X)Up-,q(x)f(x)dp-,qx - P/C q)(x)Up,q(x)Dp,q((hp*If) (x))dpgx=0. (16)
Or from (3), we have
P(x)Up,¢(x)Dpq ((hp-lf) (x)) =Dpq (hq-l (Up-,qq’)(hp—'f))
~ fDypg(hy1(PUpy)) -

Upq(gx) . (15)

A7

Then, (16) reduces to
P (1 (@U,0)) + "WV} 0 f (0
- hq‘l ((I)Upyq) (X)(hp—lf) (xX)le =0,

since /Dp7q(f)dp7qx: f(x) (see [9, 10]).

In order that (12) yields the representation of a solution of equation (4), the
conditions (13) and (14) must hold.
From (13) and (3), we have

(Dpg1.1®)(x) +p~'q¥(x)
(qu‘l,lUm)(x) = ®(pg~—'x) Up.g(x) - (18)
With x changed into gx, we obtain from (18) the desired result (15).
Conversely, assume that U, , satisfies (13) and (14). After multiplying (13)

by f € P and integrating over C, we get

/C (Do (121 (@)U () + P~ ) Up g (x) )y = 0.
Taking into account (17) and the boundary condition, we obtain for all f € P
(Dp.g(hy1(Puo)) +Wuo, f) =0 .

Therefore, ug satisfies (4). ]
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Now, let us recall the following standard notations [7, 9, 11]

(a@b);q = ¢ 2=l

—

no_ _
(a@b)p,q'_ nr[(apv—f-bqv), n>1,

v=0
b TX ok ok
(acb), = =T] (ap"~bd")
k=0

oo
(awb), = =TT (ap" +bd") .
k=0

+oo  k k
14 14 p
a (q—p)az k+1f( k+1a)7 7<17
/ ) dpgx = kfogq k ! k ;
0 _ q q P 1
(P CI) Z(’)pkﬂf(pk“ ) 5 )

b b a
/a f(x)dp,qx:/o f(x)dp,qx—/o JF@x)dpqx,

i

(- q{Z ,Hf
q p
o0 +Z p—H-lf —l+1 )} E >1 )
| rwdpr=g =
0
(¢— P{Zoqlﬂf 1)
l
' B q
+ f =>1,
\ lzlq i+1 )} p
- P
- (p— qaZ —klf —kl)’ —>1,
/f(x)dp,qx: kwop —k 5
‘ (g—pay, qfkflf(q—kfla) ;o>

k=0
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3.2. Canonical cases: explicit moments and integral representa-
tions

Before we consider the above fourteen canonical functional equations, and in
each case provide an integral and moments representation of the corresponding
linear functional, let us recall the following basic result.

Lemma 3.5. Consider the form D), ,(y)(x) = A(x)y(gx). Then, we find

i

I 4\ 4qyia0 4
K[T{1+0-Hdacn}, o<q<p<t,
0 PP

=g w0 (19)
KH{I—i—(f—l)(—)’xA( i+1x)} , 1<p<gq.
i=0 q q q
Proof. For 0 < % < 1 see [5]. Now, from the definition of D, ,, we have
y(px) = {1+ (p—q)xA(x)}y(qx) .
By replacing gx by x in the above equation, we get
p p X
y(=x)={14+(==1)xA(=) }y(x) . (20)
p ) ={1+( J )XA( q)} (x)
From (20), we obtain by using the recurrence relation
—1 i
p T p N
(B =TT{1+ E -0y oy, n=1,
q i=0 q q q
If n — +oo with 0 < g < 1, then we can deduce the desired result. O

Lemma 3.6. We have for xX§ 0, p >0, q>0and p # q

(a,,,qexp( 1nz<\5|>>>(x):1ﬁeﬁrxr—1€xp<_m2<qm)’ on

- 2In(¥) (p—q)x 2In()
In? “1g7—|x In?(gx
(D"*qe"p<_ 21§L%’)))>(X) - p(pzq)x\x'\ ’eXp<_ 2155%)’)) @2

n? oo
(Praeso (~518) (12a8)7 ) 0

1 ) 23)
— Mexp<_ In (qlxl)) (1 9“‘”)?2 ’

(p—q)x(1—aqx) 2In()
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2 oo
(o~ 580) 020 o

(pa)2 (1-apx)—| I (gl oo .
- %exp(— 21n?§) )(19@61)5)1,% :
D, ex (_1n2(\§|)>(1@ §)+m(l@b§)+m (x)
pa®PL T () g YA (25)

