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ON THE COMPLEMENTS OF UNION OF OPEN BALLS AND
RELATED SET CLASSES

M. LONGINETTI - P. MANSELLI - A. VENTURI

1. Introduction

Looking for classes of sets more general than the convex sets, one has to look
for properties of the convex sets maintained and for properties of the convex sets
generalized.

Here a family of sets is studied: the sets that are the complements of a non
empty union of open balls of radius R, generalizing the property of the closed
convex sets as complements of union of open half spaces. As the family of
convex sets, this family of sets is closed with respect to the intersection (see
Proposition 3.5 and Remark 4.3).

This family has been introduced by Perkal [10], used in Walther [16], in
Cuevas, Fraiman, Pateiro-Lépez [1] and in [6]; the family of these sets is called
R-bodies there.

Here further properties of the R-bodies are provided, also in comparison
with other classes of sets.

In §3 the R-bodies are introduced; some of their properties, proved in [10]
and in [6], are recalled. Other formulas for the R-hulloid of a body E, the
minimal R-body which contains E, denoted by cog(E), are made explicit in
Theorem 3.6 and Corollary 5.2.
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In §3.1 it has been introduced the following definition: an open ball B of
radius R is R-supporting the body A at a, when a € dB and B is in the comple-
ment of A. The set Ng(A,a) of the unit vectors v, normal to a R supporting ball
B at a € JdA is introduced, generalizing the property of supporting half space
for convex sets. The properties of the intersection of A with the boundary of a
R-supporting ball at a boundary point of cog(A), are studied in Theorem 3.9.

Let us call A a R-supported body if A is a body and Ng(A,a) is non empty
for all @ € JA. The family of R-supported bodies contains the family of R-
bodies. In [1] these sets were called R-rolling sets; in [1, Proposition 2] the
authors introduced a body with a R-supporting unit vectors at every boundary
point which is not a R-body, see Remark 3.8 for more examples.

In §4 the R-bodies and the R-supported bodies have been matched with the
sets of reach greater or equal than R and with bodies £ having balls rolling freely
inside E and in the complement of E, [16].

In §5 the family of R-cones is introduced. An R-cone with vertex x is the
R-body obtained by intersection of the complements of a given family of open
balls of radius R, having x on their boundaries. If R — o the R-cones have limit
convex cones. In Corollary 5.3 a representation of a R-body A by R- cones is
given.

In §5.1 the relations between Ngz(A,a), the tangent set Tan (A,a) and the
normal cone Nor (A, a) are investigated, see Theorems 5.4 and 5.5.

A characterization of the family of sets of reach greater or equal than R is
obtained in Theorems 5.6, 5.7 through the property of convexity of Ng(A,a).

2. Definitions and preliminaries

As in [13], a non empty closed subset of the Euclidean space R9, d > 1, will be
called a body.

Let K C R?; int(K) will be the interior of K, dK the boundary of K, cI(K)
or K the closure of K, K = R¢\ K. For every set K C R?, co(K) is the convex
hull of K. The elements of R are called vectors, the zero vector of R? is
denoted by 0. Let B(z,p) = {x € RY : [x—z| < p},8?"! = 9B(0,1) and let
D(z,p) = cl(B(z,p)). The notations B, (x), D, (x) will also be used respectively
for open, closed balls of radius p centered at x. The usual scalar product between
vectors u,v € R? will be denoted by (u,v). The closed segment with end points
x1,x2 € RY is denoted by [x1,x;]. The Minkowski sum E + F of two sets E
and F is given by {x+y:x € E,y € F}. A cone C is a subset of R? with the
following property: when x € C, then YA > 0 Ax € C. A closed cone C contains
its vertex 0. The set CN (—C) is the apex set of a closed cone C. C is a closed
pointed cone if CN (—C) = {o}.
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Let A be a body. Let g € A; the tangent cone of A at g is defined in [4] as:
Tan(A,q) = {veR?: Ve > 0,3x € ANBe(q) ,Ir > Os.t. [r(x—gq) —v| < €}.

Let us recall that if Tan (A,q) # {0} then

ST N Tan(4,q) = () el({——L : x€ ANB(q,€),x £ q}).

£>0 x—4l
The normal cone at g to A is the non empty closed convex cone, given by:
Nor(A,q) ={uecR?: (u,v) <0 VveTan(A,q)}. (1)
The dual cone of a cone K is
K*={yeR: (yx) >0 VxeKk}.