1
“2(1- 1—bpx)— In? +oo +oo

R (_ 215‘5'5‘5)) (16agx), 4 (164x), -
Proof. Taking into account the definition of the operator D, , and such that
plx| = g(q]x\), we can deduce the desired results (21) and (22). On the other
hand, thanks to (3), (21), (22) and taking account of

oo _ aq oo
<DP711(1 eaé)lé) (X) - (p _q)(l _aqx) (1 9616)175((]36) ’ (26)
(Dra(16ad)15) @) =~ (10a8){5 (@) . &)
P P—q P
we get (23) and (24). Finally, (25) follows from (3), (24) and (27). O

Now, we are able to calculate the moments and to give an integral represen-
tation of any canonical form satisfying either (8)-(9) or (10)-(11).

(A1) P(x)=1.
* uy satisfies (4) with
P(x) =1, ¥x)=(p+q)x (28)

From (28), the system (10)-(11) becomes

[n+1]pq
up)1 =0, (u ———(up),=0,n>0.
(o)1 (0 )n+2 (p+q)p”( 0)
Consequently,
2n|, . 2n+ 21,
(t0)2n = 20| 7 b ; (0)2nt1=0,n2>0.
(p+aq)p U T[2v+2],4

v=0

Using (28) and (15), we get

(DpqgUpg) (x) = —p ' (p+q)xUpq(qx) .
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Whence, where 1 < p < g we get from (19)

K
+oo 7

Upq(x) =
(1 (@ =p)p'¥), 2
g

where

1 < oo dp gx !
k=1(] ERR
2\ Jo (1@(q2—p2)p*1x2)1ﬁ

v 2

q
For any n > 0, we have

Klx"
1 (qz _pz)p—lq—zxz)i%

q

¥'Upglg™'0)] < (

()" ntlo ]
SK( s 2) ni2
g *p ' (¢*—p?) x|

Thus, U, , given by (29) is an admissible solution.
When 0 < g < p < 1, we obtain from (28) and (15)

_ oo
Ko = )p7?qa) 2, W< e,
U (x) — ' p2 P —q
P4 0, |x>—+=£
’ PP—)
where

1/ re(0*-a) - o -
K:2</0 (1e(P*—¢*)p Zqzxz)tg ,,,qx> :

ug verifies (4) with

x)=1, W) =p(lg-p)  (x—(+1).  (0)
Then, the system (8)-(9) becomes

(IZO)T(“»P-,(]) — b+ 1—a ’
(0)g 5" = ((b+1)p" ! —ag™ ") (@) 77" 31)

_bpn(pn—H —qn+1)(ﬂ0)f(a’p’q) ,n>0.

x€ R, (29)
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With a € {1,b}, we can obtain the following first-order recurrence
relation (for n > 0,)

(i )q’(l-,Pﬂ) A

0/)1 — U,
~ \P(1,p, n - \P(1,p, n n - \P(1,p,
(”O)H(z'pq) —bp +1(u0)n£1pq) = (p +1 e +1){(u0)n£1pq)

- bpn(ﬂo)g)(lvp,q)} :

I

- \D(b.p, il s~ \D(b.p, n n - \D(b,p,
(MO)nJ(rz,pq) —p +1<u0>n4(r1pq) =b(p +1 _p +1){(u0)n£1pq)
n(-~ q)b7 )
—p (Mo)n( Pq)}_
This yields
e a=1
@) =3 nz0. ()
p* , a=b,

Finally, from (15) and (30), we obtain

(Dp.gUpg) (x) = —Q(b(q—l’))il(qx—b — 1)U 4(gx) .

Whence, if b < 0and 0 < g < p <1, then we get from (19)

0, x<pb,
Upg(x) = K(1& b~ %) 5(1640) 7, ph<x<p,
0, x>p,

where

—1
b 9, 1.\t q \+oo
K= (/pb (16;b 1x>l,z(16px)l,zdl’7f1x) )

For 1 < p < g, the problem is open.
Remark 3.7. (i) When a =0 and » = —1 we have from (31)

(@)1 =0, (Go)uro=p"(pP""" —¢")(io)n . n>0.
Consequently,

(iig)2n = p"" Y (PQQ);z’qz : (#0)2nt1=0,n>0.
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(i) By virtue of (5) and (32), we have

:Z|:z:| pfv(nfv)bv’ n>0.
pq

(A2) ®(x)=x—c,ceC.