Thus
Nor(4,q) = —{Tan(A,q)}". (2)

Let A be a body of R? and R > 0. Let
Ag = {x € R : dist (x,A) < R} = UgeaB(a,R), (3)
Ak = (Ag)" = {x € R? : dist (x,A) > R} = Nuea(B(a,R))". 4)
Definition 1. (/3]) Let A be a body. Let
Unp(A) = {x € R? : there exists a unique point &4(x) € A nearest to x}.

IfA CRY a € A, then reach(A,a) is the supremum of all numbers p such
that for every x € B(a,p) there exists a unique point b € A satisfying: |b— x| =
dist (x,A):

reach(A,a) :==sup{p >0:B(a,p) CUnp(A)};

and:
reach(A) := inf{reach(A,a) :a € A}.

Definition 2. Fora € A, let
09 = {veR? : dist (a+v,A) = |v|}.
Let us recall the following facts:

Proposition 2.1. [3, Theorem 4.8,(2), (7) and (12)]. Let A be a body, a € A,
then



90 M. LONGINETTI - P. MANSELLI - A. VENTURI
i) 0@ c Nor(4,a).
i) f xZA,x € Unp(A),a = Ex(x) € dA,reach(A,a) = p > 0, then

X—a

AC (Bla+p P))°.

x—al
iii) If reach(A,a) > r > 0, then
Nor(A,a) ={Av: A >0,|v| =rés(a+v)=a};
Tan (A, a) is the dual cone of —Nor (A, a).

Definition 3. Let by, by € R, |by —bs| < 2R and let h(by,b>) be the intersection
of all closed balls of radius R containing by,b,.

Proposition 2.2. ([2, Theorem 3.8], [12, Lemma 3]) The body A has reach > R
if and only if for every by,b, € A,0 < |b; — by| < 2R the set ANh(by1,by) is
connected.

Remark 2.3. The R-hull of a set E was introduced in [2, Definition 4.1] as the
minimal set E of reach > R containing E. Therefore, if reach(A) > R, then A
coincides with its R-hull. The R-hull of a set E may not exist, see [2, Example

2].
Proposition 2.4. [2, Theorem 4.4 and Theorem 4.6] Let A C R4,
i) If reach(A%) > R then A admits R-hull A and
A= (AR)k.
ii) If A admits R-hull then reach(A%) > R.
Let us also recall the following result, see also [11, Lemma 4.3] :
Proposition 2.5. [2, Theorem 3.10] Let A be a closed set such that reach(A) >

R > 0. If D is a closed set such that AN D # 0 and for every a,b € D with
la—b| <2R:

h(a,b) CD

holds, then reach(AND) > R.
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3. R-bodies

Next definitions have been introduced in [10] and in [6].

Let R be a fixed positive real number. From now on B will denote a general
open ball of radius R, B(x) will be the open ball of center x € RY and radius R
and D = cl(B),D(x) = cl(B(x)).

Definition 4. Let A be a body, A will be called a R-body if Vy € A€, there exists
an open ball B in RY, satisfying: y € B C A°. This is equivalent to say:

A°=U{B:BNA=0};

that is:
A=N{B°:BNA=0}.

Notice that R? is a R-body, since there are no points y in its complement.

Definition 5. Let E C R? be a body with the property that there exists B C E-.
The body:
cor(E) :=nN{B°:BNE =0}

will be called the R-hulloid of E, see [6]. If there are no balls B C E€ then
cogr(E) =R

Remark 3.1. In [10] the sets defined in Definition 4 are called 2R convex sets
and the sets defined in Definition 5 are called 2R convex hulls. On the other hand
Valentine [15, pp. 99-101] and Fenchel [5, p.42] use the name R-convex sets for
convex sets with special properties depending on R. To avoid misunderstandings
we decided in [6] to call R-bodies and R-hulloids the sets defined in Definition
4 and in Definition 5 respectively.

Remark 3.2. The R-hulloid of a bounded set always exists. Let us notice that
cog(E) is a R-body (by definition) and E C cog(E). Moreover A is a R-body if
and only if A = cog(A).

Clearly every convex body FE is a R-body (for all positive R) and its convex
hull co(E) = E coincides with its R-hulloid.

Proposition 3.3. [6, Theorem 3.11 and 3.10] For d > 2, every closed non empty
subset of a affine linear proper subset of R¢ is a R-body; closed subsets of the
boundary of a ball of radius greater or equal than R are R-bodies too.

Remark 3.4. Perkal in [10] proved that, if A is a body and int(A) # 0, then:
cl( U cor(A)) = co(A). (5)

r>R

Walther ([16]) claimed that if A is a body and int(co(A)) # 0, then (5) holds.
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If int (co(A)) = 0, equality (5) may not be true: let A be a not connected body
which ia a subset of an affine linear proper subset of R?. Then, by Proposition
3.3, for all positive r, the r-hulloids co,(A) = A and A # co(A); thus (5) does
not hold.

Proposition 3.5. Let £ be a non empty set. The following facts have been
proved in [10].

*a  cor(E) = (Ep)g;
e b Let A be R-bodies, @ € Z index set , then Ngez A is an R-body;
* ¢ cor(E) Cco(E) forall R > 0;

*d O0<R; <Ry= cog,(E)C cog,(E).

It is easy to prove also the following:
e JE Cdcog(E);
o f int(E) Cint(cor(E)) forall R > 0.

In [6, Theorem 3.4] the following fact was proved:

cor(E) = EgN <8(ER))/ . ©6)

R

Moreover:

Theorem 3.6. Let E be a body. Then:

Proof. Let us prove (7). This is equivalent to prove that:
(8ER)R = COR mEzR (8)

By (3) with A = dEy, it follows that:
(OER)r = U{B(x) : x € 9(Ex)}.
Then, as dEx = {x : dist (x, E) = R}:
(9Ex)r =\ J{B() : dist (x,E) = R}. ©)

Therefore:
(0Eg)g = [ [{B‘(x) : dist (x,E) = R}. (10)
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From (9), it holds:
(OER)x = (1)
( U{B(x) : dist (x,E) > R}) N ( U{B(x) : dist (x,E) < R}).
Since the following Minkowski sums hold:
E>g = E+B(0,2R) = (E+B(0,R)) +B(0,R) = Eg + B(0o,R),
then:
Erg = U{B(x) : dist (x,E) < R}. (12)
By Definition 5:

(cor(E))° = U{B(x) : dist (x,E) > R}. (13)

(8) follows from (11) and last two equalities. 0

3.1. R-supporting balls and R-supported bodies

Definition 6. Let A be a body. Let a € dA. Let v € SY~'. We say that the ball
B(a+ Rv) is R-supporting A at a if:

A C (B(a+Rv))

v will be called a unit vector R-supporting A at a.

In other words, v € S~ is a unit vector R-supporting A at a if and only if
forallbe A

ja—bP?
—b\ > —
<V7 a > — 2R

In [8, §2.2] a closed ball Dg = cl(B) of radius R is defined an outer support
(closed) ball of A if DgNA # 0 and DgNint(A) = 0. The closure of a R-
supporting ball B is an outer closed support ball Dr and conversely.

Golubyatnikov and Rovensky [8] have defined the class IC;/ R of bodies A,
with non empty interior, satisfying the following property:

(14)

Vx € A¢ there exists a closed ball Dg > x: DgrNint(A) = 0. (15)

The class of R-bodies, is strictly contained in the class IC;/ R, see [6, Theorem
6.1].

Definition 7. Let A be a body. If a € dA, let us denote:
Ne(A,a):={vesi:Ac (Bla+Rv))} (16)

the set of unit vectors R-supporting A at a.
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Cuevas and others in [1, Proposition 2] proved that for a R-body A and for
a € dA the set of R-supporting unit vectors NVz(A,a) is not empty; they also call
a body A a R-rolling set, if for every a € dA there is a R-supporting ball B of
A; therefore Ng(A,a) is non empty. Since the R-rolling set name is used in [16]
with another meaning (see §4), here a different name has been used.

Definition 8. A body A is called a R-supported body if for every point a € dA
the set Ng(A,a) of the directions R-supporting A is non empty.

From [6, Theorem 3.6] a more general result follows:

Proposition 3.7. If E is a body and A = cog(E),a € JA then there exists a ball
B C A¢, with a € dB; moreover dBNJE # 0.

Remark 3.8. Proposition 3.7 implies that, if A is a R-body, then for all a € A
the set of R-supporting unit vectors Ng(A,a) is non empty. Then A is a R-
supported body, The converse of this fact it is not true, see Proposition 2 in [1].
Other examples: let V be the set of the vertices of an equilateral triangle T with
circumradius less than R. At eachv € V =9V, /\/R(V, v) is non empty; V is not
a R-body since the center of T lies in V¢ but does not belong to an open disk
of radius R, avoiding V. In [6, formula (16), Theorem 5.7] it has been defined
a body E with non empty interior, with a R-supporting ball at every point of its
boundary which is not a R-body.

The following facts hold:

a) the family of R-bodies is a proper subset of the family of R-supported
bodies;

b) every closed subset of the boundary of a R-body is a R-supported body;
¢) the intersection of two R-supported bodies is a R-supported body;

d) if a R-body A is not connected, then the closed connected components of
A are R-supported bodies.