(A2.l) C 75 0
uo fulfils (4) with

d(x)=x—1,

P(x) = —p(ablg—p)) ' {g 2x+p2ab—q 'p(a+ B)}(.%)

Then, the system (8)-(9) becomes

_ \Dlap, IR RPN
()PP = gp~"(a+b)—a—q*p2ab,

() 24P = ((p"g(@+D) — (a+ p>q2ab) g (i) 2479

0/n42
*(/l\/b\qu_z(pn 7aqn)(pn+l —q"+1)(ﬂ0)$(a’p’Q) ,n>0.
When we choose a = gp~'a, we obtain for n > 0
~ \D(gp~'a,p, a7 B
(i) 77" = qp~'b(1 - qp™'a) ,

(@ )<I>(qp"ﬁ-,p-,q) _qp—lz;(pn+l _qn+2a)(ﬁo)‘1>(qp"ipyq)

0/)n+2 n+1
ookl oty roa \Plapldpag)
=qp_a(p"" —q""){(d0),
T 1~ _ \®(gp~'ap,
—gp 1b(p"—p 1aq”+l)(uo)n(qp a,pq)}.
Hence,
D(gp~'a, T ~
(iio)n (gp~'ap.q) _ = (qp~ lb)"(l@qa);q, n>0.

Likewise, when a = qp‘lz , we get
—1
(uo)f(‘”’ bp.a) _ = (qp~ la 1@‘13pq n>0.
Now, from (33) and (15), we have

(Dl’ CIUP (1)( )

 1-gp?(ablg p))71[q’IX+p*ZﬁEfq’1p’1(5+5)} Uy o(q)
pr—1 D-q .
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Moreover, when a < 0, O<Z§1and0<q<p§ 1, we get

0, x<pa,
_ (192*Ln;;(1@a¥toj§ N
Upq(x) = K N L pa<x<pb,
0, x>pb,
where

(165~ x*w(l@a x);"’; -1
p
pqx>

(L oo

When 0 < @ < 1, b < 0, by exchanging @ and b, we get
0, x< pg
_ (1eb~x)f=(1ea %) ~
Upg¥) =19 K T "B, ph<x<pa,
0, x>pa,
where

(165~ )pe(toa x|y -1
pqx)

= </pz o

When 1 < p < g, the problem is open.
(A22) ¢=0.
(A22.1) uop satisfies (4) with

AN 71 _ ~
d(x)=x, P)=-p(blg—p)) (¢ 'px+b—1). (34)
Since ®(0) = 0, (10)-(11) becomes
(d@o)ns1 = qp "' (p" —bg") (o),  n>0.
Therefore,
(@) =¢"p~ "2 (16D)
From (34) and (15), we obtain

1 - pa(b(q—p)) ' [px+b—1]
px

(DpgUpq) (x) = — Upq(gx) .

(35)
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Ifh= (£)*, then (35) becomes

(Dp,qgl_TUp,q) (x) =plg— P)_l (él_TUp,q) (gx) .

Then, for0<g<p<land0<b <1, we get

0, x<0,
Upglx) = Kx"1(10x){5, 0<x<p, 7>0,
0, x>p,

—1

P T—1 +oo
K = o X (1@x)17%dp‘qx

When 1 < p < gandb > 1, we have

0, x>0,
Upq(x) = !
KU@%\fo‘%’ x<0, 7>0,

where ]
0 |x|‘L'—1 )—
K= / 700(1 X .
< e (18 )5 7
’q
ug verifies (4) with
P(x) =x, Px)=-plg—p) 'x+1). (36)
System (10)-(11) becomes
()i = =()" (@), 220

This yields

From (36) and (15), we can deduce

(p—q) '(¢*x+p)

D, U =— U .
( P:q p,q) (x) Dx p.g(qx)
Equivalently,
1 1
3 prqix+1 .3
(Dp,qg : Up,q) (xX) = ————+- (5 : Up,q) (gx) . 37

(p—q)x
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Then, from (21) and (37), we have for 1 < p <gq

with
-1

K= </O+mxg exp(— m)dwx)

The problem remains open to give integral representation for
O<g<p<l.
(Az.z.g) ug fulfils (4) with

d(x)=x, () =—plgalg—p)) " (px+qa—p). (38)
System (10)-(11) becomes
(d0)n1 = Pinil(PnH _a\qn+l)(ﬂ0)n ,n=>0.

This yields

n(n+1)

(@) =p~ > (pcaq),,, n=0.

Further, from (38) and (15), we can deduce

1= (alg—p)) " (gpx+ga—1)
px

(DpqUpg) (x) = Upq(gx) .