Lemma 3.1. Let E be a R-supported body and A = cog(E), then:
i) JE CIA;
ii) int(E) Cint(A);
iii) Ng(E,a) = Ng(A,a)Va € JE;

iv) cor(E)=ErN{(B(x))*:x=a+RO,a € dE,0 € Ng(E,a)}.
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Proof. Leta € JE. Let 6 € Nx(E,a), then
a€dB(a+RO) and B(a+RO)NE=0.

By definition of A = cor(E), B(a+ RO) C A°. Therefore a € JA and 0 €
Ng(A,a). Then, i) is proved and Ng(E,a) C Ng(A,a). Since E C A = cog(E),
then ii) is obvious. To prove iii), let a € JE; then for 8 € Ng(A,a) it holds
B(a+R6)NA =0. Since E C A then B(a+RO)NE = 0. Then, 6 € Ng(E,a)
and equality in iii) is proved.

From (6), (10) and

OEg = {x:dist(x,E) =R} = {a+RO :a € IE,0 € Ng(E,a)},

iv) follows. O

3.2. R-supporting balls to the R-hulloid of a body

Definition 9. Let S be a sphere in R of radius p > 0 centered at the origin;
there is a one-to-one map between closed cones in RY and closed subsets of S.
For every closed cone K of RY let K = KN S; let K be a closed subset of S, let
K ={Av:veEK,A >0} the related cone in RY.

For IC C S let us define the spherical convex hull

cofph(lC) =co(K)NS.
A closed convex cone C is pointed if:
ap(C):=CnN(-C)={o}.

Last definitions have similar extensions for a sphere S centered at every
point ¢ € R?, not necessarily at the origin o and for cones with vertex c # o.

Let us introduce the following notations in this section:

Let H := {x € RY: (x,v) = 0}, with v € §971,

HY = {xcR?: (x,v) >0}, H :={xeR?: (x,v) <0};
H' = {x eR% (x,v) >0}, H :={xeR?: (x,v) <0}.
Asin [13, §1.3], let us define A and B strictly separated by H if
ACHY, BCH™

or conversely.

From now on let E be a body, a € dcog(E), a ¢ E, B(o,R) an open ball R-
supporting cog(E) at a. With no restrictions it can be assumed that B is centered
at o.

By Proposition 3.7, dBNE # 0. Let S = dB.
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Lemma 3.2. Let E be a body, a € dcog(E). Let B(o,R) be an open ball R-
supporting cogr(E) at a. Let S = dB(o,R) and let F be the cone related to
§ =ENS. Assume that C = co(F) is pointed and a ¢ C. Then:

i) there exists v € S ! and H := {x € R? : {x,v) = 0} so that H strictly
separates {a} from §, that is:

{a}CH", §CH;

ii) lett > 0,B, = {x: |x—tv| < R}. If t is sufficiently small, then

aEB,, BIOEZQ (17)

Proof. Let us consider C = co(F) = co(FU{o}) and let A = co({a,0}), then
ap(A) = {o},ap(C) = {o}. Since a ¢ C, then ANC = {o}. A result of Klee
[9, Theorem 2.7], in RY, see also [14, Theorem 4.2], states that for two closed
convex cones A and C satisfying the above conditions there exists a hyperplane
H:={x € R?: (x,v) = 0}, which sharply separates A and C, that is:

A\ap(A)Cc H", C\ap(C)CH™.

So i) is proved.
Let us prove now ii).
Letcos¢ = <ﬁ,v> >0 sincea € H";if 0 <t < 2Rcos ¢ then

la—tv]> = R® +£*|v]* —2Rtcos ¢ < R?,

so a € B;.

Let us show that B, N E = 0. The open ball B, = (B; N B) U (B; \ B) is union
of two non empty sets, for O < ¢ small enough. Since BN E = ( by assumption,
then (B,NB)NE = 0. Moreover B\ B C H* for t > 0 and for t — 0" the set
B,\B— SNH". By i) § C H , thus SNH" and E are disjoint closed sets; then
for r > 0 small enough, B, \ B and E are disjoint sets too. Then B, and E are
disjoint sets for # > 0 small enough. O

Theorem 3.9. Let E be a body in RY. Let a € dcog(E) \ E. Then, there exists
a ball B, R-supporting cog(E) at a. Let S = dB (with no restrictions it can be
assumed that B is centered at 0). Then

i) dE NS contains at least two points.

Let F = dENS and F be the related cone and C = co(F), then
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ii) if C is a pointed cone, then there exist distinct points xi,...,x; € dENS,
2 < s <d, such that

a € cofy,({x1,... . x}). (18)

Proof. By Proposition 3.7, if a € dcog(E) \ E, there exists at least a support ball
B C (cog(E))¢ C E“ suchthata € dB = S and § = JENS is a non empty closed
set. Let us prove i). By contradiction, let § = {z}. Since a € E, a # z, then by
Lemma 3.2, if # > 0 is sufficiently small, a € B, C E€, impossible as a € cog(E).

Let us prove ii). By assumption C is a pointed cone. If a ¢ C by ii) of
Lemma 3.2 there exists ¢ > 0, sufficiently small, such that B, > a, B;NE = 0;
impossible since a € cog(E). Thus a € C. By [5, Theorem 7 pag. 12 ] ais a
linear combinations of s vectors of F, s < d, then (18) follows. [

Remark 3.10. Under the notations of Lemma 3.2, in case C is not a pointed
cone, let r = dim(ap(C)). Then [5, Theorem 7] (for convex cones) proves that
there exist (r+ 1) distinct points x1, ..., x,+1 € dENS, with 1 <r <d, such that

r+1

U {YXrx}=cn(-0). (19)

M2, dyp >0 =1

Let us notice that (19), with r = 1, implies that there are two opposite points
X1,X on the spherical surface S. When r = 2 there are three points x;, x>, x3 such
that the circumradius of co({x;,xz,x3}) is equal to R.

4. R-supported bodies vs sets of reach > R and R-rolling sets
Lemma 4.1. Let A be a body, a € dA. Let N'(A,a) = Nor (A,a) N S?~!, then

NR(A7a) gN(A7a) (20)

Proof. 1f Ng(A,a) # 0, let B(a+ Rv) be R-supporting A at a, then A C (B(a+
Rv))c. Let
Zn —a

w= lim € Tan(A,a);
€Az —a |zn — a|
by (14), with b = z, the inequalities
Zn —a ’Zn - a‘
v, <
< |zn — al ) 2R

hold, Vn € N. Thus the inequality (v,w) < 0 holds. Then v € Nor (A,a).0
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Theorem 4.1. Let A be a body, a € dA. If reach(A,a) > R, then
N(A,a) = Ng(A,a).
Proof. Letw € Nor(A,a), 0 < r < reach(A,a); then by iii) of Proposition 2.1,
Eala+rw) =a.

Therefore, by ii) of Proposition 2.1, B,(a+ rw) is r-supporting A at a; then by
(14) for all z € A\ {a} the inequalities

lz—d
2r

Z—a

(w ) < (21)

Y
|z —al

hold. By a limit argument for r — R~ then (21) holds for » = R and the unit
vector w is R-supporting A at a, so w € Ng(A,a). This proves that

N(Ava) - NR(Ava)'
The opposite inclusion follows from (20). O

Remark 4.2. It was noticed in [2, Corollary 4.7] and proved in [1, Proposition
1] that, when the R-hull exists, it coincides with the R-hulloid. If A has reach
greater or equal than R, then (see Remark 2.3) A has R-hull, which coincides
with A and with its R-hulloid, and A is a R-body,; then the class of R-bodies
contains the class of sets of reach greater or equal than R. The family of the sets
of reach greater or equal than R is not closed with respect to the intersection.

Remark 4.3. Let 'R be the family of the sets of reach R. The family of the
R-bodies is the minimal family containing R and closed with respect to the
intersection.

Proof. Let F be a family closed with respect to the intersection, such that F D
R. Let A be a R-body, then A = N{B°: BNA = 0}. As reach(B“) = R for every
B¢ D A, then A is intersection of sets of reach R, which are in the family. Then
AcF.0

Next theorem gives necessary and sufficient conditions for a R-supported
body to have reach greater or equal than R.

Theorem 4.4. Let d > 2, A be a body in R?. Then the following properties are
equivalent:

i) A is a R-supported body and

Nor(A,a)NS9™" = Nk(A,a) Va € dA; (22)
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ii) reach(A) > R.

Proof. If reach(A) > R, from Theorem 4.1 equality holds in (20); from Remark
4.2, A is a R-body, then it is a R-supported body. Then ii) implies i).

By contradiction let us assume that i) holds and reach(A) < R. Then there
exists a € dA, x € B(a) NA¢, x € Unp(A). Thus there exists a; € dA, a; # a
satisfying:

dist (x,A) =|x—a|=|x—a;|=R; <R.