(39)
Ifa= (%)T then (39) reduces to

(Dpg& "Upg) @) =—a(p—q) " (§ Upg) (qx) -
Then, for0 < g < p<1land0<a < 1, we have
0, x<0
Upq(x) = Kx*(1 @qp’lx)f’; , O<x<p, 7>-1,
'p

with
-1

P T —1 _\+oo
K= /Ox(l@qp %) dpgv
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When 1 < p<ganda> 1, we have

0, x>0,
Upg(x) =9 g b _ 1
(le§|x|)t§ , x<0, 7> ,

with - . »
K= (/0 de qx> .
(B1) ®(x)=(x—c)(x—d), cd =0.

(Bi1) c=0,d=0.
(B1.1.1) up satisfies (4) with

d(x) =23  P(x)=—plgb(p—q) [(p+ab)x—p].

(40)
The system (10)-(11) becomes
pn+l
(ﬂO)n—i—l = W(ﬂo)n ,n>0.
Consequently,
n(n2+l)
(ip)n = - P —, n>0, b7é_(£)m’ m>1.
(pebq),, q
From (40) and (15), we obtain
[b(p—q)]™
(Dp,-quvq) (x) = _T[(bP‘H]) — 1)U, 4(gx) . (41)

Ifb= ( )T, then we can deduce from (41)

1
( .45 TUwz) (x) =

! _1
29— {(pg) ™2 (1= gx) = x} (§2 " Upy) (@)
Then, from (24), we getforO <g<p<landte€R

1n2((%))) (16qp 1x);rq :

Kxff%exp(
Upq(x) = x>0,
0 x<0,
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where

e In? (x) 1yt
K= </0 x° zexp<—2ln(z)>(1@qp x)hf,dl’*qx)

The problem remains open to give integral representation for
g>p=1l
(Bl.l.Z) ug verifies (4) with

-1

)=+, P =-plg—p) ' (x—q 7). @2
System (10)-(10) becomes

(10)nt1 = (g)f(”“m(ﬁo)n, n>0.

Hence,
1

(o) = (L)=2n+2) >0
P

From (42) and (15), we get

x—(gp)?
(p—q)x*

Then, from (22) we obtain for 0 < g < p <1

(Dp,qu,q) (x) =—

2
Kex (—M), x>0,
0 x<0,

where ]

K= </0+wexp(— 211111215?))61”"])6>

When 1 < p < g, the problem remains open to give integral
representation.

(B12) ¢#0,d=0.
(B].Z.l) uo fulfils (4) with
CE)(X) =X(f—p(zq)’l)7 R
¥(x) = (abq*(q—p))” {p(p* —abg*)x+p*(qa—p)} .

(43)
(10)-(11) becomes

(ﬁo)n+l = Aiﬂ(ﬁo)n , n > 0.
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This yields

(I//l\o)n:—/\m, n>0.
2~ ah 2\
(p Sabg )pﬂ

Further, from (15) and (43) we get

labg(q—p)]! (g(1—ab)x

xfx— (gb)~"] (44)
+(@—1)}Up4(gx) .

(Dp;quvq) (x) =

Ifa= (%)T*I, then we obtain from (44)

For 0 < g < p<1andb €] —o0,0[U]0,1], we have

0, x<0,
(rear)

(p@qu):: ’
0 x=>p,

K= (/O”xf—‘ g@@:b ))+wdpq )1 .

Next, for ¢ > p > 1 two cases arise.
When b > 1, we have

Upqg(x) =< Kx*! O<x<p, 7>0,

where

0, x<0,
o\ Foo
_ -1 (lebx)qp 71
Upg(x) =1 Kx L O0<x<pb™, 7>0,
(1x),,
0, x>pb!,

with
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When b < 0, we have

0, x<pb',
(16/b\x)+w
Upq(x) = K|x|*! w o b l<x<0, >0,
(16x)qp
0, x>0,
with ~
plb| ! 1&bx) -1
K= (/ 1 L8P, d,,,qx> |
o " e
uy satisfies (4) with
D(x) =x(x—pg~'u"), 4s)
¥(x) = —p(pglg—p))~{(ug—p)x—p} .
System (10)-(11) gives
R pqn+l R
(Uo)n+1 = —W(uo)n ,n=>0. (46)

Hence, -
n(n+

(l/’t\())n:(_l)nm ) ”207

pAEE, m>2.
From (15) and (45) we have

P

RN |
(Dp,qu-,q)(x) = M{(QP#)X

+pq "YUy 4(gx) .