Letv =x—a, then
dist (a+v,A) =dist (x,A) = [x—a| =|v|,

s0 v € 0\, see Definition 2. By i) of Proposition 2.1, v € Nor(A,a). Then
0 = v/|v| is a unit vector R-supporting A at a; that is 8 € Ng(A,a), thus A C
(B(a+R6))¢. Since x —a = R;0, Ry <R and 0 is the inner unit normal to
B(a+R6) and to B(a+ R,0) at a, then B(a+ R;0,R;) C B(a+ R6). Then
ai €ANB(a+RO),s0 0 & Ng(A,a). Contradiction. O

Example 1. The following sets are examples of R-bodies where strict inclusion
holds in (22); then, they have reach less than R:

a) A={a,b}, with [a—b| <R;
b) H\B(o,r), with r < R, H plane in R?, through o (see Proposition 3.3);

¢) in [1, fig.1(a)] there is a R-body with non empty interior and strict in-
equality holds in (22).

Lemma 4.2. Let A and A° be R-supported bodies. If:
ag € dANJAS, (23)
then there exist two open balls B(yo), B(y1) satisfying:
i) B(yo) CA°,B(y1) C (A°);
ii) B(yo) NB(y1) =0,{ao} = dB(yo) N IB(y1).
Proof. For every A C R it holds RY = int(A) UdAUAC, A° = JAUAC, and
int(A) = (A°)°. (24)

As ap € dA and A is a R-supported body, there exists an open ball B(yy) C A€,

where ap € dB(yp). By assumptions (23), ap € A€ too and A° is a R-supported

body, then there exists an open ball B(y;) C (A€)¢, ap € dB(y1) and i) is proved.
Moreover by (24) the two open balls B(yo), B(y1) also satisfy ii).0



100 M. LONGINETTI - P. MANSELLI - A. VENTURI

Theorem 4.5. Let A and A¢ be R-supported bodies and
0A = 0AC (25)
then, reach(A) > R.

Proof. Let us assume, by contradiction that reach(A) < R. Then there exists
ap € dA, so that reach(A,ap) < R. Then 3r; < R,3x; € A° and a; € A\ {ao}
satisfying:

r1 =dist (x1,A) = |x; —ao| = |x1 —a1| <R,

B(xl,rl) C A°. (26)

By assumption (25), ay € dA¢ and by Lemma 4.2 there exist two open balls
B(yo0),B(y1) satisfying: 1), ii). Since ap € dB(x1,r;) and inclusion (26) holds
then, B(x1,r1) C B(yo,R) and

a; € dB(x1,r1)\ {ao} C B(yo,R) C A°.
So aj € A¢, in contradiction with a; € dA. O
Remark 4.6. Let A be a body, X = A¢; as 0X C 0X, then:
0AC C 0A° = 0A.
Last inclusion can be strict, see also next example.

Example 2. If (25) does not hold, then it can be reach(A) < R. As example let
|xo —x1| > 3R, |x; —x2| < R/4 and let

A= D(X()) U {X] } U {XQ}.
Then A is a R-body and A° is a R-body too. But reach(A) = |x; —x,|/2 < R.

Remark 4.7. Walther ([16]) considered the class of non empty, path connected,
compact sets A, with the following property: a ball of radius R rolls freely in
A and in A¢. These path connected compact sets A are such that A and A€ are
R-bodies ([16, Theorem 1]).

Walther proved several other properties of the boundary of these sets A:

Proposition 4.8. [16, formula (33)] Let A and A° be R-bodies and A path con-
nected compact set, then (25) holds.

From last proposition and Theorem 4.5, for the Walther’s R-rolling sets a
property, not stated in [16], can be proved.

Theorem 4.9. Let A and A€ be R-bodies and let A be a path connected compact
set, then
reach(A) > R.
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5. R-cones

Let us introduce a class of R-bodies, that will be called R-cones. As the R-bodies
are a generalization of convex sets, the R-cones are a generalization of convex
cones.

Definition 10. Let IC be a body in S~'. A R-cone with vertex o (more simply a
R-cone) is the R-body:
Cx =[] (B(RvR))". (27)
velkl

Let x € RY, a R-cone with vertex x is the R-body:

Ck==x+Cx =) (B(x+RvR))". (28)
vell

Let us notice that x € JCy- and the unit vectors in K are R-supporting C- at
its vertex x, that is
K C Ng(Cx,x). (29)

Moreover
KiCcKky= CXKI D C%z. (30)

Theorem 5.1. Let E be a R-supported body. Then

M Chue.a) = (FER)R- 31)
acdE
Proof. By definition:
CNi(Ea) = (Bla+Rv))'= () BlatRrv)). (32
vENR(E,a) (B(a+Rv))<DE

Let us notice that a € JE,v € Ng(E,a) if and only if:
x=a+Rv satisfies dist (x,E) =R.

Thus
N Cora= [ BE) (33)

acdE x: dist (x,E)=R
From (10) of Theorem 3.6 the formula (31) follows.

From (31) and (6) we have:

Corollary 5.2. Let E be a R-supported body. Then:

cor(E) = Eg ﬂ ( acoE Chrp( a)) (34)
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Corollary 5.3. Let A be a R-supported body. Then A is a R-body if and only if:

A =Ar() (Nacor Chin ) (35)

Proof. If A is a R-body then A = cog(A) and (35) follows from Corollary 5.2
with E = A. Conversely if (35) holds for a R-supported body A, then by (31)
and (6), with A in place of E, it follows that A = cog(A). O

5.1. R-cones, Tangent cones and Normal cones

For simplicity, let us denote Nx(Cx) = Ng(Cx,0), N(Cx) = Nor (Cx,0) and
Tan (Cx) = Tan (Cx,0).

Lemma 5.1. Let A be a body, a € 0A then

Tan (A,a) C Cry(a.a)- (36)
Proof. Since for every v € Ng(A,a), the inclusion A C (B(a+ Rv)) holds, then
Tan(A,a) C Tan((B(a+Rv))‘,a).

Moreover
a+Tan((B(a+Rv))“,a) C (B(a+Rv))*.

By previous inclusions:
a+Tan(A,a) C NveNi(aa)(Bla+Rv))

and by (28):
vaNR(A,a) (B(a + Rv))c =a+ CNR(A,a) .

Therefore:
a+Tan(A,a) C a+Chyaa)

and (36) is proved. O

Lemma 5.2. Let K be a body in S¢~' and let Cx be its related R-cone with
vertex o. If B(Rv) is a R-supporting ball to Cx: at o, then v € K.

Proof. In our notations, the claim of the lemma is:
Nr(Cx) =K. (37)

By definition:
K C Ng(Ck).
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Let v € Ng(Ck), then:
B(Rv) C | B(Rw).
wekl

Let {w, } a sequence of points in B(Rv) with limit 2Rv. There exists a sequence
of unit vectors {v,} such that w, € B(Rv,). Up to a subsequence v, — v € K
and |w, — 2Rv,| < R. Then

|2Rv — Rv| = lim |w, — Rv,| <R.
n

Thus [2v —|? < 1; then: 4+ 1 —4(v,¥) < 1 and (v,v) > 1. Therefore, since v,V
are unit vectors, equality holds in Schwartz’s inequality:

(v.v) = v[[vl.
Then, v=v € K. So (37) is proved. O

Theorem 5.4. Let /C be a body in S and K its related cone in RY. Let
N = Nor (Cx)NS? ! Then

a) Tan(Cx) = —K*;
b) N = cospn(K);
¢) Tan(Cx)\ {o} C int(Cx).

Proof. Letw € K then

Cx C C{W}
and
Tan (Cx) C Tan (Cyy,y) = —{w}™. (38)
From (38) it follows
Tan(Cx) C — () {w}* = —K". (39)
wek

Let 6 € K*, then Vv € I, (6,v) > 0. This implies that Vv € K the ball B(Rv) is
R-supporting the half line {—16,4 > 0} at o . Then

{-16,4>0}CCx, VOEK* (40)

and therefore
—6 € Tan(Ck).

Then
—K* C Tan(Ck).
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From (39) a) is proved.
Moreover from a) it follows that Tan (Cx) = —(co(K))*; (2) and the bipolar
theorem imply that

N(Cr) = —(Tan (Cx))* = ((co(K))*)* = co(K).

b) follows.
Let us prove now c). First let us prove that

Tan (Cx) C Ck.

This inclusion follows from (37) and (36), with A = Cx., a = 0. If 0 is an isolated
point of Ci, then Tan (Cx) = {o} and c) is trivial. In case o is not an isolated
point of Cx, let y # 0,y € Tan (Cx ). By previous inclusion y € Cx.. Let us prove
that

dist (y, (Cx)¢) = dist (y, Uyex (B(RW,R))) > 0.

By contradiction: if dist (y,U,ex(B(Rv,R))) = 0, since K is compact, then there
exists u € KC, such thaty € dB(Ru, R). Since y # o and d B(Ru, R) strictly convex:
(y,u) > 0. Since by a): y € Tan (Cx) = —K*, then (y,u) < 0, contradiction. 0

Theorem 5.5. Let K be a body contained in an hemisphere of S¢~! and let
N = Nor (Cx,0) NS¢~!. Then the following properties are equivalent:

a) K is spherically convex ;
b) Ci is a set of reach greater or equal than R;

¢c) Cx =Cy.