Therefore, with yu := (%)T, we get

-
(Dp,qélirUp,q) (x) = m (élirUp,q)(qx) :

If0<g<p<landO < u <1, then we obtain

0, x<0,

erfl(lg‘uflel)?“z’
Upq(x) = - K

O<x<pu+, 7>0,

0, x>pu',
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with
—1

pu
_/ Cen ) Ty

Now, (46) is equivalent to

(Dp,gé%Up,q)(x) = Ei])ﬂ_ )(p(ql)i);c;x; (5 Up )(qx) .

Therefore, for g > p > 1 and u < 0, we have from (23)

0, x<pu ',
_3 +o0 In? [x|
Kix|72(loux), ,ex (— ),
U,W(x)— |_|1 ( H )1,’3 p 2In(?)
pu— <x<0, 7>0,
0, x>0,
with

-1

—PH 3 In?(x)
-1 _ 3
K _/o x z(l@ux)lpexp( 21n(1)>dp’qx'
p
ug verifies (4) with

D(x) = x(x+wg 3p3),
P(x) = —plg—p) {x+(w—1)g 3p3}.
System (10)-(11) becomes

3

n+3
(”O)n+1 = ﬁ(pn - an)(MO)n ,n=>0.
Hence,
n(n2+2)
~ q
(uo)n = n(2n+1) (1 @W)qu ) n Z 0 .
p 2

Moreover, from (15) and (47) we get

1
(p q) 1{x+wq %p%

(Dp,qu,q) (x) =—
x(x+wg™ p2

1 _1
—q 2p 2 Up4(qx) .
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For w := (%)T, we obtain

(D& U ) (1) = =PV

1 (é lirUM) (gx) .
p2

3
2

(x+wq~
If0 < g < p<1,then we get
0, x<0,
Upg(x) =19 Kk ik -, x>0, >0,

(léBw‘lp’%q%x)l,%

1 oo xT*l
K~ :/ =dpgx .
0 (l@w‘lp*%q%x):rg
’p

When 1 < p < gandw > 1, we have

0, x<-wgip

)

Kx¥! (l @w_lp_iq_%x)tw ,

r
q

= lw

Upq(x) =
—wq*%p% <x<0, 7>0,

0, x>0,

with

g
Il
C\

=
S
-
S}
[0

1 1 oo
(1 @w_lp_fq_fx);isdp,qx .

(By) cd #0.
In this case, taking into account

the system (8)-(9) reduces to

n+1__ _n+l

An+l(a7p7q)_apn_l(p 1 )An(a7pch)

— Ao(a,p,q) (ug)s 4P P n>0,

(48)

Aola,p,q) =¥(a)+plalg—p)) ' ®(a), a#0, (49
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where for n > 0,
An(a,p.q) = p' (1] g — p" " (0)} (o) p 47

+p M alg—p)p ]34+ p " [n]pg® (a) (50)
+(alg—p)) " @)} (wo)w " .

(B2.1) uo fulfils (4) with

() =(x=b'O)(x—1),

(x) = —p(abg*(q— p)) ' {(@bg* — pP)x+ pg(@+7?)

—g*a(b+70)} .

Moreover, from (15) and (51) we obtain
Py -1
ab(q—p) I P
(Dp.gUpq) (x) = —p ( . ) {p(1—ab)x+a(b+7)
(px—b~10)(px—1)

GV

M) B0

—(@+¢)}Upq(qx) -
If0 < g < p <1, then we have
0, x<gc,

(o) ee)s
Upq(x) = MAP’ = qc <x<gqa,
(lec bx) va (lex) va

0, x>gqa,

where

qﬁ(l@ﬁl)
K—‘:/
q¢ c

(16c*1bx) e (1@ )

with0<a<1,0<b< landc<0.

Or
0, x<gqa,
~1 1T
Up q(x) _ (1@(1/\ x) (lec ngﬂ . qa<x<gt,
(1@0 lbx) (16 )P-q
0, x>gqc,
where

/ Saflx 7(19c )::
@ (16 'bx) *(16x) " pats
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with0 << 1,0<b <l anda < 0.
When 1 < p < g, we obtain

(0, x<plgfbc!,

(q@p@’ 1 Ex) :: (q@px) ::

Up,q(x) = (q@pf—lx);: (q@p?—lx);: )
pl\@be <x<p'q,
0, x> 1771512 )
where
1.2 5150 oo
K 1= /1’ ’ (Cl@pb Cx)q,p (q@px)%p
it (qpa ). (40 1)

q.p

witha>1,6>1,b<0ora> 1,E> 1,c<0.
Now, from (49) and (51) we have

Aolagp™,p,q) = Ao(cqgp~',p,q) = 0.

Then, from (48) we get

An(a,p,q) =0, n>0, ac{agp',cqp™'}.

Therefore, from (50) we can deduce
~ \®(agp~.pg) _
(uo)nJrl - N

~ —n—1 (pn+]_aqn+l)(pn+l_ﬁb?]qn+]) -
cqp pn+2,agqn+2 ( 0)”

- \D(qp'.p.g)
(u )n+1 N

—n—1 (" =bg" ™) (p"' —cq") (@ )<D(cqp“ P:q)
aqp pn+2_a/l;qn+2 Uo)n

with
a,b,c# (pg~ 'y,
ab # (pg~')"*?,
abc # (pg~ '), m > 0.

Here, we have respectively (for n > 0),

P(agp™".p.q)

n(n2+l) (p © Zl\q);q (P S ZZ\Z’)\Z'\_IQ) Z7q

~ 1
(ﬁo)f(aqp ) _ e

(r* o abe?);,,

. _w (p @Zq),;q (P@Z’\‘]):q

. \®(cgp™! N
(o) ") = ag"p

(p2 o &\qu);q

T pgX >

I

83

(52)

(53)
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(Ba.2) uo satisfies (4) with

Dx) = (x+a g2 p2) (x+b"g >
P(x) = —plg—p) " {xq 2p2(@+b)—q p},
Moreover, from (15) and (54), we get
(p—q) ' [PPx+q ipi@+b—1)]

D, U X)=— =
(Prala) () (px+aq 2p?)(px+bg 2p?)

Upq(gx) .

If0<g<p<l,0<a<1land0<b< 1, then we obtain

1
2
-~ 1 1 R
1®(ab)~'q2q 2x
UPJI(X)_ K — ( "1 Nt/ 1 )iMA Foo
~ ’ P
x> —abp%q% ,
where
SN L1 oo
Kl_/+oo (1 (ab)'q2¢q 2x)p7q i
A~ ~ 1 1L NFeo 11 ) e P
ket (1eaalp 1T la Tt eh )

~ 1 1
0, x<-—ag2p 2,
(;*\lzf%p%xel)::(1@q’%p%3*1x):rz
K : - 'q
Upq(x) = (18(@)1g 2 ptx) ;f ’ (55)
—Zl\q%p*% <x< —bcﬁp’i ,
0, x>-bgip?,
with
| 7bq%p_% (a lq 2p2x®l)qp(l@q 2p2b lx)lﬁ
= ’ g
K = /_ﬁq%pé (1 @ (a’l;),lq%p_%x) Foo p.gX
q.p

(56)
When 1 < p< g, b>1anda <0 itis sufficient to permute a and b
in (55)-(56).
Now, proceeding as in (52)-(53), we can easily prove that

2

~1 _1
~ \D(—abg2q~2,p, _n(n+2)  p* - ~
(MO)n( abq2q /P‘I):q 2 p 2 (p@aq);q(p@bq);q, n>0.
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(Ba3) up verifies (4) with
dx)=x*—-1, ¥Yx)=plp—q) 'x. (57)
Therefore, the system (10)-(11) yields
(U0)20s1 =0, (o) =—q " ((p? @6]2)22#2 , n>0.
Now, from (57) and (15) we have

(p—q)'px
(DmUp,q)(X) = _ﬁljpg(qx) .

Here, for 1 < p < g, we get from (19)

07 XS_qv
_ +o0
Upq(x) = (1@P2q ZXZ)L%, —g<x<gq,
q
07 xzqa

with .
K'=2 /0 (167%6722)] S dpgr.
q

When 0 < g < p < 1, the problem is open.

4. Concluding remarks

In this paper, we studied the family of D), ,-classical orthogonal polynomials
and the related regular forms associated with the (p, ¢)-difference operator D, ,.
Using Pearson-type functional equations and the decomposition of D), ;, we de-
rived a simplified characterization of the canonical cases and established their
connection with the corresponding g-classical setting. We also determined the
associated recurrence coefficients and presented a classification of the canoni-
cal cases. Furthermore, moment relations were derived, leading to correspond-
ing (p,q)-integral representations of the underlying linear functionals. These
results contribute to a deeper understanding of the structure and properties of
D, 4-classical polynomials.
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