Proof. By (3) and (27) :
(RK)g = Cx (41)

holds for every set KL C §¢~1.

Let us assume that a) holds.

If K is spherically convex on a hemisphere of S¢~!, it follows that RKC is
convex on a hemisphere of a ball of radius R. Then for every a,b € RK, |a—b| <
2R, the set RIC N h(a,b) is connected (see Definition 3). Then by Proposition
2.2 reach(RK) > R.

Thus RK has R-hull and RKC = cog(RK). By ii) of Proposition 2.4

reach((RK)%) > R.
This fact and equality (41) imply that Cx is a set of reach greater or equal than

R; b) is proved.
Let us assume that b) holds.
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From Theorem 4.1 any direction v which lies in the normal cone at o of C
is R-supporting it at o; then Vv € N/:

(B(Rv)) > Cx.

Then Cx. C Cas. The opposite inclusion follows from (20) and c) is proved.

Then by (37) it follows that K = N. Therefore since by definition N is
spherically convex then K is spherically convex too and a) follows.

Let assume that ¢) holds.

By (37) the set KC is the set of the R-supporting unit vectors of Cx at the
origin o; similarly A is the set of the R-supporting unit vectors of C at o, then
by ¢) K = N; by b) of Theorem 5.4 a) follows. [

Next example shows that a R-supported body A, with Nx(A, p) spherically
convex for every P € dA, may not be a R-body, so it has reach less than R.

Example 3. Let P be a convex polygon contained in a circle of radius R, A = dP.
Then for every p € dA = A, Ng(A, p) is non empty and convex: if p is inside
a side of P, Ng(dA,p) is a single vector normal at p to the sides of P; if p
is a corner of P, then Ng(dA, p) is spherically convex since it is an arc in a
semicircle. The body A is not a R-body so does not have reach greater or equal
than R.

Theorem 5.6. Let d > 2, A be a body in R?. If reach(A) > R then A is a R-
body and for all a € dA the set of unit vectors R-supporting A at a is spherically
convex.

Proof. If A has reach greater or equal than R, then by Remark 4.2 A is a R-body.
Theorem 4.4 and Lemma 4.1 prove the equality:

N(A,a) = Ngr(A,a)
for all a € JA. Then, Ng(A,a) is convex for all a € JA. O
For the family of planar R-bodies the converse statement holds.

Theorem 5.7. Let d = 2, let A be a planar R-body. If, for all a € dA, the set
Ng(A,a) is a spherically convex set, then A has reach greater or equal than R.

Proof. Let us assume, by contradiction, that reach(A) < R. By Proposition 2.2,
there exist b1, by € A, |b; —by| < 2R, so that AN (by,by) is not connected. Then
there exist aj,ap € ANH(by1,by), sothat ANh(ay,az) = {ar,az}.
Let
h(ai,az) = cl(B(x1))Necl(B(x2))
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and let
H(al,ag) :B(xl)UB(X2). 42)

As A is a R-body, by [6, Theorem 4.5 and lemma 4.1]
hlar,az) \{ar,a2} C A° (43)

implies
H(ay,ax) C A

From (42) it follows
B(x;) UB(x2) C A°.

Since a; € ANJB(x;), i = 1,2, then each ball B(x;) is R-supporting A both in a;
and at a,. Then, in particular,

NTAL 0

)

Vi= )
lx; —ai

are R-supporting vectors of A at ;. As, by assumption, N'z(A,a;) is spherically
convex, then it contains all unit vectors connecting v with v,; then

= m < NR(A,CI]).

Since B(a; + Ru) > ay, there is a contradiction. O

6. Open questions

Let us point out some open questions:

a) Is Theorem 5.7 true for d > 2?7 Let us notice that it is true for a R-cone,
Theorem 5.5.

b) Let E C R, d > 2, be a connected body, contained in an open ball of
radius R, then is cog(E) connected? For d = 2 the statement is true, see
[6, Theorem 4.8] with a detailed proof in arXiv:2210.04276, Appendix.

c) If E is the set V of the vertices of a simplex in R?, the boundary of the
R-hulloid cog (V') has properties which follow from Theorem 3.9. Is it
possible to describe completely the shape of cog(V)?

In two dimensions this description is made in [6, Theorem 4.2]. In [7]
a complete characterization of the shape of cog(V) is given for any well
centered tetrahedron and for any triangular pyramid.
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